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STABILIZATION OF WALLS FOR NANO-WIRES OF FINITE
LENGTH

GILLES CARBOU

MAB, UMR 5466, CNRS, Université Bordeaux 1,
351 cours de la Libération, 33405 Talence cedex, France.

STEPHANE LABBE

Université Joseph Fourier, Laboratoire Jean Kuntzmann, CNRS, UMR 5224,
51 rue des Mathématiques, B.P. 53, 38041 Grenoble Cedex 9, France.

ABSTRACT. We address the problem of control of the magnetic moment in a
ferromagnetic nanowire of finite length by means of a magnetic field. Based
on theoretical results for the 1D Landau-Lifschitz equation, we establish a
stabilization result for the static solutions.

1. INTRODUCTION

This paper is concerned with stabilization of wall configurations in a mono-
dimensional model of finite length nanowire. This kind of object can be found in
nano electronic devices. The three dimensional model is the following (see [2], [10]
and [17].) We denote by m : R x 2, — R? the magnetic moment, defined on the
ferromagnetic domain 2. This unitary vector field links the magnetic induction B
with the magnetic field H by the relation B = H + m, where m is the extension
of m by zero outside 2. The behaviour of m is gouverned by the Landau-Lifschitz
equation:

0
a—T =-mAH,—mA(mAH,),
(1) H, = e*Am + hy(m) + H,,
0
a—: =0 on 09,
where the demagnetizing field hy(m) is characterized by
(2) curl hg(m) = 0 and div (hg(m) +m) = 0 in R,

where H, is an applied magnetic field and where n is the outward unit normal on

on.

Existence of weak solutions for (1) is established in [4], [12] and [16]. Existence
of strong solutions is proved in [5] and [6]. Numerical simulations are performed
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in [13]. For thin domains, equivalent 2-d models are justified in [3], [1], [14]. For
nanowires, 1-d models are discussed in [15], [7] and [8].

In this paper we deal with the following one-dimensional model of finite nanowires.
After renormalization, the wire is assimilated to the segment | — L /e, L/e[e1, where
(€1, €2, e3) is the canonical basis of R3, where € is the exchange length, and L is the
length of the wire. The magnetic moment m is then defined on R} x] — L/e, L/e].
The equivalent demagnetizing field is given by

ha(m) = —maoea — mses,

i.e. —hg is the orthogonal projection onto the plane orthogonal to the wire. In
addition we assume that we apply a magnetic field in the direction of the wire axis.
Therefore we consider the following system:

%—T: =—-mAH,—mA(mAH,),
32
(3) H, =& 9,2~ M262 — mses + hey,
om om

This model will be justified by I'-convergence arguments in Section 2.

Let us focus on the wall configurations, that is static solutions separating do-
mains of almost constant magnetization. In [7] and [8], we studied wall configu-
rations for an infinite nanowire. They were described by the ”canonical” profile
(thz,1/chz,0), and all its translations in = and rotations around the wire axis.
We proved the asymptotic stability and the controlability for these configurations.

Here, for a finite wire, the situation is quite different. We call wall a configuration
obtained by rotation around the wire axis of a profile (sin g, cos 6, 0), where 6 :
[-L/e,L/e] — [—n/2,7/2] satisfies Op(—7/2) < 0 < Op(7/2) (in the infinite wire
case, the canonical profile is obtained taking 6y(x) = Arcsinth (z/2).) The walls
exist if and only if the wire is longer enough compared to the exchange length:

Theorem 1.1. If L/e > w, there exists wall configurations. They are centered in
the middle of the wire, that is 05(0) = 0.

Concerning the stability, we can prove that the wall configurations given by
Theorem 1.1 are unstable.

Theorem 1.2. Assume that L/e > w. Let 0y given by Theorem 1.1. The static so-

lution My = (siny, cos by, 0) in linearly unstable for the Landau-Lifschitz equation
(8) with h = 0.

This phenomenon was expected. Let us consider a small translation of the cen-
tered wall. Without energetic cost, the Landau-Lifschitz equation induces then a
displacement of the wall and pushes it outside the wire. Then the magnetic moment
tends to +m/2 or —7/2 (i.e the minimizers of the ferromagnetism energy.) In the
case of an infinite wire, obviously, this translation cannot make the wall desappear.

