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Abstract

We prove global internal controllability in large time for the nonlinear Schrédinger equation on
some compact manifolds of dimension 3. The result is proved under some geometrical assumptions
: geometric control and unique continuation. We give some examples where they are fulfilled on
T3, S3 and S? x S'. We prove this by two different methods both inherently interesting. The
first one combines stabilization and local controllability near 0. The second one uses successive
controls near some trajectories. We also get a regularity result about the control if the data are
assumed smoother. If the H! norm is bounded, it gives a local control in H'! with a smallness
assumption only in L?. We use Bourgain spaces.
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Introduction

In this article, we study the internal stabilization and exact controllability for the defocusing nonlinear
Schrodinger equation (NLS) on some compact manifolds of dimension 3.

{i@tu—l—Au = |ulPu on [0,+o0[xM

() w(0) = g e HY(M).

where A is the Laplace-Beltrami operator on M. The solution displays two conserved energy : the L?
energy ||ul|,» and the nonlinear energy, or H' energy

1 1
E(t) = §/M|VU|Q+Z/M|U|4'

Some similar results where obtained in dimension 2 in the article of B. Dehman, P. Gérard and G.
Lebeau [13] where exact controllability in H' is proved for defocusing NLS on compact surfaces. Yet,
the proof is based on Strichartz estimates which provide uniform wellposedness in dimension 3, only
in H* for s > 1. In [8], N. Burq, P. Gérard and N. Tzvetkov managed to prove global existence
and uniqueness in H' but failed to prove uniform wellposedness, which appears of great importance
in control problems. Yet, for certain specific manifolds, the strategy of X*° spaces of J. Bourgain,
extended to some other manifolds by Burq, Gérard and Tzvetkov, succeeded in proving uniform
wellposedness in H® for some lower regularities.

For control results, the X*? spaces have already been used in dimension 1 at L? regularity : first L.
Rosier and B. Y. Zhang [34] obtained local results and independently, we proved global controllability
in large time in [26]. The X*? spaces will also be our framework in this paper.

2
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Under some specific assumptions that will be precised later, we prove global controllability in
large time by two different ways, interesting for their own : by stabilization and control near 0 or by
some successive controls near some trajectories. This will provide global controllability towards 0, the
general result will follow by reversing time.

The assumptions are fulfilled in the following cases (w C M is the support of the control) :

- T with w = {z € R¥/(01Z X 0,7 x 03)Z|Fi € {1,2,3},x; €] — ¢,e[+6;Z} (that is a neighborhood of
each face of the ”cube”, fundamental volume of T?) with §; € R. Moreover, we can easily extend this
result to a cuboid with Dirichlet or Neumann boundary conditions, see [26] or [34].

- 83 with w a neighborhood of {z, = 0} in S? C R%.

-5% x St with w = (w; x S') U (5?x]0, ¢[) where w; is a neighborhood of the equator of S?.

Theorem 0.1. For any open set w C M satisfying Assumption 1, 2, 3 (see below) and Ry > 0, there
exist T > 0 and C > 0 such that for every ug and uy in HY(M) with

[wollgrary < Bo and  [[ua][ g1 sy < Ro

there exists a control g € C([0,T], H') with 9] o< 0,79,y < € supported in [0,T] x W, such that the

unique solution u in X}’b of the Cauchy problem

@) iOu+Au = |ulPu+g on [0,T]x M
u(0) = wug€ HY(M)

satisfies u(T) = uy.

In all the rest of the article, w will be related to a cut-off function a = a(z) € C*(M) (whose
existence is guaranteed by Whitney Theorem), taking real values and such that

(3) w={xeM:a(x)#0}.
The stabilization system we consider is

(4) { 10+ Au — a(z)(1 — A)ta(x)du = (1+|ul*)u on [0,T]x M

w(0) = g€ HY(M).

The link with the original equation can be made by the change of variable w = e~®u. The well
posedness of this system will be proved in Section 2.1 and we can check that it satisfies the energy
decay

(5) E(u(t)) — B(u(0) = — / 10— Ay a(@)oyul,

Our theorem states that under some geometrical hypotheses, this yields an exponential decay.

Theorem 0.2. Let M, w satisfying Assumption 1, 2, 3. Let a € C*(M), as in (3). There exists
v > 0 such that for every Ry > 0, there is a constant C' > 0 such that inequality

lu@ll g < Ce™ Jluoll g >0

holds for every solution w of system (4) with initial data uy such that ||ug|| ;1 < Ry.

