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G
?A>rFEI

Un
� CEI�� X^B!� FyFEIC�?��^��F¨MN� FEB�C}�)MW@$?A>��aDEIKC�FJFl��B��Ñ]��?A>�V�CEBNMKD�?A>��¤D�?�×NB^��`$��B��	C-M|���

Un
?^D$�¤MKL1BÌI|��V��"V�X^BWDI|�ÀD�?�×NB

5
VNMPXAX^BWL � ¿ÁÊmÅ�È Fl�)MPFÌMPCEB Ò�IK?A>�BWL7?A>�D-B�C�?ZMPX�]1�k_°BWL2��BWD���[,B�FYO�D��1CEIN@�BdFl�)MPFH�#BVNMP>°B��Ê]�BWL°MPXAX®Fl��BYVWIK>1>�BWV�FEBWL°VWI��b��IK>�B�>�FED2I|�

G
?A>kMP>¸?A>�L"O�VWBWL��#M���O�D�?A>��aMPF$�aI	D�F

⌊

n
2

⌋

+ 5
F�?AX^BWD��

•
`$��B�B��÷]®BWL1L"?A>��¸I|��Fl��BÊD�F-MP]1X^BÌDEB�F¨I|��D�?�×NB

n1
T"O�D�?A>�� ⌈

n1

2

⌉

+ 1
F�?AX^BWD��

⌈

n1

2

⌉

+ 1
WOGLIJZ�R

•
`$��B�B��÷]®BWL1L"?A>��¸I|��Fl��B

n2 K2 � DNT"O�D�?A>�� n2 + 1
F�?AX^BWD��

n2 + 1
WXGJIJZ�R

•
`$��B¸B��Ê]�BWL1L"?A>���I|�JFl��B

n3
VWIK>1>�BWV�FEBWLåVWI��b��IK>�B�>�FED\I|�¨D�?�×NB

3
T�O�D�?A>��

n3 + 1F�?AX^BWD��

U



n3 + 1
WOGLIJZ�R

•
`$��BdB��Ê]�BWL1L"?A>��kI|�ÀFl��B

n4
VWIK>1>�BWV�FEBWL�VWI��b�®IK>�B�>rFED�I|�ÀD�?�×NB

4
T�O�D�?A>��

2n4 + 1F�?AX^BWD��

2n4 + 1
WXGJILZ!R

•
`$��BYB��Ê]�BWL1L"?A>��¤I|��Fl��B

n5
VWIK>1>�BWV�FEBWLkVWI��b��IK>�B�>�FED�I|�bDE?�×NB

5
T"O�D�?A>��

2n5
F�?AX^BWD��

2n5

WXGJILZ!R

•
h�IKC

k ≥ 3
T�Fl��B¸B��Ê]�BWL1L"?A>���I|�¨Fl��B

n2k
VWIK>1>�BWV�FEBWL VWI��b��IK>�B�>�FED\I|�¨D�?�×NB

2k
TO�DE?A>��

kn2k
F�?AX^BWD��

k − 1
WXGJILZ!R

k − 1
WXGJILZ!R

•
h�IKC

k ≥ 3
T�Fl��B7B��Ê]�BWL1L"?A>�� I|��Fl��B

n2k+1
VWIK>1>�BWV�FEBWL�VWI��b�®IK>�B�>rFED°I|�÷D�?�×NB

2k + 1
T�O�D�?A>��

kn2k+1
F�?AX^BWD��

k − 1
WXGJIJZ�R

k − 1
WXGJIJZ�R

�5]�DEB�C�@�B�Fl�)MPF}� IKC�BNMKV;�
i
Fl��BÌB��÷]®BWL1L"?A>��¸I|��VWIK>1>�BWV�FEBWLÎVWI��b�®IK>�B�>rFED5I|��D�?�×NB

i
?^D?A>�L"O�VWBWLs��47IKCEBWIN@�B�CNT1MPFyFl��B�B�>�L�I|��Fl��B¨B��Ê]�BWL1L"?A>��<I|��MPXAX)VWIK>1>�BWV�FEBWL¸VWI��b�®IK>�B�>rFEDÀI|�D�?�×NB

