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ON UNCERTAINTY PRINCIPLES IN THE FINITE DIMENSIONAL
SETTING

SAIFALLAH GHOBBER AND PHILIPPE JAMING

ABSTRACT. The aim of this paper is to prove an uncertainty principle for the representation
of a vector in two bases. Our result extends previously known “qualitative” uncertainty
principles into more quantitative estimates. We then show how to transfer such results to
the discrete version of the Short Time Fourier Transform.

1. INTRODUCTION

The aim of this paper is to deal with uncertainty principles in finite dimensional settings.
Usually, an uncertainty principle says that a function and its Fourier transform can not be
both well concentrated. Of course, one needs to give a precise meaning to “well concentrated”
and we refer to [[[§, [4] for numerous versions of the uncertainty principle for the Fourier
transform in various settings. Our aim here is to present results of that flavour for unitary
operators on C? and then to apply those results to the discrete short-time Fourier transform.
Let us now be more precise and describe our main results and the relations with existing
literature.

1.1. Main results. Before presenting our results, we need some further notation. Let d be
an integer and ¢2 be C% equipped with its standard norm denoted |[|al|,» or simply [lal|, and
the associated scalar product (-,-). More generally, for 0 < p < 400, the ¢P-“norm” is defined
1/p
by |lallp = (Z;l;é la; |p> . Foraset E C {0,...,d—1} we will write E* for its complement,
|E| for the number of its elements. Further, for a = (ay, . ..,aq4_1) € £2, we denote lalle(m) =
1

(ZJEE |aj|2> ?. Finally, the support of a is defined as suppa = {j + a; # 0} and we set
lallpo = |suppal.

Our aim here is to deal with finite dimensional analogues of the uncertainty principle. Here,
instead of the Fourier transform, we will consider general unitary operators, (i.e. a change

of coordinates from one orthonormal bases to another one), and concentration is measured
in the following sense:

Definition.
Let ® = {®;};—0,. a-1 and ¥ = {¥,},—0, . a—1 be two orthonormal bases of (3. Let S,% C
{0,...,d —1}. Then (S,¥) is said to be a

— weak annihilating pair (for those bases) if supp ((a, ®;))o<j<d—1 C S and supp (a, ¥;) C
> implies that a = 0;

1991 Mathematics Subject Classification. 42A68;42C20.
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2 SAIFALLAH GHOBBER AND PHILIPPE JAMING

— strong annihilating pair (for those bases) if there exists a constant C'(S,X) such that
for every a € (2

(1.1) lall2 < C(S,2) (Ia, @)l 5e) + 1@, Uil 2se))-

Of course, any strong annihilating pair is also a weak one. This notion is an adaptation of
a similar one for the Fourier transform for which it has been extensively studied. We refer
to [[§, [[4] for more references. The advantage of the second notion over the first one is that
it states that if the coordinates of a in the basis ® outside S and those of a in the basis ¥
outside X are small, then «a itself is small.

It follows from a standard compactness argument (that we reproduce after Formula (R.§)
below) that, in a finite dimensional setting, both notions are equivalent. However, this
argument does not give any information on C'(S,Y). It is our aim here to modify an argument
from [[[J] to obtain quantitative information on this constant in terms of S and Y. More
precisely, we will prove the following Uncertainty Principles:

Theorem A.

Let d be an integer. Let ® = {®;};—0  4-1 and ¥ = {V;};— 41 be two orthonormal bases

of C* and define the coherence of ®, ¥ by M(®,¥) = jmax |(®j, Uk)|. Let S, % be two
S),Rsa—

subsets of {0,...,d — 1}. Assume that |S||X| < . Then for every a € CY,

1
M(D,0)?

1
e < (1+ =7y (10 2o + ot o).

As afirst corollary of this result, we will show that a sequence may not be too compressive in
two different bases (see Corollary P-4 for a precise statement). Further, we show in Proposition
B4 that, if M(®,¥) = d~'/2 (in which case, the bases are said to be unbiased), then any
set X that is not too large is a member of a strong annihilating pair. More precisely, if

d— |%])?
|X| < d — v/240d, there exists a set S such that [S| > == and (5,%) is a strong
annihilating pair.

240d
Let us stress that all results mentioned so far apply to the discrete Fourier transform Fy
which may be seen as the unitary operator that changes the standard basis A = {6;};—=0,.. 41
of E?l into the Fourier basis defined by W = {V;},—¢ 41 with

U, = Fofs] = d V(L R i)y,

Note that these two bases are unbiased.

Finally, we will apply our results to the discrete short-time Fourier transform. Let us
describe these results in a slightly simplified setting. First, for d an integer, we will consider
elements of ¢% as d-periodic functions on {0,...,d — 1}. For f,g € ¢% the short-time (or
windowed) Fourier transform of f with window g is then defined for j,k € {0,...,d — 1} by

QL
—_

V(G k) = id F(Og(T = fye2imwer,
V4

Il
o
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Note that, if we write 7;9(¢) = g({—j), then V f(j, k) = Fqlf T;9)(k), so the windowed Fourier
transform can be seen as the Fourier transform of f seen through a sliding window g. We
refer to e.g. [RQ, [L9, BJ] for various applications of the discrete short-time Fourier transform
in signal processing. Our aim is to show that this transform satisfies an uncertainty principle:

Theorem B.
Let ¥ be a subset of {0,...,d — 1}? with |$| < d and g € (4 with ||g||, = 1. Then for every
fet,

1/2

24/2
< 7220 [ T s

(Uk)¢x

Following [RF], the definition of the windowed Fourier transform will be extended to the
setting of finite Abelian groups. We will prove an analogue of the above theorem in that
general setting.