We prove now a stabilization result. We control the system by an applied field
directed along the wire axis.
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Theorem 1.3. Let L and € as in Theorem 1.1, and let My = (sin g, cos 0y, 0) be
the canonical profile given by this theorem. We consider the following control:

e L/e
- t,s)ds| .
Then My is stable for the Landau Lifschitz equation controled with the applied field
H, = h(m)e;.

h(m(t,.)) =

Remark 1. The control given here is quite natural: when the wall is translated to
the right hand side, the average of the profile first component in then negative and
our applied field he; (with A > 0) pushes the wall to the left hand side.

The paper is organized as follows. In Section 2 we justify the one dimensional
model by Gamma convergence arguments. In Section 3 we prove the existence
of wall profiles. We address the unstability of these profiles in Section 4 by lin-
earization of the Landau-Lifschitz equation. The last section is devoted to the
stabilization of the walls by a convenient applied magnetic field.

2. MODELIZATION

In this article, we develop a model of nano-wires of finite length. The behavior
of the magnetization in such wires is modeled by the following pde: for wg in
(]~ %, 2D, find win C=([0,T]x] — £, £[)

Ou L L
E—*UAHefu/\(u/\He),xe]fg’;[’
52
(4) He:aimgiu262fu363+hel,
Ou, L Ou , L
u _Ly_oul,
aZL'( 5) 8x(5) 5
u(z,0) = ug(z), Vo €] — £, L,

this model is obtain as limit of a three dimensional model in the case of a wire of
circular section.

The dynamical equation is build from the static equation in order to define the
various contributions of the effective field H.. In the finite wire, the static problem
is the following:

(5) { find w in H*(Q.,, 5?) such that

ge,n(u) = minvGHl(erT,,SQ) SE,n(U)7
where, for By(z,r) the sphere of radius 7 and center z in R?

L L
Qe =] — s E[XB2(0’77)7

and for all v in H'(Q.,,, R?) one has

1 1
Een(v) = 5/9 |Vo|? dx + 5/ |ha(v)|? da — h/Q v - e10y.

sT €,m
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FIGURE 1. Cylinder Q.

To apply a gamma convergence result, we introduce the following rescaling: for
all v in H' (), we set vol(n) = v where I(n) is the stretching of ratio  in the
direction of (eq, e3):

v(z,y,z) = v(z, Ny, nz2).
Clearly, v is an element of H'(Q.1,R3). Then, one can introduce the following

energy:
1
& ,(v) = ?gw(y ol(n))

Proposition 1. For all (v), g+ in HY(Q:1,5?%), sequence of minimizers of (5),

(Ecn(vy)),ert i a bounded sequence of R.

Proof. In order to exhibit an upper bound for £, (v,), we write:
VTI E R:756,77(Q77 o 1(77)) S 56,77(61)7

then
Eem(y,0l(n) < —h7727r§ — %fgm ha(e1) - e1 dx
<niE2-h).
Then, the lower bound is obtain by canceling the positive contributions of the
energy and maximizing the external contribution:

wL
—n*h=— < & (v, 0 l(n))
So, we can conclude
mL
—h? < 587,](%) <—(2-h)

Thanks to this proposition, one can write the following limit problem:
find v in H'(Q.1,5?) such that
(6) |
ée (’LL) = My g1(Q, 1,52) §5 (U)v
where
Ju Ou

H'(Q.1,R?) = {u € H'(Q.1,R?) such that Vil 1,
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and for all v in H'(Q ;,R3):

1 ov 5 1 9 h
EE(IU)_27T/§;E,18$| d:c—|—27r/ﬂs|v e1] dz—ﬂ/ﬂsv e dx,

and the problem (5) is rescaled
find w in H'(Q. 1, 5?) such that
(7)

& p(u) = min,e (., 52) €, (V),

Then, we state the following theorem

Theorem 2.1. £, gamma-converges to £, in sense of HY(Qc 1, R?) in HY(Q. 1, 5?%),
it is to say:

(i) (lower semi continuity) for all sequence (v,), g+ of H'(Q:1,5?%) such that

lim v, = vg and (€
n—~0 n 0 (75’7’

(vn)),er+ bounded,
the limit vy is an element of H'(Q.1, B?) such that:
liminf €., (vy) = £ (vo),
(ii) (construction) for all ug, solution of (6), there exists (vy), g+, sequence of
H(Q:1,5?%), such that:

hn%J vy = Up,

17—)
and

limsup &, , (v,) < E.(uo).
n—0

Proof. (i) Lower semi continuity: Let (u;), g+, a sequence of HY(Q:1,R3) of
limit ug and such that the (€, (v,)), cp+ is bounded. Then, one has :

