N
N

N

HAL

open science

On the Forward Filtering Backward Smoothing particle
approximations of the smoothing distribution in general
state spaces models

Randal Douc, Aurélien Garivier, Eric Moulines, Jimmy Olsson

» To cite this version:

Randal Douc, Aurélien Garivier, Eric Moulines, Jimmy Olsson. On the Forward Filtering Backward
Smoothing particle approximations of the smoothing distribution in general state spaces models. 2009.

hal-00370685

HAL Id: hal-00370685
https://hal.science/hal-00370685v1

Preprint submitted on 1 Apr 2009

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00370685v1
https://hal.archives-ouvertes.fr

IS'ubm'Lttcd to the Annals of Statistics

ON THE FORWARD FILTERING BACKWARD SMOOTHING
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A prevalent problem in general state-space models is the approx-
imation of the smoothing distribution of a state, or a sequence of
states, conditional on the observations from the past, the present,
and the future. The aim of this paper is to provide a rigorous foun-
dation for the calculation, or approximation, of such smoothed dis-
tributions, and to analyse in a common unifying framework different
schemes to reach this goal. Through a cohesive and generic exposition
of the scientific literature we offer several novel extensions allowing
to approximate joint smoothing distribution in the most general case
with a cost growing linearly with the number of particles.
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2 DOUC ET AL.

1. Introduction. Consider the nonlinear state space model, where the state
process {X;}i>0 is a Markov chain on some general state space (X, B(X)) hav-
ing initial distribution x and transition kernel ). The state process is hidden
but partially observed through the observations {Y;};>0, which are Y-valued
random variables being independent conditionally on the latent state sequence
{Xi}i>0; in addition, there exists a o-finite measure A on (Y,B(Y)), and a
transition density function x — g(z,y), referred to as the likelihood, such that
P(Y, € Al Xy) = [49(Xe,y) AM(dy) for all A € B(Y). The kernel @ and the likeli-
hood function z +— g¢(x,y) are assumed to be known. We shall consider the case

in which the observations have arbitrary but fixed values yo.7 def [Yo, -, yT]-

Statistical inference in general state space models involves computing the pos-
terior distribution of a batch of state variables X,.o conditioned on a batch of
observations Y., which we denote by ¢,y .7 (the dependence on the obser-
vations Yi.p is implicit). The posterior distribution can be computed in closed
form only in very specific cases, principally, when the state space model is linear
and Gaussian or when the state space X is a finite set. In the vast majority
of cases, nonlinearity or non-Gaussianity render analytic solutions intractable
0.6 [ B

These limitations have stimulated the interest in alternative strategies being
able to handle more general state and measurement equations without putting
strong a priori constraints on the behaviour of the posterior distributions. Among
these, Sequential Monte Carlo (SMC) methods play a central role. SMC meth-
ods refer to a class of algorithms for approximating a sequence of probability
distributions over a sequence of probability spaces by updating recursively a set
of random particles with associated nonnegative weights. These algorithms can
be seen as a combination of the sequential importance sampling and sampling
importance resampling methods introduced in [ and [P, respectively. SMC
methods have emerged as a key tool for approximating state posterior distribu-
tions in general state space models; see, for instance, [[[1, BT, 2, 4] and the
references therein.

The recursive formulas generating the filtering distribution ¢pjo.7 and the
joint smoothing distributions ¢g.7o.r are closely related. Using the basic filter-
ing version of the particle filter actually provides as a by-product an approxima-
tion of the joint smoothing distribution in the sense that the particle paths and
their associated weights can be considered as a weighted sample approximating
®o.1)0:7- From these joint draws one may readily obtain fixed lag or fixed inter-
val smoothed samples by simply extracting the required components from the
sampled particle paths and retaining the same weights. This appealingly simple
scheme can be used successfully for estimating the smoothing joint smoothing
distribution for small values of 7" or any marginal smoothing distribution ¢;o.r,
with s <T', when s and T are close; however, when 7' is large or when s and T’
are remote, the associated particle approximations are inaccurate [B]

In this article, we consider the forward filtering backward smoothing (FF-
BSm) algorithm and the forward filtering backward simulation (FFBSi) sampler.
These algorithms share some similarities with the forward-backward algorithm
for discrete state-space HMM. The FFBSm algorithm consists in reweighting,
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 3

in a backward pass, the weighted sample approximating the filtering distribu-
tion (see [1g], [Id], [[2)). The FFBSi sample, conditionally independently to the
particles and the weights obtained in the forward path, realizations of the joint
smoothing fixed interval smoothing distribution; see [LJ].

The complexity of the FFBSm algorithm to estimate the marginal fixed inter-
val smoothing distribution or of the original formulation of the FFBSi sampler
grows generally as the square of the number of particles N multiplied by the
time horizon T'. This complexity can be linear in N for some specific exam-
ples. Otherwise, some tricky algorithms should be developed to overcome this
problem, see for example [[[9]. Note that these computational techniques lead to
algorithms with complexity of order N log(/N), but this reduction in complex-
ity comes at the price of introducing some level of approximations (truncation)
which in practice introduce some bias which might be difficult to control. In
this paper, a modification of the original FFBSi algorithm is presented, having
a complexity which grows linearly in N, without having to truncate the density
or to use intricate data structures.

The FFBSm and FFBSi algorithms are very challenging to analyze and, up
to now, only a consistency result is available in [[J] (the proof of this result
being plagued by an error). The FFBSm estimate and the FFBSi trajectories
explicitly depend upon all the particles and weights drawn before and after this
time instant. It is therefore impossible to analyze directly the convergence of this
approximation using the standard techniques developed to study the interacting
particle approximations of the Feynman-Kac flows (see [{ or [[]).

The paper is organized as follows. In Section [}, the FFBSm algorithm and
the FFBSi sampler are introduced. An exponential deviation inequality is first
provided in Section [ for the fixed-interval joint smoothing distribution. A Cen-
tral Limit Theorem (CLT) for this quantity is then obtained in Section [.
Time-uniform exponential bounds are then computed for the FFBSm marginal
smoothing distribution estimator, under mixing conditions on the kernel @, in
Section . Finally, under the same mixing condition, an explicit bound for the
variance of the marginal smoothing distribution estimator is derived in Section [g.

Notations and Definitions. We denote an,.p def (@ - - -y ap) and @, bpig) def

(@my -y an,bp, ..., by). We assume that all random variables are defined on a
common probability space (2, F,P). A state space X is said to be general if
it is a Polish space and its topology is metrizable by some metric d such that
(X,d) is a complete separable metric space. We denote by B(X) the associated
Borel o-algebra and by By(X) the set of all bounded B(X)/B(R)-measurable
functions from X to R. For any measure p on (X, B(X)) and measurable function
[ satistying [y |f(z)| p(dz) < oo we set pu(f) = [x f(z) p(dx). Moreover, we say
that two measures p and v are proportional (written p o< v) if they differ only
by a normalization constant.

Let X and Y be two general state spaces. A kernel V from (X,B(X)) to
(Y,B(Y)) is a map from X x B(Y) into [0,1] such that, for each A € B(Y),
x — V(x,A) is a nonnegative bounded measurable function on X and, for each
x € X, A+ V(x,A) is a measure on B(Y). The function V (-, f) belongs to
B(X) and we sometimes use the abridged notation V f instead of V (-, f). For a
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4 DOUC ET AL.

measure v on (X, B(X)), we denote by vV the measure on (Y, B(Y)) defined by,
for any A € B(Y), vV (A4) = [x V(z,A)v(dz).

For simplicity, we consider a fully dominated state space models for which
there exists a o-finite measure v on (X, B(X)) such that, for all z € X, Q(z,)
has a transition probability density ¢(x,-) with respect to v. For notational
simplicity, v(dz) is sometimes replaced by dz.

For any initial distribution y on X and any t < s < s’ < T, denote by Gy, si/|E:T
the posterior distribution of the state vector X,., given the observations Y;.p
and knowing that Xy ~ x. For all A € B(X)®('=s+1)  this distribution may be
expressed as

¢X,s:s’|t:T(A) =
I J dyue(day) Tzt Gu—1 (Tu—1) Q(@u—1, dz)gr (x7) 1 a(Tss0)
[ ¢x,t|t(d$t) ngt-i-l Gu—1(Tu—1) Q(xy—1,dzs) g7 (2T)

with the convention szs = 1if s > t. For simplicity, we will use the shorthand
notations:

def
¢X,s|t:T = ¢X,s:s\t:T7

def
¢x,s:s’|T = qu,s:s’\O:Tv (1)
def
¢X,S|T = ¢X,s:s|0:T :

In fully dominated case, the smoothing distributions ¢, ..|.7 have densities

(which we will denote similarly) with respect to the product measure p®( —st1),

2. Algorithms. Conditionally on the observations Yg.7, the state sequence
{Xs}s>0 is a time-inhomogeneous Markov chain. This property remains true in
the time-reversed direction, i.e. given a strictly positive index T, initial distri-
bution y, and index s € {0,...,T — 1}, for any f € By, (X),

Ey [f(Xs) | Xss11, Yor| = Ey [f(Xs) | Xst1, Yar] = By s(Xst1, f) -

where By (2441, ) is the backward kernel. In the fully dominated case, this kernel
may be expressed as