1.2. Comparison with existing results. .
The two uncertainty principles given in Theorems A and B are quantitative improvements
of known results.

First, uncertainty principles for the discrete Fourier transform F; are known for some
time. To our knowledge, the first occurrence of such a result is due to Matolcsi-Szucs[Rd] and
was rediscovered by Donoho-Stark [1J]. More precisely, if one considers F, as the change of
coordinate operator from the standard basis to the Fourier basis then Theorem A reads as
follows: if |S||X| < d then

(12) ol < (1+ T—rgrsme) (Il + 1Fillas)

In particular, if a is supported in S and Fy[a] is supported in X, then a = 0, which is the
result proved in [P4, [[J].

This result may also be seen as a discrete counterpart of an uncertainty principle for the
continuous Fourier transform on L?(R™) originally proved by F. Nazarov for n = 1 2§ and
the second author for arbitrary dimension [RJ]. This was one of the motivations in writing
this paper.

At this stage, we would also like to mention that T. Tao [BJ] proved that, if the dimension
d is a prime number, and if |S| + |X| < d, than (S,X) is an annihilating pair. Unfortunately,
Tao’s proof does not give any information on the constant C'(.S,%), and our method of proof
does not recover his result neither. For sake of completeness, we would like to mention the
work of Meshulam [27] and Delvaux-Van Barel [§, f]] that pursue Tao’s work.

Further, Donoho-Huo [[L1]] considered other particular pairs of bases. For the general case
of two arbitrary bases, Theorem P.J gives a quantitative version of a result of Elad-Bruckstein
3. Note that Elad-Bruckstein’s result was extended to more than two bases by Gribonval-
Nielsen [[[§]. Note also that [(T], [, [[f] further deal with the problem of recovering a vector
that is sparse (i.e. with small support) in one basis from knowledge of a small number of its
coordinates in an other basis via ¢'-minimization, an issue we do not tackle here.

Next, if the sets .S, ¥ are chosen randomly, then one may improve the result in Theorem A.
This was done for the discrete Fourier transform by Candés-Tao and almost simultaneously




4 SAIFALLAH GHOBBER AND PHILIPPE JAMING

by Rudelson-Vershynin [B(] who obtained a slightly better result that also applies to unbiased
bases. As we will use it for the discrete short-time Fourier transform, we will reproduce the
result in Theorem R.§. Further results of probabilistic nature may be found in the work of

Tropp [BY, B4]-

Finally, the uncertainty principle for the short-time Fourier transform that we prove here is
a quantitative strengthening of the main result of Krahmer, Pfander, Rashkov [2§]. Its proof
is an adaptation of a method that was originally developed in [23, 4] and improved in [0, [[7]
in the continuous setting. More precisely, we first prove that the discrete Fourier transform
of the product of two short-time Fourier transforms is again a product of short-time Fourier
transforms (Lemma B.J). This allows us to prove a transfer principle from strong annihilating
pairs for the discrete Fourier transform into a similar result for its short-time version (Lemma
B-3). From this, we deduce Theorem B (in a more general version, Corollary B.3) as well as
a “probabilistic improvement” (Corollary B.4).

1.3. Link with compressive sensing. Although our results do not apply directly to the
blooming subject of compressed sensing, this subject was one of the motivations of our re-
search. Let us recall that the Uniform Uncertainty Principle was introduced by E. Candes
and T. Tao in their seminal series of papers [[, f, i, [i]-

Definition.

Let T : Eé — Eé be a unitary operator. Let s < d be an integer and Q C {0,...,d — 1}.
Then (T, s) is said to have the Uniform Uncertainty Principle (also called the Restricted
Isometry Property) if there exists 65 € (0,1) such that, for every S C {0,...,d — 1} with
|S| = s and for every a € Eé with suppa C S

Q Q
(1.3 (1= 00201 < e, < 1400 D)3

We will call 05 the Restricted Isometry Constant of (T, €2, s).

The purpose of this property was to show that, one may recover a from the knowledge of
PqTa (where Py is the projection onto the coordinates in ), under the restriction of a to
be sufficiently sparse, that is [suppa| to be sufficiently small. Moreover, if dq, is sufficiently
small, @ may be reconstructed by an ¢!-minimization program (see the paper of Candes [J]
and Foucard-Lai [[[J] for the best results to date).

Let us now mention how the Uniform Uncertainty Principle (UUP) is linked to the notion of
annihilating pairs. If (7, €2, s) has the UUP with constant d, then for every S of cardinality s,
(S,€°) is an annihilating pair for the standard basis A = {J;}o<j<4—1 and the orthonormal
basis TA = {T'6;}o<j<d—1. More precisely, a standard computation (see (B.7) where we
reproduce the simple argument) shows that

d
llall, < <1+ m) (lall2(sey + I Tall2q))-

Conversely, assume that ¥ is such that, for every S such that |S| = s, (S,X) is a strong
annihilating pair for A and TA. Let C(X) = supgj—; C(S, %), then (T, X, s) satisfies the
1

Uniform Uncertainty Principle with 45 =1 — ﬁm
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Outline of the paper. This article is organized as follows: in the next section, we prove
results about strong annihilating pairs for a change of basis. The following section deals
with applications to the short-time Fourier transform. We devote the last section to a short
conclusion.

