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Abstract

We investigate the existence of invariant measures for self-stabilizing
diffusions. These stochastic processes represent roughly the behavior of
some Brownian particle moving in a double-well landscape and attracted
by its own law. This specific self-interaction leads to nonlinear stochastic
differential equations and permits to point out singular phenomenons like
non uniqueness of associated stationary measures. The existence of several
invariant measures is essentially based on the non convex environment and
requires generalized Laplace’s method approximations.
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1 Introduction

The aim of this paper is to present some new and surprising results concern-
ing the existence of invariant probability measures for one-dimensional self-
stabilizing diffusions. The specificity of such diffusion is the attraction of its
paths by the own law of the stochastic process. The dynamical system solved by
self-stabilizing diffusions can be characterized by three essential elements: first
the system is governed by a double-well potential V' which represents roughly the
environment of the process, secondly some interaction potential I’ describes how
strong the attraction between the process and its own law is, and finally the sys-
tem is perturbed by some Brownian motion with small amplitude (y/eBy, t > 0).



Let us denote by u$(dx) the law of the self-stabilizing diffusion (X7, ¢ > 0), then
the SDE satisfied by (X;) is given by:

¢ ¢
Xf= Xo—l—\/EBt—/ V'(X;)ds—/ /F’(X;—x)duZ(x)ds, e> 0. (E<%0)
0 o Jr

Introducing the notation of the convolution product, (E€*°) can be written as
follows:

t
X{=Xo+eB, — / (V' + F s uS) (XE) ds. (1.1)
0

Let us just note that the interaction part of the drift term is related to the diffu-
sion in some simple way: F'xu$(x) = E[F'(x — X;)]. This way of characterizing
the drift term essentially points out the structure of the attraction between the
paths of the diffusion and its law. Self-interaction corresponds obviously to
mean fields stabilization.

Self-stabilizing diffusion paths can usually be approximated by the movement
of some specific Brownian particle belonging to a huge ensemble of identical
ones. In this global system each particle is submitted to the same forces. First
it moves in the potential landscape characterized by the double-well function
V' and accordingly it is attracted by positions which minimize the potential.
The second force which acts on the system is the interaction between all the
particles. More precisely each one is attracted by all the others. This attraction
can for instance be thought of as being generated by electromagnetic effects.
In this case, the solution of the global system doesn’t represent some spatial
position but some electromagnetic charge.

The huge particle system containing N elements is governed by the following
stochastic differential equation

N
. _ ) 1 ) )
dXPN = edwi, =V (XY dt - ~ SN - X)) dt,
j=1
XN =2zp€eR, 1<i<N. (1.2)

Here the W' are independent Brownian motions. In the limit, as N becomes
large, the interaction part of the drift term is approximatively the average with
respect to the law of one characteristic particle of the system (law of large
numbers framework). More precisely the empirical measures % Zjvzl ) x7N con-
verges to some law u; for each fixed time and noise intensity, and each individual
particle’s motion converges in probability to the solution of the diffusion equa-
tion

dX} = edWi — V'(X])dt — / F'(X} — x) dus(z) dt. (1.3)

R

Interacting particle systems such as (1.2) have been studied from various points
of view. A survey about the general setting for interaction (under global Lips-
chitz and boundedness assumptions) may be found in [9].



The aim of this paper is to consider both the existence and the uniqueness
of stationary measures for the self-stabilizing diffusion (E<*°). In [5] Her-
rmann, Imkeller and Peithmann proved the existence of some unique strong
solution to equation (1.1) generalizing previous results obtained by Benachour,
Roynette, Talay and Vallois [1] in the context of constant environment poten-
tial V. (V'(z) = 0 for all z € R). We choose their work as basis for developing
our study. Nevertheless there exist several different papers dealing with the
existence problem for self-stabilizing diffusion, each of them concerning other
families of interaction functions. Let us cite McKean who studied in some
earlier work a class of Markov processes that contains the solution of the lim-
iting equation under restrictive global Lipschitz assumptions for the interac-
tion [6], Stroock and Varadhan who considered some local form of interaction
[8], Oelschlager who studied the particular case where interaction is represented
by the derivative of the Dirac measure at zero [7] and finally Funaki who ad-
dressed existence and uniqueness for the martingale problem associated with
self-stabilizing diffusions [3].

Let us now focus our attention to the stationary measures. In [1] the authors
emphasize that the invariant measure, corresponding to some given average, is
unique in this particular constant potential V' situation. This feature is essential
for further developments. The natural convergence question between the law of
the process and the invariant measure, as time elapses, can then be analyzed,
see [2]. This kind of convergence was also considered by Tamura under different
assumptions on the structure of the interaction, see [11] and [10].

The presence of some potential gradient which describes the environment of
the self-stabilizing diffusion is essential for the question of existence and unique-
ness of invariant measures. In particular, if the landscape is represented by some
symmetric double-well potential then surprising effects appear due to the lack
of convexity: we shall prove that, under suitable conditions, there exist at least
three invariant measures of which one is symmetric (Theorem 4.5) and two are
asymmetric or so-called outlying (Theorem 4.6). In the particular linear inter-
action case (F'(z) = ax with a > 0), these three measures constitute the whole
set of invariant measures (Theorem 3.2) provided that V"' is a convex function.

The material of this paper is organized as follows: first we list several as-
sumptions concerning both the interaction function F' and the environment po-
tential V' which permit in particular to assure the existence of the self-stabilizing
diffusion (E<¥0). In Section 2 preliminary results concerning the structure of
the invariant measure (if it exists !) are developed. These results are essential
for the construction of such measures. The question of existence starts to be
addressed in Section 3 in the particular linear interaction context. After point-
ing out some symmetric and asymmetric invariant measures, we point out some
nice context for which the whole set of stationary measures can be described.
This study is finally extended to the general interaction case in the last section.
We postpone different tools concerning asymptotic analysis based on Laplace’s
method to the Appendix.



1.1 Main assumptions

In order to study invariant measures for self-stabilizing diffusions, we especially
need that (1.1) admits some unique strong solution. For this reason, we assume
that both the potential landscape V and the interaction function F' satisfy
some growth conditions and some regularity properties. Moreover we add some
technical assumptions which permit to simplify the statements.

We assume the following properties for the function V:

(V-1) Regularity: V € C*(R,R). C> denotes
the Banach space of infinitely bounded con-
tinuously differentiable function.

(V-2) Symmetry: V is an even function.

(V-3) V is adouble-well potential. The equation
V'(z) = 0 admits exactly three solutions :
a, —a and 0 with ¢ > 0; V’(a) > 0 and
V"(0) < 0. The bottoms of the wells are
reached for £ = a and z = —a.

Figure 1: Potential V'

(V-4) There exist two constants Cy, Co > 0 such
that Vo € R, V(z) > Cya* — Cy2%

(V-5) liril V"(z) = 400 and Yz > a, V" (x) > 0.

(V-6) The growth of the potential V' is at most polynomial: there exist ¢ € N*
and Cy > 0 such that [V'(z)| < Cy (1 + 2%9).

(V-7) Initialization: V(0) = 0.

Typically, V is a double-well polynomial function. But our results can be applied
to more general functions: regular functions with polynomial growth as ||
becomes large. We introduce the parameter 1 which plays some important role
in the following:
¥ =sup —V" (). (1.4)
zeR

Let us note that the simplest example (most famous in the literature) is V(z) =
%4 — %2 which bottoms are localized in —1 and 1 and with parameter ¢ = 1.

Let us now present the assumptions concerning the attraction function F.

(F-1) F is an even polynomial function. Indeed we consider some classical
situation: the attraction between two points z and y only depends on the
distance F'(z —y) = F(y — x).

(F-2) F is a convex function.

(F-3) F' is a convex function on Ry therefore for any = > 0 and y > 0 such
that = >y we get F'(x) — F'(y) > F"(0)(x — y).



(F-4) The polynomial growth of the attraction function F is related to the
growth condition (V-6): |F'(z) — F'(y)| < Cylz —y|(1+ |z[2972 +|y|?12).

Let us define the parameter o« > 0 which shall play some essential role in fol-
lowing:

F'(z) = ax + Fj(x) with o = F"(0) > 0. (1.5)
In [5], Herrmann, Imkeller and Peithmann present sufficient conditions for the

SDE (1.1) to admit a unique strong solution. In particular, if E[ngz] < +00,
with ¢ defined in (V-6), and if all the main assumptions just defined are satisfied,
the existence and uniqueness of the solutions are proved. In the following we
will always assume that the (8¢?)-th moment of the initial value Xy is finite.
This permits to study further the self-stabilizing diffusions and exhibit invariant
measures.

2 General structure of the invariant measures

This section deals with different preliminary results describing the main struc-
ture of the invariant measures of (EE’XO). First of all, there is some classical
link between the stochastic differential equation and the associated parabolic
partial differential equation which permits to characterize stationary measures.

Lemma 2.1. Let uf(z) denote the density of (X5; t > 0) with respect to the
Lebesgue measure. Then u€ is solution of the following PDE:

%ug(x) - %aa—;u;(x) + a% [u;(x) (V’(x) F(F ) (1, x))] (2.1)

forallt >0, x € R and u§(dx) =P (X € dx).
We recall that [ 284" ug (dx) < oo.

Proof. Let f € C*(R,R) such that

lim f(x)= lim f'(z)=0. (2.2)

z—+o0 r— o0

By Ito’s formula, we obtain
t
Ef(X)] = E[f(X)]+E [ / Fxe)veas,

[/f )+F’*u(Xf))ds+ /f”Xf) }

Taking the time derivative, we get

d

ZEIf(X)] = —E|f <X>(V'<Xt>+F'*ut<X:>)+§f”<X§>}

/ @) (V@) + F xul(e ))ug(a:)da:_ /R % £ (@)l (z)de.



Since f is a C? function, integration by parts leads to
d €] 8 / / € € € 82 €
FELCI= [ 1@ {2 [07/@) + P i) ui@)] + 5 Silo) | de
Using the equality:
& [ 1@ = [ 1) guitaa
i ). x)ug(z)de = A z) 5, ut(x)dz,

we deduce for all C?-functions satisfying (2.2):

Ouy 0 € 82 €
[y ™5z~ [ s {a—x[w’(w) +F () ui(o)] + £ ) } dz
We obtain (2.1) by identification. 0

The density of (Xf, t > 0) with respect to the Lebesgue measure is solu-
tion to the parabolic PDE (2.1) (non-linear Kolmogorov equation): this implies
in particular that any stationary measure (if it exists !) satisfies some elliptic
differential equation. This link between non-linear differential equations and
self-stabilizing diffusions permits to express the invariant measure in some ex-
ponential form.

