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CLUSTER CHARACTERS II: A MULTIPLICATION FORMULA

YANN PALU

ABSTRACT. Let C be a Hom-finite triangulated 2-Calabi—Yau category with a
cluster tilting object. Under some constructibility assumptions on C which are
satisfied for instance by cluster categories, by generalized cluster categories
and by stable categories of modules over a preprojective algebra of Dynkin
type, we prove a multiplication formula for the cluster character associated
with any cluster tilting object. This formula generalizes those obtained by
Caldero—Keller for representation finite path algebras and by Xiao—Xu for
finite-dimensional path algebras. It is analogous to a formula obtained by
Geiss—Leclerc—Schréer in the context of preprojective algebras.

INTRODUCTION

In recent years, the link between Fomin—Zelevinsky’s cluster algebras []
and the representation theory of quivers and finite-dimensional algebras has been
investigated intensely, cf. for example the surveys [BMO4], [[GLSH], [Kel. In its
most tangible form, this link is given by a map taking objects of cluster categories
to elements of cluster algebras. Such a map was first constructed by P. Caldero
and F. Chapoton for cluster categories and cluster algebras associated with
Dynkin quivers.

The results of P. Caldero and B. Keller yield two multiplication formulae
for the Caldero—Chapoton map of cluster categories associated with Dynkin quivers.
The first one categorifies the exchange relations of cluster variables and only applies
to objects L and M such that Ext!(L, M) is of dimension 1. The second one gen-
eralizes it to arbitrary dimensions, and yields some new relations in the associated
cluster algebras. These relations very much resemble relations in dual Ringel-Hall
algebras [1, section 5.5]. Motivated by these results, C. Geiss, B. Leclerc and
J. Schréer [GLS0T proved two analogous formulae for module categories over pre-
projective algebras. In this latter situation, the number of isomorphism classes of
indecomposable objects is usually infinite. Generalizations of the first formula were
proved in ] for cluster categories associated with any acyclic quiver, and later
in [Pal0g] for 2-Calabi—Yau triangulated categories. The first generalization of the
second multiplication formula, by A. Hubery (see [Hubd]), was based on the exis-
tence of Hall polynomials which he proved in the affine case [Hubb|, generalizing
Ringel’s result [] for Dynkin quivers. Staying close to this point of view, J.
Xiao and F. Xu proved in [XX]| a projective version of Green’s formula [Rin9d]
and applied it to generalize the multiplication formula for acyclic cluster algebras.
Another proof of this formula was found by F. Xu in [@], who used the 2-Calabi-
Yau property instead of Green’s formula. Our aim in this paper is to generalize
the second multiplication formula to more general 2-Calabi—Yau categories for the
cluster character associated with an arbitrary cluster tilting object. This in par-
ticular applies to the generalized cluster categories introduced by C. Amiot []
and to stable categories of modules over a preprojective algebra.

The paper is organized as follows: In the first section, we fix some notations and
state our main result: A multiplication formula for the cluster character associated
with any cluster tilting object. In section E, we recall some definitions and prove
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2 YANN PALU

the ‘constructibility of kernels and cokernels’ in modules categories. We apply these
facts to prove that:

o If the triangulated category has constructible cones (see section D), the
sets under consideration in the multiplication formula, and in its proof, are
constructible.

e Stable categories of Hom-finite Frobenius categories have constructible
cones.

o Generalized cluster categories defined in have constructible cones.

Thus, all of the 2-Calabi-Yau triangulated categories related to cluster algebras
which have been introduced so far have constructible cones. Notably this holds
for cluster categories associated with acyclic quivers, and for the stable categories
associated with the exact subcategories of module categories over preprojective

algebras constructed in [[GLS0§] and . In the last section, we prove the

main theorem.
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1. NOTATIONS AND MAIN RESULT

Let k& be the field of complex numbers. The only place where we will need more
than the fact that k£ is an algebraically closed field is propositionﬂ in section m
See [, section 3.3] for an explanation, illustrated with an example, of the fact
that the theory of constructible functions does not extend to fields of positive char-
acteristic. Let C be a Hom-finite, 2-Calabi-Yau, Krull-Schmidt k-category which
admits a basic cluster tilting object T'. In order to prove the main theorem, a
constructibility hypothesis will be needed. This hypothesis is precisely stated in
section E and it will always be explicitly stated when it is assumed. Stable cat-
egories of Hom-finite Frobenius categories satisfy this constructibility hypothesis,
cf. section @, so that the main theorem applies to cluster categories (thanks to
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the construction in , Theorem 2.1]), to stable module categories over prepro-
jective algebras... Moreover, the main theorem applies to the generalized cluster
categories of ], cf. section E

We let B denote the endomorphism algebra of T" in C, and we let F' denote the
covariant functor from C to mod B co-represented by 7. We denote the image in
Q(z1,...,x,) of an object M in C under the cluster character associated with T
(see [Pal0g)) by X7;. Recall that it is given by the following formula: Let Q7 be the
Gabriel quiver of B, and denote by 1,...,n its vertices. For each vertex ¢, denote
by S; (resp. P;) the corresponding simple (resp. projective) module. Then we have

X]T\} =2 coind M Z X(Gl"e FM) ngsi-,e)a’
e =1

where coind M denotes the coindex of M and (, ), the antisymmetric bilinear form
on Ko(mod B) (for more complete definitions, see sections 1 and 2.1 of [Pal0g)).
For any two objects L and M in C, and any morphism ¢ in C(L, X M), we denote
any object Y appearing in a triangle of the form

M—Y —L->YM
by mt(e) (the middle term of €).