= ¢X73|S($)q($,$s+1)
A [ byss(@)q(@, 2511) da’

Using these notations, for any integers 7' > 0, index s € {0,...,T —1} and initial
probability , the joint smoothing distribution may, for all f € By,(X7—5*1), be
recursively expressed as

¢X,S:T|T(f) = EX [f(Xs:T) | YE):T]
B //f(l’sT) Bys(@st1,dxs) oy sy (drssrr) (3)

with ¢y .77 = ¢y 71 being the filtering distribution at time 7' If f depends
on the first component z, only, then Eq. (f]) yields the marginal smoothing
distribution, which is defined recursively by:

Sror(f) = [[ 1) Bral@asr dea) dysrapp(daara) (@

BX78(xS+17 A) 1A(‘T)dx ) (2)
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 5

The method proposed by [, [[{] consists in approximating the smoothing dis-
tribution by storing the particles and associated weights obtained in a forward
filtering pass and revising the weights in a backward smoothing pass. In the
forward pass, particle approximations of the filtering distributions ¢, s are
computed recursively for s = 0,...,7T. Each approximation is formed by a set
of particles {¢2}Y, and associated importance weights {w?}¥ | according to

N
(bx,s\s(dx) = Qs_l ZW;‘S& (dx) ) (5)
i=1
where Q, = " | ! and 4, denotes the Dirac mass located at z. There are sev-

eral ways of producing such weighted samples {(¢%,w?)}Y ;5 see [T, [BT], [B], and

the references therein. Most of these algorithms can be recasted into the common
unifying framework of the auziliary particle filter. Let {€}}, be i.i.d. random
variables such that & ~ po and set Wi = %(ﬁé) go(&}). By classical importance
sampling, the weighted sample {(fé,wé)}ﬁ\il targets the distribution ¢, 9. As-
sume now that the weighted sample {(¢_;,w! 1)}, targets ¢, 5151, i.c. for
he By(X), Q7 SN, Wi h(€_,) is an estimate of [ by,s-1)s—1(dx)h(x). We
may approximate ¢, g, by replacing ¢, ;1,1 in the forward filtering recursion

brolol) ¢ [ Gomior(daea@ar,a)gs(@) fe)de,(6)
by its particle approximation <;A5X78_1‘ s—1, leading to the target distribution
~ N . .
ys(dr) o Y wiqq(iy, @)gs (@) da (7)
i=1

To avoid an O(N?) algorithm, [B] introduces an auziliary variable corresponding
to the selected particle index and target instead the probability density

;I,I;js(L xs) X Wﬁ—ﬂ(fi—l’ xs)gs(xs) (8)
on the product space {1,..., N} x X. Since (ﬁi{ags is the marginal distribution of

S i Jtar
X>sls o X>sls
instead a set {(I%,£1)}Y, of indices and particle positions from an instrumental

distribution having probability density
7Ts|s(ia Tg) X Wz_lﬂs(gg—l)ps(gg—la ) 9)

where {04(&1_1)}Y, are so-called adjustment multiplier weights and pg is the
proposal transition density function. Each draw (I7,&!) is assigned to the weight

with respect to the particle index, we may sample from by simulating

Caer €l €)g,(€D)
Ws = Ii TN
198(553—1)198(55&—1’ gé)

which is proportional to (;AS;U;(‘ JILEL) s (1L, EL). Hereafter, the indices are dis-

carded and {(¢&, wé)}i\il is taken as an approximation of the target distribution

(10)
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6 DOUC ET AL.

¢ys|s- The simplest choice, yielding to the so-called bootstrap particle filter al-
gorithm proposed by [4], consists in setting, for all z € X, ¥4(x) = 1 and
ps(x,-) = q(z,-). A more appealing choice from a theoretical standpoint —but
often computationally costly— consists in setting 9%(z) = [ q(z,zs)gs(xs) das

and

* _ Q(xaxs)gs($s)
ps($7$8) - 19*(3:)

In this case, the importance weights {wi}, are all unity and the auxiliary
particle filter is said to be fully adapted. Sampling from the fully adapted version
of the auxiliary particle filter is in general difficult; the general method, based
on the auxiliary accept-reject principle, proposed by [[[§] and [R(] for sampling
from these distributions is, with few exceptions, computationally involved. Other
choices are discussed in [[L0] and [H].

2.1. The Forward Filtering Backward Smoothing algorithm. Following [[[J,
the smoothing distribution can be approximated by filtering passes in the for-
ward as well as the backward directions. Firstly, the particle filter is executed,
while storing the weighted sample {(ﬂ,w%)}fil, 1 < t < T secondly, starting
with the particle approximation of the filtering distribution at time 7", the impor-
tance weights are recursively updated backwards in time by combining particle
estimates of the fixed interval smoothing distribution ¢, ,1.7)7 and the filtering

distribution estimate ¢, s|s- For 1 < s <t <T, define §Z” 4ef (fs yeee zzst) An
approximation
N i (i
. w , T
Bx,s(ﬂjs—l—l,d:ps) _ Z sq(gs 8+1) 5& (dxs) (11)

N
2 m wiq(Eh zeyn)

of the backward kernel can be obtalned by revising the weights {w!}, with-
out moving the particles {£/}Y i—q. If in addition the joint smoothlng distri-
bution ¢, ;1.7 is approximated at time s + 1 using the weighted sample

{(&0T W)Y Jsrir € {1 N}, e
Gy s+1:77(dTs11.7) o Z wiiﬁgégjerl:T(de-l-liT) ; (12)
Js+1.7=1 sHT

then we may substitute this and the approximation ([1]) of the backward kernel
into (B)) to obtain

J T
besT\T (dzs:r) o Z WSTT e (dzsr)
.7.5T 1

where the new weight is recursively updated according to

Js+1

js:T _ szq( §S7 s+1 ) js+1:T (13)
T j +1|7T
e et e
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 7

The estimator of the joint smoothing distribution may be rewritten as

ZsT

N
" def T WT is:
¢X,8:T|T(h’) = Z D h(§ éf) (14)
ig.p=1 Z]S =1 wgsfw%? ’

where . . .
y—1 tu—1 ¢y
- w
wéstt déf H Nu—léq(gu—1l7 U )Zu ’ (15)
u=s-+1 ZZ:l wu—lq(gu—b gu )
with the convention HZ = 1if a > b so that w’:s = 1. Since Djer @ Jé =1,
¢y.s:7i7(h) may be alternatively expressed as
N s, JiT
- w St w ;-

isT= 1ZJT 1WT

This estimate of the joint smoothing distribution may be understood as an ap-
proximate importance sampling estimator. The estimator ng,s:T|T(h) is highly
impractical, because its support is the set of N T=s+1 possible particle paths
{ﬁjs 7'}. Nevertheless, this estimator plays a key role in the theoretical deriva-
tions.

The importance weight of these path particles is computed as if the path

particle jspr were simulated by drawing forward in time, for s < ¢t < T, Sgt in

the set {£/}Y,, conditionally independently from {égfit:ll} from the distribution

N
Qt_—ll wa—lq(gte—lf) 9 = 17"'7N ) (17)
(=1

which approximates the predictive distribution ¢, ;1. Of course, the distri-
]sT

bution of is not exactly the product of the marginal distribution ([[7),
because the particle position are not independent -this approximation would
be approximately correct for a finite block of particles selected randomly, using
propagation of chaos property; see e.g. [[, chapter 8] -. This is why standard
results on importance sampling estimators cannot be applied to that context.
Most often, it is not required to compute the joint smoothing definition but
rather the marginal smoothing distribution ¢, 7 (or more generally some fixed
dimensional marginal of the joint smoothing, ¢, ..., a7 for a positive integer
A). Approximations of the marginal smoothing distributions may be obtained
by associating to the set of particle {¢J*}, js € {1,..., N}2T! the weights ob-
tained by marginalizing the joint smoothing weights {wy %} over the components

Jsprr € {1,..., NYT—s=A+1 Z\ST ZLHT 1 ngS:,T It is easily seen that these

marginal weights can be recursively updated as follows:

N Wialgl ¢l
] Q(557£S+1) j .
w’T—E s w s i=1,...,N (18)
S| 7j=1 ZZ lws(J(gsv s+1) o ‘

The complexity of this estimator of the marginal smoothing distribution is
O(N?T), which is manageable only if the number of particles is moderate. When

imsart-aos ver. 2007/12/10 file: dgarm.hyper19966.tex date: April 1, 2009



8 DOUC ET AL.

the dimension of the input space is not too large, this computational cost can
considerably reduced to Nlog(N), but at the price of truncating the distribu-
tion and therefore introducing some amount of bias (see for example [Lg]). Note
that, in certain specific scenarios (such as discrete Markov chains over large
state space with sparse transition matrix), the complexity can even be reduced

to O(NT).