Lemma 2.2. If there exists an invariant measure u. to (E<X) whose (8¢?)-
moment is finite, then:

u(z) = A(L) exp [-% </Ox F' s u(y)dy + V@))] (2.3)
- A(;) exp [-% (F s uelw) — Frue(0) + V(:c))] ,

where A(ue) denotes the normalization factor: [, uc(x)de = 1.

Proof. By (2.1), any stationary measure u, satisfies

%u;’(x) + (ue(x) (V'(x) + F' % uc(x)) )/ =0, foralzeR.

By integrating the previous equality, we obtain the existence of some constant
C. € R such that

—ul(x) + uc(x)(V'(z) + F' xuc(x)) = C, forall x € R.

Using the method of variation of parameters, the solution u. takes the following
form

wlo) =)o |2 ([ P vutian+ v ).

with . 2, - E (/Ox F' s ue(y)dy + V(:v)>] :

€



Hence

wiw) = Ao -2 ( [P+ v )]

2
+ %OE/OzeXp E (/OyF’*uE(z)dz+V(y)>] dy
X exp [—E ( Or F *ue(y)dy—i—V(x))] :

Let us assume that C. # 0. Applying Lemma A.1 to the function U(x) =
fom F' xuc(y)dy + V(x), whose second derivative is positive for |z| large enough
(using hypotheses (V-5) and (F-2)), permits to exhibit the equivalent of A.(z):
2 exp [2( [y F xuc(y)dy + V(2))]
%(V’(:v) + F' x ue(x))

as r — +oo.

Hence
Ce

Vi) + Frula)
Due to the conditions (V-6) and (F-4), there exists some constant K > 0 such
that

ue(x)

[V'(x) + F' s uc(x)] < K(1+ |z[* 1Y), forall z € R.

We deduce that 2 — 23¢" can’t be integrated with respect to u.: that contradicts
the essential assumption of the statement. We deduce that C. = 0 and obtain
(2.3) after normalization. O

Lemma 2.2 presents the essential structure of any invariant measure. The
global exponential form will play a crucial role in next sections: to prove the
existence of some stationary measure, it is necessary and sufficient to solve
equation (2.3).

3 The linear interaction case

First we shall analyze the existence problem for stationary measures in the
simple linear case. In this case F'(x) = ax with a > 0, the interaction gradient
function is quadratic: F(z) = § x* and the stochastic differential equation takes
an interesting simple form. The non-linearity of the drift term is limited to the

average of the density u§(x):

t t
Xf:X0+\/EBt—/ v’(x;)ds_a/ (X;-/xdu;(x))ds, e>0.
0 0 R

The study of this particular case emphases the existence of several invariant
measures. The interesting problem is then to determine in which situations the
number of such measures is perfectly known.



3.1 Existence of invariant measures

The existence question is really simplified in the linear interaction case, it is
just reduced in fine to the following parametrization problem. Let us denote
the first moment of an invariant measure u. by

my(e) = /qué(:c)d:c, (3.1)
then (2.3) becomes

exp [—% (V(:v) + ax; - aml(e)x)}

Jrexp [—% (V(y) +a¥ —am (e)y)} dy'

uc(z) = (3.2)

We now come to the essential equivalence: wu. is an invariant measure if and
only if (3.1) and (3.2) are satisfied. It suffices then to point out the convenient
parameters mq(e) since there is a one to one correspondence between these
parameters and the invariant measures. In other words, we shall find the solution
of the equation

B foexp [—% (V(x) + a% — amx)} dx
~ Jeexp [-2 (V(2) + % — amaz)] dx

m =W, (m) with ¥.(m) (3.3)

0

. 1s invariant

Obviously, m{(e) = 0 is a candidate. The corresponding measure u
and symmetric:

W0(z) = exp {-% (V(:c) +a%2>} (/Rexp {-% (V(y) +ay;ﬂ dy)l.

In fact u? is the unique symmetric stationary measure.

Of course the natural question concerns the existence of others reals m; (€) solu-
tions of (3.2). In fact the basic dynamical system associated to self-stabilizing
diffusions is symmetric since F' and V are assumed to be even functions. The
consequence is immediate: if the initial law of the diffusion (X7, ¢ > 0) is
symmetric so will be the law of Xy for all ¢ > 0. In [1], the authors consider
self-stabilizing diffusions without the environment potential V. They proved
the existence of some unique symmetric invariant measure and describe the be-
havior of the diffusion: for any initial law satisfying the moment condition of
order 8¢ the law of X; — E[X(] converges to the invariant symmetric law as
time elapses.

Adding some double-well potential V' in the main structure of the stochastic
differential equation changes drastically the situation. In particular we prove
the existence of several invariant measures, one of them being symmetric.

Proposition 3.1. Let a be the unique positive real which minimizes V. (see (V-
3)). For all § €]0,1], there exists eg > 0 such that for all € < €y, the equation



(3.3) admits a solution satisfying the estimates:

BN ¢ )\ 41 CO N ¢ S )\ 41 B
i@ V@) < <™ g vy ¢ O

Moreover —mq (€) satisfies (3.3) too.

Let us note that, for € small enough, the preceding proposition implies the
existence of at least three invariant measures corresponding to the averages: 0,
m1(e) and —myq (e).

Proof. Set 7 > 0. Let’s proceed to the first order asymptotic development of
the expression ¥.(a — 7).

U (a—T1e) =

]

Jp we 27" exp [—% (V(x) + a% - aax)
Jee 20 exp (-2 (V(2) + a% — aaz)]dv

By Lemma A.5 applied to the context: f(x) = —2arz, n =1, U(z) = V(x) +

%x2 —az and p = 0, we get:
1
V. (a—Te) = a——[aV(?’)a—i-élaozT a+ V" (a }e—i—oe
(a—re) v @ (a+V"(@))] e +ole)
_ V" (a) V®(a)
= a_T€+a+V”(a) [T— V7 (a) (@ V(@) €+ o(e).
Set 70 = V@ (a) Then a — 7% is the first order approximation of the

4V (a)(a+V"(a)) "
fixed point. Indeed for § €]0;1[ we can define

VI/ (a)

0
PRI V”(a)T €+ o(e).

dy =, (a—1°(1£6)e) — (a — (1 £ 0)e) = £65
For € small enough, dy > 0 and d_ < 0. Since the function ¥, is C° continuous,
there exists my(e) € [a —79(1+8)e; a—7°(1 — §)e] which satisfies W, (my(€)) =
mi(e). Finally, by the change of variable x := —z in the integral expression
(3.3), we obtain U.(—my(e)) = =T (my(€)) = —my(e). O

3.2 Description of the set of invariant measures

According to Proposition 3.1, we know there are at least three invariants mea-
sures. One of them is symmetric corresponding to the average 0 and two others
will be called outlying measures, one wrapped around a and the other one around
—a. The aim of this section is to study if there are exactly three invariants mea-
sures or more.

For this purpose, we study the asymptotic behavior of the function ¥, defined
by (3.3) in the small noise limit.



Theorem 3.2. If V" is a convex function then, in the small noise limit, there
exist exactly three stationary measures.

Proof. Let m > 0. Let us recall that the interaction function is linear: F’(x) =
az with a > 0. In order to study the invariant measures, we have to consider
the fixed points of the application ¥.(m) defined by (3.3). We introduce the
following potential function:

W (z) =V (z)+ %x2 — amaz.

Since V'(0) = 0, we have W/ (0) < 0. Moreover lim, 4o W/ (2) = +o0.
So we denote by x,, the positive real for which the potential W,, admits its
global minimum. It is uniquely determined since V" is a convex function. In
particular, z,, satisfies V'(z,) + a(ay, — m) = 0 and V" (2,,) + @ > 0. Fur-
thermore V" (x,,) + a > 0. Indeed, since x,, is a global minimum, the equality
V" () + o = 0 implies that V) (z,,) = 0 that is z,, = 0 which contradicts
the assumption concerning the positivity of x,,.

We define

Xe(m) = \Ile(m) —m and XO(m) = Tm — M.

We obtain the expression:

fR(‘T - xm) exp [_% ( ( )+ ez — amx)} dx
f exp [ (V(I) O‘sz - amx)} dx

Xe(m) = Tm —m + (3.5)

It suffices to prove that x. has just one zero in R,

Step 1: For all e > 0 and m > 0, we observe that x.(m) < xo(m) = Ty, —m.

We apply the change of variable x := y + x,,, to the integrals in (3.5) and obtain

Jryexp [—% (V(y + ) + 2+ 0 (2 — m) y)} dy

f exp[ (V(y—kxm)—i-o“Tyz—l—a(:z:m—m)y)} dy
fo Yyexp [_%y2] Qem(y)dy

Jpexp [—% (V(y +xm) + %+ a(zm —m) y)} dy

Xe(m) = xo(m) +

= xo(m)+

with
Qem(y) = exp [—% (V(y + Tm) + & (T —m) y)]
—exp | =2 (V=) = a o - m))]

We introduce the function

An(y) =V(y+zm) = V(Y —2m) + 20 (y —m)y

10



Since V is an even function, A,,(0) = 0 and A/ (0) = 0. According to the
definition of z,,, A’ (0) = 0. V" is a convex function therefore V3) is increasing.
So AP (y) = VO (y+ am) — VO (y — 2) > 0 for all y. We deduce that A7, is
increasing. Hence A], is nonnegative on R so does A, (y) for y > 0. Finally we
get Qe m(y) <0 for all y > 0. We obtain the announced result: x.(m) < xo(m)
for m > 0.

Step 2. xo has a unique zero on R,

Let us compute yo(a) with a defined in (V-3). We know that a is solution of
V'(z) + a(x —a) =0 with V"(z) + a > 0. Hence xo(a) = 0.