1.1. XT-stratification. Let L and M be objects in C. If an object Y of C oc-
curs as mt(e) for some morphism ¢ in C(L,XM), we let (Y) denote the set of all
isomorphism classes of objects Y’ € C such that:

e Y’ is the middle term of some morphism in C(L, XM),
e coindY’ = coind Y and
e for all e in Ko(mod B), we have x( Gre(FY")) = x( Gr.(FY)).

The equality of classes (Y) = (Y’) yields an equivalence relation on the ‘set’ of
middle terms of morphisms in C(L,XM). Fix a set Y of representatives for this
relation. Further, we denote the set of all ¢ with mt(e) € (Y) by C(L,XM)yy,
and the set of &’ € C(L, M) such that X7\ _y = X,y by (). It will be proven
in section E that if the cylinders of the morphisms L — XM are constructible
with respect to T' in the sense of section B below, then the sets C(L, XM )y, are
constructible, and the set ) is finite.

Remark that if Y’ belongs to (Y), then X{, = X. Hence the fibers of the map
sending ¢ to Xit(a) are finite unions of sets C(L, ¥ M)yy. Therefore, the sets ()
are constructible, we have

e, M) =[]
eeER
for some finite set R C C(L,XM), and

C(L,xM) = [] ¢(L,2M) v
Yey

is a refinement of the previous decomposition.

1.2. The variety rep; BQ. Let V be a finite dimensional k-vector space. We
denote by rep/z (V) the set of morphisms of k-algebras from B°P to Endy (V). Since
B is finitely generated, the set rep’z (V) is a closed subvariety of some finite product
of copies of End (V).

Let @ be a finite quiver, and let d = (d;)ieq, be a tuple of non-negative integers.
A d-dimensional matriz representation of @) in mod B is given by

e a right B-module structure on k% for each vertex i of Q and
e a B-linear map k% — k% for each arrow o : i — j of Q.
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Clearly, for fixed d, the d-dimensional matrix representations of @ in mod B form
an affine variety rep; BQ on which the group GL(d) = [[;cq, GLa,(k) acts by

changing the bases in the spaces k%. We write rep; BQ/GL(d) for the set of
orbits.

1.3. Constructible cones. Let 1?4) be the quiver: 1 -2 — 3 — 4. Let T, L and
M be objects of C. Let dpax be the 4-tuple of integers

(dim FM, dim FM + dim FL, dim FL, dim FEM).
Let ®1, s be the map from C(L,XM) to

[T repa(BAD/GL()

dgdmax

sending a morphism ¢ to the orbit of the exact sequence of B-modules
o, M) L o1, y) s o(T, L) —EEs o(T, M),

where M Y 25 L =5 SMisa triangle in C. The cylinders over the morphisms
L — XM are constructible with respect to T if the map @y, s lifts to a constructible
map
N
orLm:C(L,XM) — H repy(BAy)
d<dmax

(see section EI) The category C is said to have constructible cones if this holds
for arbitrary objects L,M and T.

1.4. Main result. Let f be a constructible function from an algebraic variety over
k to any abelian group, and let C' be a constructible subset of this variety. Then
one defines “the integral of f on C' with respect to the Euler characteristic” to be

[ 1= % xens @),
¢ zef(C)
cf. for example the introduction of ] Our aim in this paper is to prove the
following:

Theorem 1. Let T be any cluster tilting object in C. Let L and M be two objects
such that the cylinders over the morphisms L — XM and M — XL are constructible
with respect to T'. Then we have:

X(PC(L,SM))X[ X1, :/ Xi(o) +/ X2y
[e]ePC(L,EM) [e]ePC(M,SL)

where [g] denotes the class in PC(L,XM) of a non zero morphism € in C(L,XM).

The statement of the theorem is inspired from [GLS07], cf. also [XX]|. We will
prove it in section . Our proof is inspired from that of P. Caldero and B. Keller
in [CK0§). Note that in contrast with the situation considered there, in the above
formula, an infinite number of isomorphism classes of objects mt(e) may appear.

2. CONSTRUCTIBILITY

2.1. Definitions. Let X be a topological space. A locally closed subset of X is the
intersection of a closed subset with an open one. A constructible subset is a finite
(disjoint) union of locally closed subsets. The family of constructible subsets is
the smallest one containing all open (equivalently: closed) subsets of X and stable
under taking finite intersections and complements. A function f from X to an
abelian group is constructible if it is a finite Z-linear combination of characteristic
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functions of constructible subsets of X. Equivalently, f is constructible if it takes
a finite number of values and if its fibers are constructible subsets of X.