2.2. The Forward Filtering Backward Simulation. Another way of under-
standing ([[4) consists in noting that the importance weight ([3) is a probability

distribution over {1,..., N}T~*: more precisely, wgfll‘f =P (Jsy1.1 = Jsr1.7 | Fr),

where F, % o{(&,wi);0<t<s1<i<N}and {J,}]_, is a reversed Markov
chain with a final distribution w%/Qr, i = 1,..., N and backward transition

matrix {Bw}” L P(Js=3|FrVol(Je)) = By, j, with

>3 — ng( g)&é—i—l)

M wig(Er 6 y)
With these definitions, the joint smoothing distribution may be written as the
conditional expectation

bysrir(h) =E [0 (57) | 7] . (20)

The idea of simulating the indices Js.7 backward in time to draw approximately
from the smoothing distribution ¢, .77, has been proposed in M3 (Algorithm
1, pp. 158). This algorithm proceeds recursively backward in time as follows. At
time T, we draw conditionally independently from an N indices {Jrf} , from
the distribution {wh¢} | (for ease of notations, we draw the same number of
particles in the forward and backward passes, but there is no need to do that).
Given now a N sample {J%, |}V, € {1,...,N}T=*, we draw conditionally in-
dependently J! € {1,...,N}, £=1,...,N from the distributions {Bj,Jf+ }N

1) =1
This algorithm is referred in the sequel to as the forward filtering backward

simulation algorithm (FFBSi). This sample yields to the following (practical)
estimator of the joint fixed-interval smoothing distribution:

. dij=1,...,N . (19)

Oy s (h) 1Zh( ) h e By (XT—sF1) . (21)

The computational complexity for each individual realization is O(N) at each
time step, so the overall computational effort to estimate qz;X,();T‘T is therefore
O(N?T). Using the methods introduced by [L[d], this complexity can be further
reduced to O(N log(N)T'), but here again at the price of some additional approx-
imations. It is easy to modify this algorithm to make it linear in N. Assume that
the transition kernel ¢ is bounded, ¢(x, z’) < |g|,.. Since wiq(&Z, &8, 4) < |g|, wd
forany i, j € {1,..., N}, we may sample ([[9) using the accept- reject mechanism.
For any £ = 1,...,N, we sample independently indices 1% u = 1,2,... from
the distribution {Q 1w] } Y, and uniform random variables U%* on [0 1] and let

JE = I ™ where 7! is the first index u for which US* < q(ﬁsé‘ sjfll)/ lq] - The
complexity of the resulting algorithm is linear instead of quadratlc in N.
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 9

3. Exponential deviation inequality. In this section, we establish the
properties of the forward filtering backward smoothing algorithm. We first es-
tablish a non asymptotic deviation inequality. For any function f : X¢ — R, we
define |f|,, = sup,exa [f(2)] and osc(f) = sup(, wexaxxd |[f(x) = f(2')|. De-
note N = NU{oo} and consider the following assumptions. We denote by T the
horizon, which can be either a finite integer or infinite.

A 1. supg<i<r |90 < 0.

Define for t > 0 the importance weight functions:

= d—X T T arn Wi\ T 33'/ déf 4(](33,33/)91‘/(:17/)
wole) = p(@le) and (e, EIEEAEL 121 (@)

A 2. supgci<r [U¢], < 00 and supg<<p Wi, < oo

The latter assumption is rather mild. It holds in particular under (A[fl) for the
bootstrap filter (¢ = p; and ¥y = 1). It automatically holds in the fully adapted
case (wy = 1).

The first step in our proof consists in obtaining an exponential deviation
inequality of Hoeffding type for the auxiliary particle approximations of the
forward filtering distribution ¢, ;;. Such results can be adapted from [, Chapter
7], using the Feynman-Kac representation of the auxiliary filter. For the sake of
completeness, we prove these results explicitly. By convention, we set ¢, oj—1 = X
and Y99 = 1.

PROPOSITION 1. Assume that A[]{3. Then, for allt € {0,...,T}, there evist
0 < B, C'< oo such that for all N, € > 0, and all measurable functions h,

N ; ¢ t]t—1 (gth) 2/|p)?
P|INT'S win(g)) - 2T > €| < Be NI (23)
=1 Dy t—1]t-1(V¢)
P [|dye(h) = dyan(h)] > €] < BemONE/oseH) (24)

where the weighted sample { (&5, wi) N, is defined in (L0).

PrOOF. We prove () and (B4) together by induction on t > 0. First note

that, by construction, {(&}, w!) }1<i<n are i.i.d. conditionally to the o-field F;_; def

o{(&,wl);0<s<t—1,1 <i< N}. Under (Af)), we may therefore apply the
Hoeffding inequality, which implies,

Fi1

N N
: HN S wih() ~ B [N‘l S wih(€) | Fia | > ] < 262Nl
i=1 i=1
(25)

For t =0,

N
E [N—l S wih(el)

i=1

fH] = E [wih(&}) | Fim] = x(g0h) = by.0-1(90h) -
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10 DOUC ET AL.

Thus, (P4) follows by Lemma [T applied with ay = N~} Zij\il Wih(&)), by =
NN Wi, ey = 0and b = 8 = x(go), conditions (), ([) and ([I) being
obviously satisfied. For ¢t > 1, we prove (BJ) by deriving an exponential inequality
for E [N SN wih(€) }.7-",;_1} thanks to the induction assumption. It follows
from the definition that

[ 12% )

Wt 119t gt 1pt(ft 1, ) q(é’i_l,w)gt(w)
— > . h(x)dx ,
Z/ SNt ey )

)| Fi- 11 =E [w,glh(ﬁtl) ’ft_l}

_ Z Ly wiog S Q& da)gi(z)h(x) (26)

25:1 wi_19¢(§f1)
We apply Lemma [[1] by successively checking conditions ([]), ([]) and ([II) with

an défQ Y wiy [Q& . dx)gy(x)h(x)

by €O TN w0 y)

ey Dy i—1ft—1 [ Q( dx)gi(x) ()] = by 41—1 (9:h)
dn dﬁfbdifﬁdif Dxt—1)e—1(V)

We have that
an
= B [wlh(e)) | Fia] | < il [l

by
S |wt|oo |h|oo :

Thus, condition (f]) is satisfied. Now, assume that the induction assumption (p4)
holds where t is replaced by ¢ — 1. Then,

N
CN - i i
ay — d—bN =07 wi  H(E )
N i=1

e - Q(-,dz)gi(x)h(x i
with H(g,) =  Q(ei_, de)gu(e)h(z) - ety (g ) pnd

by noting that ¢, ;1,1 (H) = 0, exponential inequalities for ax — (e /dn )by
and by —b are then directly derived from the induction assumption under (Af]-f).
Thus Lemma [[7] applies and finally (BJ) is proved for ¢ > 1.

To conclude, it remains to see why (BJ) implies (R4)). Without loss of generality,
we assume that ¢, ;;(h) = 0 holds. An exponential inequality for 2,° LS win(&)
is obtained by applying Lemma 1 with

N Z 1wth(§§)
12 1%

b dof

def
cy =0
bdﬁfﬂdef Oy t—1]t—1 fQ( dz) gt(gc)]
o B,t—11e—1(9t)
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 11

where conditions (), ([0), ([I]) are obviously derived from the (BJ) since the
condition ¢, ;;(h) = 0 directly implies that
¢X,t—1\t—1 [/ Q(-,dz)gi(z)h(x)| =0
]

Using the exponential deviation inequality for the auxiliary particle approx-
imation of the filtering density, it is now possible to derive an exponential in-
equality for the forward filtering backward smoothing approximation of the joint
smoothing distribution.

THEOREM 2. Assume Aﬂﬂ Let 1 < s < T. There exist 0 < B, C < o0
such that for all N, € > 0, and all measurable functions h,

P H(ZEX&TIT( ¢X,s T|T ‘ > 6} < Be —CNe?/ osc*(h) , (27)
P H<l~5x,s:T|T( — Oy,s17( ’ } < Be~ONe*/osc*(h) (28)

where @X,S:T‘T(h) and ¢§X75:T|T(h) are defined in ([4) and (PT).

Proor. Using (RQ) and the definition of <;3X78;T|T(h), we may write

St () = dumir(h) 12[( ) -5 [n(e) | 7]

which implies (§) by the Hoeffding inequality and (27). We now prove (7). Let
s <t < T. For h a measurable function defined on XT=5t1  define the kernels

Lorr(€58 ) € h(eisr) and, for s <t < T,

)

Loy (€2, h) déf/"'/Q(ﬁft7d$t+1)9t+1($t+1)><
T-1

1 Qudzuit)gusr(@us)h(E5 2igr]) - (29)
u=t+1

By construction, L 7 can be obtained recursively backwards in time as follows:

Loir(€ ) = [ QS dojg@)Losr (gt alh) - (30)

Denote by 1 the function identically equal to one. Under (Afl), |Ls.7(-, )|, <
|Lst7(-,1)| o [P, and | Ly 7(-, 1), < 00. Denote

Fosr(€,h) Y Loor(€,h) (31)

and for all t € {s+1,...,T}, set

N Tt—1 Tt—1
. h def ’l'?;t_—l wt 1q(£ 5) Ls ’i?;tl’ ,h , 32
SRR PR SS Sr e R i
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12 DOUC ET AL.

where @"" ! is defined in ([{). Define, for t € {s,..., T},

N
Asur(h) S Wl F (€l R) (33)
/=1

Without loss of generality, we assume that ¢, ,.77(h) = 0. With the notations
introduced above, (ng,s:T|T(h) may be expressed as the sum

T
$X73;T|T(h) _ As,T,T(h) o As,s,T(h) + {As,t,T(h) As,t—l,T(h)} ) (34)
t=s+1

As,T,T(]-) B As,s,T(l) As,t,T(l) - As,t—l,T(l)

We now compute an exponential bound for the terms appearing the RHS of the
previous identity. Note that

AS,S,T(h) N Qs_1 Zévzl WgLS,s,T(fgv h)
AS,S,T(l) - Qs_l 25:1 WgLs,s,T(ffy 1)

We apply Lemma [[]] by successively checking conditions ([), ([1) and (1) with
aN = Qs_l Zévzl wﬁLS,&T(ng h)? by = Qs_l Zévzl ng&S,T(Sg? 1)7 cy =0, and b =
B = ¢y ss(Lss7(,1)). Tt follows immediately from the definition that ‘g—ﬂ <
|h| - Moreover, ¢, ..pi7(h) = 0 implies that ¢, gs(Lss7(-,h)) = 0, conditions
() and () are then directly derived from the exponential inequality for the
auxiliary filter (see Proposition [, Eq. (24)).