i
T�Fl��B�CEB2?^DÀMÓF�?AX^B2?A>��}�1?^V
�¤>�IY@�B�C�FEB/QaI|�

G
?^DyB��÷]®BWL1L1BWLs�vß$I1T�Fl��B�CEB¨MPCEB2>�IÊBWL2��BWDI|�

Un
]�B�Fd�#BWB�>�Fl��B÷B��÷]®BWL1L"?A>���DÌI|�=FX�ÀI½VWIK>1>�BWV�FEBWL�VWI��b�®IK>�B�>rFEDÌI|�=L"?���B�CEB�>rFÌD�?�×NBWD��

�ÓB�>�VWB	T�Fl��BÊB��÷]®BWL1L"?A>��½I|�
G
?A>�FEI

Un
?^D�?A>�L"O�VWBWLs�}¸ F�CEB��¤MP?A>�D5FEI\O�����B�C¨]�IKO1>�L°Fl��B>�O��÷]®B�CÓI|��F�?AX^BWD

l
O�DEBWLk]�½D�O�V
�ÎMP>ÎB��Ê]�BWL1L"?A>��r�

_



l =
n1

2
+ 2 + n2 + 1 + n3 + 1 + 2n4 + 1 + 2n5 +

bn/2c
∑

k=3

2kn2k +

bn/2c
∑

k=3

2kn2k+1

≤ 5 +

n
∑

i=1

i
ni

2

≤ 5 +
⌊n

2

⌋ T1D�?A>�VWB n
∑

i=1

ini = n
MP>�L°Fl��B�>�O��Ê]�B�C¨I|��F�?AX^BWD�?^D¨MP>°?A>rFEB���B�C

.

2

� >)MPF�O1C-MPXhØrO�BWD�F�?^IK> ?^DdFEI�?A>�@�BWD�F�?���MPFEB��}��B�Fl��B�CaFl�1?^DaVWIK>�D�F�C�O�V�F�?^IK>�?^DaI��1F�?��¤MPXk�
ÚSBa>�I�� �1CEI @�B¤Fl�)MPF÷?AF�?^DÊI��1F�?��¤MPX#O�� FEI�M�VWIK>�D�F-MP>�F~�ÊO1XAF�?��1XA?^VNMPF�?A@�Bt��MKV�FEIKCÊI|�¨M|�";
�1CEIWQ"?��¤MPF�?A@�B�X�� 3

2

�
� � ÿ"! ý#�%$ Æ|Å!Ç!Í F2,n ¾X¿ÁÀ8Â�Ã2Ä�ÅlÂ�¾dÃ�Àr¿�Æ|Å!Ç�È�É�Ê/Ï�ÇlÉ���Ð�Ð�É�ÈjÉ&�aÊmÅlÉ|È'� 11 ⌊

n
6

⌋ Æ|Å!Ç'� ¿ Ä;Å!È�
������������[,B�F

n ∈ N
]�B¸Mº�ÊO1XAF�?��1X^B°I|�

6
��[,B�F

Hn
]®B�Fl��B�� M|�\?AX�� VWIK>rF-MP?A>1?A>���Fl��B

� IKXAX^I��2?A>��¤Fl�1CEBWBj�	C-M|����D�ú
•
Fl��B�DEF-MP]1X^B�DEB�F�I|�

n
@�B�C�F�?^VWBWD

•
Fl��B�L"?^D�Ò�IK?A>rF�O1>1?^IK>�I|�

n/2 K2
T�VNMPXAX^BWLk?A>�L"O�VWBWL¼�¤MPFEV
�1?A>��

•
Fl��B�L"?^D�Ò�IK?A>rF�O1>1?^IK>�I|�

n/3 K3
T�VNMPXAX^BWL�L"?^D Ò�IK?A>rF�F�C�?ZMP>��	X^BWD

ÖÓIKFEBdFl�)MPF÷MPXAXyFl��BWDEBdFl�1CEBWBb�	C-M|����D6�)MW@�B
n
@�B�C�F�?^VWBWD<MP>�L�L1B��	CEBWB�MPF)�aI	D�FÌFX�ÀI��¤[�B�F