For an algebraic variety X, the ring of constructible functions from X to Z is
denoted by CF(X). The following proposition will be used, as in [KX], in order to
prove lemmaE of section E

Proposition 2. , Proposition 4.1.31] Associated with any morphism of com-
plex algebraic varieties f : X — Y, there is a well-defined push-forward homo-
morphism CF(f): CF(X) — CF(Y). It is determined by the property

CF(f)(12)(y) =x(f(y) N 2)
for any closed subvariety Z in X and any point y € Y.

Let X and Y be algebraic varieties. A map f: X — Y is said to be constructible
if there exists a decomposition of X into a finite disjoint union of locally closed
subsets X;, i € I, such that the restriction of f to each X is algebraic. Note that the
composition of two constructible maps is constructible, and that the composition of
a constructible function with a constructible map is again a constructible function.

2.2. Kernels and cokernels are constructible. In section 2.1 of [@], it is
shown that the kernel and cokernel of a morphism of modules over a path algebra
CQ are constructible. In this section, we give direct proofs in the more general case
where C(Q is replaced by a finite dimensional algebra B.

Let L and M be two finite dimensional vector spaces over the field k, of respective
dimensions n and m. Let N be a linear subspace of M. Define Ex to be the set of
all morphisms f € Homy (L, M) such that Im f & N = M.

Lemma 3. The set En is a locally closed subset of Homy(L, M).

Proof. Let (u1,...,uy) be a basis of L, and let (v1,...,v,) be a basis of M whose
p first vectors form a basis of N. Let r be such that r+p=m. Let f: L — M
be a k-linear map, and denote by A = (a;;) its matrix in the bases (u1,. .., u,) and
(v1,...,0m). Denote by A; the submatrix of A formed by its first p rows and by
As the one formed by its last r rows. For t < n, let P(t,n) be the set of all subsets
of {1,...,n} of cardinality t.
The map f belongs to Ey if and only if:
a) There exists j in P(r,n) such that the submatrix (a;;)i>p, jc; has a non-zero
determinant and B
b) if the last r entries of a linear combination of columns of A vanish, then
the combination itself vanishes.
Condition b) is equivalent to the inclusion Ker As C Ker A; and so to the inclusion
Im(AY) C Im(AS). Therefore, condition b) can be restated as condition b’):
b’) For all ig < p, and all [ € P(r + 1,n), the determinant of the submatrix of
A obtained by taking lines in {ig,p + 1,...,m} and columns in [ vanishes.
Let ©; be the set of all maps that satisfy condition a) with respect to the index set
j, and let F be the set of all maps that satisfy condition b’). For all j € P(r,n),
the set 2; is an open subset of Homy(L, M) and the set F' is a closed subset of
Homy (L, M). Since we have the equality:

Ex=( |J 9)nF

JjEP(r,n)

the set En is locally closed in Homy (L, M). O

N
Let As be the quiver: 1 — 2.
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Lemma 4. Let B be a finite dimensional algebra, and let L and M be finitely gener-
ated B-modules of dimensions n and m respectively. The map ¢ from Homp (L, M)

to [Ha<m rep(md)(Bz?g))/GL(m,d) which sends a morphism 1 to the orbit of the
representation M —s>= Cokerl lifts to a constructible map from Homp(L, M) to

i< rep(m,d)(BKz)) .

Dually, the map from Homp(L, M) to ][ ,<,, rep(qn)(BA2)/GL(d, n) which sends
a morphism [ to the orbit of the representation Kerl > N lifts to a constructible
map from Homp(L, M) to [[,<, repq n) (B/TQ))

Proof. Let us prove the first assertion. We keep the notations of the proof of
lemma E For a subset i of {1,...,m}, let N; be the linear subspace of M gener-
ated by (v;)ic;- Then Homp (L, M) is the union of its intersections with each Ey,,
for i C {1,...,m}. It is thus enough to consider the restriction of the map ¢ to Ey,

where N>—2> )f is a given linear subspace of M. Since the set Ey is the union
of the locally closed subsets Q; N F, for j € P(r,n), we can fix such a J and only
consider the restriction of ¢ to Q; N F. Let f be a morphism in Homp (L, M) and
assume that f is in ; N F. Then the cokernel of the k-linear map f is N and the
projection py of M onto N along Im f is given by the n x p matrix (1 — CDfl),
where C' is the submatrix (a;j)i<p,je; and D is the submatrix (ai;)i>p,je;. More-
over, if we denote by p™ € replz(M) the structure of B-module of M, then the
structure of B-module p of N induced by f is given by p(b) = ps o pM(b) o iy, for
all b € B. O

2.3. Constructibility of C(L,XM)yy. Let k, C and T' be as in section . Recall
that B denotes the endomorphism algebra End¢ (7). This algebra is the path
algebra of a quiver @ with ideal of relations I. Recall that we denote by 1,...,n
the vertices of Q.

The following lemma is a particular case of [, Proposition 4.1.31], and was
already stated in [@] for hereditary algebras.

Lemma 5. For any two dimension vectors e and d with e < d, the function
te s repy(Qr,I) — Z
M +— x(Gr.M)
is constructible.

