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ASYMPTOTIC PROPERTIES OF ENTROPY SOLUTIONS TO
FRACTAL BURGERS EQUATION

NATHAEL ALIBAUD, CYRIL IMBERT, AND GRZEGORZ KARCH

ABSTRACT. We study properties of solutions of the initial value problem for
the nonlinear and nonlocal equation u; + (—82)*/2u 4+ uu, = 0 with a € (0, 1],
supplemented with an initial datum approaching the constant states u+ (u— <
uy) as * — Foo, respectively. It was shown by Karch, Miao & Xu (SIAM
J. Math. Anal. 39 (2008), 1536-1549) that, for a € (1,2), the large time
asymptotics of solutions is described by rarefaction waves. The goal of this
paper is to show that the asymptotic profile of solutions changes for a@ < 1.
If @ = 1, there exists a self-similar solution to the equation which describes
the large time asymptotics of other solutions. In the case a € (0,1), we show
that the nonlinearity of the equation is negligible in the large time asymptotic
expansion of solutions.

1. INTRODUCTION

In this work, we continue the study of asymptotic properties of solutions of the
Cauchy problem for the nonlocal conservation law

(1.1) ur + A%u+uu, =0, z€R, >0,
(1.2) u(0, ) = uo(x),
where A® = (—9%/022)*/? is the pseudodifferential operator defined via the Fourier

transform (A*v)(&) = [€]* ().

Motivated by the recent probabilistic approach to problem ([L1)~(L.3) by Jour-
dain, Méléard, and Woyczynski , @], we assume that the initial datum wug is a
function with bounded variation on R:

(1.3) uo(x) = c—|—/ m(dy)
with ¢ € R and m(dy) being a finite signed measure on R. Moreover, we require
that

(1.4) ug —u_ € L'((—=00,0)) and up —uy € L*((0,+00)),

where

(1.5) u_=c and uy —u_ = / m(dz) satisfy wu_ < uy.
R

If ¢ = 0 and if m(dy) is a probability measure, the function ug(x) defined in ([L.3)
is the cumulative distribution function and this property is shared by the solution
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u(t) for every ¢t > 0 (see [[Ld, [LT]). As a consequence of our results, we describe the
asymptotic behavior of the family {u(t)};>0 of probability distribution functions as
t — oo (see the summary at the end of this section).

It was shown in [[J that, under assumptions ([.3)-(.4) and for 1 < a < 2,
the large time asymptotics of solution to (EI)*( ) is described by the so-called
rarefaction waves. The goal of this paper is to complete these results and to obtain
a universal asymptotic profile of solutions for 0 < a < 1.

1.1. Known results. Let us first recall the results obtained in [1J. For a €
(1,2], the initial value problem for the fractal Burgers equation ([L.1])-([.3) with
up € L*°(R) has the unique, smooth, global-in-time solution (¢f. [§, Thm. 1.1],
%Thm. 7]). If, moreover, the initial datum is of the form ([.J) and satisfies
([L4)- (L), the corresponding solution u = u(x,t) converges as t — oo toward the
rarefaction wave (¢f. [, Thm. 1.1]). More precisely, for every p € ( 322 0] there
exists C' = C(p) such that for all ¢ > 0,

(1.6) u(t) — wh (), < O zlom1-25] log(2 + t).

Here, the rarefaction wave w!t = w®(z,t) is the explicit function

x
(. 7 <u_,
X x
(1.7) wl(z, t) = WE(z/t) = 7 u- < - Sy,
x
U, 2 Ut

It is well-known that w® is the unique entropy solution of the Riemann problem
for the nonviscous Burgers equation wf® + wfwk = 0.

The goal of the work is to show that, for « € (0, 1], one should expect completely
different asymptotic profiles of solutions. Let us notice that the initial value problem
(L) (L2 has the unique global-in-time entropy solution for every ug € L>(R) and
a € (0,1] due to the recent work [[[]. We recall that result in Section [

1.2. Main results for o < 1. In the case where o < 1 the Duhamel principle (see
equation (B.3) below) shows that the nonlinearity in equation ([[.)) is negligible in
the asymptotic expansion of solutions.

Theorem 1.1. (Convergence toward the linear part)

Let 0 < a < 1 and u = u(z,t) be the entropy solution to ([.3)~([.9) corresponding

to the initial condition of the form ([[.3) satisfying (1.])~(1.9). Denote by Su(t)uo

the solution of the linear initial value problem uy + A%u = 0, u(z,0) = ug(z). For

every p € (ﬁ, oo} there exists C' = C(p) > 0 such that
11

(1.8) lu(t) = Sa(t)uolly < Cllug|sc|lm ¢~ =5

for allt > 0.

Remark 1.2. It follows from the proof of Theorem that inequality (E) is valid

for every p € [1, 00]. However, its right-hand-side decays only for p € (ﬁ, oo}.

The asymptotic term in ([.§) can be written in a self-similar way.
Corollary 1.3. (Self-similar behavior of the linear part)
Under the assumptions of Theorem E, we have for each p € (ﬁ, oo}

Hu(t) - (c—i—Ha(x,t)/Rm(d:v)>

where Ho(z,t) = [*__ pa(y,t)dy and pa(z,t) is the fundamental solution of the
linear equation u; + A%u = 0.

— 0 as t— oo,
P
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The function c+Hq(,t) [ m(dx) is nothing else but the solution to u;+A%u = 0
with the initial datum Uy given by (@) below. It is well-known that this solution
is self-similar with the scaling H, (z,t) = H, (a:t_l/o‘, 1), see also the homogeneity
property (B.5).

Remark 1.4. An explicit estimate of the rate of the convergence from Corollary [L.3
can be derived under the additional assumption [ |z||m|(dz) < oo, see inequality

(.9) below.

1.3. Convergence results in the case a = 1. In this case, we use the uniqueness
result from [[lf] combined with a standard scaling technique to show that equation

(@) has self-similar solutions.

Theorem 1.5. (Existence of self-similar solutions)

Assume o = 1. The unique entropy solution U = U(z,t) of the initial value problem
(m) *(@ with the initial condition

Lo U [ u—, z <0,
(19) @ ={1" T2,

is self-similar, i.e. it has the form U(x,t) = U (z/t,1) for all z € R and all t > 0.

Remark 1.6. Note that the function Uy from ([.9) is of the form ([L.d) for the
measure m = (uy — u_)dp where §y denotes the Dirac mass at 0.

Our second main convergence result states that the self-similar solution U =
U(x,t) describes the large time asymptotics of other solutions to (|L.1)—(|L.2).

Theorem 1.7. (Convergence toward the self-similar solution)
Let o = 1. Let u = u(z,t) be the entropy solution to problem (|I.])—(|.4) corre-

sponding to the initial condition of the form ([.3) satisfying ([.4)~([.4). Denote by
U = U(x,t) the self-similar solution from Theorem [[.§. For every p € [1,00] there
exists a constant C = C(p) > 0 such that

p—1
Ju(t) = U@l < Ct™ 7 [luo — Uollx
for allt > 0.

1.4. Qualitative results in the case a = 1. Let us complete the result stated in
Theorem by listing main qualitative properties of the profile U(1).

Theorem 1.8. (Qualitative properties of the self-similar profile)
The self-similar solution U(x,t) = U(%,1) from Theorem enjoys the following
properties:

pl. (Regularity) The function U(1) = U(x, 1) is Lipschitz-continuous.

p2. (Monotonicity and limits) U(1) is non-decreasing and satisfies

lim U(z,1) =wug.

r—to0

p3. (Symmetry) For all y € R, we have

U@E+y,1)=¢c—-U((€—y,1) where ¢= #
p4. (Convex/concave) U(1) is conver (resp. concave) on (—oo,¢| (resp. on

(¢, +00)).
p5. (Decay at infinity) We have

Us(2,1) ~ UB;;L 2|72 as |z| — oo,
7r
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Actually, the profile U(1) = U(z,1) is expected to be Cg° or analytic, due to
recent regularity results @, E, E] for the critical fractal Burgers equation with a =
1. It was shown that the solution is smooth whenever wug is either periodic or from
L?(R) or from a critical Besov space. Unfortunately, we do not know if those results
can be adapted to any initial condition from L (R).