Let us focus our attention to the variations of the function yo on the interval
10,a]. Since V' (xy,) + axy, = am, and a+ V" (z,,) > 0 we deduce that m — x,,
is derivable; we obtain

and
d «

V//(xm)
Ty = —————
a+ V" (xy)

>0 which implies xj(m) = —————"~—.  (3.6)

dm T a+ V" (xm)

The denominator is positive due to the definition of z,,. According to (V - 5),
V" (x) > 0 for all > a. Hence x,(m) < 0 for all m > a. Since xo(a) = 0 we
deduce that, for all m > a, xo(m) is strictly negative and therefore the function
Xo has no zero on |a; +o00].

It remains to study xo on the interval |0, a]. Since V" is a convex function, we
deduce that the derivative of g is non positive for x,, > ¢ with ¢ > 0 satisfying
V"(c) = 0. We know that ¢ > 0 is unique since V”(0) < 0 and V" is a convex
function. Moreover ¢ < a. Since the function m — x,, is increasing for m > 0,

we deduce that x( is negative for x €] max(0, m.), a] where m, = ¢+ @ By
construction, if m. > 0 then the equality x.,,, = ¢ holds.
We observe then two different cases:

e If m.<01ie a< M: Xo is decreasing on R’ with xo(a) = 0. The

C
unique zero of xo on R} is a.

e If m. > 0 then xo, which is a continuous function on R, is increasing on
10, m.[ and decreasing on |m.., +oo[ with xo(a) = 0. It suffices to prove
that lim,, o+ xo(m) > 0 in order to conclude that a is the unique zero
of xo on R. Due to the definition of z,, we get: limy, o4 xo(m) =
lim;;, 04 Zm > 0. Indeed m — z,,, is continuous from ]0, +o00[ to |0, +oo|
so the extension to m = 0 is non negative.

In these two cases, there is a unique zero of xo on RY.

Step 3. The family of functions (xc)e (respectively (x.)e) converges uniformly
towards xo (resp. xg) on each compact subset of R’ .

First we prove the convergence of x.(m) for m > 0. Recall that

B Jp T exp {—% (V(w) + QT””Z — amx)} dx
T fpexp[-2(V(@) + 2 —amz)]dr

Xe(m)

11



By Lemma A.5 with U(x) = V(x)+ O‘TIQ, n =1, p = mand G = —ax we obtain
the announced convergence result:
VO (z,,)
e(m) — m)=xXem)—x, +m=———"—5¢e+o0(€).
Ye(m) = xo(m) = x.(m) TP

Moreover this convergence is uniform with respect to the variable m on compact
subsets of R, .

We estimate now the asymptotics of x.(m) as e becomes small. Taking the
derivative of ¥, we obtain

We recognize the variance of the measure uﬁ"” which is the measure associated

to the average m by (3.2). Hence

2«

XL(m) = - Var(u{™) — 1. (3.7)

Applying again Lemma A.5 with U = V(z) + O‘T””z, G=—-axr,u=mandn=2,
we obtain
Jp 2% exp [ 2 W, (z)] da 5 (me(g)(xm) —(a+V"(xm)))

Jrexp [FEWn(@]de " 2(a+ V" (2)) “Holo)

Applying the same lemma with n = 1 permits to compute the first moment:

Jpzexp [—2Wp(2)] da . 2,V (2,,) e+ o(e)
e “2Wn@] e " T (@t VP

By (3.7) and the computations of the two first moments, we get

() = — (@m) 1) =t 1 3.8

Xe(m)—m‘FO()—Xo(m)‘i‘o( )- (3.8)
Furthermore this convergence is uniform with respect to the variable m on com-
pact subsets of R,

Step 4. For any 6 > 0 small enough, there exists €g > 0 such that x. has a
unique zero on [d, 00| for all e < €.

Since there is no zero of y. on the interval |a, +oo[ (Step 1 and 2), we focus
our attention to the interval ]0, a]. On each compact subset of this interval, y.
converges uniformly towards the limit function yo (Step 3). Hence the zeros
of x. are in a small neighborhood of the unique zero of x( namely a (Step 2).
Let us study the derivative of y. in a neighborhood of a. Since x. converges
uniformly towards x{, (Step 3) and x((m) < 0 in a neighborhood of a (Step 2),
we obtain that x.(m) < 0 in a neighborhood of a for e small enough. Finally

12



we proved that, as soon as € is small enough, the function x. can’t admit two
zeros or more on R .

Step 5. There exists § > 0 and ey > 0 such that x. doesn’t vanish on )0, 4] for
all € < €q.

In this last step, we have to distinguish three different cases depending on the
values ¢ and « defined by (1.4) and (1.5).

Step 5.1. We assume «a < 9. In this particular case Wy(z) = V(z) + ax?/2
reaches a unique global minimum on R for z = xy > 0.

Let us fix some small § > 0 (depending on xy: we shall precise it in the follow-
ing). We prove that, for ¢ small enough, x.(m) = ¥.(m) —m > 0 on |0, J]. By
the definition of ¥, see (3.3), it suffices to prove that N.(m) > 0 for m €0, ¢]
where

N.(m) = /Ra:exp [— % Wm(x)} dr — m/Rexp [— %Wm(x)} dx. (3.9)

Obviously N.(0) = 0. Let us prove that N, is non decreasing. Taking the
derivative, we get

N!(m) = 2?Q/R (x2 —mz — %) exp [— %Wm(x)} dx.

This expression is in fact non negative. Indeed, using the symmetry property
of Wy(z) and the upper bound m < §, we obtain

2 o 2 2
N/(m) = = {(:v2 — i) cosh( amx) — ma sinh ( amx) } e Wol@) gy
€ Jo 2a € €
> g/ P§($)62a;nz e~ ™Mo dy  with Ps(z) = 2 — 0z — <
€ Jo «

We split the preceding integral into two parts: the first integral Iy concerns the
support [0, 2] and the second integral Iss the complementary support [24, ool.
We get N/(m) > 2 (Io + Ias).

Since the roots of the polynomial function Ps satisfy

xi:%(éi\/(ﬁ—k%) <25,

the polynomial is positive on the interval [24, co[ and can be lower bounded by
P5(26) = 262 — ¢/a. Lemma A.3 implies the existence of some constant C' > 0
leading to the following estimate as € — 0:

xo+1
Inps > (26% — e/a)/ et Wo@) gy > Co%\/e ¢~ 2 (V(zo)+azj/2) (3.10)
25
provided that xzy > 2§ (it suffices then to chose ¢ small enough).
Let us finally focus our attention to the lower bound of the integral term Iy.
Since the minimum value of Py is —(6%/4 + ¢/a) and since W"”(0) < 0, we have

2

52 2 e 4
Iy > _(_ + 5) / B EWo@) gy > —25(— n i)e*wf‘”. (3.11)
4  a/ )y 4 «
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For ¢ > 0 small enough, V(28) > V(z¢) + ax3/2 (since the minimum of V (z) +
ax? /2 is only reached for # = ). Consequently the negative lower bound of Iy
(3.11) is negligible with respect to the positive lower bound of 55 as € becomes
small. We deduce that there exists €y such that N/(m) > 0 for all m € [0, 7]
and € < eg. Since N(0) = 0 we conclude that N.(m) > 0 on |0, d] and so is x..
Step 5.2. We assume « > . In this case Wy(x) admits a unique minimum
reached for x = 0 and x,, converges continuously to 0 as m — 0. Using similar
arguments as those presented in Step 3, we claim that x. (resp. x.) converges
towards xo (resp. xp) uniformly on [0,a] as ¢ — 0. Due to the regularity of xo

and by the inequality x(,(0) = —#ﬁ%) > 0 we obtain the existence of § > 0
and €p > 0 such that x.(m) > 0 for m € [0,0] and € < €y. x. starts in 0 and is
strictly increasing on [0, §] which implies the announced result.

Step 5.3. We assume that a = . It suffices then to note that x. depends
continuously on the parameter . The following results can be directly deduced
from the preceding case (Step 5.2) by continuity: x.(0) > 0 and x.(m) > 0 for
m € [0,6] and € < €. In fact x. vanishes for 2 = 0 and is increasing on [0, ¢].
The inequality x.(m) > 0 for all m €]0, ] and € < ¢ is an obvious consequence.
Conclusion: Step 4 and 5 lead to the existence of ¢y > 0 such that for all € < ¢,
Xe has exactly three zeros: 0 and two other reals, one in the neighborhood of a,
the other one near —a. To each of these averages corresponds a unique invariant
measure obtained by (3.2). O

Example: In Theorem 3.2, for all & > 0, as soon as € is small enough, there
exist exactly three invariant measures. There is a one to one correspondence
between these measures and their average through (3.2). It suffices to determine
the averages which are in fact solutions to the equation

x&(m) =¥ (m) —m =0.

These solutions are really close to the solutions of x§(m) = 2% — m = 0 in the
small noise limit. We recall that x, is the global minimum of

Wo(x) :=V(x) + 222 _amz on RZ.

2
Let us observe these averages in the particular case: V(z) = % - % and
F(z) = 2% In this case, we compute the parameter ¢ > 0 which vanishes V"
and the corresponding parameter m. = ¢ + @ We obtain:
1 3a— 2
c=—= and m, = (3.12)

3\/§a '

We shall for this example present graphs of the functions x§ (dotted line) and
x? for different values of a. We choose € = 1/4. Even if it seems to be not very
small, this value suffices in this example to observe three invariant measures for
each interaction parameter value considered.

14



First of all we have to determine the value of x%, which is solution of the

system (E®™):

X*4(@-—1)X-am=0 and 3X%*+(a—1)>0.

Its discriminant is equal to

We distinguish different cases:

e a = 0: the solution is evident, we get 2% = 1 and xJ(m) = 1 — m for

m > 0 and by symmetry x3(m) = —1 —m for all m < 0. Moreover
0

X0(0) =0.

a > 1 (Figure 2): for all m € R, we get A, (m) > 0. Hence

Xo (m) = \/?Jr Aq(m) + § ? — /Ay (m) —m.