Proof. Let Gre(d) be the closed subset of
repd(QT7 I) x H Grei (kdl)
1€Qo

formed by those pairs (p, W) for which the subspaces W; C k%, i € Qq, form a sub-
representation. Apply propositionE to the first projection f : Gr.(d) — repy(Qr, I)
and remark that pe = CF(f)(1gr, (ay)-

O

Corollary 6. Let L and M be objects in C, and let e < dimF L + dimF M be in
Ko(mod B). Assume that the cylinders over the morphisms L — XM are con-
structible. Then the function

de: C(L,ZM) — Z
e +—— x(Gr. Fmt(e))

is constructible.
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Proof. By our hypothesis, the map sending € € C(L, ¥ M) to the image of its middle
term in [Jrep,(Qr,I)/GL(d), where the union is over the dimension vectors d not
greater than dimF'L + dimF M, lifts to a constructible map from C(L,XM) to
[1repy(Qr, I). The claim therefore follows from lemma . O

Let M Y 25 L 55 ¥M be a triangle in C, and denote by g the class of
Ker F'i in the Grothendieck group Ko(mod B).

Lemma 7. We have:

coind Y = coind(L & M) — > (Si, g)a[Pi]-
i=1
Proof. Let K € C lift Ker Fi. Using respectively proposition 2.2, lemma 2.1.(2),
lemma 7 and section 3 of [Pal0g], we have the following equalities:

coindY = coindL + coind M — coind K — coind X K
= coind(L @& M) 4 ind K — coind K

= coind(L®& M) — i<siaFK>a[Pi]

i

Il
=

IvE

Il
=

= coind(L® M) — > (Si,9)alPi].

2

O

Corollary 8. Let L and M be two objects such that the cylinders over the mor-
phisms L — XM are constructible. The map X\ : C(L,XM) — Ky(proj B) which
sends € to the coindex (or to the index) of its middle term Y is constructible.

Proof. Note that g is at most the sum of the dimension vectors of F'L and F M, so
that by lemma ﬁ the map A takes a finite number of values. By our hypothesis and
lemma E7 there exists a constructible map:

C(L,xM)— [ reps(k?)
d<dim FM

which lifts the map sending ¢ to the isomorphism class of the structure of B-
module on Ker Fii. Moreover, the map sending a module p in |J, <4, pas T€P5 (k%)
to > 1 (Si, p)a[Ps] in Ko(proj B) only depends on the dimension vector of p and
thus is constructible. Therefore, the map A is constructible. (I

Proposition 9. Let L,M € C be such that the cylinders over the morphisms
L — XM are constructible. Then the sets C(L,XM)yy are constructible sub-
sets of C(L,XM). Moreover, the set C(L,XM) is a finite disjoint union of such
constructible subsets.

Proof. Fix a triangle M —— Y 25 L -5 £M in C. Then ¢’ € C(L,XM) is in
C(L,XM)yy if and only if

e \(&') = A(e) and
e For all e < dimFY, A.(¢') = Ae(e).

Therefore, the claim follows from corollary ﬁ and corollary .
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2.4. Stable categories have constructible cones. In this section, we assume
moreover that C is the stable category of a Hom-finite, Frobenius, Krull-Schmidt
category &£, which is linear over the algebraically closed field k. Our aim is to prove
that such a category has constructible cones.

Let P denote the ideal in € of morphisms factoring through a projective-injective
object. Let T, L and M be objects of the category C. Fix a k-linear section s of the
projection E(L,XM)—=C(L,XM) induced by the canonical functor & Ny

Fix a conflation M >——= M —= Y M in &, with IM being projective-injective
in &, and, for any ¢ in C(L, X M), consider its pull-back via se:

s

M Y L
|k
M IM XM.

Via II, this diagram induces a triangle M —— Y -2 L —= $M in C.
For any X € £, we have a commutative diagram with exact rows:

0——ex, M) 25 ex,v) EX, e(x 1)

l \L€(X,ss)

00— E(X, M) —= E(X,IM) — (X, SM).

Fix X’ € £ and a morphism X’ — X. Denote by C the endomorphism algebra of
X’ — X in the category of morphisms of £, and by D’ the set of dimension vectors
d = (dl,dQ,d37d4) such that dl = dlmE(X,M), d3 = dlmS(X,L), dz S d1 + dg
and dg = dim (X, XM).

Lemma 10. There exists a constructible map

—
w:C(L,XM) — H rep,; C Ay
deD’

which lifts the map sending € to the orbit of the matrix representation of 1?4) n
X EXm) E(X,50)
mod C given by E(X, M) —=E(X,Y) —=E(X,L) —=&E(X, M) .