Property p3 implies that U(z(t),t) is a constant equal to ¢ along the character-
istic z(t) = ¢, with the symmetry

UEt+y,t)=c—U@t—y,t)

for all £ > 0 and y € R. Thus, the real number ¢ can be interpreted as a mean
celerity of the profile U(t), which is the same mean celerity as for the rarefaction
wave in ([L.7).

In property pb, we obtain the decay at infinity which is the same as for the
fundamental solutions p1(z,t) = t~'p1(%,1) of the linear equation u; + A'u = 0,
given by the explicit formula

2
(1.10) pi(z, 1) = W
Following the terminology introduced in [ﬂ], one may say that property p5 expresses
a far field asymptotics and is somewhere in relation with the results in [f] for fractal
conservation laws with a € (1, 2), where the Duhamel principle plays a crucial role.
This principle is less convenient in the critical case a = 1, and our proof of p5 does
not use it.

Finally, if u— = 0 and uy —u_ = 1, property p2 means that U(1) is the cumula-
tive distribution function of some probability law £ with density U, (1). Property p3
ensures that £ is symmetrically distributed around its median G; notice that any
random variable with law £ has no expectation, because of property p5. Proper-
ties p4-p5 make precise that the density of £ decays around ¢ with the same rate
at infinity as for the Cauchy law with density p1(z,1).

The probability distributions of both laws around their respective medians can
be compared as follows.

Theorem 1.9. (Comparison with the Cauchy law)

Let L be the probability law with density U, (1), where U = U(x,t) is the self-similar
solution defined in Theorem [[.4, with u_ = 0 and uy = 1. Let X (resp. Y) be
a real random variable on some probability space (Q, A, P) with law L (resp. the
Cauchy law ([L.10) (with zero median)). Then, we have for all v > 0

P(X —¢ <r)<P(]Y —0| <)
where € denotes the median of X .

Remark 1.10. More can be said in order to compare random variables X — ¢ and
Y. Indeed, their cumulative distribution functions satisfy Fx_z(x) = Fy (x) — g(x)
where ¢ is a positive and explicit function depending the self-similar solution of

(1) (see Eq. (6-2d)).

1.5. Probabilistic interpretation of results for « € (0,2). To summarize, let
us emphasize the probabilistic meaning of the complete asymptotic study of the
fractal Burgers equation we have now in hands. We have already mentioned that
the solution u of ([.I)-([.3) supplemented with the initial datum of the form ([[.3)
with ¢ = 0 and with a probability measure m on R is the cumulative distribution
function for every ¢ > 0. This family of probabilities defined by problem ([L.1)-(L.3)
converges, as t — 0o, toward

o the uniform distribution on the interval [0,¢] if 1 < o < 2 (see the result
from [[J] recalled in inequality ([.§) above);
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e the one parameter family of laws constructed in Theorem [L.J if o = 1 (see
Theorem [.7);
e the symmetric a-stable laws p,(t) if 0 < a < 1 (¢f. Theorem and

Corollary [.3).

1.6. Organization of the article. The remainder of this paper is organized as
follows. In the next section, we recall the notion of entropy solutions to ([L.1])-
(.2) with a € (0,1]. Results on the regularized equation (i.e. equation (%) with
an additional term —eu,, on the left-hand-side) are gathered in Section . The
convergence of solutions as € — 0 to the regularized problem is studied in Section
H. The main asymptotic results for (L.1)-(.9) are proved in Section | by passage
to the limit as € goes to zero. Section [ is devoted to the qualitative study of the
self-similar profile for & = 1. Finally, technical lemmata used in proofs are gathered
in Appendix @

2. ENTROPY SOLUTIONS FOR 0 < a < 1

2.1. Lévy-Khintchine’s representation of A®. It is well-known (see e.g. [H])
that the operator A® = (—8%/022)*/? for a € (0,2) has an integral representation:
for every Schwartz function ¢ € S(R) and each r > 0, we have

(2.1) A% = A+ AO,
where the integro-differential operators A and ALY are defined by
(2.2) ADy(z) = _Ga/ olx +2z) — <pl(x) — @u(1)z ds.
|2I<r |z|t+e
(2.3) AOp(z) = —Ga / oo t2) o) ;.
|z|>r |Z|
aF(HTQ) . s . . .
where G, = > 0 and I' is Euler’s function. On the basis of this

2r2tor(1-g)
formula, we can extend the domain of definition of A® and consider A&O) and ASF)
as the operators

ALY Cy(R) = Cy(R) and ALY : C2(R) — Cy(R);

hence, A% : CZ(R) — Cy(R).

Let us recall some properties on these operators. First, the so-called Kato in-
equality can be generalized to A% for each o € (0,2]: let n € C?(R) be convex and
¢ € CZ(R), then

(2.4) A%n(u) < n'(u)A%u.
Note that for o« = 2 we have
—(n(u))zx = —n”(u)ui - n/(u)um < _n/(u)um since 1" > 0.

If « € (0, 2), inequality (@) is the direct consequence of the integral representation
(@)*(@ and of the inequalities

(2.5) AOn@) <7/ (WAPu and Al n(u) < 7' (w)APy,

resulting from the convexity of the function 7.
Finally, these operators satisfy the integration by parts formula: for all u €
CZ(R) and ¢ € D(R), we have

(2.6) /(pAudm:/uAgﬁdm,
R R
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where A € {Ago),ASl),AO‘} for every o € (0,2] and all » > 0. Notice that Ap €
L(R), since it is obvious from (2:3)-(3) that AL : W2L(R) — LY(R) and AL :
LY(R) — L'(R).

Detailed proofs of all these properties are based on the representation (E),@)
and are written e.g. in [[f].

2.2. Existence of the entropy solution. It was shown in [f] (see also [[[4]) that
solutions of the initial value problem for the fractal conservation law

(2.7) u + A%+ (f(w)s =0, z€R, t>0,
(2.8) u(0, z) = uo(x),

where f : R — R is locally Lipschitz-continuous, can become discontinuous in
finite time if 0 < « < 1. Hence, in order to deal with discontinuous solutions,
the notion of entropy solutions in the sense of Kruzhkov was extended in [fl] to
fractal conservation laws (2.7)-(R.8) (see also [LJ] for the recent generalization to
Lévy mixed hyperbolic/parabolic equations). Here, the crucial role is played by the
Lévy-Khintchine’s representation (@%(E)) of the operator A“.

Definition 2.1. Let 0 < a <1 and ug € L°(R). A function u € L= (R x (0,00))
is an entropy solution to (2.1 ~(.9) if for all ¢ € D(R x [0,0)), ¢ > 0, n € C*(R)
convez, ¢ : R — R such that ¢’ =n'f', and r > 0, we have

[ [ (rr+ 6010~ o — /() AOw)
+ [ tua(e)pte.0)ds > 0

Note that, due to formula (@), the quantity A% in the above inequality is
well-defined for any bounded function w.

The notion of entropy solutions allows us to solve the fractal Burgers equation
for the range of exponent « € (0, 1].

Theorem 2.2 ([[]). Assume that 0 < a < 1 and ug € L*°(R). There exists a
unique entropy solution u = u(z,t) to problem (B 1)—~(L.§). This solution u belongs
to C([0,00); L},.(R)) and satisfies u(0) = ug. Moreover, we have the following
mazimum principle: essinfug < u < esssupug.

If @ € (1,2], all solutions to (H)@) with bounded initial conditions are
smooth and global-in-time (see [}, [L4, [[3]). On the other hand, the occurrence of
discontinuities in finite time of entropy solutions to (R.7)-(R.g) with a = 1 seems
to be unclear. As mentioned in the introduction, regularity results have recently
been obtained [B, ﬁ, E] for a large class of initial conditions which, unfortunately,
does not include general L* initial data. Nevertheless, Theorem E provides the
existence and the uniqueness of a global-in-time entropy solution even for the critical
case o = 1.