Un
]�BÎMP>

Hn
;�?A>�L"O�VWBWL$;�O1>1?A@�B�CEDßMPX��	C-M|���/�Ù�5]�DEB�C�@�BÎFl�)MPF¤Fl��BÎ>�O��Ê]�B�C½I|��@�B�C�F�?^VWBWD?A>+M½�¤MvQ"?��¤MPX÷DEF-MP]1X^BSDEB�Fk?A>

n/3
L"?^D�Ò�IK?A>rFkF�C�?ZMP>��	X^BWD�?^D

n/3
D�?A>�VWB BNMKV;� F�C�?ZMP>��	X^BVNMP>1>�IKF��)MW@�Bº�aIKCEB7Fl�)MP> IK>�BÎ@�B�C�FEB/Q�?A>�MSD�F-MP]1X^B7DEB�F�� ß$I1T�Fl��B��	C-M|���

Un
�)MKD°MD�F-MP]1X^BSD-B�F�I|�aD�?�×NB

2n/3
Fl�)MPFk?^D�@�B�C�FEB/Q�L"?^D�Ò�IK?A>rFÎI|�dFl��B B��Ê]�BWL1L"?A>��úI|�\Fl��B

n/3F�C�?ZMP>��	X^BWDa]�BWVNMPO�DEB°IKFl��B�Cl�2?^DEBk?AFb�ÀIKO1X^L >�IKFaVWIK>rF-MP?A> M�D�F-MP]1X^B°DEB�FaI|�ÌD�?�×NB
n
�å`/�ÀIL"?^D Ò�IK?A>�F�BWL2��BWD�I|�ÀFl��Bd?A>�L"O�VWBWL��¤MPFEV
�1?A>���VNMP>1>�IKFÌ]�IKFl���)MW@�B\B�>�L2��IK?A>�FEDÊB��Ê]�BWL1L1BWL?A>Ð@�B�C�F�?^VWBWDÎI|�dFl��B B��Ê]�BWL1L"?A>�� I|�\IK>�B�F�C�?ZMP>��	X^BS]�BWVNMPO�DEBSIKFl��B�Cl�2?^D-BSFl��B�CEB��#IKO1X^L]�B MP> BWL2��B�]®B�FX�ÀBWB�> FX�ÀI B�>�L2��IK?A>�FED I|�¸FX�ÀIÐBWL2��BWDSI|�½Fl��B�?A>�L"O�VWBWL �¤MPFEV;�1?A>��r�

ß$I1TC�#B°VNMP>1>�IKFb�)MW@�B��aIKCEB½Fl�)MP>
n/3

BWL2��BWD\I|�ÓFl��B�?A>�L"O�VWBWL½�¤MPFEV;�1?A>��SFl�)MPFb�)MW@�BB�>�L2��IK?A>�FEDÊB��÷]®BWL1L1BWLS?A> D-M|�aBd@�B�C�F�?^VWBWDÊMKDÌFl��B
n/3

F�C�?ZMP>��	X^BWD��\`$��B��	C-M|���
Un

�)MKDM°D�F-MP]1X^B�DEB�FÊI|��D�?�×NB
2n/3

MP>�L�MP>S?A>�L"O�VWBWLÛ�¤MPFEV
�1?A>���I|�
n/2 − n/3 = n/6

BWL2��BWDFl�)MPF�MPCEBd]®IKFl�7@�B�C�FEB/Q�L"?^D Ò�IK?A>rFÌI|�ÀFl��BdB��Ê]�BWL1L"?A>���D�I|�=Fl��B
n/3

F�C�?ZMP>��	X^BWD�� � �	C-M|���VWIK>�F-MP?A>1?A>��¤MÊD�F-MP]1X^BÓDEB�FÀI|�bDE?�×NB
2n/3

MP>�L½MP>�?A>�L"O�VWBWLt�¤MPFEV;�1?A>��dI|�
n/6

BWL2��BWDo�÷O�D�F
�)MW@�B

2n/3 + n/6 = 5n/6
@�B�C�F�?^VWBWD¸D�?A>�VWBÎMP> BWL2��B�VNMP>1>�IKF��)MW@�Bº�aIKCEBkFl�)MP>úIK>�BB�>�Lå?A>�Fl��B¸DEF-MP]1X^B¸D-B�F��)(�@�B�>�F�O)MPXAX���T