The function x§ is C*°-continuous and odd. We observe also that x§ (0) =
X5(1) = 0 and x§'(m.) = 0 with m. defined by (3.12). Hence x§ is
increasing on ]0, m.[ and decreasing on |m., col.

o = 1 (Figure 3) then x3(m) = m3 —m. The limit function is odd,
continuous on R and C* on R*. Moreover the path is increasing for
m €]0, m.[, decreasing for m €]m, oo| with m, = %

% < a < 1 (Figure 4): the discriminant can be negative. Therefore let us
define mg(«) such that A,(mo(c)) = 0. Then for all m between 0 and
mo(«), the discriminant is negative and for all m larger than mg(«) it is
positive. We get mo(e) = 2(1 — ) /(3av/3). We obtain the following
function: x§(0) =0 and

a(m) = { ¢§a>(m) vm € [—mo(a); 0[UJ]0; mo(c)]
A ) €] = ocs —mo(a)] Ulmo(); +|

@ (m) = 2 I—a cos 1 arccos | 2 2T - m
1 - 3 3 2 \{T—a)2

N ,[am ,[am
o5 (m) = \/T+ Aq(m) + T—\/Aa(m)—m

Let us note that x§(017) =1 —a#0and x§(07) = —v/1—a #0. The
function is C*°-continuous on ]0;mg(a)[U]mo(c); +oo[ and continuous in
mo(«).

15
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0.1

Moreover the function is increasing on the interval |0, m.[ and decreasing
for m > m.. The maximum is therefore reached for m = m.. We observe
that m. < m§ for a € [2/3,3/4] and m. > m§ for « € [3/4,1]. We remark
also that the increasing part is smaller and the decreasing part is longer
for smaller values of a. .

(03

Furthermore, the part where x, is equal to ¢}’ is longer.

a < % (Figure 5): the function x§ is defined in the same way as in the
preceding case. The important difference is that the function is decreasing
on R, since m, defined by (3.12) is non positive.

alpha=1

alpha=15

-02

5 &

-1 -0.5 0 05 1 T -05 0 05 1
Figure 2: x§ (dotted line) and x& Figure 3: x§ (dotted line) and x¢
fora >1 fora=1

alpha=0.75 08 alpha=0.4
04 "’%.\,% 06 %%%%%
04 %u‘*’%,,n
02
o, 02 %Q\\\b"ou%“
%, u%"“uu
=
., 02 .

02 ", ",

%, 04 oy,

“ %%
—04 %-\,%%%% o6 %%%%%%%%%

05 1 o8 -1 05 o 05 1

4

Figure 4: 2/3 < a <1 Figure 5: a < 2/3

The general interaction case

We assumed for this study that the self-attraction phenomenon is represented
by a polynomial function F”, see (F-1). In previous section, we analyzed the
particular linear situation: F'(x) = ax and proved under suitable conditions

that

there exist exactly three invariant measures in the small noise limit. In this

section we shall focus our attention to the general case: the polynomial function

Fis

of degree n > 2. First we shall present results concerning the symmetric

invariant measure and secondly we discuss the presence of asymmetric measures.
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4.1 Symmetric invariant measures

In the linear case we proved the existence of a unique symmetric invariant
measure. The result is obvious since it suffices to solve the equation (3.3) with
m1(€) = 0. In the general case in order to find the symmetric measure we have
to solve some equation like (3.2) but depending on much more parameters than
just the mean mq(e). The total number of parameters depends in fact on the
degree of F'. Instead of trying to solve such system, we choose some other kind
of proof based on a fixed point theorem which permits to prove the existence
of symmetric invariant measures in even more general cases: the interaction
function does not need to be polynomial. In [1], Benachour, Roynette, Talay
and Vallois introduced this method of proof for a self-stabilizing diffusion in
the constant environment case (V'(z) = 0). This proof can be adapted to our
situation and is based on the following Schauder’s theorem (see for instance [4]
Corollary 11.2 p. 280):

Proposition 4.1. Let B a Banach space, C a closed conver subset and A a
continuous application C — C such that A(C) is compact. Then A admits a
fized point in C.

In order to use this proposition we introduce some definitions and notations:

1. Let us choose p > 4¢q where ¢ is defined in (V-6).

2. D= {v:R—R" | vis symmetric and sup,ep+ (1 + [zP)v(z) < co}.

3. B={f:R— R; sup,cp (14 |z|?)|f(z)| < co}. Let us note that D C B.
B is equipped with the norm | - | where |f|o = sup,cp (1 + |z|P) | f(2)].

4. For all M > 0 we define the function space Cj; as the subset of all non
negative and even function belonging to B which satisfy:

/f(x)d:c:l and sup (1 + |z|?) f(z) < M.
R z€R

5. For any function f € D we define the operator:

(g — P (V@) + fo (F+ f) (y)dy)]
KOO e va s e e Y
- smee 2 (v [ @ enwa)],

where A.(f) is the normalization factor.

6. For any function u € D, we define the moments vy (u) = [ [z|"u(z)dx
with 0 <k <p-—2.

Let us just point out that Cjs is a closed and convex subset of B. Moreover
we have Cp; € D C B. The aim of this section will consist in proving that
the application A€ is C°(Cps, Cpr)-continuous and that Ac(Cjs) is compact.
Therefore Schauder’s theorem implies the existence of a fixed point and as the
matter of fact the existence of an invariant measure in the function space D.
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Lemma 4.2. For all u € Cy;, we have:

|=|”

1. vx(u) < MCy where C; = 14+ max / dx for all0 < k <p-—2.
0<r<p—2

g1+ |zl
2. there exists a constant Cy > 0 independent of M such that

%x2 < / (F' s u)(y)dy < CoMax*(1 4 2%7)  for all x. (4.2)
0

Proof. 1. Let u € Cj; then the function =z — 1f||:|p is integrable on R since
k < p —2. Moreover the definition of Cp; implies that (1 + |z|?) u(x) < M for

all x € R. Therefore

] /
u) = 1+ |z|P)u <M < MCy.
e () /RHmp( 2f?) m,, < My

2. Let © > 0. Since u € Cp, u is an even function. By (1.5) we have
F'(z) = ax + Fj(z) and (F-3) implies that F’ and F{ are non negative odd
functions so is Fj*u. Using the inequality developed in the statement of Lemma
4.3 in [1] and the assumption (F-3), we have

1
Fy@) < 5 (Fola—y) + Fyfa+y)) foryeR x>0,

Therefore, for = > 0:

/0 (Fp ) )y = / ) / T By — 2) + Fy(y + 2)) u(z)dzdy

/ / 2F (y)u(z)dzdy > 0

From the preceding inequality we deduce

Y

/ (F'*u)(y)dy:/ (Fy*u) (y )dy—l-?r >(; z?  for all z > 0.
0 0

Since [ (F”" *u)(y)dy is an even function, we get the inequality for all = € R.
3. Due to the symmetry of F’ % u we restrict our study to x > 0.

/oz (Fx / / —2)+ Fly+ Z))u(z)dzdy_

According to the assumptions (F-1) and (F-4), F' is an even polynomial function
of degree smaller than 2¢ with ¢ > 1. We can therefore write I as follows

qg—1
"(z) = g apxF L,
k=0
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Therefore defining F(y, z) = F'(y — z) + F'(y + z) we get

-1 k

24125 2k—2j
F(y,z) Qg E Copry™2"
0 7=0

»Q

E
Il

< y0<mgx v [227 max Zy23z2k <Oy (1+y2) (1+2%).

Finally since p > 4¢, there exists some constant C’ > 0 such that:
/ Fly,z)u(z)dz < Cy(1+y*) / (14 2°7) u(z)dz
0 0

Cy () [T (0 (e )as

C'yM (1+y*7).

A

IN

A

By integration we obtain / (F'xu)(y)dy < CoMa?(14+2?) forallz € Ry. O
0

Lemma 4.3. There exists My > 0 such that for any M > My, A°(Cps) C Cyy.

Proof. By construction A°u is a non negative even function which satisfies
Jg A“u(x)dx = 1. Tt suffices then to prove that:

sup (1 + |z|”) A®u(z) < M.
T€R

By (4.1) and according to Lemma 4.2 we obtain some lower bound for the

normalization factor:
—+oo 2 x ,
exp | == V(z)+ [ (F'xu)(y)dy || dz
—00 0

> /+OO exp {—% (V(z) + CoMz? (1 + :102‘1))] dx.

— 00

Ae (1)

According to both (V-3) and (V-7), we know that V(z) < 0 for all z € [—a;al.
Hence

+a
Ac(u) > / exp |:—202M$2(1 + a2q)] dx.
€

—a

Let us define £(M) = €'/2(20,M (1 + a7))~1/2 then limy; oo £(M) = 0. By
the change of variable z := {(M)y and Lemma A.1, the following development
holds

+a 2 a/§(M) 2
/ exp |:——02MCC2(1 + azq)} dr = 2§(M)/ e U dx
€ 0

e {? - ew [%(X;)?] I (5(24) e {_«?VQI)ZD} |
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As soon as M is large enough, we have A (u) > /7E(M)1 = mﬁ
Therefore

/\;(u) < C(e)V M where C(e) is a positive constant determined by
parameters of the global system and e. By (4.1) and the preceding upper bound,
we prove that

(1+ |z|")A%U(x) < C(VM (1 + |z|P)e V) < C'(e)VM,

where C’(€) is a positive constant similar to C'(e). In order to conclude, it is
sufficient to choose M > C’(€)?: we get immediately A°u € Cyy. O

Lemma 4.4. A€ is a continuous operator on Cys with respect to the uniform
norm.

Proof. We shall find some upper bound for the following expression |Afu — Av|.
Step 1. Let u,v € Cp;. We define:

A = eV foxp |2 [ e |2 [ s man |

€

— - 2V(®)-2a? {exp [—%/Om(Fé*u)(y)dy} — exp [—%/OI(Fé*v)(y)dy}}.

It is well known that [e=® — e7®| < |a — b| for a,b > 0. In order to apply
this inequality we have to prove that [ (F} * v)(y)dy and [ (F§ * u)(y)dy are
non negative. By Lemma 4.2, for each function f € Cj; the convolution term
Jo (F" = f) (y)dy is lower bounded by $z%. So [ (F§ * f) (y)dy is non negative
due to the relation: F'(y) = F{(y) + ay. Hence

A @) < e BV 4G ), (4.3)
with A§ defined by
/0 (FY o« u) (y)dy — / <F5*v><y>dy}= / / Fi(y — 2)(u(z) — v(2))dzdy

Since u and v are elements of Cj;, they are even functions and the integral with
respect to the variable z becomes

/O”” /0°° (Fo(z +y) — Fo(z =) (u(2) — v(2)) dzdy‘

A =

< /O /OOO |Ey (2 +y) — Fy(z — y)| [u(z) — v(2)| dzdy. (4.4)

The assumption (F-4) gives informations about the increments of the interaction
function: there exist two positive constants C; and C' such that

|Fo (2 +y) — Fy (2 — y)| 2y|Cy (14 [z +y[?72 + |z — y[*7?)