3. REGULARIZED PROBLEM

In this section, we gather properties of solutions to the Cauchy problem for the
regularized fractal Burgers equation with € > 0

(3.1) up + A% —eul, +uul =0, xR, t>0,
(3.2) u®(x,0) = ug(x).

Our purpose is to derive asymptotic stability estimates of a solution u® = u®(z,t)
(uniform in ¢) that will be valid for ([LJ)—(.2) after passing to the limit ¢ — 0.
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Most of the results of this section are inspired from [ and, when it is the case,
the reader is referred to the corresponding proofs of that work.
Below, we will use the following integral formulation of the initial value prob-

lem (B.1)-(B-2)
(3.3) WE () = SE(tuo — /O SE(t — 7)uf (1)l (7) dr,

where {SZ(t)}:+>0 denotes the semi-group of linear operators which infinitesimal
generator is —A%u® + cu,.

If, for each « € (0, 2], the function p,(x,t) denotes the fundamental solution of
the linear equation u; + A%u = 0, then

(3.4) SE (t)uo = pa(t) * pa(et) * ug.

It is well-known that p,(x, t) can be represented via the Fourier transform p, (€, t) =
e~ t1€1"  In particular,

(3:5) pale,t) = 7% Pa(at™),

where P, is the inverse Fourier transform of e~1¢/”. For every a € (0, 2] the function
P, is smooth, non-negative, [, Ps(y)dy = 1, and satisfies the estimates (optimal
for a # 2)

(3.6) 0 < Py(z) <CA+ |z))~ @Y and |(Py).(z)] < C(1 + |z])~ (@2
for a constant C and all x € R.

One can see that problem (B.1)-(B.2) admits a unique global-in-time smooth
solution that satisfies the maximum principle.

Theorem 3.1. Let o € (0, 2], € > 0, and up € L>®°(R). There exists the unique
solution u® = u(z,t) to problem ([3.1)~([5.3) in the following sense: for all T > 0,
o u® € (4((0, T) xR) and v € Cp°((a, T) x R) for all a € (0, T),
e u® satisfies equation (B.4) on (0, T) x R,

e lim; g u(t) = ugp in L=(R) weak-+ and in LY

(R) for all p € [1,00).
Moreover, the following inequalities hold true:

(3.7) essinfug < u(t) <esssupug for all t>0.

Proof. Here, the results from [E] can be easily modified in order to get the existence
and the regularity of solutions to (B.1)-(B.2) with ¢ > 0. O

The next proposition provides an estimate on the gradient of u°®.

Proposition 3.2. Assume that 0 < a <2, € >0, and uy is of the form () with
¢ € R and a finite non-negative measure m(dzx) on R. Denote by u® = u®(x,t) the

unique solution of problem (B.4)~(5-3). Then
o ui(x,t) >0 forallz € R and t > 0,
o for every p € [1,00] there exists a constant C' = C(p) such that and for all
t >0, we have

(3.8) s ()]l < Cmin{t= =9 |jm]|7, ¢~ = =) |m]|}.

Proof. The proof that uS(x,t) > 0 for all x € R and ¢ > 0 is almost identical as
[[3, Proof of Thm. 2.3.i].

To show the decay estimate (B.§), it suffices to modify slightly the argument
from [@] as follows. We multiply the equation for v = u;

ve+ A0 — evge + (u'ul), =0
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by vP~! to obtain (cf. [Id, eq. (2.19)])

1d
(39) EEH’U(t)Hg—i—‘/RUp_lAO"UdQC—5/

R

Note that, due to the Kato inequality (R-4) (see also [[J, inequality (2.7)]), the
second term on the left-hand side is nonnegative. The same property holds true for
the third term because integrating by parts we have

(3.10) - E/Rvm(x,t)<p(v(x,t)) dr >0

for any nondecreasing function ¢.
Now, for the proof of the first decay rate on the right-hand side of (@), one
should use the following inequality resulting immediately from (E)

-1
P . do + i / Pl dz = 0.
p R

1d -1
Sl + pT/vP“ dz < 0.
R

and follow [[l2, Proof of Thm 2.3.ii]. On the other hand, for the second decay
estimate in (B.§), one should deal with the inequality

1 d —1 A«
];aﬂv(t)Hg—F/Rvp A%vdx <0
and follow estimates from [[J, Lemma 3.1]. O

We can now give asymptotic stability estimates uniform in e.

Theorem 3.3. Let a € (0,2] and € > 0. Assume that u® and uf are two solutions
of the regularized problem (B.4)—~(B-2) with initial conditions uo and Uy associated
with finite signed measures m and m respectively. Suppose, moreover, that the
measure m of Ug is non-negative and ug — ug € L*(R). Then, for every p € [1, 0]
there exists a constant C = C(p) > 0 independent of € such that for all t > 0

(3.11) [ (8) — wE(t)||, < Ct™ 507 |lug — o1 -

Proof. First, to show inequality () for p = 1, it suffices to copy computations
from [[[J, Proof of Thm. 2.2]. Next, the proof of (B.11)) for p > 1 follows the
arguments from [@, Proof of Lemma 3.1]. In this reasoning, in the case of solutions
of the regularized problem ()7(@), we have to deal with the additional term
—EVze = —e(u® — Eg)m which can be always skipped in calculations thanks to

inequality (B.10). O

Theorem 3.4. Let 0 < oo < 1 and e > 0. Assume that ug(z) = c+ [*__ m(dy) with
¢ € R and m being a finite non-negative measure on R. Denote S (t) the semigroup

of linear operators generated by —tA“+¢etd2. Then, for every p € [1, 00| there exists
C = C(p,a) > 0 independent of € such that the solution u® to ({1.4)—(|1.4) satisfies

[ us (t) = SE(H)uollp < Clluollso|jmlt! =15
for allt > 0.

Proof. Using the integral equation (B.J) we immediately obtain

(3.12) [[us(t) = Sa()uollp < /0 156t = T)us (T)ug ()], dr.

Now, we estimate the integral in the right-hand side of (| ) using the LP-decay of
the semigroup S<(t) as well as inequalities (B.7) and ). Indeed, it follows from

(B.3)-(B.0) that

Ip2(et)i =1 and [pa(®)lr =t~ 507D |pa (1),
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for every r € [1,00]. Hence, by the Young inequality for the convolution and
inequalities (B.7), (B.g), we obtain
156t = T)us (T)ug ()],
< lpalt = 7) * (u (T)ug (7))l
_1¢1_a1
<C(t—7)" =@ [uf (1) loo [ (7) g
1

< C(t — 1) %G |Jug|l oo T~ F A7),

(3.13)

forall1 < g<p<oo,t>0,7¢€(0,t), and the constant C' > 0 independent of
t,T,€.
Next, we decompose the integral on the right-hand side of (B.12) as follows

fg o dr = Ot/z odr+ ftt/Q ... d7 and we bound both integrands by using inequality

() either with ¢ = 1 or with ¢ = p. This leads to inequality
[[u®(t) — S5(t)uollp

3.14 t/2 t
(14 scnuonwnmn</ - ary [ Téu%u).
0 t/2

Computing both integrals with respect to 7, we complete the proof of Theorem E
O

4. CONVERGENCE TOWARD THE ENTROPY SOLUTION

It is natural to expect that the solution u¢ of (B.1])-(B.4) converges, as ¢ — 0,
toward the entropy solution u to (m),() Here, we prove this property in the
case of fractal conservation laws with general nonlinearities. For a first reading, the
reader can omit the proof of Theorem @ and proceed directly to Section H

Together with the general fractal conservation law (R.7)-([R.§), we study the
associated regularized problem

(4.1) uj + AU —eul, + (f(u) =0, xzeR, t>0,

xrx

(4.2) u®(z,0) = up(x)

where f € C*°(R). Hence, by results of [ (see also Theorem B.]), problem ([L.1))-
(@) admits the unique, global-in-time, smooth solution u°.
The main result of this section reads as follows.

Theorem 4.1. Assume that ug € L*(R) and ¢ > 0. Let u® = u®(x,t) be the

solution to ([1)~([-4) and u = u(z,t) be the entropy solution to (B -(-J). Then,
for every T > 0, u® — u in C([0,7; L},.(R)) as e — 0.