Un
�)MKDaMPFdX^BNMKD�F

11n/6
@�B�C�F�?^VWBWDaMP>�LåD-I7MP>1�

F2,n
;�?A>�L"O�VWBWL$;�O1>1?A@�B�CEDßMPX��	C-M|���a>�BWBWL1D

11 bn/6c
@�B�C�F�?^VWBWD�]�BWVNMPO�DEB

H6bn/6c ⊆ F2,n
�
2
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* �2�&�~�&�nëC�jì�~�&�líiëg��å�çié�î}��ç}ð�ñ~å�ò��i�¢î}��ç}ð�ñ~å�ôö�T�-ñ÷ëgíiëC�ïæèç,+�ì
��æ¹�&æ �&ëCî}��ëCë

ÚSBa>�I��'O�D-BaIKO1C÷VWIK>�D�F�C�O�V�F�?^IK>�I|�¨MP>
F2,n

;�?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPX$�	C-M|��� FEIÎVWIK>�D�F�C�O�V�FMP>
Fk,n

;�?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPX/�	C-M|���t� IKC
k
B�@�B�>¥ÞÚFl��BÓDßM|�aB �aB�Fl��I$Lt�#MKD�MPXACEBNMKL2��O�DEBWL?A>¥�®Ý|¡�à!�

-/. ü0�1�Nü�ý2�%3 Å'� k ≥ 2 Î
Å�É�ÀÛÅ!Æ|Å�À¥¿ÁÀ1�dÅ�ÏÅ!Ç4 � Ð2Å�ÇlÅ&¿ÁÈ~É�À Fk,n ¾d¿�À-Â�Ã�Ä;ÅlÂ�¾XÃ1À�¿ÁÆ|Å�Ç;È�É�ÊÏ�ÇlÉ���Ð Uk,n È�Ã�Ä!Ð5��Ð�É6�

|V (Uk,n)| = (1 + o(1))

(

5n

2

)k/2

É�À-Â |E(Uk,n)| =

(

9k

10
+ o(1)

)(

5n

2

)k−1

.

`bI6�1CEI @�B¨Fl�1?^D=Fl��BWIKCEB��kT1�#Bi��CEDEFyCEBWL"O�VWB¨Fl��Bh�1CEIK]1X^B��'FEIÊFl��B¨VWIK>�D�F�C�O�V�F�?^IK>½I|�bMP>
F2,n

;�?A>�L"O�VWBWL$;�O1>1?A@�B�CEDßMPXk�
-/. ü0�1�Nü�ý87:9 � .�;=<?>A@ �CBEDGFH3 Å'� U Î
ÅºÉ�À F ¾d¿�À-Â�Ã�Ä;ÅlÂ^¾dÃ�Àr¿ÁÆ�Å!Ç;È�É�ÊvÏ^ÇTÉ��-Ð�AI�Ã4�0��J|È�Å
��Ð�É6� H ¿EÈ�É K�É�Ñ�¿ÁÊJÍLJMK~Ï�ÇlÉ���ÐÈbÈ�Ã�Ä!ÐN��Ð�É6�HÅlÉ>Ä!Ð H ∈ H Ä
É�À»Î
Å�ÂÅ
ÄOJ�ÑP��J|È�ÅlÂ�¿�À��QJ k
ÅlÂ�Ï1Å!¾OÂ�¿ÁÈÁÌ�J�¿�À��)È!Ã�ÎkÏ�ÇTÉR��Ð>È¢ÅlÉ>Ä�ÐAJSKUTgÐ1¿ Ä!Ð�Î
Å!ÊVJ�À1Ï|ÈL�QJ F  � Ð2Å!ÀW��Ð�Å!ÇlÅâÅSX^¿EÈ'��È¼É�À H ¾
¿�À-Â�Ã�Ä;ÅlÂ�¾XÃ1Àr¿�Æ|Å!Ç�È�É^Ê�Ï�ÇlÉ���Ð W TgÐ2Å�ÇlÅ

|V (W )| = |V (U)|k É�À8Â |E(W )| = k|V (U)|2k−2|E(U)|.