Proof. By definition of a pull-back, the map £(X,Y) — E(X,IM)® E(X,L) is a
kernel for the map £(X,IM) @ E(X,L) — E(X,XM). Moreover, the morphism

E(X, M) Xy E(X,Y) is a kernel for £(X, 7). Therefore, lemma [ in section .9

applies and such a constructible map p exists. O

Denote by D the set of dimension vectors d = (dy, ds, d3, d4) such that:
dl = lelC(T, M), d3 = dlmC(T, L), d2 S dl + dg and d4 = lelC(T, EM)

Proposition 11. There exists a constructible map

—
p:C(L,XM) — H rep; BA4
deD

which lifts the map sending € to the orbit of the representation

o, M) L er,y) L o(T, L) —E5 (T, s M) .
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Proof. Let T — IT be an inflation from T to a projective-injective object in £. This
inflation induces a commutative diagram (x) of modules over the endomorphism

algebra B of T — IT in the Frobenius category of inflations of &£:
EIT,M) ——E(IT,Y) ——E(IT,L) —=E(IT, M)

o | L |

(T, M) — E(T,Y) — &(T, L) — E(T, £M).

The map which sends € to the orbit of the diagram (x) lifts to a constructible one.
This is proved by repeating the proof of lemma E for the functor

& — mod B, U+ (£(IT,U) — E(T,U))

instead of U — &(X,U) and using lemma [ for B.

By applying lemmaE to B® kA4, we see that the vertical cokernel of diagram
(*) is constructible as a B ® kAs-module. Now the claim follows because the terms
of the cokernel are B-modules and B is also the stable endomorphism algebra of
T — IT in the Frobenius category of inflations of £. O

2.5. Generalized cluster categories have constructible cones. Let (Q, W)
be a Jacobi-finite quiver with potential W in kQ (cf. section 3.3 of [[Ami]), and let
T be the Ginzburg dg algebra associated with (Q, W) (cf. section 4.2]). The
perfect derived category per I is the thick subcategory of the derived category DI
generated by I'. The finite dimensional derived category Dgql is the full subcategory
of DI" whose objects are the dg modules whose homology is of finite total dimension.
It is easy to check that an object M belongs to DI if and only if Hompr (P, M)
is finite dimensional for each object P of perTI.

Lemma 12 (Appendix of [KY])). a) The category Dyl is contained in perD.
b) An object of DI' belongs to Dyl if and only if it is quasi-isomorphic to a
dg I'-module of finite total dimension.
c) The category Dyl is equivalent to the localization of the homotopy category
Hyal' of right dg I'-modules of finite total dimension with respect to its
subcategory of acyclic dg modules.

Note that we stated the previous lemma under some restrictions which do not
appear in the appendix of [@] Recall that the generalized cluster category asso-
ciated with (Q, W), defined in ], is the localization of the category perI' by
the full subcategory Dgql.

It is proved in [Ami{] that the canonical t-structure on DI restricts to a t-structure
on per I'. We will denote this t-structure by (per<°, per=?).

Denote by F the full subcategory of per I' defined by:

F =persn L(per§72).

Recall from [Am]] that the canonical functor from perI" to Cr induces a k-linear
equivalence from F to Cr and that the functor 7<_; induces an equivalence from
F to XF.

Fix an object T" in Cr. Without loss of generality, assume that T belongs to F.
Note that the canonical cluster tilting object I' € Cr does belong to F.

Lemma 13. Let X be an object of perI'. If X is left orthogonal to per<—3, which
happens for instance when X is in F or in LF, then there is a functorial isomor-
phism

Homperr(7<—1 7, X) — Cr(T, X).
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Proof. Let X € perT be left orthogonal to per=~—3. By [[Am{, Proposition 2.8], we
have Cr(T, X) = h_H)lHOmpch(TgnT, T<nX ). Moreover, for any n, we have

Homperp(TSnT, Tan) = HomperF(TgnT, X)

Let n < —1. The object 7,41,—1)T belongs to Di(I') and X belongs to perT,
so that the 3-Calabi—Yau property (see ) implies that the morphism space
Homper 1 (X7 741,— 1T X) is isomorphic to the dual of Hompe, 1 (X, 2277,41,-11T)-
This latter vanishes since X belongs to +(per=~2). The same argument shows that
the space Homperr (741,17, X) also vanishes. Therefore applying the functor
Hompe,r (7, X) to the triangle

EilT[nJrL,l]T — <y T — 1< 1T — Tpg1,-1 7T,
yields an isomorphism Hompe,r(7<, T, X) =, Hompe,r (<17, X). O

Lemma 14. Let X,Y € per ' and assume that X belongs to ~(per<=3). Then the
functor T>_5 induces a bijection Hompe,r(X,Y) ~ Homp,, (1) (7> —2X, 7> 2Y).

Proof. By assumption, X is left orthogonal to the subcategory per<—2. There-

fore, the space Hompe,r(X,Y) is isomorphic to Homype, (X, 7>—2Y), and thus to
Hompe,r(7>—2X, 7>_2Y). Since X and Y are perfect over I, their images under
T>_o are quasi-isomorphic to dg modules of finite total dimension. O

Proposition 15. Let I' be the Ginzburg dg algebra associated with a Jacobi-finite
quiver. Then the category Dsq(T) has constructible cones.