Remark 4.2. We assume for simplicity that f € C°° but general Lipschitz-continu-
ous nonlinearities can be considered. More generally, this result holds true in the
case of multidimensional fractal conservation laws with source terms h = h(u, z,t)
and fluxes f = f(u,,t) (see [, §). However, the study of such equations would
lead to several technical difficulties which we prefer to avoid for the sake of clarity.

4.1. Finite-infinite propagation speed property. Inequality from the follow-
ing proposition is the starting point to prove Theorem @

Proposition 4.3. Let ug, g € L®(R) and ¢ > 0. Let u® = u(x,t) and v =
uf (x,t) be the solutions to ([[-1)~([{-9) with the initial data ug and o, resp. Then

R R+Lt
(4.3) / E () — 7 (2, )| da < / SE (1) uo — Tio(x) da

-R —R-Lt
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for allt >0 and R > 0, where

(4.4) L=  max [f'(2)] and M = max {|[uo|sc, [[ti0]loc} -

Even if this result does not appear in [@’ its proof is based on ideas introduced
in , Thm 3.2]. This is the reason why we only sketch the proof of Proposition E;
the reader is referred to [ﬂ] for more details.

Sketch of proof of Proposition @ The solution u® of (EI){Q) satisfies

(4.5) // u ) + d(u )wm) dxdt
/ / WA o — o (u )Ag%s) dwdt

—5// - P dxdt—i—/R (u®(x,a))p(z,a)ds >0,

for all ¢ € D(R x [0,0)) non-negative, n € C%(R) convex, ¢/ = o' f’ and a,r >
0. To show this inequality, it suffices to mutliply ([L1)) by 7/(u)p, use the Kato
inequalities (R.4) and integrate by parts over the domain R x [a,00). Now, let us
introduce the so-called Kruzhkov entropy-flux pairs (nx, ¢ ) defined for fixed k € R
and all u € R by

me(u) = |u—k| and  ¢x(u) = sign(u— k) (f(u) - f(K)),

where “sign” denotes the sign function defined by

1, u >0,
sign(u) = ¢ -1, u<0,
0, u = 0.

Consider a sequence {n'},en C C*(R) of convex functions converging toward
locally uniformly on R and such that (n})" — sign(- — k) pointwise on R by be-
ing bounded by 1, as n — oo. The associated fluxes ¢} (u) = [0} (7)f'(T)dr
then converge toward ¢y, pointwise on R, as n — oo, by being pointwise bounded
by |¢%(u)| < sign(u—k) [,*|f(r)|dr. By the dominated convergence theorem, the
passage to the limit in (ﬁ) with (n,¢) = (np, oF) gives

(4.6) / / (|u‘5 — k|t + sign(u® — k) (f(u®) — f(k)) gogC) dxdt
R Ja
+ / / ( — |u® — k|A®p — psign(u® — k) Ago)us) dzdt
RJa
- 6/ / sign(u® — k) us, @, dadt —|—/ |u®(z,a) — k|o(z,a) dz > 0,
RJa R

for all ¢ € D(Rx [0, 00)) non-negative, a,r > 0 and k € R. In the same way, similar
inequalities hold true for u°.

On the basis of these inequalities, we claim that the well-known doubling variable
technique of Kruzhkov allows us to compare u. and u.. To do so, we have to copy
almost the same computations from [m], since the beginning of [ﬂ, Subsection 4.1]
until [fl, equation (4.11)] with v = u® and v = u*. The only difference comes from
the term —e o 27 sign(u® — k) uS ¢, dodt in (f.6) and the term —e [, [ sign(u® —
k) us, p, dxdt in the entropy inequalities of u®. But, these new terms do not present
any particular difficulty, since u. and . are smooth. Arguing as in ], one can



FRACTAL BURGERS EQUATION 11

show that for all € D(R x [0, 00)) non-negative and a > 0,
[ [ =@+ Lol - %)
RJa
— E/ / sign(u® — uf) (uf — uf), P
RJa

4 / e (2, @) — T (2, @) (e, a) do > 0,

where L is defined in ([£4). Since |u® —u#| is Lipschitz-continuous on R x [a, 00), its

a.e. derivative is equal to its distribution derivative with sign(u® — u) (u — uf), =
(Jus — u€|)w . By integrating by parts, we deduce that

[ [ =0+ Liga] - gl doc
RJa
+/ |u®(x,a) — Eg(x,aﬂgb(x,a) dz >0,
R

where g[¢] = (A* — £02) ¢. Passing to the limit as @ — 0, thanks to the continuity
with values in L}, (R) of u¢ and u# in Theorem [B.1, one can prove that for all
non-negative ¢ € D(R x [0, 00))

an [ [T = 6+ Lioud - gl dua
+/ |ug(x) — wo(x)|p(x,0) dz > 0.
R

This is almost the same equation as that in [, equation (4.11)] with the diffusive
operator g = A® — £0? instead of g = A®. Hence, we can argue exactly as in ,
Subsection 4.2] replacing the kernel of A* by the kernel of the new operator A% —
£02. This gives the desired inequality @) in place of the inequality [ﬂ, equation
(3.1)]. O

Proof of Theorem D Now, we are in a position to prove the convergence result in
Theorem EI The proof follows two steps: first we show the relative compactness
of the family of functions F = {u® : ¢ € (0,1]} and, next, we pass to the limit in
entropy inequalities.
Step 1: compactness. Let us prove that
(4.8) F is relatively compact in F = C([0,T]; L*([-R, R]))
for all T, R > 0. The space F being a Banach space, the statement (@) is equivalent
to the precompactness of F:
V>0 3FF, CF relatively compact such that
(4.9) lim sup disty(uf, F,) = 0.
n=0yecF
To construct F,, we consider an approximation of the Dirac mass
pu(a) = p~p(p~ )

with a smooth, non-negative function p = p(z), supported in [—1, 1] and such that
Jg p(z) dz = 1. Then we define

Fu={u; :e€(0,1]},

where uy, = u® *; p, and *, denotes the convolution product with respect to the

space variable.
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First, we have to prove that F,, is relatively compact in F. By estimate (@), it
is clear that

(4.10) [uglloo < fluolloe  and  [[(uy)alloo < fluollooll(pp)a]lr-
Moreover, using equation @I) satisfied by u® we obtain
(4.11) (ui)t = =A%, +e(up,)px — (f(u®)z) *z pu = 0.

Applying the equalities A%uj, = A%(u *; py) = u® x; (A%p,) we see that
JAE oo < 1 o IA%pulr < lluollsell Al
The same way, one can prove that

1) 2z lloo < lluollocll(Pu)aellr and [|(f(u%)z) *2 pulloe < Cllluolloo) | (p)e]l1-

Consequently, it follows from equation ) that for every fixed p > 0, the time
derivative of uj, is bounded independently of e € (0,1]. By (E10) and the Ascoli-
Arzela Theorem, we infer that F,, is relatively compact in Cy([—R, R] x [0,T]) and,
a fortiori, in F.

Next, we have to prove that lim, o sup,.cr distp(u®, F,) = 0. Applying Theo-
rem @ to the following simple inequality

R rp
1 (t) — s () o ) < / ) / i () — (& — 4, 8) oy (y) dvdy
- —H

we get

R
o) = w5 Ol - < s / (w0 = e = y. 0] de
YspuJ—

R+Lt

<sw [ si@u)d
ly|<wpwJ—R—Lt

where v¥ () = |uo(x) —uo(z —y)|. Consequently, by Lemma A1 in Appendix [], we

see that there exists a modulus of continuity w such that for all » > 0 and ¢ € (0, 1]

R4LT+r
Juf =l < sup / ol (@) do + [oflloew(1/7).
ly|<pJ —R—LT—r

The continuity of the translation in L' implies that

R+LT+r
lim sup / vg (z) dx = 0.
#=0 1y 1<pJ—R—LT—r

Hence, it is clear that lim,osup.¢(g 1) [|u® — ug/[r = 0, which proves () and
thus ([.g).