-/. ü0�1�Nü�ýZYA9M��ü&[�ü\�^]�ü <_@ ��`�DGFH3 Å'� G Î;ÅbÉ k ¾dÇ
Å�Ï�Ã�ÊUÉ^Ç)Ï^ÇTÉ��-Ð&abTC¿c��Ð k Å!Æ�Å!Àd G Ä
É�À
Î
Å�ÂÅ
ÄOJ�ÑP��J|È�ÅlÂ�¿�À��QJ k/2 ÅlÂ�ÏÅ!¾TÂ�¿ÁÈÁÌ�J�¿ÁÀ1��Ï�ÇlÉ���ÐÈeJMK6ÂÅ�Ï^ÇlÅ
ÅcÉ6�aÑfJ|È'� 2 
���������,��� - . ü\���|ü1ýg���2h1CEI��Ñ`$��BWIKCEB���U"T"B�@�B�Cl���	C-M|���

G ∈ Fk,n
VNMP>¸]�BYL1BWVWI��d;

��I	DEBWL�?A>�FEI
k/2

BWL2��B/; L"?^D Ò�IK?A>rF~�	C-M|����D÷I|��L1B��	CEBWB¤MPFj�aI	D�F
2
�¸3ÓD�?A>���[,B��b�¤M R	T/�ÀBVWIK>�D�F�C�O�V�FdMP>

F2,n
;�?A>�L"O�VWBWL$;�O1>1?A@�B�CEDßMPXv�	C-M|���

Un
�2?AFl�

|V (Un)| = 5
2n + O(1)

MP>�L
|E(Un)| = 9

2n+O(1)
�=(y@�B�>�F�O)MPXAX���T"O�D�?A>��Ê`$��BWIKCEB��¹ "T>�#B¨IK]1F-MP?A>½MP>

Fk,n
;�?A>�L"O�VWBWL$;O1>1?A@�B�CED-MPX/�	C-M|���

Uk,n
D�O�V;�kFl�)MPF

|V (Uk,n)| = |V (U)|k/2

=

(

5

2

)k/2

nk/2 + o(nk/2)

|E(Uk,n)| =
k

2
|V (U)|k−2|E(U)|

=
k

2
·
9

2

(

5

2

)k−2

nk−1 + o(nk−1).

2

h �2�&�~�&�nëC�jì�~�&�líiëg��å�çiébîi�8ç}ð�ñ&å,ò��i��î}�8çið&ñ&åþôö�l�-ñ �)�~� æèç,+�ì
��æ¹�&æ �&ëCî}��ëCë

`�IÌIKO1C�]�BWD�Fg�$>�I��2X^BWL2��B	T�Fl��B�CEBJ?^D�>�I���I$IrL<CEBWD�O1XAFyIK>aBWL2��B2L1BWVWI��b��I	D�?AF�?^IK>�� IKCg�	C-M|����D]�B�X^IK>��	?A>��ÊFEI
Fk,n

�2?AFl�
k
I$L1Ls��ÚSB¨VNMP>1>�IKFÀO�DEB¨MP>�aBWL2��B5L1BWVWI��b�®I	DE?AF�?^IK>�FEIÊCEBWL"O�VWB

á



IKO1C)�1CEIK]1X^B�� FEIt��>�L"?A>���?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPXa�	C-M|����DH� IKC�D�?��b�1X^B���M|�\?AXA?^BWD�I|�v�	C-M|����D��
ÖÓB�@�B�C�Fl��B�X^BWDEDNT��ÀBJVNMP>dO�DEB

Uk+1,n
MKD�MP>

Fk,n
;�?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPXr�	C-M|���\D�?A>�VWB

Fk,n ⊂
Fk+1,n

�Î`$��B��	C-M|��� IK]1F-MP?A>�BWLå?^Dj� CEI���M��÷O1XAF�?��1XA?^VNMPF�?A@�Bt� MKV�FEIKCdI|�
O(n1/2)