20y|Cy (142207122072 4 2207y |2072)

Clyl (1+ [y[? " +[z[*71)

Clyl (T+ [y[? ") (1+[z[?71) . (4.5)

INIA CIA TN
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We shall now find some upper bound for |u(z) — v(z)| in (4.4). Since u,v € Cyy
then u(z)(1 + |2|P) < M and v(z)(1 + |2|P) < M, Vz € R. The obvious upper

bound |u(z) —v(2)|(14]2|P) < 2M permits to obtain \/|u(z) — v(z)] < 1i?glp.

Consequently, for all z of R, |u(z) — v(2)] < v/||u — v||ooy /% where || - ||oo

denotes the uniform norm. Using this inequality, (4.5) and (4.4) in order to
estimate Af, we get

xT B o0 2M B
Mo < V=l [l (P dy [ s s e

Since p > 4q the integral with respect to the variable z is finite and can be
considered like a constant term. By (4.3) and using the positivity of az?, we
obtain directly the existence of some positive constant C' > 0 such that

A5 (@)] < O/ M /e ol (1 + a2 = 2V,
€

According to (V-2), the expression 2 (1 + [2[29~1) =2V (®) can be bounded by
some constant independent of €. Therefore

1Moo < C(M, )/ ][t = 0] |oo-

Two results can be deduced: firstly [|A€||o is finite and secondly ||A€|| becomes
small as ||u — v||~ decreases towards 0.
Step 2. For any z € R, we introduce:

Q(z) = m exp {-% </O(F «0)(y)dy + V(x))} . (4.6)

Then the difference A“u(z) — A%(x) can be decomposed as follows:
1

Afu(z) — A%v(z) = ) Af(z) + (Ae(v) = Ae(1)) Qe (). (4.7)
Taking the uniform norm, we get
1
€ _ € < - € _ . .
|A“u — Ao < ,\6(u)”A [loo + [Ac(v) = Ac(u) | [|€2e][ (4.8)

We have shown in the proof of Lemma 4.3 that %(u) < C(e)V M and moreover

[|A€]oo < C(M,€)\/||u — v||oo. We deduce that
1 €
WHA lloo < C'(M, ) V/||u = vl oo

It is then sufficient to find a similar inequality for the term [Ac(v) — Ac(w)] ||| o
in order to conclude the proof.

/Ae(x)dx
R

M oo 2
< O\/?\/Hu—vﬂoo/ z? (1+|x|2q_1)6_zv(:”)da:.

p‘e(”) - Ae(“’)' =
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According to (V-4), the integral with respect to the variable x is finite and does
not depend on M. We have immediately

[Ae(v) = Ac(u)] < C(M, €)/Ju = v][co-

It remains to estimate Q.(x). By (V-4) and (4.2), we have

/Om (F' %) (y)dy + V(z) > Cyz* + (% B 02)x2

for all = positive. Furthermore the symmetry property of V' and F' permits to
extend the bound to all # € R. The function exp [—2 ([ (F * v)(y)dy + V (z))]
is then bounded by a constant depending on €. Moreover we have already proved
that %(f) < C(e)V/M for all elements f of the function space Cy;. This bound
can therefore be applied to v and v. Finally we obtain the existence of some
constant C'(e) > 0 such that, for all real value z, |Q(x)| < C(e)M.

By (4.7), we have

4% — A0l[oe < C'(M, )/[fu = ollow + C(M, )/l — o]l C(e)M.

In other words,
[A%u — Al|oe < C"(M, )/ |Ju — ]|

what finishes the proof. Here C, C’ and C" are positive constants. O

We have now all the keys for proving the existence of some symmetric invari-
ant measure. Indeed we have just presented some continuous mapping which
stabilizes a convex subset of the Banach space B.

Theorem 4.5. There exists a symmetric invariant measure for (1.1).

Proof. Let M, defined by Lemma 4.3. Taking M > M, let us prove that
A<(Cyy) is a compact set. For this reason we shall estimate the following deriva-
tive:

(wy (o) = -2 DL IO oy |2 (i + v ).

Let us analyze the different elements of this derivative. We have already seen
in the proof of Lemma 4.3 that for any u € Cjy; the normalization factor A.(u)
satisfies

1
T S C(e)V/M. (4.9)

By (4.2), we obtain the bound: 0 < [ (F % u) (y)dy < CoMa? (14 227).
Furthermore by (V-4) and (V-7), we get some estimation of V' and its derivative:

~

V(z) > Cya* — Coa® and |V'(2)| < Cy (1+ [2[*) forallz eR. (4.10)
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It remains to find some upper bound for the convolution term: |(F’ x u) (z)]
with € R;. By (F-4) and since u is an even function,

|(F" ) ()] =

/RF'(x — 2)u(z)dz

< /000 ’F'(:v +2)+ F'(z — z)‘u(z)dz
<, /Ooo {|x +2l I+ ]z +227%) + |z — 2| (1 + |z — 2[*7?) }u(z)dz
Therefore:
Fr@l < [t {aprt el

Flal (1+ 22172) + J21 (1 + 2%172) Ju(z)dz.

By definition of Cj/, we have u(z) < % for p > 4q. Hence the moments of
order 1, 2¢ — 2 and 2g — 1 are bounded: there exist some constants C' and C”,

independent of the different parameters appearing in the system, such that
|(F' % u) (z)| < C (1 + || + |22 + |x|2q_1) <’ (1 + |x|2q+1) . (4.11)

To sum up: using (4.9), (4.10) and (4.11) we obtain
2 2
’(Aéu)l (:17)’ < ZC(VM(1 + |z ) exp | —= (04:174 — Co1?)
€ €

Finally we deduce that there exists some constant C such that ‘(Afu)l (:v)’ < C.
for all z € R.

Let us prove now that A¢Cj; is compact. To this end, we take some sequence
of functions (uy,), ¢y in Car and focus our attention to the sequence (A®u,),, cx-
According to the definition of A€, for all x real the set {A®u,(x),n € N} is
compact. Furthermore the bound of ‘(Afu)/ (2)] is independent of the variables
x and u € Cjys: the equicontinuity condition for the application of Ascoli’s
theorem is satisfied. Hence, we deduce that there exists some subsequence of
A“uy,, which converges to a limit function v belonging to A<C),.

By Lemma 4.3 and Lemma 4.4 we can apply Schauder’s theorem (Proposition
4.1) for the operator A€ on the function space Cps with M > M. We deduce the
existence of some fixed point which is, by construction, a symmetric stationary
measure for the diffusion (1.1). O

4.2 Example: F(z) = 22* 4 222

We have just shown the existence of a symmetric invariant measure for general
self-stabilizing diffusions using fixed point arguments. Now let us study some
particular case by a completely different way: the procedure shall be close to
that developed in section 3.2. Let V be a potential satisfying (V-1)-(V-T7).

Let u. be a symmetric invariant measure (Theorem 4.5). We denote by ma(e)
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its second moment. The couple (ma(€), u.) is solution to some system like (3.1)-
(3.2). Indeed

Fxuc(x) = /RF(x—z)uE(z)dz

= %x2 + gx‘l + 73677;2(6) z? + <%m2(6) + g/ﬂ@zzkue(z)dz) ;

with 5 > 0 since F’ is a convex function on R, .

The expression delimited by the brackets is just a constant so we obtain the
following system of equations for mao(e) and uc: ma(e) = [, 2*v(ma(e), z)dx
and u.(z) = v(ma(€),z) where

exp [-2 V() + F(z) + 22222
Jy e [<2 (V(2)+ F(2) + 23222) ] a2

Therefore we introduce the function x.(m) = [~ 2?v(m, z)dz—m. By Theorem
4.5, we know that x. admits at least one zero on R;. Computing the derivative
of xe, we prove that the considered function is decreasing:

) = -2 { [ stvtmayas— ([ xzy(m,my} i<

The conclusion is immediate: there is a unique symmetric invariant measure.
Obviously this result and the kind of method used to prove it are particular to
our simple example. If the degree of the interaction function is strictly larger
than 4 then it isn’t enough to know the second moment in order to define the
invariant measure: we need more moments and the proof of the uniqueness
becomes awkward.

v(m,x) =

4.3 Outlying invariant measures

This section is essentially motivated by the uniqueness question for invariant
measures. The existence of some symmetric measure was just proved in Sec-
tion 4.1. It suffices now to point out asymmetric stationary measures for self-
stabilizing diffusions. In the general setting, the interaction function is polyno-

mial: set F(z) = >, _, (%)(O)x%.

2!
Let u be the density of some probability measure with respect to the Lebesgue
measure and p1, - - - , fto,—1 denote its moments of orders 1 to 2n—1 respectively.

We assume they are finite. Then the difference D(x) := F * u(x) — F * u(0)
satisfies

D(z) = F(z — a) Z

p - QJ) 2j—p
- Z (2 —p)!
ZL

=F(zx—a)-—

) (F(p) (z) — F®) (0)) .



Hence D(x) = Z,,(x) — Z,,(0) where

2n—1 Q—l)p
Zm(z)=F(x—a)+ > o (my, — a?)F®) (z). (4.12)

Since the convolution product can be expressed as a polynomial function which
coefficients just depend on the moments of u, then the exponential expres-
sion of invariant measure (2.3) can be specified. Indeed equation (2.3) can be
transformed into some system of equations whose unknown factors are the mo-
ments of the measure. In order to introduce this system, let us define, for all
k € [1;2n — 1], the function

o my, e mg1) = Jpatexp [=2 (V(2) 4+ Zm(z) — Zm(0))] dx
k byl fR exp [—% (V(z) + Zp(x) — Zp, O))} dx
_ Jp " exp [E%Wm(x)} dx (4.13)
Jpexp [-2W,(z)] d
with the potential W,,,(x) = V(z) + Z,,(x). We construct the mapping:
29 = (ol o). (4.14)
The measure associated to the densilty function u is invariant if and only if its

moments vector (ju1,--- , ian—1) 5 a fived point of the map ().