Conclusion: passage to the limit. It follows from the first step that there ex-
ists v € C([0,00); L{,.(R)) such that lim._.ou® = v (up to a subsequence) in
C(0,T); L}, .(R)) for all T > 0. Passing to another subsequence, if necessary, we can
assume that u — v a.e. From inequality (B.7), we deduce that v € L>®(R x (0, c0)).
What we have to prove is that v = u, however, by the uniqueness of entropy so-
lutions (¢f. Theorem E), it suffices to show that v is an entropy solution to
2R3

Let n € C?*(R) be convex, ¢ = n'f’ and r > 0. Integrating by parts the
term —¢ [, [ (n(uf)), ¢o dzdt in (JLH) and passing to the limit @ — 0 in this
inequality, we get

L] (nyous o yon = nu)alo = o ) A0 dodt
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Finally, let us recall that u* — v a.e. as € — 0 and that u® is bounded in L*-norm
by ||uo||eo- Hence, the Lebesgue dominated convergence theorem allows us to pass
to the limit, as € — 0, in the inequality above and to deduce that

" (n(0)e + SW)pa—n()AL o — o' (w) AO) dad
[ )

+ / n(uo(z))p(, 0) dz > 0.

Hence, according to Definition E and Theorem E, the function v is the unique
entropy solution to (R.7)-(R.§). The proof of Theorem [i.1 is complete. O

5. PASSAGE TO THE LIMIT € — 0 AND ASYMPTOTIC STUDY

This section is devoted to the proof of Theorems @ and Corollary @ Below,
we systematically use Theorem in order to pass to the limit ¢ — 0 in estimates
from Section f.

Proof of Theorem [[.. The existence of the solution U = U(x,t) to equation ([L.1])
with @ = 1 supplemented with the initial condition (E) is provided by Theorem
@. To obtain the self-similar form of U, we follow a standard argument based
on the uniqueness result from Theorem . Observe that if U is the solution to
(1), the rescaled function U*(x,t) = U(Az, At) is the solution for every A > 0,
too. Since, the initial datum ([[.9) is invariant under the rescaling Ug (z) = Up(\x),
by the uniqueness, we obtain that for all A > 0, U(x,t) = U(Az, At) for a.e. (z,t) €
R x (0, +00). O

Theorem m is a particular case of the following more general result which is an
immediate corollary of Theorem by passing to the limit as € — 0.

Corollary 5.1. Let 0 < o < 1. Assume that u and u are two entropy solutions
of (L) (1.4 with initial conditions wy and Ty of the form ([L.3) with finite signed
measures m and m. Suppose, moreover, that the measure m of ug is non-negative
and ug—tp € L*(R). Then for every p € [1,00] there exists a constant C = C(p) > 0
such that for all t > 0

(5.1) u(t) — a(t)]l, < Ct~5 =% ug — g 1.

Proof. Denote by u® and u° the solutions to the regularized equation @) with the
initial conditions uo and ug. By Theorem and inequality (B.7), we know that
lim. o u®(t) = u(t) and lim._u®(t) = u(t) in L? (R) for every p € [1,00) and in
L>®(R) weak-+. Hence, for each R > 0 and p € [1, oc], using Theorem B.3 we have

lu(t) —u()llLe((—r,r) < lim inf [us(t) — u ()| Le((—r.R))
< Ct™ =078 lug — Tolr.

Since R > 0 is arbitrary and the right-hand side of this inequality does not depend
on R, we complete the proof of inequality (@) O

Proof of Theorem B Apply Corollary EI with o = 1 and ug = Up. O

Proof of Theorem . We argue exactly as in the proof of Corollary @, since
lim. o u®(t) = u(t) and lim._o u®(t) = u(t) in L} (R) for every p € [1,00) and in

L>(R) weak-*. Moreover, it is well-known that for fixed ¢ > 0

lin(l) SE (tyuo = hr%pg(st) * (pa(t) *ug) = Sa(t)ug in  LP(R)
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for all p € [1, 00]. Hence, for every R > 0 and p € [1, 00], by Theorem @, we obtain
lu(t) — Sa(t)uollLe((-r,R)) < 11§Lig)1f llus(t) — S& (t)uoll Le (- r,R))
< Clluolloo #1775,
The proof is complete by letting R — oo. (|
Proof Corollary . By Theorem , it suffices to show

(5.2) Hc—|— Ha(t)/Rm(d:c) - Sa(t)uoHp -0 as t— oo.

Moreover, replacing ug by ug — ¢ (note that S, (¢)c = ¢) we can assume that ¢ =0
and ug(z) = [*__ m(dy) in the expression (I.3). Hence, using the Fubini theorem
and changing the variables we obtain

500u0(2) = [ pale w oty dy—/+°°/ Pl — i ) m(dz) dy
= [ it = [ e - zmia:)

— 00

and consequently,

So(t)uo(x) — Ho(z, 1) / m(dz)
(5.3) +o0 -
— [ (Hala = 20) ~ Hu(w.)m(dz).

Observe that |[Hy(z—2,t)— Ho (2, t)| < |Ho(z—2,t)|+|Ha(z,t)] < 2. Furthermore,
by Taylor’s expansion, we have

1
|Ho(z — 2z,t) — Ho(z,t)] = ‘/ C%Ha(x—sz,t)ds‘,

(5.4) = |z|/ Dol — 82,t) ds.

Now, under the additional assumption [, |2||m|(dz) < oo, using equality (§.3)
combined with identity (5.4) we have the following LP-estimate

(5.5) Hc—l—Ha(t)/Rm(dx) - Sa(tyuo]| < Ct*%ﬂ*%)/Rm im](d2)

for each p € [1,00] and all ¢ > 0. A standard approximation argument leads
to the decay estimate (f.2) (however, without any rate) for every finite measure
m(dx). O

6. QUALITATIVE STUDY OF THE SELF-SIMILAR PROFILE FOR « =1

This section is devoted to the proof of Theorems [L.g and [L.g.

Proof of properties p1—p4 from Theorem @ The Lipschitz-continuity stated in pl
is an immediate consequence of Proposition and Theorem . Indeed, U(1) is
the limit in L}, (R) of u%(1) as ¢ — 0, where u® = u*(z,t) is solution to (B.1))-(B-3)
with ug = Uy defined in ([.9). Moreover, by (B.§), the family {u(1) : € > 0} is equi-
Lipschitz-continuous, which implies that the limit U(1) is Lipschitz-continuous.

Before proving properties p2—p4, let us reduce the problem to a simpler one. We
remark that equation (@) is invariant under the transformation

U_+u+

(6.1) V(z,t)=U (z+7ct,t)—¢ where ¢= 5
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that is to say, if U is a solution to ([.1]) with U(z,0) = Uy(z) defined in ([L.g), then
V is a solution to ([L.1]) with the initial datum

V4, $<0,
v, x>0,

(6.2) V(z,0) = Vo(x) = {

where v_ = —v; and vy = |¢| > 0. It is clear that U satisfies p2—p4, whenever V
enjoys these properties. In the sequel, we thus assume without loss of generality
that u_ = —uy and uy > 0.

It has been shown in [, Lemma 3.1] that if ug € L>°(R) is non-increasing, odd
and convex on (0,+00), then the solution u = u(x,t) of ([L.1)-([.9) shares these
properties w.r.t. z, for all £ > 0. The proof is based on a splitting method and
on the fact that the “odd, concave/convex” property is conserved by both the
hyperbolic equation u; + uu, and the fractal equation u; + A'u = 0. The same
proof works with minor modifications to show that if ug is non-decreasing, odd
and convex on (—oc, 0), then these properties are preserved by problem ([L.1)—([L.9).
Details are left to the reader since in that case, no shock can be created by the
Burgers part and the proof is even easier. By the hypothesis u_ = —u; < 0 made
above, the initial datum in ([1.g) is non-decreasing, odd and convex on (—oo, 0). We
conclude that so is the profile U(1). The proof of properties p3—p4 is now complete.