I|��Fl��B]�BWD�F~�$>�I��2>�X^I��ÀB�C\]�IKO1>�Lþ� IKC<Fl��B�>rO��Ê]�B�CaI|�¨@�B�C�F�?^VWBWD\I|�
Fk,n

;�?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPX
�	C-M|����D��oÚSBÌ>�I���Dl��I��Ü��I��+FEI\CEBWL"O�VWB�Fl��B)��M|�Î]®B�FX�ÀBWB�>ÎX^I��ÀB�CÌMP>�L°O�����B�C¨]�IKO1>�L1D
�2?AFl�ÎMdVWIK>�D�F�C�O�V�F�?^IK>7L1BWL"O�VWBWL¼� CEI��ÑO1>1?A@�B�CED-MPX/�	C-M|����D��
-/. ü0�1�Nü�ýjik3 Å'� k ≥ 3 Î;Å�É�À�J�Â>Â�¿�À��dÅ�Ï1Å!Ç� � Ð�Å!ÇlÅ�¿ÁÈ�É�À Fk,n ¾d¿�À-Â�Ã�Ä;ÅlÂ�¾XÃ1À�¿ÁÆ|Å�Ç;È�É�ÊÏ�ÇlÉ���Ð Uk,n È�Ã�Ä!Ð5��Ð�É6�
|V (Uk,n)| = c1(k)ndk/2e−1/k log2+2/k n É�À-Â |E(Uk,n)| = c2(k)nk−2/k log4+4/k n`$�1?^D¨CEBWD�O1XAF¨?^D5L1BWL"O�VWBWL¼� CEI�� Fl��B

Fk,n
;�O1>1?A@�B�CED-MPXn�	C-M|���ÎIK]1F-MP?A>�BWLÎ]� � X^IK>ÎMP>�L

ËJM|�)MPXA]�I¢�AR�¡ TnO�DE?A>��½M�CEBWD�O1XAFÌI|�$Ëo�rO1>��¥�ARN:N¡�Fl�)MPFH�	?A@�BWDÌM¸VWIK>�D�F�C�O�V�F�?^IK>SI|�#MP>
Fk,n

;?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPX��	C-M|���¼� CEI�� M
Fk,n

;�O1>1?A@�B�CED-MPX,O1>1?A@�B�CED-MPXn�	C-M|���/�
-/. ü0�1�Nü�ý8`:9Sl � � < ÿ <nm � ÿEonÿ �qp � @ �0DGF 	rJ^Ç,Å!Æ|Å!Ç!Í k ≥ 3 as��Ð�Å!ÇlÅÛ¿ÁÈÛÉ�À Fk,n ¾
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|V (H)| =
∑

v∈V (G)

(dG(v) + 1)r É�À-Â |E(H)| =
∑

uv∈E(G)

(dG(u) + 1)rdG(v)r−1.
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Fk,n = Adk/2e
DEO�V
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|V (Uk,n)| =
∑

v∈V (Hk,n)

(dHk,n
(v) + 1)dk/2e

≤ |V (Hk,n)|(2dHk,n
)dk/2e

≤ n(2c(k)n1−2/k log4/k n)dk/2e

≤ c1(k)ndk/2e−1/k log2+2/k n
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c1(k) = (2c(k))dk/2e

|E(Uk,n)| =
∑

uv∈E(Hk,n)
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(u) + 1)dk/2edHk,n
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� > J�Ç!¿�Å!À1�kÉ6� ¿cJ^À −→
G
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G
VWIK>�D�?^D�FED¨?A>7MKDED�?��	>1?A>���FEIaB�@�B�Cl�kBWL2��BÊI|�

G
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?AFEDYFd�#I¼��I	DED�?A]1X^BdIKC�?^B�>�F-MPF�?^IK>�D�� −→
G
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F2k,n�)MW@$?A>��a?A>�VWI��\?A>���MP>�L°IKO1Fl��IK?A>��¸L1B��	CEBWBÊMPF}�aI	D�F
k
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|V (
−−→
Ok,n)| = (1 + o(1)) (3n)k É�À-Â |E(