2. THE UNCERTAINTY PRINCIPLE FOR EXPANSIONS IN TWO BASES.

2.1. Further notations on Hilbert spaces.
Let ® = {®;},;—0.. 41 be a basis of C? that is normalized i.e. ||®;|l2 = 1 for all j. If
d-1
a € C%, then we may write a = Z a;®;. We will denote by |lal[sn ) = [[(a0, - -, aa—1)l4 and

1=0

Suppcp a={i :a; #0}. We also define ||aH€2(<I> ) In the obvious way when E is a subset of

{0,...,d —1}. When no confusion can arise, we simply write [l g-
Next, we will denote by ®* = {@;}j:07___,d_1 the dual basisﬂ of ®. More precisely, ®* is
. . 0 ifj#£k
the basis defined by (®;, ®;) = 6;, where 0, is the Kronecker symbol, 6; = 1 ik
if j =

Every a € C? can then be written as

‘F‘
D

a= <a<1>><1>

<
Il
o

Moreover, there exist two positive numbers a(®) and (), called the lower and upper Riesz
bounds of ® such that

1/2

(2.4) ®)llall2 < ZI (a, ®}) < B(®)llallz-

Note that, if we take a = @, we obtain a(®) < 1 < B(P). Moreover, a(®) = f(P) = 1 if
and only if ® is orthonormal.
If ® and ¥ are two normalized bases of C%, we will define their coherence by

M(‘I), \If) = ogﬁ?éq ’<‘I>j, \Ifk>’

1
Obviously M(®,¥) < 1 and, if & and ¥ are orthonormal bases, then M (®,¥) > —. If

Vd
M(®,¥) = f’ then ® and V¥ are said to be unbiased. A typical example of a pair of unbiased
bases is the standard basis and the Fourier basis of C?, see Section B.1].

l1We would like to point the reader’s attention to the notation adopted here and that is standard in linear
algebra. The vectors ®; may be seen as the row (or column) vector of its coordinates in the standard basis.
Then @7 may be seen as the transposed-conjugate of ®; if the basis ®; is orthonormal. In general, this is not
the case.
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Let us recall that the Hilbert-Schmidt norm of a linear operator is the 63 norm of its matrix
in an orthonormal basis ®:

d—1
Ullgs = | D KU®, @)
i,j=0

As is well known, this definition does not depend on the orthonormal basis and it controls
the norm of U as a linear operator Efl — 63:

U = max Ualls < ||U .
Ul =_oax  [Uall < Ul

2.2. The strong version of Elad and Bruckstein’s Uncertainty Principle.
Let us start by giving a simple proof of a result of Elad and Bruckstein [[[J].

Lemma 2.1.
Let ® and ¥ be two normalized bases of CL. Then for every a € C%\ {0},

1

(min { 230 (@, ), S M (07, \11)})2'

lalleo @) lalleowy =

In particular,
2

llallpo (@) + llallpoe) = :
. P % v *
mln{%M(fb,\P ). S0 (@ ,\I/)}
Proof. As the arithmetic mean dominates the geometric mean, the second statement imme-
diately follows from the first one. The proof mimics the proof given in [BJ] for the Fourier
basis. For a #0 and j =0,...,d — 1,

d—1 d—1
(a, W5)| = gjo<a,<1>7;><<1>k,w;> §<j7knolf\_>7<d_ (O, W >Zola<1>k
d-1 1/2

< M(®,¥*)|suppg al'/? <Z|<a,<1>7;>|2>
< B@)M (D, ) all iy, lalle:

((I)) 1/2

1/2

< N 7
< e M@ llalld @]a% )

B(P) 1/2 1/2 .
< —2Z .
< @y M@l lallid, , max (e v5)

It follows that

(V)

Exchanging the roles of ® and ¥, we obtain the result. g

o 2
mw@mwmz(ﬂlM@wﬂ .
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Remark 2.2. Let ® and U be two unbiased orthonormal bases. The lemma then reads
|suppg al|suppy a| > d. We can thus reformulate the lemma as follows: if S and ¥ are two
subsets of {1,...,d} with |S||X| < d, and if suppya C S and suppy a C X then a = 0.

We will now switch to strong annihilating pairs. First, note that if (S,%) is a weak
annihilating pair, then it is also a strong annihilating pair, i.e. there exists a constant
C = CO(S,%,®,¥) such that, for every a € C%,

(2.5) lallz < € (llallagose) + lallew,ne))-

Indeed, C = D~! where D is the minimum of [|alle2(a sey + llall2(w ) over a € S%=1, the
unit sphere of C%. This minimum is reached in some ay € S and is thus non-zero since
(S,%) is a weak annihilating pair. However, this does not allow to obtain an estimate on the
constant C. This will be overcome in the next theorem, Theorem A from the introduction.