What is left to prove is the limit in property p2. By Theorem @, we have U(t) —
Up in L}OC(R) as t — 0. In particular, the convergence holds true a.e. along a
subsequence t, — 0 as n — oo and there exists +a1 > 0 such that U(z4,t,) — uy.
By the self-similarity of U, we get U(xy /ty,1) — uy as n — oo. Since x4 /t, —
+o00 and U(1) is non-decreasing, we deduce property p2. O

6.1. Technical lemmata. Property p5 of Theorem is the most difficult part
to prove. Let us first show technical results that shall be needed in our reasoning.

Lemma 6.1. Let v € L (R) be non-negative, even and non-decreasing on (—o0,0).
Assume that there exists £ > 0 such that for all xg > 1/2,

n(xo+1/2)
(6.3) lim nil/ y2o(y)dy = £.
n—oo n(ro—1/2)
Then, we have v(y) ~y|—oo £ |y| =2 (in the sense that v admits an a.e. representant
satisfying this equivalence).

Proof. By assumption, v admits an a.e. representant which is defined everywhere
on R by being non-negative, even and non-decreasing on (—oo,0]. We still let v
denote this representant. For all g > 1/2, we have

n(zo+1/2)
W Yz e = 12 e +1/2),
n(xog—1/2

thanks to the fact that v is non-increasing on [0, +00). Hence, we have

2 2 n(zo+1/2)
n*(xzg + 1/2)%*v(n(ze + 1/2)) < n-(wo +1/2) nil/ ’

2
< - y-u(y)dy.
n?(zo — 1/2)? n(zo—1/2)

Taking the upper semi-limit, we get for all zo > 1/2

zo+1/2\°
(6.4) limsup n>(zo 4+ 1/2)%0(n(zo +1/2)) < € [ 2212
n—o00 o — 1/2
thanks to (b.3). In the same way, one can show that for all zo > 1/2,

2
(6.5) 14 (H) < linrrl)ioréf n?(xo — 1/2)%v(n(zo — 1/2)).
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Moreover, for fixed zg > 1/2 and all y > x4+ 1/2, there exists an unique integer n,
such that
ny(ro +1/2) <y < (ny + 1)(zo + 1/2).
Using again that v is non-increasing on [0, +00), we infer that
yuly) < (ny +1)% (0 +1/2)% v(ny(z0 + 1/2)),
(ny +1)*(w0 +1/2)* 2
= 1/2 1/2)).
n2(zo +1/2)? 7y (@0 +1/2)"vlny (o +1/2)

Notice that ny, — oo as y — +4o0o0. Therefore, passing to the upper semi-limit
as y — +oo in the inequality above, one can show that for all 2o > 1/2

. +1/2\°
lim sup y2v </ <L> ,
y—>+<x1>3y () o —1/2
thanks to (p-4). In the same way, we deduce from (f.5) that for all zy > 1/2
zo—1/2\> .. . .,
(| ———| <1 f .
(Fei) <tmpnt)

Letting finally zyp — 400 in both inequalities above implies that

< limJirnf y*o(y) < limsupy?v(y) < L.
y—+o0

Yy——+00

Since v is even, we have complete the proof of the lemma. O

Lemma 6.2. Let u € L®(R) and r > 0. Then A% € L®(R) ¢ L} (R) defined

loc
in (2.3). Moreover, if {un}nen is uniformly essentially bounded and u, — u in

Llloc(]R)’ then A7(“0)u'n, - AS“O)U as n — +00.
Proof. For u € L*°(R), we have
A u(x)

= -G / (@ + 2) Ly sryl2| 7% dz + u(a) Gl/ |2| 72 dz
R

|z|>7
=u* p(z) + Cu(z),
where p(z) = —G11{>ry|2|72 € LY(R) and C = ||p|l1 = 2G17~ . The second part
of the lemma is a consequence of classical properties of the convolution product.
The proof is now complete. O

Lemma 6.3. Letu € L*°(R) be non-decreasing, odd and convex on (—o0,0). Then,
for the operator defined in ([2.3), we have APy € L} (R,) together with the in-
equality
4G
(6.6) / ALu(z)| dz < 2G0T
|z|>R R

for all R > r > 0.

[[/loo

Proof. The proof is divided into a sequence of steps.

Step 1: estimates of u,. The convex function u on (—oo,0) is locally Lipschitz-
continuous on (—o0,0) and a fortiori a.e. differentiable, with a distribution deriva-
tive equal to its a.e. derivative. By the slopes inequality for convex functions with
the points (x,u(z)) and (0,u(0)) = (0,0), we see that for a.e. z # 0,

(6.7) o ()] < Jluflo 27

notice that the slopes inequality gives the inequality for < 0 and the one for z > 0
is deduced by oddity of u.
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Step 2: estimates of uy,. By convexity of u, u,, is a non-negative Radon mea-
sure on (—o0,0) in the distribution sense. Hence, u,; € BVje.((—00,0)) satisfies
f(i,z] Uy, (dy) = Uy () —ug(T), for ae. T < x < 0. Using (.7) and letting 7 — —oo0,
we conclude that for a.e. x < 0

(63 ) = o),

thanks to the sup-continuity of non-negative measures. Again by (.7) and oddity
of Uy, this shows for a.e. x # 0

(6.9) / tyy () < 2oafocl]
ly| >z

notice that by the inf-continuity of non-negative measures, this inequality holds for
all x # 0.

Step 3: estimate of A&l)u. Let us prove that Agl)u is well-defined by formula
(B.2) for a.e. x # 0. By the preceding steps, we know that u € L=(R) N VVllooo(]R*)
and u; € BVj,(R,). By Taylor’s formula (see Lemma [A.9 in Appendix [A]), we
infer that for all R >r >0

= [ [ lerd o ui,,

|22
S L
lz|>R J|z|<r

where I, , = (z,z+2) if z > 0 and I, , = (x + 2z, ) in the oposite case. Therefore,

we see that
r< [ i) do dz,
|z|>R J|z|<r I,

= [ [ e [ 1) de )
R. JR lz|>R

by integrating first w.r.t z; notice that all the integrands are measurable by Fubini’s
theorem, since the Radon measure |uy,|(dy) is o-finite on R,. For fixed (y,z) €
R, x R, we have

dx dz,

/I |z + 2 — yluyy(dy)

1{zsr}/ o 1y,.(y) dz < |2| 1(21<r) 1y >R—1}>

because the measure of the set {x : y € I, .} can be estimated by |z, and if |z] < r,
then 17, _(y) = 0 for all |z| > R whenever |y| < R —r. It follows that

I S/ /1{\z\gr} L{y>r—r} luyyl(dy) dz = 27”/ |uyy| (dy).
R, JR ly|>R—r

Recalling the definition of I above and estimate (.9), we have shown that

u(z + 2) — u(x) — ua(z)z| 1
(6.10) /I>R/|Z|<T EE dz dz < 4Ar||ulleo(R— 1) ".

Fubini’s theorem then implies that Agl)u(;v) is well-defined by (R.2) for a.e. |z| >
R > r by satisfying the desired estimate (@)

Step 4: local integrability on R,. Estimate (p.6) implies that Ay e Li (R \
[-7,7]). In fact, AWMy s locally integrable on all R,. Indeed, simple computations

show that for all » >7 >0
(6.11) At Ay = AL 1 AL,



18 NATHAEL ALIBAUD, CYRIL IMBERT, AND GRZEGORZ KARCH

—ug(x)z
z|<r |z

null by oddity of the function z — —u,(z)z. By Lemma and Step 3, it follows
that ANy = A;l)u—l—A;O)u—Ago)u € L}, .(R\[-7,7]), which completes the proof. [

loc

since their difference evaluated at some x is equal to f@ , which is

Remark 6.4. Lemmata [.2-p.3 imply that Ay 4+ A0y e L} .(R,) whenever u €
L>(R) is non-decreasing, odd and convex on (—o0,0). This sum does not depend
onr > 0 by (b.L1]). Denoting by A'u this sum, one see from (f.1(), Fubini’s theorem
and (R.1), that for all p € D(R.), [p ¢A'u dz = [, uA'p dz. This means that this

sum corresponds to the distribution fractional Laplacian of v on R,.
Here is a corollary of the two previous lemmata.