We now establish an exponential inequality for

Agim(h)/Ass (1) — Agi—1.7(h)/As i—1.7(1)

using again Lemma [[1. We take ay = N1 Ag ;7 (h), by = N71Ag 7(1), ey =
N_lAs’t_LT(h), dN = N_lAs’t_LT(l) and

Gy t—1)i—1(Lst—1,7(-, 1))
Gy t—1)e—1(Tt)

By definition, |ax/by| < |h|, and |ey/dn| < |h|,,, showing Lemma [}, condi-
tion (fl). We now check condition ([). The function £t — Ly, (€%, 1) depends
only on &'; with a slight abuse of notation, we set L, (€%, 1) = Ly (£, 1).
It follows from the definition (B2) that Fs;7(£,1) = Ly 7(€,1). Plugging this
into the definition of A, ;7(1) yields: As;7(1) = S0 wiLe (&, 1). Condition
(M) follows from Proposition f-Eq. (R9). Finally, we check condition ([II)). Write
an — Fby = NN WGy r(€f, h) where

b=p= (35)

Agi—1,7(h)
Agi—1,7(1)

def
Gspr(§,h) = Forr(&,h) — Fs1r(§,1) . (36)
Since {(&,wf)}, are ii.d. conditionally to the o-field JF;_1, we have that
{wfGs (&8, M)}, are also i.i.d. conditionally to F;_;. That allows to apply

the conditional Hoeffding’s inequality to N~ S 1 wfG  7(&f, h) provided that
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 13

we have first checked that E [n! | F;—1] = 0 and that (w{Gs.7(&f,h))1<e<n are
bounded random variables. By (Rf), for any bounded function f,

Zf\il Wti—1Q(§ti—17$)
25:1 Wf—ﬂt(ff—l)

Applying this relation with f(-) = Fi;7(-,h) and using the recursion (Bd), the
previous relation implies by direct calculation

Eévzl wf_lFs,t—l,T(gf—lv h)

E[thf(ftl)‘ft—l} =

g¢(x) f (x)dz

E|wiFsrr(&,h) | Fioa| = (37)
[ ' ' ‘ } Zévzﬂﬂf—lﬁt(gf—ﬂ
Therefore, since Ag¢—1 7(h)/Asi—1,7(1) is F;—1-measurable,

E [w}Guar (&l 1) | Fioi]

_ Zévzl wf—lF&t—l,T(gf—l’h) Asi—1,7(h) Zévzlwf—lFS,t—LT(gtl—lv 1)

- N ¢ ¢ A N ¢ ¢ =0,

D=1 w1 Ve(&-1) sit—1,7(1) 2= wi V(& 1)
(38)

by definition (B3). Moreover, since |Fs;7(z,h)] < Fs¢r(z,1)|h|,,, we have

|Agtr(h)/Asr(1)] < |h|,,, showing that
Agi—17(h)

wi(z, ') | Fyrr(a’ h) — =222 F ,p(2,1
t( ) < 7t7T( ) As,t—l,T(l) 7t7T( )

< 2wl oo [Fs (5 1) o 1hlog < 2wl [ L1 (55 1) o [P og <00 (39)

C
CLN—%I)N’>6>: <‘ 12&) GstTgta 6)

2
§Bexp{—C’N<|hT ) } ,

showing condition ([I]) and concluding the proof. O

]wt(x,x')G&t,T(a:',h)\ =

The Hoeffding inequality therefore implies:

e

4. Asymptotic normality. We now derive a Central Limit Theorem (CLT)
for the forward-filtering backward-smoothing estimator ([[4). Consider the fol-
lowing assumption.

A 3.forallt € {1,...,T} and M > 0, [sup,<p pi(e,2")dz’ < occ.

We first recall that, under assumption (Aflf) the auxiliary particle filter ap-
proximation of the filtering distribution satisfies a CLT (see for example [[0,
Theorem 3.2]). For any bounded measurable function h : X — R, define the
kernel
== Lsst(iﬂ,h) (40)
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14 DOUC ET AL.

where h(zs.:) = h(xs). The quantity Ls.(¢,h)/Ls.(€,1) may be interpreted as
the conditional expectation of h(X;) given the observations up to time ¢ and X,
evaluated at Xy = £. Moreover, for any distribution v,

Jv(dzs)Ls (x5, h)
Jv(das)Ls(xs, 1)

PROPOSITION 3.  Assume A[}H3. Then, for all bounded measurable functions
h:X—=R,and0<s<T,

\/N (ng,s\s(h) - ¢X,s\s(h)) 2’ N (07 FX,s|s [h - ¢X,s\s(h)}) ’ (42)

¢u,t|s:t(h) - (41)

where i
FX#\S [h] = Z Vi ,r,s[h] ) (43)
r=0

with
W2(LE (-, h
Vo po (WB()L3 (- 1)) N "
(éx011 L0 () Lo (- 1))

and for 1 <r <s,
¢x,r—1|r—1 [197“(’) pr’(Wx)w?(Wx)Lg,s(xa h)dx} ¢X,r—1\r—1(197“)
(St Lo (s 1))

Using the CLT for the auxiliary particle approximation of the filtering distri-
bution, we establish a CLT for the auxiliary particle approximation of the fixed
interval joint smoothing distribution. The proof is established using this time a
recursion going forward in time, i.e. a CLT for ¢A5X7s;t|t(') is deduced from a CLT

Virslh] =

(45)

for ng,s:t—1|t—l(')' The proof is based on the techniques developed in [J] (extend-
ing [f] and [2Q]) which are tailored to the analysis of sequential Monte-Carlo
algorithms. Define, for 0 < s <t < T, gs1—1(Tst—1,2) = q(x4—1, )

o) 0i(a) [ e @ o) @ A (16)

where

def ¢X,s:t—1|t—1(QS:t—1('7 x)Ls,t,T(['y l‘], h))
gs,LT(‘Ta h) B ¢X,t—1\t—1(Q('7 33‘)) ' (47)

THEOREM 4. Assume AJ-d. Let s < T. Then, for all bounded measurable
functions h : XT=5t1 5 R,

VN (ng,s:T|T(h) - ¢X,5:T\T(h)) 2N (07Fx,s:T|T {h - ¢X,s:T|T(h)D , (48)
with

def Fx,s\s [sts,T(W h)]
Uy sar [h] = 2 e 1)]
4 i ¢X,t—1|t—1(vs,t,T('7h))¢x,t—1|t—1(19t)

t=s+1 ¢i,t|t—1[gt(')Lt,t7T('v 1)]

(49)
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 15

where T’ is defined in (). Moreover,

X,8|s

\/N ((sz,s:T|T(h) - ¢X,S:T|T(h’))
2 N (0,62 sayr [1 = dysrr(h)| + Dy [h = by wmr(B)]) + (50)

PrOOF. Without loss of generality, we assume that ¢, ..77(h) = 0. Denote by

(+,-) the scalar product, VN, = [V 7, ..., VI pland W = (W o, oo W 7]
the vectors given by
Ass.1(h)

Viir(h) = N2 (51)

Qg ’
Agi—1,7(h)

VN h déf N—1/2 As h) —
str(h) wr(h) Ast—1,7(1)

As,t,T(1)> t=s+1,...,T, (52)

N QS

wN = N
s,s, T As,s,T(l) s,t, T

Y t=s41,...,T. 53
As,t,T(l) ( )

where A; ; r is defined in (BJ). Using these notations, we decompose VN <;A5X7 sTi7(h)
as follows

VNG wryr(h) = (V2 (), W) (54)

. ~1
Since W2, = (¢X,s|s(Ls,s,T(', 1))) and similarly for t = s+1,...,T, Wsj,\;T =

S

—1
(N_l SN wiLe (&L, 1)) , Proposition [l, (3) and (B4) show that

N P 1

WS s —>n—>oo (55)
o T ¢X,s|s(Ls,s,T('7 1))
WwN P Dy t—11t—1() (56)

Drtlt—1(9e () Legr(-,1))