1 1 1
L& (ugo 1) = |2 / Opuf? da + 2 / iy 0 1(n)) o 1(L)|? de]
K 2 Ja., 2 Jrs n

1
-2 er - uy dr + —/ IV xuy|? dzl,
Qe1 277 Qe1

where V x is the gradient operator through the directions e and es. Then, we state
that

lim ||V =0,

Lim [V x g llo.

so, the limit ug only variate in the e; direction. Then, using the fact that hy is a
LP multiplier of order 0, then,

1
Ve R, [ lhau o) Pde < o0
n Jrs
and, from the system (2) we get, in the sense of distributions
n(awhd,l - 89:“77,1) = _VX : Bd(’un) + vX . ’any
where, for all Z in R3, we set Z = (Z - e3)es + (Z - e3)es. Then we have

lim ||VX : ild(un)”O,Qs,l =0,
7’4)0



6 GILLES CARBOU AND STEPHANE LABBE

by the fact proved above, that
lim ||Vx - @ =0.
nl B [Vx -ty llors

Then, we use that
curl xha(u,)) =0,
and conclude that
lim [|2a(un) llo s = 0.

Then, ug is an element of H' (2,1,5%) and we can conclude, using the positivity
of the difference between £, , and £ that

Hmipf ., (1) = £.oo)

(ii) Reconstruction In fact, this part is straightforward choosing, for a given
solution ug of (6), the sequence (u,) pert constant equal to ug. In this case, trivially,
one has

limsup &, ,(vy) < E.(uo)-
n—0

O

This theorem gives the behavior of minimizers for the nanowire. Then one can
state that the limit energy is the following, for all u in H'(] — £, L[ R3):

el e
v 5 9
E(u) =2m E_(u-xB2(0,1)) = | =—|*° dx + lv-e1]dx—h | v-ep dx,
0., 0 0. Q.
then, in order to find out the effective field, we write (see [10]):
_dE.

e — du I

it is to say
0%u
e = 7p3 U262 Us es+hej.

Then, the limit dynamic system is obtain using the Landau Lifchitz combined
with the new effective field H.. This system is then given by (4) as we expected.
The boundary conditions comes naturally from the fact that the solutions are in
HY( - L, L[ R?).

e’ e

3. EXISTENCE OF PARTICULAR EQUILIBRIUM STATES: THE WALLS

In this section we are interested in characterizing equilibrium states of the mag-
netization in a finite nano-wire when h = 0, it is to say when there is no external
magnetic field. In this case, we look for solutions which can be written as follows:

sin 6y
L L
My(x) = | cosby | , Vo €] — —, =],
€' ¢
0
where 6 is a map from | — %7 %[ into R such that My is a stationary solution to

(4). In fact, we want My to verify:

L L
—MoNH, — Mo\ (MoNH.) =0, V:ce]—;,g[,
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with
0% Mjy
e = "gnz —cos by e,
then, one has the following relation

L L
(8) —0y —sinfy cosy =0, Vr €] — = 2[7

with, on the boundaries
L

(9) oo(—2) = () = 0.

FIGURE 2. Phase portrait.

Setting —vo = 6p(0) (7o > 0), we have, integrating the equation (8) and using
(9):
(10) (06)? + sin? g = sin” 7.

The length of the nano-wire has to be such that the function 6y goes from —vq to
7. From formula (9), we deduce the length:

Yo do
—Yo V sin2 90 — SiIl2 97

Then, using the length expression computed above, we deduce the following
theorem

() =

Theorem 3.1 (Existence of equilibrium states). For every (e, L) in R} such that
% >, there exists an equilibrium state for (4).

Proof. In order to ensure that an equilibrium state as defined above, we must verify
that the length given by the solution is at least greater to the effective length 2%.