Proof. We write n for the ideal of I" generated by the arrows of the Ginzburg quiver,
and p for the left adjoint to the canonical functor H(I') — D(T"). Let L, M and T be
dg modules of finite total dimension. Since Homp,, (L, ¥M) is finite dimensional,
there exists a quasi-isomorphism M — M’, where M’ is of finite total dimension
and such that any morphism L — XM may be represented by a fraction:

L M.
\ 4]
M’

We thus obtain a surjection Ext%.(fd(r)(L,M') —»Ext%)fd(m (L,M). Fix a k-
linear section s of this surjection. Choose m such that M'n™ and Ln™ vanish.

Then for the cone Y of any morphism from X~'M’ to L, we have Yn™ = 0. For
X being any one of L, M', Y we thus have isomorphisms

Cr(T, X) =~ Homyr)(pT, X) =~ Homy,, ) (7", X)

where T” denotes the finite dimensional quotient of pT by (pT)n™. The category
H:a(T) is the stable category of a Hom-finite Frobenius category. By section @, the
category Hgq(I") has constructible cones: There exists a constructible map ¢ ar
(associated with T”) as in section E By composing this map with the section s,
we obtain a map ¢y, as as required. ([

Proposition 16. Let I' be the Ginzburg dg algebra associated with a Jacobi-finite
quiver. Then the generalized cluster category Cr has constructible cones.

Proof. Let L and M be in Cp. Up to replacing them by isomorphic objects in Cr,
we may assume that L belongs to ¥F and M to F. The projection then induces an

isomorphism Hompe, (L, ¥M) = Cr (L,XM). Let ¢ be in Hompe, (L, M), and
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let M - Y — L = XM be a triangle in perI". Let us denote the sets of morphisms
Homperr(, ) by (, ). There is a commutative diagram

(TgflT, EilL) — (T§,1T, M) — (T§,1T, Y) — (’7’§,1T’7 L) — (TgflT, EM)

! ! ! ) !

CF(T, ZilL) —_— CF(T, M) —_— CF(T, Y) —_— CF(T, L) —_— CF(T, EM),

where the morphisms in the first two and in the last two columns are isomorphisms
by lemma E, and the middle one by the five lemma. Note that 7<_17T belongs to
3F, so that, by lemma B, we have isomorphisms:

HOIanFF(L7 ZM) ~ Hompfd(p) (TZ,QL, TZ,QEM)

and
CF (T, X) ~ Hompfd(p) (T[_Q)_l]T, TZ,QX)

for X € {E’lL,M,L,ZM} and thus also for X being the middle term of any

triangle in Ext},, (L, M). Let € € Cr(L,EM) and let M — Y — L 5 M be a

triangle in Cr. Let € be the morphism in Homp,, ) (7> 2L, 7> _2¥ M) correspond-
ing to € and let 7>_oM — Z — 7>_oL N T>_93XM be a triangle in Dgy(I"). Then
the sequence obtained from ¥~!L — M — Y — L — XM by applying the functor
Cr(T,?) is isomorphic to the one obtained from 717> oL — 75 oM — Z —
T> oL — 7> XM by applying the functor Homp,, (ry(7—2,—1)7,?). By proposi-
tion B, the cylinders of the morphisms L — XM are constructible with respect to
T. O

3. PROOF OF THEOREM |l

Let T be a cluster tilting object of C. Let L and M be two objects in C,
such that the cylinders of the morphisms L — XM and M — XL are con-
structible with respect to 7. Let ¢ be a morphism in C(L,XM)yy for some

Y € C, and let M Y 2L =5 SM be a triangle in C. The image of ¢
—
under ¢r, ar lifts the orbit of the matrix representation of A4 in mod B given by

FM i FY’ v FL Fe FYM . In all of this section, we will take the lib-

erty of denoting by F'i, F'p and FY’ the image ¢, ar(€). Denote by A the dimension
vector dimF'L + dimF M. For any object Y in C and any non-negative e, f and g
in Ko(mod B), let W),,(e, f, g) be the subset of

PC(L, M) vy x [] T Gr. (k%)
d<Ai=1

formed by the pairs ([¢], E') such that E is a submodule of F'Y” of dimension vector g,
dim(Fp)E = e and dim(Fi)"'E = f, where FY',Fi and Fp are given by ¢, p(¢).
We let

e WY,,(g) denote the union of all W}, (e, f,g) with e < dimFL and f <

dimF' M and
o W}, (e, f) denote the union of all W}, (e, f, g) with g < dimFL+dimF M.

Lemma 17. The sets W},,(e, f,g) are constructible.

Proof. Denote by A the dimension vector dimF'L + dimF M, and fix a dimen-
sion vector g. Consider the map induced by ¢, a which sends a pair (g, E) in



12 YANN PALU

C(L, M) vy x [acallicq, Gry, (k%) to (Fi, Fp, FY',E). By our assumption,
this map (ex1sts and) is constructible. Therefore, the subset of

C(L, M) vy x [T ] Gro. (k%)

d<Ai€Qo

formed by the pairs (e, E) such that E is a submodule of F'Y” is a constructible sub-
set. We denote by V}}},(g) this constructible subset. We thus have a constructible
function V},,(g) — Z?" sending the pair (¢, F) to (dim(Fi)~'E,dim(Fp)E).
This function induces a constructible function & : W},,(g) — Z?", and the set
Wii(e, f,g) is the fiber of § above (e, f). O

The fiber above the class [¢] of the first projection W}, (g) — PC(L, XM )y,
is {[e]} x Gry F'Y’ and thus all fibers have Euler characteristics equal to that of
Gry F'Y. Therefore we have:

(x¢)  x(Win(9)) = x(PC(L,EM) y)x(Gry FY).