We are going to show the existence of an asymmetric invariant measure defined
by 2n — 1 parameters close to a,---,a?" ! respectively, in other words the
outlying measure is close to the Dirac mass in the point a. More precisely, we
shall prove that there exists a parallelepiped stable by ®(¢), which converges
to the point (a,a?,---,a?"~!) as € tends to 0. As in the linear case, we shall
proceed by applying the mean value theorem in order to obtain asymptotic
developments in the small noise limit.

Theorem 4.6. Let (1) some sequence satisfying lir% ne =0 and hH(lJ e/ne = 0.
€E— €—>

Under the condition

= [F (@)

p a’ < a+V"(a), (4.15)

p=0

for any p > 0, there are at least two outlying measures ul and u_ satisfying,
for € small enough

/xkuf(:v)dac — (+a)*| < p 7. (4.16)
R

Proof. Let A > 0. Let us define the parallelepiped

2n—1
C(e) = [] la” — pa”~" Ane, a? + pa? =" Anc].
p=1
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Let m be an element of C(e) then there exist some coordinates (7p)1<p<2n—1
which determine m through the equations m, = a? +r, n.. By (4.12) and (4.13),
we get

n— —)Pr,
SD(E) . f]R o= 2(V(2)+F(z—a)) exp [_ 2% 212):11 %F(P) (:1:)} dx
k - o '
= {_ 2 g T e ) (;C)}dx

p=1

We apply Lemma A.7 and Remark A.8 to the functions U(z) = V(2)+ F(z—a),
f(@) =a", pp=r, and Gp(z) = %F(”) (z). We obtain:

k—1 2n—1
(o ok ka (=1)P
fim) =at =y 2

T
2FP (a) + o(n.),
p=1
uniformly with respect to the coordinates (rp),. By definition of the paral-

lelepiped C/(€) the coordinates satisfy |r,| < pa?~!A. Therefore, under condition
(4.15),

kak—1 2n—1 ‘F(p+1)(a)|

a+ V" (a) = p!

< neka"IA +o(n.).

pa”~" + o(ne)

©p (m) —a < M

Since this estimate is uniform with respect to the coordinates, as soon as € is
small enough, we have |<p,(:)(m) — a®| < ka1 An., that means that ®()(m) €
C(e).

Let us note that C(e) is a convex, closed and bounded subset of R*"~!. Since
the space dimension is finite, the continuity of ®(¢) implies that the closure of
the parallelepiped’s image is a compact set.

We can apply Schauder’s Theorem (Proposition 4.1) and obtain that there exists
some fixed point in the compact. In other words there exists m € C(¢) such
that the measure associated to the density

exp [—2Wp, ()]
Jpexp [-2Wp(2)] dz
is invariant. In a similar way, the measure defined by m ™ is also invariant; here

m~ (k) = (—=1)*my,. To conclude: we have at least two outlying measures, one
around a and the second one around —a. O

(4.17)

Uem(T) =

We can not prove at this stage the uniqueness of the couple of outlying in-
variant measures (this question shall be explored in a subsequent work). We can
effectively imagine that other outlying measures could exist around a, around —a
or even around other areas. Nevertheless we can develop a sharper description
of one particular outlying measure: the measure close to §, where § represents
the Dirac measure. To do this it suffices to estimate its different moments, that
requires the following preliminary result.
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Lemma 4.7. There exists a unique solution (10,---,79 1) to the following
Cramer’s system

(1P i1 a+V"(a) V&) (a) k-1
Jallany —_— = — 4.1
()7 + ka1 Tk A(a+V"(a)) 4a '’ (4.18)

for 1 <k <2n—1. This solution is given by

0 b1V O(@) — (= 1)V (0)
o

= <k< — 1. .
k 4aV"(a) (+ V" (a)) l<ksin—1 (4.19)

Proof. Let us denote by I5,_1 the unit matrix of dimension 2n — 1 and for
A € R*™ 1 AT represents the transpose of the vector A. Moreover we adopt
the following notation (zj)i<k<on—1 = (z1,...,%2,n—1). The system (4.18) can
be written in this way: we define 7 = (7x){«).<5,_,; then

V@) (a) E—1\\T
" T _ k—1 —
(a+V"(a))Izn—1 + C1Cs }T = (ka (4a +4V"(a)) 4a ))1§k§2n—1

with the vectors CT' = (ka* 1)1<p<2n_1 and CF = (%F(’”l)(a))
We define therefore

1<k<2n—1

A= (a + V//(a))lgn_l + Clc; (420)
Let us note that C;Cy C1CF = (CF C1)C1CF and
2n—1 2n—2

Cycy = Y ﬂF(””(a)pa”_1 =-> ﬂmeﬁl)ap = —F"(0).

p=1 P! p=0 P!

Since F”(0) = «, we obtain
A? = (a+V"(a))?Ian-1+ (2(a + V"(a)) + C3 C1) C1C5
= (a+ V"(a))?Lan1 + (2 a+ V")) F”(O))clc;
= (a+V"(a))?Ian_1 + (a v ))ClCT
= (a+2V"(a))A = V"(a) (a +V"(a)) I2n-1,

We deduce that A is invertible, that is (4.18) is a Cramer’s system, and using
(4.20) we get explicitly the inverse:

oo- 1 « "(a _
T V@) (( +2V7(a) on— A)
1 "

= Vi vy V@i - GG
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Therefore the Cramer’s system (4.18) admits a unique solution given by

= : ka1 V() = (5= Dia + V" (a))
B V"(a )(Oé-l-V”(CL)) {V @)k 4a (o + V" (a))
. 2n— 1 p 1 pilaV(3)(a) _ (p _ 1)(0[ + VN(CL))
— ka*~ pzl +1) (a)pa e V@)
kak—1 , 2n—1 _1)Pgr—1 -
T @ T V@) {W(S)@ Ve 2 SR ><a>]
_ (a + V//(a)) (k _ 1)V”(a) B 2nz—1 (_71):0}7'(17-{-1)(&)&;)_1
= (p—2)!
k19 P(a) — (k= V" (a)
4aV”(a)(a+ V" (a))

Indeed, we use

2n—1
> <( —=F*"(@)a?™ = —F"(0) = —a,
p=1
and -

n _1\p
T D" o) (g)gr-1 = 0F®)(0) = 0.
= =2

O

Theorem 4.6 points out the existence of two outlying measures, one con-
centrated around a and an other around —a. According to Lemma 4.7 we get
some sharper upper bound for the distance between §, and some asymmetric
invariant measure.

Theorem 4.8. Under the condition (4.15), for any 6 > 0, there exists ey such
that ®©) admits two fized points m* with

’m,ﬂ;(e) - ((il)’“ak - (11)’%,86)

Proof. Tt is similar to the proof of Theorem 4.6.

Let 6 > 0 and C(e) = Hff;}l[al’ — (1) + paP~'6)e, a? — (1) — paP~'é)e]. We
choose an element m in the parallelepiped C(e). For all 1 < p < 2n — 1, there
exists a coordinate &, € [—4; 8] such that m, = a? — (1) + pa?~'é,)e. By (4.12)
and (4.13), we obtain

<d|rdle, 1<k<2n—1, e<ep. (4.21)

2

Jon 2 exp PZM PO (20 4 par=15,) PO (3 } —2(V(2)+F(z—a)) ],

pl

f exp |:2 E?n 1 1|)P (7,0 + pap— 15) (I):| —2(V(x)+F(x— a))dCC
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We apply Lemma A.5 and Remark A.8 with the following functions: U(z) =
V(z)+ F(x —a), pp =75 +paP~'6,, G =0 and f,(z) = i 1)p F®)(z). Hence

ak72
o (m) = a* W [aV® (@) — (o + V(@) ((h - 1)
2n— 1
+4a Z R +pap—15,,)F<p+1>(a))]e+o(e)
1 ka* =1V ) (a) 12n o p prl
:ak_a—l—V”(a)[él(a—i—V”a) — ka*” Z F(Jr)()
B k(k — 1) e 2nzl 1)Pd,, ap F(P+1)(a)}e+o(e).

This estimate is uniform with respect to the variables (d,)p.
We denote by df, the difference |g0,(:) (m)—a*+7Y¢|. We compute this expression:

ka*=1V 3 (a) B kak—1 2nz_l (=1)?
Mo V@2 at Vi@ 2

p=1

€
k =

TZ?F(ZH_D(G)

k(k — 1)ak—2 kab—1 L (—1)p
THar V@) T a v & o1

p=1

5,,F(p+1)(a)ap*1

€+ o(e).

According to the Lemma 4.7 and using the condition (4.15), we obtain, for e
small enough,

8055)( ) — a” +7'k€ V” Z |5 ||F(p+1)( e + o(e)
LA i R -
=0 V) Z% SIFTP (@lae + ofe) < ka"'de.

In other words, ®(m) € C(e) in the small noise limit. The application of
Schauder’s Theorem (Proposition 4.1) permits to prove the existence of some
fixed point in the compact. Therefore there exists m € C(e) such that the
associated measure ue ,,(x) defined by (4.17) is invariant. In the same way,
the measure defined by m~ is invariant with m~(k) = (—1)¥my. Finally the
continuous map ®(¢) admits two fixed points m™*(e) satisfying (4.21). O

Remark 4.9. 1. In the particular case: F®)(a) > 0 for all p € N, the condition
for the existence of outlying measures becomes V" (a) > F§/(2a) where Fy is
defined by F(z) = $a* + Fo(x).

2. In the linear interaction case: F(x) = $a?, (4.15) is equivalent to the simple
condition V" (a) > 0 which is in fact always satisfied according to (V-3). In
other words we obtain the existence result presented in the linear interaction
case.
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A Annexe

We shall present here some useful asymptotic results which are close to the
classical Laplace’s method.