First of all, one has
1
Yo df
U(v0) = /

_1 siny /1 — sin2g
sin? 5o

lim £(vy9) = +o0,

us
Yo—3

we then see that

The first remark is that 7o is in the interval ]0, 5. Now, computing the derivative of
(7o) in o, we conclude that ¢ is strictly increasing on ]0, 7]. Then, the comparison
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could be done at the limit y9 =0 :

1
d
lim /() = lim / _70 Y
Yo—0 Y0—0 J_1 sin~yp 1— sin?(u 7o)
sin? 5o

_/1 du
—1 \/1711,2

= 2m,

L
then, we require that 2— > 2.
€

4. UNSTABILITY OF WALLS WITHOUT APPLIED FIELD

In this section, we consider that L and e given such that g > 7 and also a given
wall 6y. We consider, as in [7] and [8], the mobile frame (My(x), M;(x), M2) given
by:

I I sin 0y (x) —cos by(x) 0
V€] — = ;[, My(x) = | cosbp(z) | , Mi(z) = | sinfp(z) |, Ma(z)= 10
0 0 1

Then, we describe the small perturbations of the static wall My as follows:

L L
vVt e RT, Vz € [—;,;], u(t,z) =ry My +1ry My + /1 —12 — 12 M.

We denote r = (r1,72). In these coordinates, one can write:

He = MO (283;7’183590 + 7’16,%90 - (8x00)2 - Tlsi’ﬂoo COS 90 + SiIl2 90)

+M; (8“57“1 —711((0200)% — cos? 6y) — Oyl — sin by cos 90)

+M2 (61-1;7’2) + Q(T)7

where Q(r) is the non linear part in r of H.. Then, we can state that

. 2
dr=J <(‘C e 70)”) + F(r, 0,7, Oger),
2

. -1 -1
with J = 1 1

The linear unstability of the wall structure computed in the previous section is
given by the study of the operator L.

, and, Lr = —0,,T2 + goT2, where go(z) = sin? 6y — (96)2.

Proposition 2. L is a linear, positive operator. Its first eigenvalue, 0, is associ-
ated to the eigenfunction cosfy and its second eigenvalue, 1, is associated to the
etgenfunction sin ;.

Proof. We set: f =0 tan6y, then
L =04, where { = 0, + f,

then, we can conclude that £ is a positive operator and that cosfy is in the kernel
of L. Thus 0 is the first eigenvalue of L.
Furthermore, we have:

L(sinfp) = sin by,
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it is to say that 1 is eigenvalue of £ associated to the eigenfunction sinfy. In
addition we remark that sin 6y vanishes once in the domain, so by Sturm-Louville
theorem, 1 is the second eigenvalue of L. (]

We can now prove Theorem 1.2.

Proof. From the previous proposition, since — cos? vy < 0, we conclude that £ —
cos? vy has got one eigenvalue strictly negative, then, zero is unstable for the lin-
earized of (3) around M. O

5. STABILIZATION OF WALLS

Now, we discuss the stabilization of My by the command H, (the applied field).
We recall that we introduced the following command:

L

76 €
h(m) = i/ i my(t,s) ds.

We want to prove that the profile Mj is a stable stationary solution for the following
system:

%—T::—m/\He—m/\(m/\He),
om om
11 (= — _
) (Lo = 91 /e) =0,
82
He:a—g—mz es —mg ez + h(m) e;.

Proof. To start with, let us introduce My = (sin g, cos 0y, 0) given in Theorem 1.1.
We recall that
0y + sinfycosby = 0,
0'(=L/e) =6'(L/e) =0,
Furthermore, on [—L/e, L/e],
cos? 0y — (0)? = cos® o,
where v9 = 6o(L/e).
0,

Since h(Mp) = 0, we remark that M is a stationary solution of (11).

First step: moving frame.

As in the previous section, in the spirit of [7], we will describe the problem in
the moving frame

(Mo (), M (z), Ma(z)).
We write the solutions to (11) as:
m(t,x) = Mo(x) + r1(t, x) Mi(x) + ro(t, z) Ma(z) + v(r(t, ) Mo(z)
where v(r) = /1 — 77 —r3 — 1. In this moving frame, we get
He = (9o 4 ao)Mo + (a1 + a1) M1 + a2 M>
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with

go (.’E) sin2 90 — (96)2

ap = 200,71 + 110) — cos by sin by 1 + Opev — v(05)* + vsin? Oy + h(r) sinfy,

ar = Opor1 + cos? yory — S(r1) cos by,
a1 = —20,v0) — p(r) cos by,
ag = OpaTa.
where
S(ry) = i /71 ricosfyds, o(r)= —% 71 v(r)sinfy ds, and h(r) = S(r1)+e(r).