−−→
Ok,n)| = (2 + o(1)) (3n)2k−1 .
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Ok,n

?^DÌMPX��aI	D�FÓFl��BD-M|�aBÌMKDJFl��BÌVWIK>�D�F�C�O�V�F�?^IK>�� IKC
F2k,n
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kVNMP>�]�B\L1BWVWI��b�®I	DEBWLS?A>�FEI

k
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−−→
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|E(
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G
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F2,n

?A>
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3
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3
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n
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F2,n

]1�ÎIKC�?^B�>rF�?A>��¸Fl��BdBWL2��BWDÌMP>�L�MKL1L"?A>��¸D-I��aB÷@�B�C�F�?^VWBWDÓFEI�Fl��B
>�IK>"; IKC�?^B�>�FEBWL7?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPXg�	C-M|���/�2[,B�F

F
]�BÊM���M|�\?AX��°I|�g�	C-M|����MP>�L −→

F
]®B<M

��M|�\?AX��7I|�2IKC�?^B�>�F-MPF�?^IK>�DdI|�$�	C-M|����D�?A>
F
���5>�Bb�¤M��SMKDl�7?U�J?AFÌ?^DÊMPX��#M��$D~�®I	D-D�?A]1X^BdFEI

VWIK>�D�F�C�O�V�F¨MP> −→
F
;�?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPXn�	C-M|��� −→

U
�ÚCEI�� MP>

F
;�?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPXn�	C-M|���
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U
���Ó?A@�B�>°FX�ÀIb�	C-M|����D

G
MP>�L

H
T�M~��I��aI��aIKCl���1?^Dl� � CEI��

G
FEI

H
?^D�MP>1���¤M|���1?A>��

f : V (G) → V (H)
D-MPF�?^Dl���$?A>��

[x, y] ∈ E(G) ⇒ [f(x), f(y)] ∈ E(H)
�¥¸ >þ��MKV�FNT

Fl��B\VWIK>�D�F�C�O�V�F�?^IK>S?^DH��I	DED�?A]1X^B<?U�#Fl��B�CEB\?^D�M��	C-M|��� −→
H
?A>�FEI��}�1?^V
��BNMKV
�¥�	C-M|���SI|� −→

F�)MKD�M���I��aI��aIKCl���1?^Dl���&¸ >7Fl�1?^DÌVNMKDEB	T�Fl��B&�	C-M|��� −→
H
?^DÓDßMP?^LÎFEI¸]�B\MP> −→

F ¾dÃ�Àr¿ÁÆ�Å!Ç;È�É�Ê
Ï�ÇlÉ���Ð�K'J^Ç~Ð�J�ÑfJ�ÑfJ�ÇQ�-Ð¿EÈ!Ñ ��h�IKCY?A>�D�F-MP>�VWB	T�Fl��B\L"?ACEBWV�FEBWL�V��"V�X^BdI|�ÀX^B�>��	Fl��Fl�1CEBWBd?^D�MO1>1?A@�B�CED-MPXx�	C-M|���¥� IKC)��I��aI��aIKCl���1?^Dl� � IKCÌFl��B&��M|�\?AX���I|�JIKC�?^B�>rF-MPF�?^IK>åI|�#F�CEBWBWD��\`$��B
�	C-M|��� −→

U
VNMP>å]�B¸IK]1F-MP?A>�BWL�]�þ�¤M|�$?A>�� MÎDl�®BWV�?ZMPX$�1CEI$L"O�V�F\I|�5Fl��B¸Fd�#Iâ�	C-M|����D −→

HMP>�L
U
�¨`$��B J�Ç!¿�Å!À1�dÅlÂ��dÅ!À�È�J�Ç��8ÇMJ�Â^Ã2Ä�� G ×

−→
H
I|�ÀMa>�IK>"; IKC�?^B�>rFEBWLâ�	C-M|���

G
MP>�L�MP>

IKC�?^B�>�FEBWL��	C-M|��� −→
H
?^D2L1B!��>�BWLkFEI~�)MN@�BY@�B�C�FEB/Q½D-B�F

V (G ×
−→
H ) = V (G) × V (

−→
H )