Theorem 2.3.
Let d be an integer. Let ® and ¥ be two orthonormal bases of C* and S,% be two subsets of

{0,...,d —1}. Assume that |S||Z| < Then for every a € C,

1
M(®,0)?

1
||(ZH2 S <1 + 1_ M(@,\P)(’S"E’)l/2> (HaHf2(<1>7SC) + HaHﬁ(\IJ,ZC)) .

Remark
For comparison with the previous lemma, recall that as ®, ¥ are orthonormal they are equal
to their dual bases and that their lower and upper Riesz bounds are 1.

Proof. The proof we present here is in the spirit of [[§] and is also inspired by [[J].

Let U be the change of basis from ¥ to ®, that is the linear operator defined by U¥; = ®,.
We will still denote by U its matrix in the basis ®;, so that U = [U; j]1<i j<a is given by
Uij = (®,V;). As U is unitary, U*®; = ;.

For a set £ C {1,...,d} let Pg be the projection Ppa = ) ._p(a, ®;)®;. A direct

jeEE
computation then shows that [[al|s (g gey = || Pseall2 while
1/2 1/2
lallewm = [D_HKa ¥R =D e, U d)f
jeE jEE
1/2 4 1/2

= Z|<Ua,(1)j>|2 = Z|<PEUQ’(I)J>|2

jEE j=1
= ||PrUalla.

Assume first that a € C? is such that suppg a C S. Then

[1PsUallz = |[PeUPsall2 < [|PeUPs | 22 llall 2 a,s) -
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It follows that

lallpw sy = I1PeeUallz 2 [Ualls — [[PeUallz = lallz = [| PeUPs|l 2, 2 llall 2o,
(2.6) = (1= 1PUPsllese ) lallaqos):
The last equality comes from the assumption suppg « C S which implies ||al|2 = ||al| ©2(®,9)"

Note that, if we are able to prove that ||PsUPsl,2_,,2 < 1, then this inequality im-
plies that (S,X) is an annihilating pair. The following computation allows to estimate
the constant C(S,Y) appearing in the definition of a strong annihilating pair: write D =

~1
(1 - HPzUPSHKg_%g) then for a € C%,

lalle = [|Psa+ Pscalls < |[Psalls + || Pscallz < D[|PeeUPsalls + [| Pscalls
D||PseU(a — Psea)l|2 + || Pseal|2
(2.7) < D”PECU@HQ + DHUPSCGHQ + HPScaHQ
since || Psex|lz < ||z||2 for every x € C%. Now, as U is unitary, we get
lall2 < D||PxeUallz + (1 + D)||Pseallz

which immediately gives an estimate of the desired form with

C(S,%,8,%) =1+ (1~ |BsUPsa_,2)

It remains to give an upper bound on ||[PsU Ps|| 2

-2
P 1/2
IPeUPsll e < IIPsUPsllgs = | YD [(®i, PoUPs®;)[?
i=1 j=1
1/2
= | DD @, Udy)f
ey jes

(2.8) < M(@,9)(|S|[z)H?
which completes the proof of the theorem. O

Remark : A similar result can be obtained for more general bases. Let us outline the proof
of such a result: let ® ¥ be two bases of C? and S,% two subsets of {0,...,d — 1} such
that |S|%]8(®)2M (@, ¥*)2 < a(¥)2. The following computation replaces (R-6) and (B§): if
supp ga C S,

D W@ TP = Y > (0 (@, 1) 2 <> <Z\<a, <I>Z>!2) (Z\(‘Pka‘l’?ﬂz)

jen jex [kes jen \kes kes
< [S[[BIM(®, ¥*)? ) [(a, D}) [
kes
* 2
< |SIIBIM (@, T*)2B8(®)?[|a]*.
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But then
d—1
||a‘|§2(\11,26) = Z [{a, UH)I* - Z [(a, O5)[*
j=0 jes
(2.9) > (a(®)? - |S|[S[M (2, %)*8(2)%) ],

It then remains to mimic the computation in (R.7) to obtain the result: write (2.9) as ||a| <
Dlallg2(y sy if supp ga C S (note that the hypothesis on 5,3 is equivalent to D > 0). Now,

if @ € C?, write a = ag + age where supp gas C S and supp gage C S¢. Then

IN

lasll2 + llase|l2 < Dllas|lezw se) + llase[l2
< Dlallewse) + Dllase|lewse + lasell2 < Dllallew, zey + (1+ DB(P))||asell2

1+ Dp() 1+ Dp(v)
< DHaHz?(\If,Zc) + WH@”M@,SC) < W(Ha”ﬁ(w,zc) + HaHﬁ(@,SC))-

llall

Of course, we may exchange the roles of ® and ¥ in these computations.

In order to illustrate our main theorem, let us show that a vector can not be too compress-
ible in two different bases. First, let us recall the definition.
Definition.
Let C > 0 and o > 1/2. We will say that a € C? is (C,a)-compressible in the basis ®
if, for j = 0,...,d — 1, the j-th biggest coefficient |(a,®)|*(j) of a in the basis ® satisfies

e @ () < VBT

We will restrict our statement to a simple enough case, the proof being easy to adapt to
more general settings:

lall-

Corollary 2.4.
Let ® and U be two unbiased orthonormal bases of C*. Let d > 4, C > 0 and o > 1/2 be

([Vd] - 1)°2
4+/d

such that C' < (where [x] is the largest integer less than x). Then the only

vector a that is (C, a)-compressible in both bases is 0.