Corollary 6.5. Let « =1 and U = U(x,t) be the self-similar solution from Theo-
rem [ with initial datum Uy in ([.g) for some u— = —uy < 0. Then, for allt > 0,
one have AU (t) € L}, (R.). Moreover, A'U(t) converges toward AUy in L}, (R.)

as t — 0, where for all x # 0

1 I e |
Proof. By properties p2—p4 of Theorem , U(t) € L>(R) is non-decreasing, odd
and convex on (—o0,0) for all ¢ > 0. By Remark p.4, A'U(t) and A'Uy belong
to L}, .(R,). By taking 0 < r < |z|, simple computations show that

(6.12) ADU(z) =0 and AOUy(z) = ”*2;2”* at,
T
so that
1 I L e
A UO(I) - 272 )

here, we have used the equalities I'(1) = 1 and I'(1/2) = /7 in order to get
G = (277! in (22)-(2.J). Moreover, Theorem R.3 implies that U(t) — Uy
ast — 0 in L}, (R) with |[U#)]l < [|[Uollcc. We deduce from Lemma that

for fixed » > 0, A&O)U(t) — A9, in L, (R) as t — 0. It follows that for
al R>R>r,

limsup/ |A*U(t) — AMUp| dx
t—0 JR<|z|<R

< lim sup/ IADU () — AV da,
t—0 JR<|z|<R

t—0

< limsup4G17||U(#)|loo(R — )~ by (.§) in Lemma .3,
t—0

< AG17||Uplloo (R — 1)t

= limsup/ ANU®)| dx by (.19),
R<|z|<R

The proof is complete by letting r — 0. ([l
Proof of property p5 from Theorem . Let us finish the proof of Theorem B We
assume again without loss of generality that u_ = —uy < 0, thanks to the trans-

formation (B.1); hence, Uy € L>(R) is non-decreasing, odd and convex on (—oc, 0)
and so is U(t) for all ¢t > 0 by properties p2-p4 of Theorem B We proceed again
in several steps.

Step 1: equation satisfied by U(1). By using n(r) = £r in Definition R.1], we
obtain (in a classical way) that entropy solutions to (EI) are distribution solu-
tions, i.e.

(6.13) U +UU, +ANU=0 in D'(Rx(0,00)).
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By property pl of Theorem 7 one has U(1) € WH*°(R). By the self-similarity
U(z,t) = U(%,1), one has at least U;, U, € L5 (R x (0,00)) together with the
following equalities for a.e. t > 0 and z € R

Ui(z,t) = —xtiQUm(%l),
Upz,t) = t’le(%l).

By Corollary ., we have also A'U(1) € L},.(R.). Using again the self-similarity,

it is easy to deduce from (R.1) that A'U € L}, (R, x (0,00)) with for a.e. t > 0
and x € R,,

AU(z,t) = t_lAlU(%J)

(in fact, A'U € L§2 (R x (0,00)) by (p.19) so that A'U(1) € L2, (R)). Putting

loc loc

these formulas into ), we get for a.e. t > 0 and = € R,
—xt*QUz(f, 1) +t*1U(§, 1)Um(%, 1) +t*1A1U(§, 1) —0.

Multiplying by ¢ and changing the variable by y = t~'z, one infer that the pro-
file U(y) = U(y, 1) satisfies for a.e y € R

(6.14) U(y) — y)Uy(y) + A'U(y) = 0.

Step 2: reduction of the problem. By properties pl-p4, the function U, € L>°(R)
is non-negative, even and non-decreasing on (—o0,0). Then, Lemma @ shows that
the proof of p5 can be reduced to the proof of the following property:

n(xo+1/2) _
(6.15) Voo >1/2  lim n_l/ y2 U, (y)dy = Uy ZU-

n—oo n(zo—1/2) ‘ 22

Moreover, equality (B.14)) implies that U, (y) = ;Xig(('z)) (for a.e. y > ||U]|s). One

deduce that () is equivalent to the following property:

n(zo+1/2) _
(6.16) Yz >1/2  lim n*l/ yANU(y) dy = = — 1=

n—oo n(zo—1/2) 2m?

Conclusion: proof of (6.14). Let us change the variable by y = nx. Easy
computations show that

n(zo+1/2) zo+1/2
nt / yAMUy)dy = nt / neA'U(z/n~t, 1) nde,
n(xo—1/2) zo—1/2

10-‘1-1/2
= / AU (x,n" 1) da.
I0—1/2

Since Corollary 6.9 implies that the function # — x A'U(x,n~") converges to-

ward “t—= in L'((xg — 1/2,20 + 1/2)) as n — oo, the proofs of (p.1() and thus
O

272

of property p5 are complete.

6.2. Duhamel’s representation of the self-similar profile. It remains to prove
Theorem , for which we need the following result.
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Proposition 6.6. Let o = 1 and let U = Ul(x,t) be the self-similar solution of
Theorem IE with ux = £1/2. Then, for all x € R, we have

(6.17) U(x,1) = —1/2+ Hy(z,1)

1/2 2./
[T o E D ) g
0
1
- / (1= 1) (U(/r, )Us(-/m, 1)) () dr
1/2

(where Hy(z,1) = ffoo p1(y, 1)dy).

Proof. The proof proceeds in several steps.

Step 1: Duhamel’s representation of the approximate solution. Notice that for-
mula () makes sense. Indeed, by the homogeneity property (@), we have for
allt >0

(6.18) 182p1 (1)l = Cot™,

where Cy = ||0,P1(1)||1 is finite by (B.g). Hence, the integral f01/2 ...dr in (6.17)
is well-defined since the integration variable 7 is far from the singularity at 7 = 1.
The same way, since U(1) € W1>°(R), the integral f11/2 ...dr is also well-defined.

Let now u® = uf(z,t) be the solution to the regularized equation (B.1), with
initial datum Up in (.d). The goal is to pass to the limit in formula (B.3) at
time t =1

(6.19) wf(z,1) = S5(1)Up(z)

1/2
- / pa(e(1 = 7)) % Bupr (1 — 7) *

(us (7

R ) () dr

1
= [ pale =) epalL = 1) s (@ () (2
1/2
for all x € R.
Step 2: pointwise limits and bounds of the integrands. We first remark that
+

lim w®(t,z) =u™.
r—Fo00

Hence, thanks to Dini theorem for cumulative distribution functions, we know that
for fixed ¢ > 0, lim._,o u®(t) converges toward U (t) uniformly on R.
Let us next recall that d,p;(t) € L*(R), so that for fixed 7 € (0,1)

(u(r))* (U(r)?
2 2

It follows from classical approximate unit properties of the heat kernel po(z, t) that
for all 7 € (0,1),

liII(l) Op1(1 —7) * = 0xp1(1 —7) % uniformly on R.
E—

U(r)
2

ué(r 2
(6.20) 8li_r%pg(s(l — 7)) % Oyp1(1 — 7) * % = Oyp1(1 — 7) %

uniformly on R. In particular, for all 7 € (0,1), we have also
(6.21)  lim po(e(1 = 7)) * pr(1 = 7) * (u(1)uz (7)) = pr(1 = 7) * (U(T)Us (7))

uniformly on R, since

p2(e(l = 7)) % Oepr (1 — 7) = @

=pa(e(1 = 7)) *pr(1 = 7) * (u(7)ug (7))
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and 9ypy (1 — 7) x 20 = p) (1 = 7) % (U(r)Un (7).
Morever, by (B.7), (B.§) with p = 4+o0c and (b.1§), one can see that the integrands
of () are pointwise bounded by

(us(7))?