Using these coordinates in the Landau-Lifchitz equation (9) and projecting on M;
and My yield:

(12) 8,57“ =Ar + F(Qj, T, 8Ir7 8IJJT)7
where
_ -1 -1 £~1(r1)
= (3 2 (40
with
L=— zz + 90,

L1 = L — cos? Yo + cos 6y S,
and where the non linear part F' is given by
F(z,r,0,7, 0zer) = F1(r)0zar + Fo(r)(0er, 0u7) + F3(, 7)0ur + Fu(r) + F5(r),
with
o Fi € C®(R* My(R)):

( (r2)? + (v(r))? + 2v(r) v(r) —rirs )
rirg — v(r) (r1)? + (v(r)* + 2v(r)
—ry —rg —v(r)r

+ V(r),
r1—ro —v(r)ry

o Iy € C®(R? Lo(R%;R?)):

Fl(T') =

—ry — 1o —v(r)ry
F2 (T)(aaﬂ“, 6IT) — V//(T) (8a:Ta 8IT)7
r1 — 19 — v(r)ry
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o I3 €C>®([-L/e, L/e] x R% L(R?;R?)):
—ry —ro —v(r)r
F3(z,r)0,r = 26)(x) Oy
r1— 1o — v(r)ry

(r2)? + (v(r))* + 2v(r) + 1
—20 () V' (r)(9.1),
rirg —v(r) — 1
o Fy(r) € C®([~L/e, L/e] x R%;R?):
(r2)? + (v(1))? + 2v(r) T
Fy(r) = (cos®yor1) — gov(r)
rirg — v(r) T

—ry —ro —v(r)rm
+((6f — cos 0y sinBy)r1 + gov(r))
r1 — 1o — v(r)re
e Fy is given by
(r2)? + (v(r)* + 2v(r) 1
F5(r) = —h(r)cosby — (r) cos By
rire — v(r) -1

—ry —ro —v(r)ry
“+h(r)sin Oy
r1 — 1o — v(r)re
Remark 2. The command h makes the linear part of (12) positive. Indeed, on
one hand, we know that £ > 0 with Ker £ = Rcosfy. On the other hand, £~1 =
L + cos8yS — cos? . On Rcos by, L cos by = g cos By with

c L/e

(13 o) = ——
) 2L —L/e

cos? Oy (z)dx — cos® o > 0

since for z €] — L/e, L/e[, cos? 0y(x) > cos? g, and on (cosfy)*,
/31|(cos00)L =L — cos®y > 1 — cos® b

since £ > 1 on (cosfy)® (see Proposition 2).

Second step: new coordinates.

The Landau Lifschitz equation (11) is invariant by rotation around the wire axis,
so we can build a family of static solutions.
For 7 € R let us introduce the rotation around the z-axis given by
1 0 0
pr=1| 0 cost —sinT
0 sinTt cosT

We denote M, (x) = p.My(x), and R, its projection on the moving frame:

= (L) - (=gt )
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Since M, is solution to (11), R, is a static solution of (12), that is
(14) ARy +F(xaR97azR0aawwR9) = 0.

Now in order to avoid the problems due to the zero eigenvalue of A, we describe
r in the new coordinates (7,0, W) defined by

(15) rit.a) = Rey(@) + o) (P ) 1w,

where (7,0) € C1(RT;R?) and W € C'(RT; H?) such that both coordinates of W
are in (cosfy)*.

Indeed, as in [11], we can prove that for a given r € H?(—L/e, L/¢) in a neigh-
bourhood of 0, there exists a unique (7,0, W) € R x R x W such that

p:R9+0< COEGO >+W

where

W Lje L/e
W=(W = ( 1) € H?, Wi (z) cos Oy (x)dx = Wa(z) cosOp(z)dz =0 p .
—L/e —L/e

Remark 3. On (cosf)*, the operators £ and £ — cos? 6 are non negative, so we
introduce the following norms on W, respectively equivalent to the H? and the H?>
norms:

Nl

IWilhe = (I1£3(2 = cos? 20) Wi2 + 1 £Wa 132 )

1

IWihes = (163 (£ = cos? 30) W3 + €3 Wal3: )

Plugging the decomposition (15) in (12) and using (14) yield the following equiv-
alent form for the Landau-Lifschitz equation in the coordinates (7,0, W), valid for
little perturbations of My. Indeed we have:

_dr do (cos Oy
at’l’ = ERT(.’E) + a < O > + (’“)NV,
where
, [ —sinTcosfysinby
R (z) = ( cos 7 cos O ) ‘