Define L(e, f) to be the variety PC(L, X M) x Gre FL x Gry FM. Consider the
following map:

[T Whue.) % Lief)

Yey
(e, B) — ([el,(Fp)E, (Fi) " E).
By our assumption, the map v is constructible.
Let Lq(e, f) be the subvariety of L(e, f) formed by the points in the image of ¥,

and let Lo(e, f) be the complement of Ly (e, f) in L(e, f).
We want to compute

dlmC(L, EM)XLXM _ — coind(L@®M) Z X H ! (Sise+f)a
e, f i=1

_ Z (Li(e, f))z fcomdLQBM)ﬁ (Sisetfa

+ Z Y(La(e — coind(L@M) H (Siset f)a

=1

Denote by s1 (resp. sq2) the first term (resp. second term) in the right hand side of
the last equality above.

As shown in [[CCOd], the fibers of ¢ over Ly(e, f) are affine spaces. For the
convenience of the reader, we sketch a proof. Let ([¢],U, V) be in Ly(e, f). Denote
by Y the middle term of € and by Gry,y the projection of the fiber ¢~ ([e], U, V)
on the second factor Gr F'Y. Let W be a cokernel of the injection of U in F M.

w
FM ——~>Fy 2> FL, FYM
S
U Y 1%

Lemma 18. (Caldero—Chapoton) There is a bijection Homp(V,W) — Gry,v.

Proof. Define a free transitive action of Hompg(V, W) on Gry,y in the following way:
For any E in Gry,y and any ¢ in Hompg(V, W), define E, to be the submodule of
FY of elements of the form i(m) + 2 where m belongs to F'M, x belongs to E and
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gpx = mm. Note that E, belongs to Gry,y (since the kernel of 7 is included in U),
that Ey = F and that (Ey), = Eg4p. This action is free: An element i(m) + x is
in E if and only if m is in U. This is equivalent to the vanishing of #m, which in
turn is equivalent to px belonging to the kernel of g. This action is transitive: Let
E and E’ be in Gry,y. For any v in V, let g(v) be n(2’ — z) where z € E, 2’ € E’
and pzr = pz’ = v. This defines a map g : V — W such that E, = E'. O

By lemma @7 we obtain the following equality between the Euler characteristics:

Z X(WZM(ea )= X(Ll (ev f))7
(Y)
which implies the equality

si= > x(Whle, f))a comdom [T gfSet e,

e,f,(Y) i=1
If the pair ([¢], E) belongs to W)y, (e, f,g), then by [Pal0g lemma 5.1], we have
> (Sive+ flalPi] = coind(L & M) = > (Si, g)a[Pi] — coind(mt(c))
i=1 i=1

and coind(mt(e)) = coind Y since the morphism ¢ is in C(L, X M) yy. Therefore,

1= Z X(WE/M(eafa g))g—COind(L@M) Hajgsi,eJrf)a

evf;g,(Y> pate

= S x(Wle fog))zm oY Tl
evf;g,(Y> =1

- Z X(W{M(g))£7 COindYHIZ{S'L;g>a
9:(Y) i=1

= Z Z X(PC(L,EM)yy)x(Gryg FY )z~ coind Y H I;si,gh by (+4)
(Y) ¢ 1

= Y x(PC(L,=M)y)) Xy
(v)

Recall that since C is 2-Calabi—Yau, there is an isomorphism
¢r.a: C(EL, M) — DC(M,XL).
We denote by ¢ the induced duality pairing:
¢:C(X'L,M)xC(M,SL) — k
(a,b) — ér,m(a)d.

Let C.,f(Y,g) consist of all pairs (([e],U, V), ([n], E)) in La(e, f) x W3, (g) such
that ¢(X"te,n) # 0, (Fi)"'E =V and (Fp)E = U, where Fi, Fp are given by
o, L(n). The set C. (Y, g) is constructible, by our assumption. Let C, s be the
union of all C, (Y, g), where Y runs through the set of representatives Y, and g
through Ky(mod B). We then consider the following two projections

Ce,s and Ces(Y,9)

L2(67f) W]\)//IL(faeag)'
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The aim of the next proposition is to show that the projections p; and po are
surjective, and to describe their fibers.

Let U be in Gr. FL, and V be in Gry FM. Let U “% L and V 2% M lift
these two inclusions to the triangulated category C. As in section 4 of [Pal0g], let
us consider the following two morphisms: « from C(X~'L,U) @ C(S~1L, M) to
C/(T) (7', U) & (S7'V,M)&C/(XT) (87'L, M) and

o (STYU,BV) @ C(M,2V) @ (X*T)(M,XL) — C(U,XL) & C(M,¥L)
defined by:
ala,b) = (aX iy, igaX iy — bX Yy, iga — b)
and

o/ (a,b, ¢) = ((Eiv)a + iy + (Siv)biy, —c — (Eiv)b).