Lemma A.1. Let M > 0. Let us assume that U is C*([M, co[)-continuous,
U(x) # 0 and U"(x) > 0 for all x € [M,o00[ and 1imzﬂoo(g/(% =0. If

x — e V@) s integrable on R then for any m € R:

+00 U e~ U) T Ut eU(2)
/z e dt =~ e and /m e’ \Wdt ~ e as r — oo. (A.1)

Proof. Since z — e~ Y(®) is integrable and since these properties are satisfied:
U(z) # 0 and U"(x) > 0 for « > M, we know that lim, . U(z) = +o0.
Furthermore there exists some My > M such that U’(x) > 0 for © > M. Hence
for t > My we obtain

B e—U(t) ! U”(t) B
UM _ [ _ _ o)
( Ur(t) ) U'(#))*

Therefore

00 —U(x) oo U//(t)
I:= “Ug =& —/ UM gt > M.
/x ‘ U@ ), W0n2E° LT

Using the assumptions of the statement we have [ (g,/;%e_[](t)dt > 0. Hence
I< e_U(C”)U'(:E)_l. Moreover lim, 4 (g/“(% = 0. As a consequence for any

U@

0 > 0, there exists M;(d) > My such that (1 + )1 > 7y The estimation
of I can be deduced easily. The second equivalence can be obtained by similar
arguments. |

Lemma A.2. Set ¢ > 0. Let U and G two C*(R)-continuous functions. We
define U, = U 4 uG for p belonging to some compact interval I of R. Let us
introduce some interval [a, b] satisfying: U} (a) # 0, U,,(b) # 0 and U, (x) admits
some unique global minimum on the interval [a,b] reached at x, €la,b[ for all
uw € I. We assume that there exists some exponent ko independent of u € T

such that 2ko = min, ey~ {UﬁT)(x#) #* O}. Then taking the limit ¢ — 0 we get

1
b v 1 [ ko) \7T° [ 1 Ui a)
I=[ e “dt=— 5] T(=—]e "0 1)), (A.2
’ /a ‘ ko <Uﬁk°($u) (2’%)e ezl (42)

where I' represents the Euler function and oz(1) converges towards 0 uniformly
with respect to € T.
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(2ko)
Proof. We define 1, = %0(;“) Let us note that 7, depends continuously on

. Since U, is regular and admits some unique global minimum for = z,,, there
exists 79 > 0 independent of the parameter p such that 7o < min{z, —a;b—2,}
for all 11 € 7 and such that the minimum on the interval [a; z, — 7] [z, + 73]
denoted by U, (7) is reached on the boundary {z,, — 752, + 7} for all 7 < 0.
Consequently

[ o[-0 [ o[-0 - s [ 2]

uwtT €

Defining I, = [ sutT exp [—U“T(t)} dt, we obtain the following bound:

T,—T

|[Io — I;| < (b—a)exp {— (A.3)

0]
€
Let us first estimate .. By the mean value theorem, there exists some constant

C > 0 independent of y € Z such that, in a neighborhood of z,, the following

bound is satisfied: |U,(t) — Uy (zy) — nu(t — z,)?*0 | < C|t — 2,[* 1. Hence

Cr2kot1 Uu(zy)
€

< Jyexp

[@}7 (A.4)

I,
Jlexp[— }g—exp
€ 2

where

L 2kg Ny
T 1 e\ 1 [T " 14
J. :/ exp {—n t2k“} dt = (—) — t7 e~ tdt,
T 0 € K 77“ 2]€0 0
o !
by the change of variable ¢ := (ni) ’ (). A simple integration leads to
I
r2ko i

_1 €
o () e o [T et () <00 4s)
€ 0 2ko

In order to conclude we choose a particular value for the variable 7 namely

T = exp [;ng:)%} Then we get: for C € R, [ > 0,

1-2k
. F2ko+1 . g2k T 0 . _, Up(ep)-U, (1)
lime® < =1, lime ™ =« ; = lime e c =0
e—0 e—0 €m71 e—0

These convergences are uniform with respect to the parameter u. Applying these
asymptotic results to (A.3), (A.4) and (A.5) permits to prove the statement of
the lemma. O

Lemma A.3. Let U and G be two C*([a, b])-functions. We define U, = U+ puG
for w belonging to some compact interval T of R. We assume that U, admits a
unique global minimum on the interval |a; b[ reached at x = x,, with U/ (z,,) > 0.
Let f, be a C3-continuous function for any parameter value m belonging to
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some compact set M. We assume that there exists some constant \ such that
|f,(£)(:17)| < X forallm € M, z € [a,b] and 0 < i < 3. Then the following
asymptotic result holds:

b —2U, (¢ TE 2Upu(zp
[ gt = [7E S ) e+ or)] (40

with

ol Us fflfm(xu)

S Us ) (A7)

'70(”) = fm(‘ru) (48 u23 - 16 u22

Here Uy, = Uﬁk) (x,) and ozrm(€)/€ converges to 0 as € becomes small uniformly
with respect to the parameters m and .

Proof. First we split the integral into two parts:

ZTptp —2U,, (+) —2U,, (+)
I = / fm(t)e € dt + / fm(t)e € dt = Il + IQ
Tu—p [zn—pizptpl© Nlasb]
with some arbitrary p > 0 which should be specified in the following.

2
Step 1. We shall prove that the second integral is negligible as 2 — oo that

2U (x,,)
means that I, = orp{€¥/2e= < }. We get

I < (b—a) sup |fm(z)[exp (A.8)

|:_2 infze[wu_P?mu"‘P]C U:U‘ (Z) :|
z€[a,b]

€

Since the global minimum of U, is unique and due to the regularity of U,, with
respect to the parameter p, we deduce that the minimum of the function on the
interval [z, — p;z, + p]°(\]a; b] is reached on the boundary provided that p is
small enough. The development U, (z, + p) = Uy(x,) + 5U)/(x,)p? + oz(p?)

2U (xz )
implies, as already claimed that I = o7 {63/26’ == b as p?le — oo.

Step 2. Let us focus our attention to the integral on the domain [z, — p; ,,+ p].
The function f,, can be developed in the neighborhood of z,:

Fnl) = o) + S ) =)+ 5 T ) =) £ () (2 2,)°

with the value wy, () between x, and z. Taking into account these different
terms, the integral I; can be split into 4 different integrals respectively Io,...I5.
For each integral we shall analyze the asymptotic behavior.

Step 2.1. Asymptotic behavior of I3. By definition w,, ,,(t) € [z, — p;, + p]
when ¢ € [z, — p;x, + p]. Moreover, by assumption |f7(7§’) (Wi, (t))] is upper
bounded by some constant A > 0 independent of m and p. By Lemma A.2
applied to 2U,, , for p < 1 and € small, we obtain the existence of some constant
C > 0, independent of the parameters m and u, such that

B A (zu+1)Ab 20, € _2Up(zp)
(z.—1)Va i (@n)
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Hence, if p> = o(¢) then the following asymptotic result holds
I3 = o7\ {e%e_ el } . (A.9)

Step 2.2. Asymptotic behavior of I. Using the C3-regularity of U, that is
Up(t) = Upn(@) + 5U7 () (¢ = 2,)? + §UL (4(8)) (¢ = ,)* with 9,,() belonging
to [z, — p;x, + p], we get

i, = Fin(Tp) 20 /I'ﬁp o UG o ye U ) ¢, W gt

(t—zu)7e
2 w—P

Since y,(t) belongs to some compact set, the third derivative UELB) (yu(t)) is
bounded by some constant independent of u. Applying the following change of
variable u = (t — x,)?U]/(x,,) /€ yields

3 € 21. ew”(mm 3 € 2
Joe= €5 ( ) — S ( > )
U;{(xu) I (@p) U;Z(xu)

with Jp = f HCRES Vue “du. If é — 0 and é — 00 then

Nlw

Bt o (e Vi
= VRl () o). (A0

Step 2.3. Asymptotic behavior of I;. Let us develop the function U, in
the neighborhood of @,: Up(t + 2,) = Up(wo) + LU ()82 + LU ()83 +
! U(4)( . (1)t where y,(t) € [z, — p,x, + p]. The regularity of U,(z) with re-
spect to both 2 and p implies the existence of some constant C' > 0 independent

of y1 which bounds the forth derivative of U, on the integral support. Therefore

we have
;L (z“)

ot ot
I (xu)e_CTJ < . L <f (x u)e CTJ,,,

1422 us 2

with J, = ffp ze~¢F =3 dz and Uy, = U# ( w). Since [e™* =1 +2 — & | <
|z|3el*!) we deduce that, for any z € [—p; p]:

6_%23 14 U32’3 _ U:%ZG
3e 18¢2

=13

We define m,(I) = ffp e~ 2% dz and ny(l) = [ |z|le_u_fz2dz. Some estima-
tion of the integral J, points out directly:

9 2
[Uz1p®

=€ 1).

Us
3e

us
18¢2

mp(ﬂ’ <2 %

Jp —mp(1) +

mp(4) —
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Symmetry arguments permit easily to deduce that m,(1) = m,(7) = 0. Finally
it suffices to compute m,(4) and n,(1). To this end we introduce the change of
variable u := “2 2% and let p?/e tend to infinity:

m,(4) = # (ﬁ) "3 (14 0z(1) and ny(1) = m(l +oz(1)).

To sum up: if ”; — 0 (that is g—z = 0{e?}) then

(3) 3 3 2Uu Tp

Step 2.4. Asymptotic behavior of Iy. Let us first study the following integral

3) 1
Iy = /pexp —U’Z(I#)f—U‘(L (I”>z3 Ui (a )z4]dz
€
—p

3e 12¢
We recall the usual notations Uj, = Uﬁk)(x#). The arguments are similar to

those used in Step 2.3. Since

et —14u— “72’ < |ul?el"l, for any z € [—p; p]
we get

< Cp.