Proof. Let a # 0 and assume that a is (C, a)-compressible in both bases. Without loss of

generality, we may assume that |laljs = 1.
Let 0 = 0¢ be a permutation such that (|(a, @U(j)>|>0< 0 is non-increasing. For k =
<j<d—
1,...,d define Sy = {05(0),...,00(k — 1)}, the set of the k biggest coefficients of a in the
basis ®. Then

d—1
Ha”z%(@,sg) = Z ‘(aa (bj>‘2 = Z ’<a7 q)o(j)>’2
J¢Sk Jj=k

d +o00 2
dx C
2 20y 2
(2o —1)C j:§k+lj < (2a-1)C /k o = jza T

IN
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In a similar way, we get [lal|pz(y se) < % where Y, is
) kO3

It follows that ||alle2(e se) <

T
ko~ 32
the set of the k biggest coefficients of a in the basis V.

Let us now apply Theorem P.J with S = S; and ¥

2 2C 1 k
1< — X —. In other words, C' > —<1 — —>k0‘_ .
1-— ﬁ kY 2 4 \/E

Assume now that d > 4 and chose k = [\/E] — 1 so that k < v/d. Tt follows that
1 -1 — 1) 2
C > 1 (1—@> ([\/g]_l)a—é EM

which completes the proof. O

Y. Then as long as k < Vd,

=

Remark :
— This corollary may be seen as a discrete analogue of Hardy’s Uncertainty Principle which
states that an L?(R) function and its Fourier transform can not both decrease too fast (see

(L9, [4)).

— The above proof also works if the bases are not unbiased, in which case the condition on

C has to be replaced by
M(®, ¥ 1 a=1/2
C< (®,7) -1 )
4 M(®,V)

— Let ® be an orthonormal basis of C? and a € C% with [ja|| = 1 and 0 < p < 2. From
Bienaymé-Chebyshev, we get

. . HGHZP(@)
k+1<{j:l(a,®;)] > [{a, ®)["(k)} < @ o) (k)7

laller o) /2 /| P 1
* e 2 —1/p
‘<a7 CI)H (k) < (k + 1)1/p P 1 < p— QHG’HZP(CI>)> (k + 1) :

. | P 1 o
It foll that — - - bl .
ollows that a is < 5 _p[!a!]zp@),p) compressible in

thus

This shows that a vector can not have coefficients in two bases with too small /P-norm,
namely: if ® and U be two unbiased orthonormal bases of C%, d > 4, and if 0 < p < 2 then,
for every a € C4,

1_1
L oA -1

max([allca. lalle(a) L
@) 1lew) 24/ i 1

9 _
p

1
dr L,

2.3. Results on annihilating pairs using probability techniques.
So far, we have only used deterministic techniques, which lead to rather weak results. In
this section, we will recall some results that may be obtained using probability methods.
First, let us describe a model of random subsets of average cardinality k. Let & < d
be an integer and let &g, ...,d4_1 be d independent random variables take the value 1 with
probability k/d and 0 with probability 1 — k/d. We then define the random subset of average
cardinality k, Q C {0,...,d —1} by Q@ = {i : ¢; = 1}. Those sets have of course average
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cardinality k& (which is immediate once one write 1o = Z?;é 9;1;). Moreover, one has the
following standard estimate (see e.g. [l, Theorems A.1.12 and A.1.13] or [R1]):

P [\Q — k| > g} < 2¢7HK/10,

Therefore, some authors call those sets “random sets of cardinality k”. In the next section, we
will use the following result of Rudelson-Vershynin [B(J], (improving a result of Candes-Tao):

Theorem 2.5 (Rudelson-Vershynin [B{)).
There exist two absolute constants C,c such that the following holds: let ® = {®g,..., Py_1}
and U = {Wq,...,Uy_1} be two unbiased orthonormal bases of C* and let T : E?l — Eé be
defined by T; = ®; for j=0,...,d—1.

Let 0 <n <1, t>1 be real numbers and s < d be an integer. Let k > 1 be an integer such
that,

(2.10) k ~ (Ctslogd)log(Ctslog d)log? s.
Then with probability at least 1—7e~A=Dt g random set Q of average cardinality k satisfies
k—Vtk <|Q <k+Vitk

and (T,Q, s) satisfies the Uniform Uncertainty Principle with Restricted Isometry Constant
8s < 1—mn. In particular, for any S C {0,...,d} with |S| < s, for every a € (2,

d
. < —_— c .
(2.11) lall < (1 4/ 77|Q|> (lallz@,s¢) + ”a”z?(\p,ﬂ))

The parameter n is not present in their statement, but it can be obtained by straightforward
modification of their proof.

d _ logd
log®d ~ 2C
(k some universal constant) € has cardinal |Q| = d/2 + O(d*/?log'/? d) and every set S with
cardinal |S| < 10gd5 - and Q° form a strong annihilating pair in the sense of (B-11) which may
now (for d big enough) be reduced to

Taking s =

we obtain k ~ d/2. Thus, with probability > 1 — 7d—r(1-n)

2
(2.12) Jalle < = (lallzo 50y + Nalzco )