Remark that the maps a and o’ are dual to each other via the pairing ¢. In the
following lemma, orthogonal means orthogonal with respect to this pairing.

Proposition 19. [CK0§, proposition 3] With the same notations as above, the
following assertions are equivalent:
(i) The triple ([g],U, V) belongs to La(e, f).
(ii) The morphism X ~'e is not orthogonal to C(M,XL) NImc’.
(iii) There is an m € C(M,XL) such that ¢(X"te,n) # 0 and such that if

L N2 yr

is a triangle in C, then there exists E € Gr FN with (Fi)™'E =V and
(Fp)E=U.

Proof. Let us start with the equivalence of (i) and (ii). The same proof as that
in , proposition 3] applies in this setup: Denote by p the canonical projection
of C(X7'L,U) @ C(X~1L, M) onto C(X~'L,M). Then, by [Pal0g, lemma 4.2],
assertion (i) is equivalent to ¥~ 'e not belonging to p(Ker ). That is, the morphism
¥ ~!¢ is not in the image of the composition:

q:Kera — C(X7'L,U)©C(X" 'L, M) — C(X7'L, M).

So (i) holds if and only if ¥~!¢ is not in the orthogonal of the orthogonal of the
image of q. The orthogonal of the image of ¢ is the kernel of its dual, which is given
by the composition:

C(M,XL) — C(U,XL) ® C(M,XL) — Cokerc’'.

Therefore assertion (i) is equivalent to the morphism X ~'¢ not being in the orthog-
onal of C(M,¥L) NIma’ which proves that (i) and (ii) are equivalent.

By [Pal0g, lemma 4.2], a morphism in C(M, XL) is in the image of o if and only
if it satisfies the second condition in (iii). Therefore (ii) and (iii) are equivalent. O

A variety X is called an extension of affine spaces in [[CK0§ if there is a vector
space V and a surjective morphism X — V whose fibers are affine spaces of
constant dimension. Note that extensions of affine spaces have Euler characteristics
equal to 1.

Proposition 20. [CK0§, proposition 4]

a) The projection Co ; = Lo(e, f) is surjective and its fibers are extensions
of affine spaces.

b) The projection Ce ¢(Y,g) 22 WY, (f,e,g) is surjective and its fibers are
affine spaces.
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c) If Ce r(Y, g) is not empty, then we have

n n

> (Sive+ flalPi] — coind(L & M) = > (Si, g)a[P;] — coind Y.

=1 i=1

Proof. Let us first prove assertion a). The projection p; is surjective by the equiva-
lence of i) and iii) in proposition [9. Let X be the fiber of p; above some ([¢], U, V)
in La(e, f). Let V be the set of all classes [y] in P(C(M,XL) N Ima’) such that
#(X7te,m) does not vanish. The set V is the projectivization of the complement
in C(M,XL)NIma’ of the hyperplane Ker ¢(X~'e, ). Hence V is a vector space.
Let us consider the projection 7 : X — V. This projection is surjective by [,
lemma 4.2]. Let n represent a class in V, and let F'i, Fp be given by ¢ 1.(n). Then
the fiber of 7 above [n] is given by the submodules E of FY such that (Fi)~'!E =V
and (Fp)E = U. Lemma [I§ thus shows that the fibers of 7 are affine spaces of
constant dimension.

Let us prove assertion b). Let ([n], E) be in W3, (f,e,g). The fiber of ps above
([n], E) consists of the elements of the form (([e], U, V), ([n], E)) where U and V are
fixed submodules given by [n] and E, and [¢] € PC(L, ¥ M) is such that ¢(X~1e,7)
does not vanish. Therefore the projection p, is surjective and its fibers are affine
spaces.

To prove assertion c¢), apply [, lemma 5.1] and remark that if Y’ belongs
to (Y), then Y’ and Y have the same coindex. O

As a consequence, we obtain the following equalities:

X(Ce,f) = X(L2(ea f)) and X(Ce,f(}/v g)) = X(WI\)//[L(fa e?Q))'

We are now able to compute s :

S9 = ZX L2 _Comd(L@M)H,T (Siset+fa
i=1

_ Z X(Ce,f)g_ coind(L®M) H xl{Si,eJrf)a by @ a)
e f i=1

= Y X(Cef(Y,g))z comater H (Size+f)a

e, f,9.(Y) i=1

_ Z X(Ce,f(ya g))g— coind Y’ Hx§5i79>a by C)
e, f,g,(Y) =1

_ Z (WML(faeg —codeHx Si,9)a by.b
e, f,9.(Y)

— Z (WML —coind Y H .I m‘])a
g.(Y)

= > X(PC(M,SL)(yy)x(Gry FY )z~ Y Haz (Sa)e by (k)
g.(Y) =1

= > x(PC(M,ZL)(y)) Xy
(Y)
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