—2 gt -1 A
c tys T 3¢ 12¢

Uz 3_ Uy Z/{33 Z/{44 Z,{33+%Z42
3e 12¢ 2

Adopting the same notations as in Step 2.3 and using symmetry properties, the
following bound (uniform with respect to the parameter u) yields

Z/[4 Z/[?, Z/{4
By = my(0) + o, (1) (3) my(6) - & (126) my(8)| < Cpmy (0).
By the usual change of variable u := w,zz we emphasize some asymptotic
estimation of I} as p?/e — oo and p?/e — 0:
[](4)(17 ) 5[](3)( )2
1) = e 1— bRy Tu s€+oz(e)
0 Ul () { 16U/ (x,)?  4A8UJ!(,,)?
We apply the mean value theorem to the function U,:
Us 22 Us 23 Us 24 L 6 5
U =U — — —U t
W+ 2) = Upl) + 5222 4+ 2% + 4ot = U0 ()7,

with y,(t) € [z, — p,z, + p] and |z] < p. From this equality we deduce an
estimation of the distance between the integrals Iy and I).
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n( w) =

We denote by D = Iy — fm(x,)I) this distance. Then there exists some
constant C' > 0 independent of ;v and m such that

DI e [ ot

< |fm(xﬂ)|c)\p5/ 67%22 l.;{?’z?’fluz“ézlbrmé
- 60e —p

1— e*ﬁU(s)(yu(z+xu)z5 dz

U(s) (yu(z+zu))zs | dZ

If both conditions p?/e — co and p3/e — 0 are satisfied then the integral term
in the preceding inequality is obviously equivalent to U,,( nE The following

equivalence holds for the initial integral Ip: under the assumption that % =

) (6%), we get |D| = oz m (6%) and consequently

- 2wy [T 5 U2
A 172{1 1g’u2 +481’Z{36+OIM( )} (A.12)
Step 3. To sum up: in Step 1, we proved that it suffices to estimate the
integral I; which can be split into 4 terms. Each of them has been estimated
in equations (A.9), (A.10), (A.11) and (A.12). The whole integral has the
asymptotic equivalence (A.6) as soon as p®/e — 0, p18/¢” — 0 and p°/e? — 0.
The particular choice p = €30 fulfills all these conditions. O

We can extend the statement of the preceding lemma to integrals with un-
bounded supports.

Lemma A.4. Let U and G be two C*°(R)-continuous functions. We define
U, = U+ pG for the parameter i belonging to some compact interval T of R
We assume that U,(t) > t* for |t| larger than some R independent of u and
that U, admits a unique global minimum at x,, with U}/(z,) > 0. Let fy be
a C3- contmuous function depending on some parameter m which belongs to a
compact set M. Furthermore we assume that there exists some constant X > 0
such that | fm(t)] < expMUL(t)]] for all t > R, p € I, m € M and |f3)] is
locally bounded uniformly with respect to the parameter m € M for 0 <1 < 3.
Then the following asymptotic result holds as € tends to 0:

/Rfm(t)e S a = e \/Zliz{fm(ivu) + 7o(p)e + OIM(E)}’ (A.13)

where vyo(p) is defined by (A.7) and ozrm(€)/€e converges to 0 as € — 0 uniformly
with respect to the parameters m and p.

Proof. Let R > 0 such that U,(t) > t* for t > R. The initial integral can
be split into two integrals: the first one denoted by I; concerns the compact
support [—R, R] and the other one I concerns the complementary support. For
I, it suffices to apply Lemma A.3 in order to get the asymptotic development.
It remains then to prove that I, is negligible with respect to I; that is Iy =
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3 20U, (zp)

0T M {65 e . } Using the change of variable ¢ := (% — )\) = s the following
bound holds:

+oo ) € +oo
|Io| < 2/ exp [tQ <)\ — —>} dt <2,/ / exp [—52} ds.
R € 2—Xe Jr =g

Lemma A.1 permits to prove as claimed that I> can be neglected. O

Lemma A.4 can be applied to particular functions f,.

Lemma A.5. Let U and G be two C*(R)-continuous functions. We define
U, = U+ pG with p belonging to some compact interval I of R. We as-
sume that U,(t) > t2 for |t| larger than some R independent of u and that
Uy admits a unique global minimum at x,, with U}/(x,) > 0. Let fm be a C*-
continuous function depending on some parameter m which belongs to a compact
set M. Furthermore we assume that there exists some constant X > 0 such that
[fm ()] < MUL()| for allt > R, p € T, m € M and that |f7(7?| is locally
bounded uniformly with respect to m € M for 0 <i < 3. Then, for any n > 1
and asymptotically as € — 0 we obtain the estimate

—20U, (1)
fR trefm(D) =2 gt n n:c:fQ 3
=z Ty —

e 7l

n+1-—2x,f ()] €+ ozmle),

(@)

where U; = U,” (z,) and ozm(€)/e converges to 0 as € — 0 uniformly with
respect to the parameters m and .

Proof. We just apply two times Lemma A.4: the first time to the denominator
De that is for the function ¢t — e/ and the second time to the numerator N¢
for the function t — t"ef™(*) The following asymptotic result holds

D o 2uto) /;/TTEej»m(m){l + Fae + OIM(E)} (A.14)
2

where

1
AUy’

. 5UZ Uy
Y=\ 1508~ o1
A8UZ 1612

The numerator normalized by zj; i.e. N° / ), satisfies some similar identity as
D¢, namely (A.14) with 44 replaced by 4,:

A 51/{32 L{4 n , L{3

I = (48%3 - mg) - <a +fm<“’“>> 102

nin—1 n

+CL7J+2—mmw+mmm+mumﬂ
Ty Ty

- fv/yz(xu)4u—7/;)22 + (J%(@U + frln(xu)z)

L
AUy

The estimation of the ratio is then a classical exercise of asymptotic analysis. O
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The next lemmas are generalizations of Lemma A.4 and Lemma A.5 to
functions G depending on the small parameter e.

Lemma A.6. Let U and G be two C*°(R)-continuous functions such that U(t) >
t2 for |t| large enough and |G(t)] < ANU(t)| + C for some constants A > 0
and C' > 0. Moreover we assume that U admits some unique global minimum
reached at o with U"(xg) > 0. For any sequence (n.)e satisfying lim._on. =0
and lime_, €/ne = 0 we define U, = U + nepG depending on the parameter
which belongs to some compact interval T of R. Let f a C3-continuous function
such that |f(t)| < eMVOL for all |t| large enough and such that |f7(,§)| is locally
bounded uniformly with respect to m € M for 0 < i < 3. Then, there exists
€o > 0 such that the potential U., admits a unique global minimum reached at
Te,u for all € < eg. Furthermore the following asymptotic results hold

e =00 = i+ oz (A15)
/Rf(t)e—wé’f‘mdt = U’Z;o)e_w (£(@0) +7ume + 0z(n)),  (A.16)
where
G (20)G (x

and oz (ne)/ne tends to 0 as € — 0 uniformly with respect to the parameter p.

Proof. Let us first prove that the potential U, ,(x) admits a unique minimum
for = ., with lim._.ozc, = zo. By the definitions of (7). and U, ,, the
following convergence holds

lir% Ue,u(xo) = U(xo). (A.17)

Since g is the unique global minimum of U, for any small R > 0 there exists
pr > 0 such that inf, ¢y _Rr.zo4r)e U(x) > U(z0)+pr. We deduce the existence
of two small constants p; and € such that

Ueu(@) = (1 = pAn)U(x) = nepC > U(o) + plgs (A.18)

for all € < ¢y and « € [zg — R,z9 + R]°. By (A.17) and (A.18) we obtain: for
any IR > 0 the global minimum of the parametrized potential U, , is reached in
the interval « € [z — R, xo+ R] provided that € is small enough (uniformly with
respect to p). Moreover this global mimimum is unique. Indeed U”(z) > 0 and
the regularity of U implies that U” () > 0 for all 2 in some small neighborhood
of z9. Since U/, converges towards U” as ¢ — 0 uniformly on each compact
subset of R, we obtain that U/, (z) > 0 for all x € [vo — R,z¢ + R] provided
that R and € are small enough. The minimum is actually unique, we denote its
localization x , and point out that, for € small, U/ (¢ ,) > 0 uniformly with
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respect to u.
Let us determine . ,. By applying the mean value theorem to U ,,, we get

0=U, ,(xcp) = U'(x0) + G’ (x0) + U/ (%) (e — 20),

where 7 is in between zy and x. ,. Since the second derivative is continuous,
U/, (%) is uniformly bounded. Moreover U’(zo) = 0. Consequently z , — o =
O1(ne). Using the same argument for the second order asymptotic development
of U/ (7 ), that is

Ui (@)

0= U'(x0) 4G’ (xo)+ (U”(wo)JrumG”(wo)) (Teu—x0)+ (Te—0)?,

we obtain the announced estimate (A.15). Finally let us prove the estimate
(A.16). The statement of Lemma A.4 can be applied to U, , since the asymptotic
result (A.13) is uniform with respect to the parameter p. So it suffices to
consider the case when p is replaced by un.. We immediately obtain

_Uen® TE _ Ue,u(ee,u)
| stoe = Sy e S5 (Lroza). - (a19)

It remains to approximate f(z.,) and U/, (zc,) using (A.15). Due to the
regularity of both f and U, the following developments hold

) = Fo0) = . (20) G + o)
U re) = U o)+ . (6" a0) = U ) L) + ().

The statement of Lemma A.6 is obtained just by combination of the two pre-
ceding asymptotics and (A.19). O

We are now able to present a statement similar to Lemma A.5 for some
potential U,, depending on the small parameter €. It suffices to consider a ratio
of two integral terms. Then an immediate application of Lemma A.6 leads to
the following result.

Lemma A.7. Let U and G be two C*(R)-continuous functions such that U (t) >
t2 for |t| large enough and |G(t)| < NU(t)| + C for some constants X > 0
and C > 0. Moreover we assume that U admits some unique global minimum
reached at xo with U"(xg) > 0. For any sequence (n.)e satisfying lim._on. =0
and lim._,g €/n. = 0 we define Ue,, = U + nepG depending on the parameter
which belongs to some compact interval I of R. Let f a C3-continuous function
such that |f(t)| < eMVOL for all |t| large enough and such that |f,(,»f)| is locally
bounded uniformly with respect to m € M for 0 < i < 3. Then as ¢ — 0, we
obtain the following estimate

fo S @G )
fR e_zve,:m

dt U" (o)
where oz(ne)/ne tends to 0 as € — 0 uniformly with respect to the parameter p.

Ne + oz(ne) (A.20)
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Remark A.8. The statements of Lemmas A.2-A.7 can be easely generalized,
replacing the parametrized function U, = U+ puG by U, = U—i—Zf:l ;G where
w= (1, k) € I3 X ... X L. The convergence results are then uniform with
respect to all parameters.
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