Another question that one may ask is the following. Given a set X, does there exist a
“large” set S such that (S,Y) is an annihilating pair? In order to answer this question, let
us recall that Bourgain-Tzafriri [B] proved the following:

Theorem 2.6 (Bourgain-Tzafriri, [J]). f
If T : 02 — 2 is such that | Te;|la = 1 fori = 0,...,n — 1 (where the e;’s stand for the

standard basis of £2), then there exists a set o C {0,...,n — 1} with |o| > ———2—— such
20177, 3

that, for every a = (a;j)j—o,. n—1 with support in o such that |Tal| > &||al|.
In other words, the matriz of T in the standard basis has a well

2The dimension of the ¢2 space in this theorem is denoted by n as we will apply it to a n-dimensional
subspace of £2.
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In other words, this theorem states that a matrix with columns of norm 1 has a well-
conditioned sub-matrix of large size. The original proof of this theorem uses probabilistic
techniques (somewhat similar to those used later in [B{]). Recently, an elementary construc-
tive proof of the set o was given by Spielman-Srivastava [BI]. The values of the numerical
constants where given in [P1]].

We may apply this theorem in the following way: consider two mutually unbiased or-
thonormal bases ® = {¢;} and ¥ = {1),} of £2 and let S,Q C {0,...,d — 1} be two sets with
|S| = |©2] = n and enumerate them: S = {jo,...,jn—1} and Q@ = {wo,...,wnp—1}. Let T be

d
the operator defined by T'¢;, = 1/ =y, for k =0,...,n— 1. Then T satisfies the hypothesis
n

d
of Bourgain-Tzafriri’s Theorem and ||T'||> < —. Thus there exists o C S with |o| > n?/240d
n

such that, for every a € £2 with support in o,

1 /n
ol > 751/ Slallac

From which we immediately deduce the following (where ¥ = Q°):

Proposition 2.7.
Let ® and ¥ be two mutually unbiased bases of E?l and let S,% C {0,...,d — 1} be two sets

(d—[2)

with | S|+ |X| = d. Then there exists o C S such that |o| > 5104

and, for everya € 63,
13

ally, £ ——===||la -y T lla y)-

ol < i (lallage o+ llageso)

Of course, this proposition only makes sense when |¥| < d — v/240d otherwise there is no
guarantee to have o # (). We may thus rewrite (2.13) as

lally, < 44" (llall (g ey + lall e 5))-

(2.13)

3. THE UNCERTAINTY PRINCIPLE FOR THE DISCRETE SHORT-TIME FOURIER TRANSFORM

The short-time Fourier transform (or windowed Fourier transform) is a useful tool in time-
frequency analysis and in signal processing. For f,g € L?(R), we define V,f on R? by the
formula

Vof (2.6) = / F(0)g(E = a)e 2 d.

This may be rewritten as V, f(x,£) = F[f72g](£) where F is the Fourier transform on L?(R)
and 7,9(t) = g(t — x) is the translation operator. Written like this, it is straightforward to
generalize this transform to the more general setting of locally Abelian groups G and its dual

G as
Vof (2.6) = /G fOgE—DED (), (2.6 €Gx G

where dvg is the Haar measure on G.
For the reader that is not acquainted with this general setting, it may be sufficient to
consider G = Z/dZ the cyclic group seen as {0,...,d — 1}, G the (multiplicative group of)
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d-th roots of unity. Note that, if we identify the d-th root of unity e2mk/d with the integer k,
then G is identified to {0,...,d — 1}.
For j € G and ¢ € G, we write (£,7) = &/. Then L?(G) may be seen either as the set
of d-periodic sequences or as (2. If a € L?(G), the discrete Fourier transform Fyla](k) =
d—1
1 . . ,
Z aje*m’”k/d may be seen as a function on G if we identify k with ¢ = e27h/d:

Vi

1 :
Fela) () = ﬁjg{ogdl}aj@,ﬁ-

Note that G may also be seen as the “dual group” of G if we write (4, &) = (§,j) for j € G
and £ € G. The Fourier transform on G is then defined by

Falbl(j) = % Z be(j5,C) = % Z by.e2imki/d

Ce{l,e%”/d,...,e%”(d*1)/d} kE{O,...,d—l}

if we write by, for b 2irk/a (i.e. if we identify the d-th roots of unity with {0,...,d—1}). Thus
the Fourier transform on G is the inverse discrete Fourier transform. Finally, we will use
the Fourier transform on G x é, this is then just the discrete Fourier transform in the first
variable and the inverse discrete Fourier transform in the second one.

Now take f,g two d-periodic sequences. With these notations, the discrete short-time
Fourier transform is defined on G x G = {0,...,d—1} x{0,...,d — 1} as

d—1

Vo f (4, %) = Va4 Z fegiye 2,

The symmetry lemma (Lemma B.1]) then reads
Fiu @ Fy Vol Vikl(G, k) = Vief (=k, 5)Vag(=F ).

The reader that does not want to enter the details concerning finite Abelian groups nor
the proof of the symmetry lemma may now skip the following two sections and replace G, G
by {0,...,d — 1} in the statements of Section B.3.