Therefore (f§) follows from the application of the Slutsky Lemma provided that
we establish a multivariate CLT for the sequence of random vectors VSZ\}(h) For

that purpose, we show that for any ¢ € {s,...,T} and any scalars ag, ..., oy,
¢ n t
N 2 2
Z OZT‘/;,T’,T(h) N—o0 N (07 Z aT’JX,SZ’r‘|T [h]> Y (57)
r=s r=1

where O'>2<’S|T [h] =T [Lss7(-,h)], and for r € {s+1,...,T},

X,8|s

déf ¢x,s:r—1|r—1 [US,T,T(’a h)]
¢x,r—l\r—l(0r)

First consider ¢t = s. Since Ag s 7(h) = S0 wiLs o 7(££, h) and Gy ,sls(Ls,s7(- 1)) =
0, Proposition [ shows that N'/2Q 1A, r(h) is asymptotically normal with
zero mean and variance X s 7(h). Assume now that the property holds for some

J)2<,s:T|T [h] (58)
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16 DOUC ET AL.

t—1 > s. We apply the results on triangular array of dependent random variables
developed in [{]; V;A{T(h) may be expressed as

N
h)=> Une, Umyp= N=Y20LG, (g 1) (59)

where G, is defined in (B). Eq. (Bg) shows that E [Upe| Fi—1] = 0, £ =
., N, which implies:

t t—1
|t Fi] = Saret

The induction assumption shows that E [Er s ozTVSA;T \.7-} 1} converges in

distribution to a centered Gaussian distribution with covariance Z ik} 0422 s (h).
We will now prove that

2

[exp (m\/_V )) ’.7-}_1} LN—m exp {—%Esmqﬂ(h)} .

By [, Corollary 11], setting it remains to show that

iE [Uz%u ‘ gN,é—l} Losgr(h), (60)
=1

N
ZE {UJ%/[,ZIHUM,MZE}

gN,g_l} ) ,for any € > 0, (61)

where, for £ € {1,...,N}, Gy = Fi1 Vo(wl,&,j < £). We first prove (F0). Tt
follows from the definitions that

ZE [UNZ ‘ G- 1} = [(wths,t,T(gtl’h))2 ‘]:t—l]

-/ Z S i e 1’) 2 (€)oo )
1 t—1Yt\St—1

Qt—l 1 Z
= - - Wy 1TstT(£t 15 )7
Yl wl9(Ey) -1 i

where
Toor(eh) 2 0,2) [ pule,a )b (@G0 @ Il (62
We will show, by applying Lemma [[J that
1
Q. Zwt 1TstT(§t 1, h) = <Z5Xt 1t—1 (UstT( h)) ,
—1=1

where vg; 7 is defined in (). To that purpose, we need to show that (i)
there exists a constant vs such that [T, 7(-, h)| < Voo P-as. gz 7(- h)| <

oo —
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 17

Uso, and (ii) for any constant M > 0, supj,<ar |Ystr(w,h) — vs (2, b)) RN
0. Eq. (BY) shows that |w(-)Gsr7(-,h)|, < 2|wilo [Lee,r(,1)] |h|s, which
implies that

Yoz () < 2 w2 [Leea (D2 RE, . P—as. . (63)
Similarly, the bound [gs¢7|. < [Lts7(-, 1)| |7y implies that
Vst (o ) o < 1tlo lwil2 [ L (1) B2 (64)

The bounds (p3) and (4) imply (i). To prove (ii), first note that for all M > 0,

sup |Ys i 7(x,h) — vs (2, h)l
|z| <M

0o ’wt’oo/|s|up pt Z, ‘T ‘GstT T 7h) - gg,t,T(xlah)‘ dﬂl‘/ . (65)

Under (AB), [ sup, <y pe(z, 2')dz’ < oo, and since ‘GstT(x’,h) - git’T(x’,h)’ <
2|Ly (-, )\io |h|%, Lemma I3 shows that

/ sup pe(z, x’ \GstT fUah) —gftT($’,h)’dx’i>0,
‘ZB‘<M A

provided that we can show that, for any given x € X, G r(x, h) P, gs,r(x, h).

The definitions (BZ) of the function Fy, 7 and ([[f) of the smoothing distribution

implies that

(ng,s:t—1|t—1 [4s,—1(-s @) L g7 ([- ], h)]
(bx,t—l\t—l(Q("x))

Theorem | show that Fy ;1 (x,h) L, gst7(z,h). On the other hand, it follows

from the definitions that As ;1 7(h) = Qt—lggx,s:t‘t(Ls,t,T('y h)).

Since <;5X78:t|t(L57t,T(-, h)) =0, this decomposition implies that As ;1 7(h) Lo

FS,t,T(x7 h) -

Therefore, Fy;7(x,h) RN gstr(x, h).

It remains to check the tightness condition ([1]). This property is straightfor-
ward since [Upzi| < N7Y2|wy|  [h],

We now prove (p(). Using () and the definition of ng,s:T|T(h)7 we may write

VN (bxsrir(h) = dysrip(h)) = N7V g: {h (féﬂTT> ~E[h (&) | 7]

=1
+ \/N ((ng,s:T|T(h) - ¢X,S:T\T(h’)) :
Note that since (J%;)1<s<n are iid conditional to Fr, (B() follows from (Eg) and

S:

direct application of Corollary 11 in [J] by noting that

w3 e [ (o) - () | #2] )

= Qgi7s;T|T {h - @X,S;T|T(h)} -z O} wriT {h - ¢X,s:T\T(h)}
O

7]
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18 DOUC ET AL.

5. Time-uniform deviation inequality. In this section, we study the
long-term behavior of the marginal fixed-interval smoothing distribution esti-
mator. For that purpose, it is required to impose a form of mixing condition on
the Markov transition kernel. For simplicity, we consider conditions which are
similar to the ones used in [f], chapter 7.4] or [}, chapter 4]; these conditions
can be relaxed, but at the expense of many technical problems. This condition
requires that the transition kernel is strongly mixing in the sense that

A 4.There exist two constants 0 < o_ < 04 < oo, such that, for any (z,2') €
X x X,
o_ < Q(:Ev:E/) <og. (66)
In addition, there exists a constant c_ > 0 such that, [ x(dzg)go(xo) > c— and
forallt > 1,

ug( q(z,2) g (2" )da’ > c_ > 0. (67)

Note that assumption [] implies that v(X) < oo; in the sequel, we will con-
sider without loss of generality that v(X) = 1. Moreover, the average number
of simulations required in the accept-reject mechanism per sample of the FFBSi
algorithm is bounded by ¢* /o~. An important consequence of the uniform er-
godicity condition is the forgetting of either the initial or the final conditions.
The following Proposition extends some of the results obtained initially in [g]
and later extended in [[f] (see also [, Chapter 7] and [, Chapter 2]). Define

def
es,t(x&xt) é /”’/Q(x&xs-l—l)gs—i-l(xs-l—l)
t—1

X H Q(xwxu—l—l)gu—i-l(xu-l—l)dxs-l—l:t—l (68)
u=s+1

for s <t, and £y (x5, x¢) def 9z, (z1), so that
L57t(ﬂ}‘8,h) = /657t(ajs,xt)h(xt)dxt .

PROPOSITION 5. Assume (A[}). Then, for all distributions x, X" and for all
s <t and any bounded measurable functions h,

[ x(dzs)ls ¢ (zs, ) h(ze)day B [ X (dzs)ls (x5, x4 ) h(zy)dy
I x(dzs)ls ¢ (zs, x4 )day [ X/ (dxs)ls (x5, 2)day
<p'Sosc(h), (69)

where p def o_Joy. In addition, for any bounded non-negative measurable
functions f and f,

I x(dzs)h(zs)ls i (zs, z¢) f(z¢)day B I x(dzs)h(zs)ls i (zs, z¢) f (24)day
I x(dz)ls ¢ (s, o) f () day S x(dz)ls (s, 2¢) f () Ay
< p=%osc(h) , (70)

as soon as the denominators are non-zero.
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 19

PROOF. The first statement is well-known; see for example [fJ] and [f], Propo-
sition 4.3.23]. To check the second statement, denote by B, s: the backward
smoothing kernel, defined for s < t and for any real-valued, measurable function
1 on X2 by

IE‘:wa [T/J(Xt—let)’Ys:t] - /T/J(xt—hxt)¢x,s:t|s:t($t)BX’s,t(»Tt,dﬂ?t—l) )

where ¢, o4_1|s4—1 is defined in ([]). This kernel is absolutely continuous with
respect to the dominating measure A and its density is given by

¢X,s:t—l\s:t—l(xt—l)Q(xt—l7 xt)
f¢X,s:t—l\s:t—l(x)Q(x7xt)dx

bx,s,t($ta :Et—l) =

Under (AM), this transition density is lower bounded by

o_ o_

by st(Te, xp—1) > = .
o ’ f¢x,s:t—l\s:t—l(x)a+dx 0+

Since osc (By,s,(+, h)) < posc (h), it follows that
08¢ (By st -+ Byss+1(-,h)) < p'Fosc (h) . (71)
Note that

S x(dag)h(@s) s, (ws, xp) f(a¢)da _ S x(dag)h(as) s i (s, ) f' () day

JI x(dws)ls (s, o) f (i) de S x(dws)ls (s, i) f/ (i) e

Gy 15t (By,s,t - - By,s,s+1(R) f(4)) B Gy t)s:t(Bys,t - - Bys,st1( h)f/(‘))‘
Dy tls(f () Dy tls(f' ()

= |Nf [vas,t cee Bx7s,s+1('v h)] My [vas,t s Bx78,8+1('7 h)”

with, for any A € B(X), ps(A) def Gy ts:t(Xaf)/ by 415:(f). Therefore, since for
any probabilities u and g/ on B(X) and any measurable function v, |u(y) —

W (¥)| < osc (), (1) shows that
g [Bysit - - Bys,s1( B = i [Bysit - - Bys,s1( h))| < p' = osc(h) .