MP>�L
MPCEV�DEB�F

E(G ×
−→
H ) =

{

[(x, u), (y, v)] | xy ∈ E(G)
MP>�L

uv ∈ E(
−→
H )

} �

-/. ü0�1�Nü�ýZ�_3 Å'� U É�À-Â −→
H Î
Åf�cT�J�Ï�ÇlÉ���Ð>È4t��K U ¿EÈ F ¾X¿ÁÀ8Â�Ã2Ä�ÅlÂ�¾dÃ�Àr¿�Æ|Å!Ç�È�É�Ê$É�À-Â −→H

¿ÁÈ −→F ¾XÃ1À�¿ÁÆ|Å�Ç;È�É�Ê&K�J�ÇHÐCJ�ÑfJ�ÑfJ�Ç���Ð¿ÁÈ�Ñ���Ð�Å!À U ×
−→
H ¿EÈ −→F ¾X¿ÁÀ-Â^Ã2Ä;Å
Â�¾dÃ�Àr¿�Æ|Å!Ç�È�É�Ê�

������������¸ F÷D�O��¤VWBWD�FEIkD
��I��µFl�)MPF~�ÀB�VNMP>�B��Ê]�BWL�MP>åMPC�]1?AF�C-MPCl���	C-M|��� −→
G ∈

−→
F
MKD

MP>�?A>�L"O�VWBWL�D�O1]��	C-M|��� I|�
U ×

−→
H
�÷[,B�F

v ∈
−→
G
�<`$��B�CEB\?^D�M���I��aI��aIKCl���1?^Dl� I|� −→

GFEI −→
H
DE?A>�VWB −→

H
?^D −→

F
;�O1>1?A@�B�CED-MPX�� IKC ��I��aI��aIKCl���1?^D
���jÚSBdL1B�>�IKFEB<]�

h(v) ∈ V (
−→
H )Fl��B<@�B�C�FEB/QÎ?A>rFEI��}�1?^V;�

v
?^D��¤M|���®BWLs�)¸d�a�ÀB~� IKCl��B�F�MP]®IKO1FYFl��BdIKC�?^B�>�F-MPF�?^IK>,Ts�#BdVNMP>

B��Ê]�BWL −→
G
?A>rFEI

U
D�?A>�VWB

U
?^D

F
;�?A>�L"O�VWBWL$;�O1>1?A@�B�CED-MPXk��[�B�F�L1B�>�IKFEB\]�

u(v) ∈ V (U)Fl��B5@�B�C�FEB/Q�?A>�FEI&�}�1?^V;�
v
?^D#B��Ê]�BWL1L1BWLs�=`$��BÓB��Ê]�BWL1L"?A>��aI|� −→

G
?A>�FEI

U ×
−→
H
VWIK>�D�?^DEFED

?A>�B��÷]®BWL1L"?A>���BNMKV
�å@�B�C�FEB/Q
v
I|�

G
?A>rFEI�Fl��B¤@�B�C�FEB/Q

(u(v), h(v))
I|�

U ×
−→
H
�½`$��B

B��Ê]�BWL1L"?A>��d?^DJVWIKC�CEBWV�FÀ?A>¸Fl��B5D-B�>�DEB¨Fl�)MPF#?U�,Fl��B�CEBÓ?^D#MP>°MPCEV
[x, y]

?A> −→
G
Fl��B�>¸Fl��B�CEB5?^D

MP>¸MPCEV
[(u(x), h(x)), (u(y), h(y))]

?A>
U ×

−→
H
�C¸ >�L1BWBWL�TrFl��B�CEB�?^DJMP>�BWL2��B

[u(x), u(y)]?A>
U
L"O�B�FEIkFl��B�>�IK>"; IKC�?^B�>�FEBWL�B��Ê]�BWL1L"?A>���I|� −→

G
?A>rFEI

U
MP>�L�MP> MPCEV

[h(x), h(y)]?A> −→
H
L"O�BdFEI½Fl��B~�¤M|���1?A>��ÎI|� −→

G
?A>�FEI −→

H
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