2
5 H S Co(l _ 7_)—1 ||u0||oo

(6:22) [pa(e(l = 7)) = Bupa(1 = 7) + e,

and
6:23)  [pa(e =) xpr(l = 1) (w (Pus())]| < T fuolloen
Step 8: passing to the limit. Recall that
lim S7(1)Uo = S1(1)Uo = p1(1) * Uo

in LP(R) for all p € [1,00]. Let us recall that Up(z) = +£1/2 for £ > 0 and
Jep1(y,1)dy = 1, so that for all z € R

12+ p1(1) + Vo) = pu(1) * o+ 1/2)(0) = | pa(y. )y = Hy 1)

We have proved in particular that lim._,o S5(1)Uy — —1/2+ Hy(1) pointwise on R.
In order to pass to the limit in the integral terms of (6.1), we use the Lebesgue
dominated convergence theorem. We deduce from (f.20)) and (§.29) that for all €

R, the first integral term converges toward
1/2 U 2

0upr (1 — 1)+ L)
O 2
as € — 0. In the same way, we deduce from (.21]) and (p.23) that the last integral
term converges toward

(x) dr

/1/2;)1(1 — )« (UL (7)) () dr

The limit as ¢ — 0 in (f.19)) then implies that for all z € R,
12 U*(n)

U(Ial):_1/2+H1(Ial)_ 0 ampl(l_T)* )

—/ pr(1 = ) % (U U (7)) () dr.
1/2

This completes the proof of (), thanks to the self-similarity of U. O

Proof of Theorem . We have to prove that for all » > 0
(6.24) P(X —¢ <r)<P(Y - 0] <r).

Let us verify that € and 0 are the medians of X and Y, respectively. First, a simple
computation allows to see that pi(z, 1), defined by Fourier transform by p;(¢,1) =
e~ lél also satisfies formula ([L10). This density of probability is even and the
median of Y is null. Second, by property p3 of Theorem @, U,(1) is symmetric
w.r.t. to the axis {# = ¢} and the median of X is ¢ = “="*.

In particular, the centered random variable X — ¢ admits a density being the
even function

fx—z(x) =Uy(xz +7¢1).
It becomes clear that (p.24)) is equivalent to the following property
(6.25) Ve >0 Fx_¢(z)< Fy(x),

where Fx_¢ and Fy are the cumulative distribution functions of X — ¢ and Y,
respectively.
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Let us compute these functions. First, we have seen above that fx_z(z) =
Vi (x,1), where V is defined by the transformation (p.1). Let us recall that V is
the self-similar solution to ([.1)) with initial datum V(z,0) = 4+1/2 for +z > 0.
Hence, F'x_z is equal to V' (-, 1) up to an additive constant, which has to be 1/2 by
property p2 of Theorem [[.§; that is to say, we have Fx_4(x) = 1/2 + V(x,1) for
all z € R. Second, we defined H; in Proposition [.§ such that Fy (z) = Hi(z,1).
By this proposition, we have for all x € R,

Fx_z(x) = Fy(z) — g(x),

where g(z) is defined by

1/2 2./
©:26) o) = | (%J)ﬂl—T)*W(I) dr
+/ (= 1) % (V(-/m )Va(-/7 1) () dr.
1/2

One concludes that the proof of (f.25), and thus of (f.24), is equivalent to the proof
of the positivity of g(z) for positive x. But, by definition of g, it suffices to prove
that for each 7 € (0,1) and = > 0,

(6.27) pi(L=7)« (V(:/7,1)Vy(-/7,1)) (z) > 0.

Indeed, the second integral term in (.2¢) would be positive, and the first integral
term also, since for fixed T,

2
VT 0y = 27 1 = ) 2 (VI DVl 1) ),

Let us end by proving inequality (), thus concluding Theorem . It is
clear that the function V(-/7,1)V,(-/7,1) is odd, since V(1) is odd. Moreover,
we already know that V(1) is non-negative, even and non-increasing on (0, +00),
since V(1) is non-decreasing, odd and concave on [0,400). By property p5, we
conclude that V,;(1) is positive a.e. on (0, +00), and thus on R as even function. In
particular, V(1) is increasing and for all z > 0, V(z,1) > V(0,1) = 0.

To summarize, V(-/7,1)V,(-/7,1) is odd and positive on (0, +00). Moreover, it
is clear that p1(1 — 7) is positive, even and decreasing on (0, +00), see ([L.10). A
simple computation then implies that the convolution product in ( is effectively
positive for positive . The proof of Theorem E is complete. O

8mpl(l - T) *

APPENDIX A. ADDITIONAL TECHNICAL LEMMATA

Lemma A.1. There exists a modulus of continuity w such that for all vy € L (R),
all T,R,r >0, and all ¢ € (0,1], we have

R+Lt R+LT+r

sup / S5.(8) ool () de < / lvo(@)| dz + Jvol| oot (1/)
te[0,7]J —R—Lt “R—LT—r

Proof. First, we write

R+Lt
sup / S5 (1) vol () da
t€l0,7)J —R—Lt

R+Lt
(A1) = s [ a0 palet) < (@) do
te[0,7] J—R—Lt

R+Lt
< sup sup / Da(t) * p2(es) * |vo| () da.
s€[0,T] t€[0,T] J —R— Lt
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Now, for every s € [0,T], we estimate from above the following function
R+Lt
M(s) = sup / Da(t) * wo(x) dx,
te[0,7) J—R—Lt

where wy = pa(es) * |vg|. Using properties of the kernel p, and its self-similarity

(see (B.H)) we obtain

R+Lt
/ Pa(t) * wolz) do — / / Paly oo (e — y) dady
|lz|<R+Lt J|y|<r/2

—R—Lt
+ / / Pa(y, )wo(z — y) dedy
2| <R+Lt J|y|>r/2

R+Lt+r/2
<lpatt)l [ o) de
—R—Lt—r/2

+ flwo | w2(R + Lt) / palyt) dy
ly|>r/2

R+Lt+r/2
-/ o) de
—R—Lt—r/2

+ ||w0||oo2(R+Lt)/ . DPalz,1)dx.

o]t~ % r /2

Computing the supremum with respect to ¢ € [0, 7] we infer that

R+LT+r/2
M(s) < / fwo(@)] d + |wollootwa(1/r),
—R—LT—r/2

where wy, : [0,00) — (0, 00) is defined by
wa(l/r) = (2R+2LT) / . DPalz,1)dx.
| >T % /2

It is clear that the modulus of continuity w, is non-decreasing and satisfies

li o(1/r) = 0.
A wall/r) =0

Finally, since [|wolloc = [lpa(es) * [vo][[co < [[vo]lco, we obtain

R+LT+r/2
M(s) < / |wo (2)| dz + [vo| cowa (1/T)-
—R—LT—r/2

Analogous computations show now that

R+LT+r/2 R+LT+r/2
/ |wo (x)| dx = / pa(es) * |vo|(z) dx
—R—LT—r/2 —~R—LT—r/2

R+LT+r
< / oo ()| dz + o0l oew2 (VE/T)

—R—LT—r

R+LT+r
<[ o)l do + ol a1/,
—R-LT—-r
because ¢ < 1.
Finally, with the new modulus of continuity w (1/r) = wa(1/7) + w2(1/7), we

have

R+LT+r

M < [ (o)l do + uolll1/7).

—R—-LT—r

Coming back to inequality (JA.1), we complete the proof of Lemma [A.1. O



24 NATHAEL ALIBAUD, CYRIL IMBERT, AND GRZEGORZ KARCH

Lemma A.2. Let I be an open interval of R and u € WH°(I) be such that u' €
BV(I). Then, for a.e. x € I and all z € I — z, we have

u(a + 2) = u(z) + o' (2)z + / 2+ 2 — y| u” (dy).

where I, , = (z,x 4+ 2) if 2> 0 and I, , = (z + z,z) if not.

Proof. We can reduce to the case I = (a,b) with a,b € R. Let us assume with-
out loss of generality that z > 0. Since u, € BV(I), the function u,(x) =
c+ f(a 2] uyy(dy) is an a.e. representant of u,, where c is the trace of u, on the left

boundary of I. The trace of u, € BV (I ) onto {x} is equal to @, (z), because {z}
is the left boundary of I,.4,. Simple integration by parts formulas now give

wztz) = ulz)+ / uy(4)dy,

x,z

= ue)- / (4 — & — D)y (W)dy + T ()=

x,z

The proof is complete. (|
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