O

The goal of this section consists in establishing, under the assumptions men-
tioned above, that the FFBS approximation of the marginal fixed interval smooth-
ing probability satisfies an exponential deviation inequality with constants that
are uniform in time.

The first step in the proof consists in showing a time-uniform deviation in-
equality for the auxiliary particle filter. Here again, the proof of this result could
be adapted from [f], Section 7.4.3]. For the sake of clarity, we present a self-
contained proof, which is valid under assumptions that are weaker than those
used in [§, Chapter 7).
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20 DOUC ET AL.

PROPOSITION 6. Assume that Af}-f] hold with T = oo. Then, the filtering
distribution satisfies a time-uniform exponential deviation inequality, i.e. there
exist constants B and C such that, for all integers N and t > 0, all measurable
functions h and all € > 0,

Ay i @ t\t—l(gth) 21112
PN > wih(g)) - X > e < Be ¢Ne¢/IM (72)
i—1 Gy t—1)e—1(Dt)
H%t\t = Oxae(h )\ > €| < BemONe /o) (73)

PROOF. We first prove ([7J). Without loss of gene{ality, we will assume that
Gy 1t (h) = 0. Similar to [, Eq. (7.24)], the quantity ¢, ,;(h) is decomposed as,

OS> (B ) BS*’““) + Doty )

S\ Bst(1)  Bso14(1) ) Boy(1)
where
-1 stgsa )
Bst Z AT (75)

We first establish some exponential inequality for By (h)/Bp+(1) where the de-
pendence in ¢ will be explicitly expressed. For that purpose, we will apply Lemma
[T by successively checking Conditions ([]), (), and (1), with

an dﬁf BO t(h)

by € Boy(1)

def
CNEO

= fX (dxo) 90(530)%
def o_ fx(dwo)QO(xO)

Under the strong mixing condition AM, it may be shown that (see [f], chapter 4]
or [B section 4.3.3])

0— Ls(€,1) 0+
I ¢ Zetled) T+ 76
STt S o (76)

which implies that b > 3. Since ¢, 4;(h) =0, Eqs. (i) and (B9) imply

an N B()J(h)
e —‘ B )—qsx,tt(h)‘

‘Zz 1whLot(€6,h) [ x(dzo)go(wo) Lot(o, )
SN wiLog(&,1) [ x(dwo)go(wo) Lo ¢(wo, 1)

This shows condition (I) with M = p' |h|_. We now turn to condition (II). We
have

N
LO 6 ) LO, (.Z'()’ 1)
bN_b_ 12 OILOtt( § /PO de WO(xO)QO(xO)‘LOZ(_jl)’

< plosc(h) . (77)
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 21

i Lo t(§07 )

Since |wy ol D

< 2+ |wol o, we have by Hoeffding’s inequality

Pllby —b| > €] < Bexp (—C’Nez) ,

where the constants B and C' do not depend on ¢. This shows condition (IT). We
now check condition (III). We have

ay — (en/dn)by = any =

N
-1 i LOt 507 )
Z Lo 1)l

Now, as @, 4¢(h) = 0 implies [ x(dz)Lo(x,h) = 0, it holds that E(ay) = 0.
Moreover,

ZM LO,t(Eév 1) LO,t(g(i),h) -
w°|L07t<»1>loo‘ = btk [T, 1 (Lo,t@é,l) ‘va“(’”)}

< — h
(ol 70" s (1)
using ([]) and (§9). Condition (III) follows from Hoeffding’s inequality. Then,
Lemma [[1] gives

P[|Bot(h)/Bot(1)| > €] < Be—CNe/(p! osc(h))? 7

where the constants B and C' do not depend on ¢.

We now consider for 1 < s < ¢ the difference B 1(h)/Bs +(1)—Bs—1.4(h)/Bs—1.+(1),
where B is defined in (7). We again use Lemma [LT] where P(-) = P (- | Fs_1),
aN = Bs,t(h)> by = Bs,t(]-)a CN = Bs—l,t(h)a dy = Bs—l,t(l),

p i [ Q€ d@)g @ Los(@)) g eo
|L0,S(‘71)|002évz1 W§_1Q9s(£ﬁ_1) 7 oy |19 |

where o_ and c_ are defined in () and (57), respectively. It appears using ([6])
and (Af]) that b > 3. Moreover,

by

1Ws Lst(f 1) Zf\ilws—lLs—Lt(fs—hl)

< p'osc(h)

an CN ’Zz LwiLg (&8, R) N Wl Ls—14(€_1,h)

(78)
showing condition () with M = p'~*osc (h). We now check condition ([I). By
(B4), we have

s 5 ’ ) 1 Lst(glal)
by —b=N wi Z8Bes ) |yl 2 ) T E
" Z [Lou( D)l 1Lt 1) '
Thus, since |w:Lg(£4,1)/|Lsy(,1)| | < supy |wi| 04 /0, we have by condi-

tional Hoeffding’s 1nequahty
P (|by — b > €| Foy) < Be ONe/(osc(h)?
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22 DOUC ET AL.

showing condition ([J)) with constants which do not depend on s. Moreover, write

an — Fby = N1 5 where

o def Lu(&5h) Wi Le14(€_,h) < ¢ Lsa(€5,1) )

w — - - w
S|L8,t("1)|oo Zi\il W;_lLs—l,t(gé—lvl) S|L87t("1)|oo

Since {(&f,wf)}Y, are ii.d. conditionally to the o-field JF;_1, we have that
{n* }éV: , are also ii.d. conditionally to F;_1. Moreover, it can be easily checked
using (26) that E [n'| F,—1] = 0. In order to apply the conditional Hoeffding
inequality, we need to check that 1’ is bounded. In fact, using D) and (pY),

Z‘: LS,t(fg,l) LS,t(gﬁ,h)_ iﬁlwé—lLs—l,t(fg—lah)
Lo (5 Dl

Ls,t(££7 1) i=1 Wé_lLs—l,t(gg_la 1)
N
.7:3—1> =P <|N_IZT]£

fs—l)
/=1

< Bexp{—C’N (m>2} ,

where the constants B and C' do not depend on s. This shows condition ([[1I]).

Finally by Lemma [L1],
€ 2
-1 | <B —CN|——
Fs—1| < Bexpq—C (pt_sosc(h)>

B B 14+(h
5 <‘ t(h) 1,t(h)
The proof is concluded by using Lemma [14. O

< J—+pt_s osc (h)

n
o_

Consequently,

2

> €

CN
aN—abN‘ > €

> €
Bsy(1)  Bs_14(1)

We now show that the time uniform deviation inequality for the filtering
estimator extends, under the mixing assumption (Af]) on the Markov kernel @,
to the FFBS smoothing estimator. The key result to establish a time uniform
bound for the FFBS smoothing estimator is the following Proposition, which
establishes the uniform ergodicity of the particle approximation of the backward
kernel.

LEMMA 7. Assume Al]. Then, for any probability distributions p and p' on
the set {1,..., N}, any integers 0 < s < t and any function h on {1,..., N},

N
> hlis)wgit {p(ie) — p'(ie)}| < osc(h) p'~*

'is:tzl
where @'t is defined in ().
PRrOOF. For u € {s+1,...,t}, define W, the N x N matrix with entries

J J i
Wi — ;’u_f(fu_lévﬁu)  l<ij<N.
21 Wy—19(8u—1,84)
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 23

The matrix W, can be interpreted as the Markov transition matrix of a non-
homogeneous Markov chain on the state-space {1,..., N} (which may be seen as
the particle approximation of the backward kernel (f])). Using this notation, for
any probability distribution p on {1,..., N} and any function h on {1,..., N},
the sum Zﬁ\;t:l h(is)w'st u(i;) may be interpreted as the expectation of the
function h under the marginal distribution at time ¢ — s of a non-homogeneous
Markov chain started at time O from the initial distribution g and driven the
transition matrix Wy, Wy_q, ...:

N N '
> his)@ii nli) =2 WL W h()

is:t=1 t=1

Under (Af), the entries of these transition kernels are lower-bounded by o_ /o .
Therefore, the Dobrushin coefficient of each transition matrix Wy, v € {s +
.,t} is upper bounded by p (see [§]). The result follows. O

We then show that the existence of time-uniform exponential deviation in-
equality for the auxiliary particle filter approximation of the filtering distribution
extends to the FFBS smoothing estimator.

THEOREM 8. Assume A} hold with T = oc. Then, there exist constants
0 < B, C' < o such that for all integers N, s, and T, s < T, all ¢ > 0,

P Hqu,sﬁ(h) - ¢X,S\T(h)‘ > E} < Be_CN€2/OSC2(h) ’ (79)
P(|6ysir(h) = Sy ai(h)| = ] < BemON s, (80)

where quX,S|T(h) and ¢~5X7S‘T(h) are defined in ([4) and (1).