In addition,

—ag cos By

Ar=AR, + (
g cos By

) o+ AW)
(see Remark 2 for the definition of «y), and

F(x,r, 0.7, 0per) = F(x, Ry, 0u Ry, 0pa Ry ) + G(x, 7,0, W, 0, W, Oy W).
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The last term G is obtained from F' with the Taylor formula around R;:
Gz, 7,0, W,0.W, 0, W) = F1(1)(0gzw) + Fy(r)(w)(0pe Ry)

+2F5(r) (0w, 0x Ry ) + Fao(r)(0,w, Opw)
+E5(r)(w)(8: Ry, 8. Ry)
+F3(2, 1) (0,w) + Fy(z,7)(w)d, Rr) + Fu(r)(w)

+F5(’I“>,

cos by

Wherew:W—l—( 0

) o, and where for i = 1..4, Fj(r) € £L(R?*;R?) is given by

1

Fy(r) = / F/(R; 4 sw)ds.
0

From straightforward calculations, we see that:

Fi(r) = O(Ir[*), Fi(r) = O(|r?)
Fy(r) = O(|r), Fz(r) = O(1)
Fy(z,r) = O(|r]), Fs(z,r) = O(1)

Ey(r)o(|rl).
In addition, d,R; = O(|r|). Concerning F5, on one hand we remark that
S(r1) = S(Wy) + aS(cosby)

(since S(R;) =0.)
On the other hand, p(R;) = 0 and
e L/e R 0
o) =5z [ s0)wsing

where
1
v(r)= / V' (R; + sw)ds = O(|r|).
0
Therefore with all these estimates, if ||r|| g2 is sufficiently small, we have

1G> < Kllrllzellof + [[Wllx],
(16)
102Gl L2 < Klrllze[lo] + [|W]l3s]

(see Remark 3.)

Hence, using (14), we have obtained
(17)

dr _, do (cosfy - —ag cos By
ERT+E < 0 ) +6tWU( OCOCOSQQ +AW+G(SC,T,O’,VV,83¢W,8@3¢W)
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In order to separate the unknowns 7, o and W, we first take the inner product

and with (cogﬁ ) We remark that both 0;/W and AW are
0

cos by
0
orthogonal to these vectors, so that we obtain:

of (17) with

poo’ = —agpoo + G,

97" = aogpoo + G,

where

L/e
—L/e

. Lje

G = G(x, 7,0 W, 0, W, 0y W) - (
—L/e
L/e 0

_ / .

[ (o)

Lje

-/

By subtraction, we have:

G(x, 7,0 W, 0, W, 0z W) - <
L/e

W = AW + G
with
BB (1) o () 2]
We are then led to study the following equation
(18) = 040@0 + giég,

together with the system coupling:

(].9) JI = —Qo0 + iél,
Po
with
(L —cos?yo) W1 — LW>
(20) OW = < (L — cos® o)W1 — LW,

From (16), with Remark 3 we have

1 —
21 —G
o

() < Klrllz= [lo@)] + [W(

0

.. . o 2 . ’
In addition, since g, = pg + O(72), since R, = (cos 0,

(22) G < K7l [Io(t)l + [W(@)

)

GILLES CARBOU AND STEPHANE LABBE

cos by
0

) dx,

0
cos by

) as

+G.

Dl | -

) + O(1), we get:

Ires] -
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o2
Taking the inner product of (20) with <£(£ ECQO;/ 70) W1
2

that

> , we obtain using (22)

d
D W) + W < Kl [lo@)] + IW Dl
Multiplying (19) by o, (21) yields:

d
20* + ago? < Kllrllue [lo)2 + W] -

Summing up the previous estimates, we have:

L loF + W] + a0 [Jo@P + 1W @] (0~ Kllrlz) <0

So there exists § > 0 such that while ||r|| = < 7%,

2 [lo®F + W] + 8 [0 + IWOIE] <0,

that is
0@ + IW @] < [loof? + 1Wo5e] e~

Now, with equation (18), we have

(7] < Klo| + K [[o@)] + W (®)]le

so while |||z~ < 5%,

7] < Irol + K [|oo] + [Wollsea] =72

Therefore, if 79, ¢ and ||Wpl|| g2 are small enough, we remain in the domain
{|IrllL= < 5%} and all the previous estimates remain valid for all times. This
concludes the proof of Theorem 1.3.

O
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