3.1. Finite Abelian groups.
In this section, we recall some notations on the Fourier transform on finite Abelian groups.
Results stated here may be found in [B3] and (with slightly modified notations) in [2].
Throughout the remaining of this paper, we will denote by G a finite Abelian group for
which the group law will be denoted additively. The identity element of G is denoted by
0. The dual group of characters G of G is the set of homomorphisms ¢ € G which map
G into the multiplicative group S' = {z € C : |z| = 1}. The set G is an Abelian group
under pointwise multiplication and, as is customary, we shall write this commutative group
operation additively. Note that G is isomorphic to G, in particular |G| = |G|. Further,

Pontryagin duality implies that G can be canonically identified with G, a fact which is
emphasized by writing (£, x) = £(x). Note that, as group operations are written additively,

<—§,.%'> = <§7 —$> - m
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The Fourier transform Fgf = f € CC of f € CC% is given by

|G|1/2 Z f R
zeG
The transform is unitary : ||f||2 = || f||2, thus Fg is invertible. The inversion formula is given
by the following
f(@) = Fglf (@) = |G|1/2 > fOEn,  wed
cea

Moreover, as the normalized characters {|G|~1/2¢ }¢ee form an orthonormal basis of C% that
is unbiased with the standard basis we can reformulate Theorem .3 as follows:

Strong Uncertainty Principle on Finite Abelian Groups.
Let G be a finite Abelian group and let S C G and ¥ C G be such that |S||X| < |G|. Then
for every f € C%,

1/2

1/2
2 o
S N ETSIEIE <Z|f ) + | 2P

32>

For any z € G, we define the translation operator T}, as the unitary operator on C¢ given
by T, f(y) = f(y — x), y € G. Similarly, we define the modulation operator M, for £ € G as
the unitary operator defined by M, f = f &, where here and in the following f - g denotes the

pointwise product of f,g € C&. Since M, f T f we refer to M also as a frequency shift

operator. Note also that T, f M_, f
We denote by m(\) = M¢Ty, A = (z,€) € G x G the time-frequency shift operators. Note

that these are unitary operators. The short-time Fourier transformation VgG . 0CG - CGxG
with respect to the window g € C\ {0} is given for z € G, € € G by

VIS0 = Gt 99) = g S ) ) = Fell Taa©)

where f € CY. The inversion formula for the short-time Fourier transform is

_ 1 G _
f(y)—iwﬂngug > V@ gty = 2)(Ey)-
(z,£)EGXG

Further, ||V, fll2 = || f]|2]lgll2, in particular V, f = 0 if and only if either f =0 or g = 0.
Finally, let us note that a simple computation shows that

(3.15) Vﬂ(b wgT(asu) f(z,§) = (u—v - §,a>(v,x>Vng(x —a+b,&—u+w).
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3.2. The symmetry lemma.
Let us first note that the short-time Fourier transform on G is defined by

1 -
V(¢ x) = |G|—1/2<80, MyTevy) = |G|1/2 > em)y(n —&n(x).
nGG
This is linked to V¢ in the following way:
1 1
VEf(z,6) = ,G,—1/2<f7ﬂ(957§)9> (€ (FCf, FEIMeT,g))
1 (& x)
= g T TN ) = g (PO Mo T )
so that
(3.16) VEF(@,€) = € o)V (g, —o).

Lemma 3.1. Let f,g,h,k € CE. Then for every u € G and every n € G,

FaealVE TVER] (n,w) = Vi€ f(—u,m)V,Cg(—u, ).
Proof. First note that

1

FoxalVy TViERI 0 = s 03 Vi (@ O ViTk(a,€) (n,a) (€ u)
GI2IGI7 2 2
- g o 2 V@ VERE ) T )
zeGecy

with () Using the definition of the short-time Fourier transform, this is further equal to

‘GH 22D Tty ) &yl MOME (G —) () & b o)

xEGgeG yEG ¢y
(3.17) ZZZZf 9y —2) kO =) M+ (o) (Gu—z+y)
|G|| :vEGgegyEG CEG

We will now invert the orders of summation. First

1 A - 1 A
m—lﬂgh@ - u—x+y) = W&%h(&o@,u —T+y)
1 —
= 17 2 Moch(©O € u—w ty) = Mochl(u —2 +y)
e

= (¢, x)(=Cu+y)h(u —x +y).
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Then

1 -
> gly—x){((+nx) )Y h(({-Eu—2+y)
IGIWIGIW% 2 M

ced
B %Z gy —z) (g, xYh(u — z +y)
zeG
B % > 9@z +u)(n, 2) (n,y)
zeG

= (¢, u) (n+ ¢ y) ViIEg(—u,n).
It follows that

\GHGyl/zzk O gly—a)({+na) Y h((—)Eu—z+y)

el ceG
|G|1/2Zk‘ (Cou) (0 + ¢ y) Vig(—u,m)
ceG
_ () Vifg(-
T S
ce@

= (n,9) Vi&g(—u,m) k(y + u).
Finally, it remains to take the sum in the y—varlable in (B.17) to obtain

ForoalVEFVEK(n,w) = VE f(—u,mVCg(—u,m).

as announced.
In the case G = RY, this lemma was given independently in B2, 4.

3.3. The Uncertainty Principle for the short-time Fourier transform.

We will conclude this section with the following lemma that allows to transfer results about
strong annihilating pairs in G x G to Uncertainty Principles for the short-time Fourier trans-

form and then give two corollaries.