Proor. (B() follows from ([9) along the same lines as in Theorem [. We
use the notations of Theorem [. Let h be a function defined on X and s,7" be
positive integers such that s < T. Without loss of generality, we assume that
by.sj7(h) = 0. We will denote by

h:(zsy...,x7) — h(zs) . (81)

For s € {0,...,T}, consider again the following decomposition

be () = Asr(h) _ Asso(h) n L[ Agr(h)  Agoir(h)
xsIT Asrr(1)  Assr(l) L | Aser(1) Agpar(1) ’

where h, A1, and Ag ;7 are defined in (BI), (BI]) and (B3), respectively. Note

that h depends of 5“ ;' only through its first component ¢is; therefore, it follows

from the definition (BY) of L.,7 that Le;r (€2 h) = h(€%)Lisr(£),1). Tn

particular, Lg, (€5, 1) = Ly (€, 1).

We first consider the term Ag ¢ 7(h)/As s 7(1). It follows from the definition that

N
As,s,T ]_1 Z WéFs,s,T(ggy h) Z wﬁh(gﬁ)Ls,s,T(gﬁy 1) .
/=1

(=1
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24 DOUC ET AL.

We apply Lemma [11] with

an = Qs_lAs,S,T(B)/ |Ls,sr( )]
by = Qs_lAS,S,T(l)/ |LS,S,T(‘7 1)|oo

cy =0
b= by sslLs,s, (-, )]/ | Ls s (-, 1)]
B=o0_Jos.
Using the definition (R9) and (AH), for any s € {0,..., T},
o— Lss,1(§,1) o+

— . 82
o S T = o (82)

Therefore b > (3. Then, note that |an/by| < |h|,; therefore condition () is
satisfied with M = |h|.. We now check condition ([). We have
In LssT(’al) LSST('71)
b= — 0 L | — S i ol A A
¢”4mﬂhn@ ¢W{mwan@

Inequalities () and (B) show that there exists constants B and C such that
for any € > 0 and all positive integers s < T,

P(lby — b > €) < Be N |

Hence, condition ([[I)) is satisfied. Moreover,

an — C—NbN =ay = Q7" iwéG (é’é) where G (&) = h(g)—Ls’S’T(S’ 1)
dn s ~ sUs\Ss) s s ’L5757T(', 1)‘00

Using the definition (R9) of Ls s 1,

qu s|s[ ( ) SST( 1)]
(bx,s\T(h) - .
¢X,s|s[ s,s,T( 71)]

The condition ¢, 7 (h) = 0 therefore implies that ¢, 4,(Gs) = 0. On the other
hand, using (3), Gul,. < |hl,, o4 /o—. Hence, by (T,
P [ an — C_NbN’ > 6} < Be—CNﬁz/oscz(h)

dn - - ’
for some B and C' which do not depend on s nor 7. Hence condition ([[I]) is
satisfied. Combining the result above, Lemma [[]] therefore shows that,

As s T(]_l)

]P) 19
[ As,s,T(]-)
We now consider the term A 7(h)/As¢7(1)— Asi—1.7(h)/As1—1.7(1) for t > s.

For that purpose, we use Lemma [T with

=N"1As7(h)/|Lisr(- 1],

>e| <2Bexp (—ON€2/OSC2(h)) .

b =N"— 1AstT( )/|Lt7t7T('71)|oo
CN = st 1T( )
dN = st 1T( )

b=y i—1j—1[Lt—1,t-1,7(C, D]/ (| Lt ()] oo Dyrt—1jt=1(9))
B=c_o /(o4 Vsly)
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PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 25

Inequality (B2) and (f7) directly imply that b > 3. Moreover,

v _oN _ (s ) gisit—1 Wi &8 Wit Ly (E 1)
b__d__z (&) weiq NN ¢ 7
N N =1 Ze:lwt—ﬂ(ft—lvft)Ze:1tht,t,T(ft71)
_ i h(gis) (| w;t—illLt—Lt—l,T(gzt—illv1)
S

s:it—1 N
Pt e wWimi Le—1p-1,7(61, 1)

N it it
o bt — . i . w LttT(ft,]-)
= h(ES )il 3 o1 (ie—1, ") — pp—q(ie—1) = ;
121 T { } Sl wi Lo (&6, 1)

(83)

where p;—1(+, &) and pj_4 () are two probability distributions on the set {1,..., N}
defined as

wi_1q(&{_1,€) and ), (i) = wg—lLt—Lt—l,T(g—l?l)
. =

Sl wia(€_y,€) Y wf—lLt—l,t—LT(gf—l& 1))'
84

Ht—1 (Za g) =

It follows from Lemma [f that, for all &

< osc (h) g1

N .
Z Al )myi] {e—1(it-1,€) — pi_1(ie—1)}

is:it—1=1

which in turn implies that

N ENT < ose (h) p (85)
by dn

showing condition () with M = osc (h) p!=*~!. We now consider the condition
(). It follows from the definition of by that:

by = N ivj s Lier( &', 1)

N L

By ([@) and (B3,

P[lby — b > ¢] < Be N

where the constants B and C' do not depend on the time indexes ¢t and T". This
relation shows condition ([0). We finally consider condition ([II]). Using (BJ),
ay — by = Q7 L wiGi(&), where

N ] )
> hE)wms

ist 1_1
x{ w7 q(&'5,€) B W' Lo 1go1(671) } Litr(§,1)
25:1 Wt—l‘J(ft—p £) 25:1 wt—lLt—Lt—l,T(ft—lv 1) | Lr(, 1)’00
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26 DOUC ET AL.

Using that

E [wiifq(éiif, Dwit Li (€4, 1)
N
Ze:lwf—lﬂff—l,ftl)
_ w' T [a(§ ) g () Legr (2, 1)de w T Ly g1, 0(075 1)

Zévzl Wf—lﬁt(ff—l) Zévzl wf—lﬁt(ff—l)

-7'7/—1]

and N4 ,
wp L&, 1
E [} Luer(eh 1| i | = ZEc bt G, 1
e wi19(§q)

it follows that E [w!{G¢(&}) | Fi—1] = 0. On the other hand, using Lemma [ (with
p and 4 defined in (B4)) and (BD), |G¢(€)| < p~* ' osc (h). We may therefore
apply the Hoeffding inequality to show that

2Ne?
> €| < 2exp ~osc2(h) p2t=s—1)

showing that condition ([[LI)) is satisfied with constants that do not depend on t.
Combining these results, Lemma [[1] shows that, there exists some constants B
and C, such that, for all s < t,

N
p HN S wiG(E)

i=1

f4st7%}0 f4st—1fT(h) 62
]P) 12 _ ) ) > < B _CN .
l Astr(1)  Aspar(1)| | =P p2(t=5=1) osc2(h)
The proof is concluded by applying Lemma [[4. O

6. A limiting expression of the variance of the marginal smoothing
distribution. In this section, we study the expression of the variance (f9) for
the FFBS approximation of the marginal smoothing distribution. In particular,
we show that under the strong mixing condition (AH) the asymptotic variance
of the marginal smoothing estimator I'y .. [}_l], where h is defined in (B1) has
a finite limiting value has T' — oo for a given value of s. We will also show that
this variance is upper bounded uniformly in time, allowing to construct uniform
confidence intervals.

The first step consists in showing that the asymptotic variance of the auxiliary
particle filter has a finite limiting value as T' — oo, and deriving an upper-bound
for this limit.

PROPOSITION 9. Assume (A[]-f}) hold for T = oo. Then, with the notations
of Proposition 3,

r [h] <

1 2
Sl>118|wr|oo |19r|ool_—p205<f (h) .

X,S|s

imsart-aos ver. 2007/12/10 file: dgarm.hyper19966.tex date: April 1, 2009



PARTICLE APPROXIMATION OF SMOOTHING DISTRIBUTIONS 27

PRrOOF. Without loss of generality, we assume that ¢, s(h) = 0. Note that,
for any r € {0,...,s}, under (Af),

[ Q(z,da’)g,(¢') Ly (', 1) _ oy

S OLra( D] = 0
LT»,S(JZ, h) _ ¢X,T|T[LT78('7 h’)] | < 5T
Lr,s($a 1) ¢X,T|T[L7“,S('7 1)] N ‘

We now bound V, ,s[h], 7 =0...s, defined (f4) and ([H). First, for r = 0, using
that x(Los(-, h)) = 0, Proposition [] and inequality ([[q) show that

po (BOLE ) X (32 lo() Lo b))
(¢x,0|—1 [90() Lo,s (- 1)])2 (¢x o—1[90(-) Lo s(, 1)])2

Cfax { g0()Lo.s( 1) lLO,S«,h)_x(Lo,sc,h»HQ
dpo go(:)Los(-,1)] | Los(,1)  x(Los(-,1))

< |CU(]|OOO'_+ 2SOSC2(h) < |w0|oo J—+p2SOSC2(h) )

(87)

Vyo.slh] =

~ x(90) o - o-

Similarly, for » > 0, using that ¢, ,\,[Lys(-,h)] = 0, Egs. (Bf) and (§7) show
that

Pxr—1lr—1 [797’(') fpr(ww)wf(-,x)L%s(w, h)dac}
(¢x,r|r—1 [gr(')Lr,s('7 1)])2

= Oyr—1r—1 [/ Q(-,dz) g, (2)w, (-, ) x ...
{ L,(z,1) lLT,S@:,h) B ¢X7T|T[Lr,s<-,h>]] }T

¢X,r|r—1[gr(’)Lr,S(’a 1)] Lys(z,1) ¢x,r|r[Lr78(’a 1)]

|Wr|oo 0+ o ) 2 |wT| 04 o(r—s) )
P AN s < 10 r—s
qu,r\r—l[gr(')] O'_p osc”(h) < o U_P osc“(h)

which implies that V, . s[h] < [9,] (04 /c— o_)p* ") 0sc?(h) |w;| . The result
follows. O

We are now in position to state and prove the main result of this section,
which provides a uniform bound for the variance of the particle estimator of the
marginal smoothing distribution.