—

Lemma 3.2. Let ¥ C G x G and ¥ = {(£,—x) : (2,6) €2} C G x G =G xG. Assume
that (X,X) is a strong annihilating pair in G x G, i.e. that there is a constant C(X) such

that, for every F € CE*C,

IFI3<CE) | D] IF@OP+ > |[FageF & )P
(z,6)¢2 (z,8)¢S

then for every f,g € CC, with llgll2 =1,

IFI3 <20(2) Y 1V (6P
(z,8)¢%
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Proof. We will adapt the proof in the case G = R? given in [[I{] to our situation. Let us fix
fgeCq. .
We will only use Lemma B.]] in a simple form: for a € G,n € G define the function F,, on
G x G by
Faﬂ](x7§) = <§ - a>Vng(m - a7§ - 77)Vng($a 5)
Note that Fy,,(x,§) = Vwa(a, n)gVWG(a ) SO that then FeoseFan (& w) = Fop(—m,8).
It follows that

HFa,n”% < C®) Z ’Fa,n(x7§)‘2 + Z ‘Fam(_maf)’Q
(z,6)¢> (2,6)¢S
(318) - 20(2) Z ’Vng(l' - a7§ - 77)‘2‘V9Gf(x7§)‘2
(z.£)E2
Now note that
Z HFGJ]”% = Z Z ’Vng(m_aag_n)P‘Vng(waé.)’
(a,n)eGXG (a,))€GXG (x,£)eGx G

G G
= VFgl2llVy fll = 1 £ 112092

where we inverted the summation over (a,7n) and the summation over (z,¢). Finally, summing

inequality (B.1§) over (a,n) € G x G gives

IF1209l2 < 20D F13lgl3 D Ve f(a, &)
(@.£)¢s

which completes the proof. O
Combining this result with (B.14) we immediately get the following:

Corollary 3.3.
Let ¥ C G x G with |£| < |G|. Let g € C with ||glla = 1. Then for every f € C%,
8
I£13 < m—r7i7m3 Vg f @, €)%
< e 2

The corresponding weak annihilating property for > was obtained by F. Krahmer, G. E.
Pfander and P. Rashkov [RJ].

Finally, using the fact that two random events A and B that each occur with probability
> 1 — a, jointly occur with probability > 1 — 2a, we deduce the following from Theorem P.3,
as reformulated in (R.19):

Corollary 3.4.
There exist two absolute constants C, ¢ such that the following holds: Let0 <n <1, let g € Eé
with [lgl], = 1.
Then with probability at least 1 —14|G|=¢1=7) | q random set Q of average cardinality |G|/2
satisfies
21 = |Gl/2 + O(|G|* log'? |G)
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|G|
log® |G|’

2v/2
= VEf(z,€)?
\/ﬁ mé%éﬂ !

and, for any S C G with |S| < for every f € CY,

1/2

(3.19) 1l <

4. CONCLUSION AND FUTURE DIRECTIONS

In this paper, we have shown how to obtain quantitative uncertainty principles for the
representation of a vector in two different bases. These estimates are stated in terms of
annihilating pairs and both extend and simplify previously known qualitative results. We
then apply our main theorem to the discrete short time Fourier transform, following the path
of corresponding results in the continuous setting.

Let us now describe a question raised by our work. First note that we may rewrite (B.19)

2v/2 1
1flle € —F= =773
Vi |GV

1/2

> Wi, &)g)f

T¢S,E€Q

(4.20)

But, the family {n(z,¢)g, z € G, ¢ € G} forms a so-called finite (tight) Gabor frame (see [
and references therein for more on finite Gabor frames). In other words, we have a system
of |G||G| = |G|? := d? vectors ey, ..., ez in C? such that, for every f € C?

d2
Dol =dlIfI*
j=1

If we write Q for the subset of {1,...,d?} such that {e;,j € Q} is an enumeration of
{m(z,8)g, x ¢S, &€ Q}, then (20) may be rewritten as
nd . o2
< 7 < o lfenl?
jeQ
As a consequence, we obtain that, if (fi,e;) = (fa,¢e;) for every j € Q, then applying this to
f = f1 — f2, we obtain that f; = fo. It would thus be desirable to have an algorithm that

allows to reconstruct f from its frame coefficients {(f,e;),j € Q}. In particular, we ask the
following:

Problem 1. Let {e1,...,ep} be a Gabor frame in C%. Assume that Q C {1,...,d*} and
0 < 6 <1 are such that, for every f € C¢,

sdll F1* <D 1{fr el
jeQ

Is it true that every f in C? is given by

d2
f:argmin Z|<fa€]>| <f,€]>:<f,€]> VJEQ ?

j=1
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Note that no sparsity is assumed on f here which make this problem differ from the one
considered by Pfander-Rauhut [29]. Also, we expect that there is a minimal dp > 0 such that
this property only holds for §y < § < 1.

A slightly different problem that may arise in radar theory is that of recovering f and g
from partial knowledge of V;G f. It is totally unclear to us whether our results may contribute
to this task. In particular, note that this problem is quadratic (bilinear), so that an identity
such as (B.19)-(.20) does not immediately imply that if Vng = Vng on S¢x , then § = cg
and f = ¢f with ce C, |¢| = 1.
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