THEOREM 10.  Assume (A[]H4) hold for T = oc. Then, for any s <T ,

2 2 4
. _osci(h) (1 (o4 ol
Ly sr [h] < 11— <C—_ <J—_> ilzllglwrlool rloo + Z, iiuP|w7‘| [9rloo 97|00 |

where the function h and the covariance Ly sir [h] are defined in BT) and (19),
respectively.
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PROOF. We bound the summands appearing in (fI9). Consider first the term

Ly ss [Ls,s,7(-5 h)] /¢i78‘S[L8,57T(', 1)]. We first apply Proposition f] to the function

Las (1) /dysfs [Lasr (5 1)) Using @) and Ly s 7 (- h) = h() L7 (- 1),
1 0+
< —
Ls,s, (wsvl) - ’
[ Gstaldas) [22ZEg] o=

hence osc (L&S,T(-, l_z)/¢x7s‘s [Ls.s1(, 1)]) < Z-osc (h), and

osc(h)
[oe} 1_p2 :

r [L (-, h)] 1 (0_ >2
x,s|s 48,8, T\ "5 N

<—|— ) sup|w 9
¢§<,S\S[L8787T("1)] C— T’ZO‘ rloo 177

o_
Now, we write

¢X,t—1\t—1 (Us,t,T(‘a h))
¢§<7t\t—1 [gt(')Lt,t,T('v 1)]
pi( 2 )wi (-, 2") 83 d—1|t— [B(')Qs,t—l(',ﬂfl)] Li (2’ 1)
_ I e X,s:it—1[t—1 Jt, d |
¢X7t =t < t( )/ ¢i,t—1|t—1 [Q('v$/)] ¢§<7t\t—1 [gt(')Lt,t,T(" 1)] ! )

(88)

We will show that

¢X783t—1|t—1 [B(')QS,t—l('7 x/)} Lut,T(x/, 1) O'_%_ s
Dy tt—1 19t () Lt (-5 1)] =, o pose (h) - (89)

Using this inequality,
¢X,t—1|t—1(US,t,T(" h))¢x,t—1|t—1 (V)
¢iyt|t_1 [gt(')Lt,uT('? 1)]
o2 2 .7x/ w? . /
< <U—+> P00 o5 (1)? by gt (m(-) e L I

t
—C— Qﬁi,t—l\t—l [Q(',ZJ

o2 \? o ) g (2w (-, 2’
< <_+> p2(t %) osc (h)2 ¢X,t—1\t—1 (/ q(2 )gt (2" )wi ( )dﬂjl |19t|oo

o_c_ xt—1[t—1 [q(-,2")]

)

9 2
< <U_+> p2(t—8) osc (h)2 ‘wt’oo Wt’oo ‘gt’oo
o_c_

C o_

where we used the Fubini Theorem in the last step. Let us finally turn to the
proof of the inequality (B9).

¢X,szt—1\t—1 [h(‘)qS,t—l(‘aiﬁl)] Lt,t,T(iﬂ/, 1)
¢X,t\t—1 [gt(')Lt,t,T(" 1)]
B [ Oy s)s(drs)h(ws)ls -1 (s, we-1)q(we—1,2") Ly g (2", 1) day—q
B f¢x,s\s(dﬂfs)ls,t—1(ﬂfs,éUt—l) {f gt(ﬂft)Q(ﬂft—l,wt)Lt,t,T(ﬂft, 1)d$t}d$t—1 '

The last expression can be written A x B with

A— f(bx,s\s(dxs)h(xs)ls,t—l(x87xt—l)Q(xt—lax/)dxt—l
f¢x,s|s(dxs)ls,t—l(x87xt—l)Q(xt—lax/)dxt—l
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and

J by ,sls(dws)ls o1 (xs, 24—1)q(@e—1,2") Ly g (2!, 1)day

B = .
f ¢X,s|s(d$s)ls,t—1($57 »Tt—l) {f gt(xt)Q(xt—laxt)Lt,t,T(xty 1)d$t} dzy

We will bound these two terms separately. Since ¢, r(h) =0,

s J Oxsls(das)h(@s)ls -1 (s, wp—1) L1 1,0 (we—1, D)oy
J by ss(dwg)ls o1 (ws, xe—1)Le1,0—1,7 (241, 1)das g

Thus, by Proposition fj,
Al =|A—A| <posc(h) .

On the other hand, as ¢(x;—1,2") < o4, as [ gi(x)q(xi—1, 2¢)dzy > c_ and as

for every x; it holds that
Lt,t7T(xt71) > o—

Lut,T(.’LJ,l) - g4 ’

B is upper-bounded by 2 /(o_c_). O

APPENDIX A: TECHNICAL RESULTS

LEMMA 11.  Assume that ay, by, cn, dy and b are random variables such
that there exist positive constants (3, B1,C1, Bo, Cy, M such that

(I) lan /by —en/dn| < M, P-a.s. and b > (3, P-a.s.
(II) For alle >0 and all N > 1, P(|by — b > €|) < Ble—C’lNe2 ’

e \2
(ITT) For all e >0 and all N > 1, P(jay — (cx/dy)by| > €) < Boe 2N (31)

Then,
J

PrROOF. Write

5 \2 B2
aN _ CN > 6) < Ble_clN(%) 4+ Bze_CZN(%)
by  dn

anN CN —1|aN CN -1 CN
NN~ NN _ N
by dn| T by dN'|b bl + 67 aw dNbN'
<5~ bl 45 oy~ o] as
dn
Thus,

{

and the proof follows. O

anN N _ 6 _on ﬂ}
v dy >€}C{|b bN|>2M}U{‘aN dNbN'>2M

LEMMA 12. Let v be a measure and {An(z)} be a sequence of stochastic
processes such that,

1. for v-almost every x, Ay (x) £, a(zx),
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30 DOUC ET AL.

2. there exists a constant C and a v-integrable function h, for v-almost every
z, [An(z)| < Ch(z).

Then, [|An(z) — a(x)|v(dz) —N_o 0 in L1 (v).

PRrROOF. Under the stated assumptions E|Ax(z) — a(x)] — 0 as N goes to
infinity v-a.e.. On the other hand, v-a.e., |[An(z) — a(x)| < 2Ch(z). The proof
follows from the Fubini Theorem and the dominated convergence Theorem,

IE/ |An () — a(x)|v(dz) = /IE |An(z) —a(x)|v(dx) = N—oo 0.
U

LEMMA 13.  Assume that (A[I{3) hold for some T'. Let {Y n(x)} be a sequence
of stochastic processes and v a function such that (i) there exists a constant
C < oo such that, for all N, |T |, < Vs and |v| < C and (i) for all M >0,

p - p
supjy<ar | TN (2) = 0(2)| —>Nooo 0. Then, t < T, Q7" S0 Wi TN (&) —Nooo
¢X,t\t(U)'

def

PROOF. Write Q5" S, wi{Yn(&f) — v(€))} = Sna + Sy, with Sy =
def

QN S w{ TN () — v(EDIL{IE] < M} and Snp = QF' L wi{ T (€f) —
v(E)IL{|¢f| > M}. Since Sy < sup|z < | YN (2) — v(z)|, assumption (ii) im-
plies that Sy 1 L N—oo 0. On the other hand, Sna <209, SN wil{|gf| >
M}. By Proposition [, Q71 SN, wit{lef| > M} L e Gy te (L] - | > M}).
the proof follows since limps .o ¢y 4¢ (1{| -| > M}) = 0. O

LeEMMA 14.  Let {Y,;}; be a triangular array of random variables such
that there exist constants B > 0, C' > 0 and p, 0 < p < 1 such that, for all n,
ie{l,...,n} and e > 0,

2%

P (|Yps| > €) < Be CP"

Then, there exists B and C such that, for any n and € > 0,

> e) < Be=C¢

PROOF. Denote by S def S22, Vip'. Tt is plain to see that

g

Set €y > 0. The proof follows by noting that, for any ¢ > ¢,

n

Z Yn,i

i=1

> e) <> P (\Yn,i! > es—lx/%pi) <BY e C57¢
=1 i=1

n

—1,.2 —1,.2 —1,.2 —1,.2
2 :e—CS i€ < (1 _eCS EO)—leCS EOG—CS e
=1

O
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