3
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The independence of C' and of the time of control 7" on the bound Ry are an open problem. The fact
that ~ is independant on the size lies on the fact that it only describes the behavior near 0. However,
it is unknown whether there is really a minimal time of controllability. This is in strong contrast with
the linear case where exact controllability occurs in arbitrary small time and the conditions are only
geometric for the open set w. Moreover, some recent studies have analysed the explosion of the control
cost when 7" tends to 0 : K.- D. Phung [31] by reducing to the heat or wave equation, L. Miller [29]
with resolvent estimates, G. Tenenbaum and M. Tucsnak [35] with number theoretic arguments.

Let us now describe our assumptions. The first two deal with classical geometrical assumptions in
control theory.

Assumption 1. Geometric control : there exists Ty > 0 such that every geodesic of M, travelling with
speed 1 and issued at t = 0, enters the set w in a time t < Tj.

This condition is known to be sufficient for linear controllability, see G. Lebeau [27]. In Section 9,
we prove that it is necessary on S for the nonlinear stabilization. Yet, there are some geometrical
situation (especially when there are some unstable geodesics) in which it is not necessary. For example,
we have linear controllability for any open set w of T3, see S. Jaffard [23] and V. Komornik [25] (see also
[11]). This also holds for M = S? x S with w = $?x]0, e[ or w = w; x S where w; is a neighborhood
of the equator. In that cases, our method fails to prove global results and we can only prove local
controllability by perturbation (see Theorem 0.4).

Assumption 2. Unique continuation : For every T > 0, the only solution in C*°([0,T] x M) to the
system

u=0on [0,7]x M
X w

(6) { 10yu + Au+ by (t, z)u + by(t, x)

x
u=0on [0,7T]
where by (t,z) and by(t,x) € C([0,T] x M) is the trivial one u = 0.

We do not know if there exists a link between these two assumptions. In our three particular
cases, this can be proved using Carleman estimates. There are some existing results about this, as the
one of V. Isakov [22](for general anisotropic PDE’s), L. Baudouin and J.P. Puel [2](global Carleman
estimates) or A. Mercado, A. Osses and L. Rosier[28](in the special case of Schrédinger with flat metric
but weaker geometrical assumptions). Then, for the convenience of the reader, we have chosen to give
a proof of this, which, we believe, clarifies the problem in the case of a non flat metric. It is given in
the Appendix, Section B.

The last assumption is a technical assumption that ensures that the Cauchy problem is well posed
in H'. It yields a bilinear loss of sy < 1.

Assumption 3. There exists C > 0 and 0 < so < 1 such that for any fi, fo € L*(M) satisfying
fi =Y a=aem, on,((fi): 7=1,2,3,4
one has the following bilinear estimates

(7) Hu1u2HL2([0,T}><M) < C'min(N, L)* Hf1||L2(M) Hf2||L2(M)
ui(t) = " f;, j=1,2
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It is known to be true in the following examples (1/2+ means any s > 1/2):
- T? with sg = 1/2+, see [4]
- the irrational torus R3/(61Z x 6,7 x 65Z) with 6; € R, for which an estimate with sy = 2/3+ has
been recently obtained in [5]. An easier proof for s; = 3/4+ can also be found in the beginning of [5]
and in [12]
- 8% with sy = 1/2+, see [10]
- 8% x S with sy = 3/4+, see [10].

It yields some trilinear estimates in Bourgain spaces (see the definition below). For the control
near a trajectory, we still have some particular assumptions that are again fulfilled in the particular
geometries described above. Our result reads as follow

Theorem 0.3. Let T' > 0 and M, w such that Assumptions 1, 3, 4 and 5 are fulfilled (see below). Let
1>5s5>5)andw € quib be a solution of

(8) {z’@tw+Awﬂ:|w|2w = g

w(z,0) = wo(x)

with g € C([0,T], H") supported in [0,T] X @.

Then, there exists € > 0, such that for every ug € H® with |jug —w(0)||y. < €, there exists g1 €
C([0, T, H*) supported in [0,T] X T such that the unique solution u in X3 of (8) with u(0) = uy and
g replaced by g1 fulfills uw(T) = w(T).
Moreover, for any ug € H' with ||ug — w(0)|

s < €, the same conclusion holds with g € C([0,T], H").

An interesting fact is that the smallness assumption only concerns the H® norm, even if we want
a control in H'. For example, as in [14], if we assume ||ug||;» < Ro, we can find N € N large enough
such that the smallness asumption only concerns the N first frequencies (see Corollary 8.2).

Let us describe the new hypothesis. Assumption 4 is a unique continuation result at weaker
regularity.

Assumption 4. Unique continuation in H': For every T > 0, the only solution in C([0,T], H') to
the system

u=0on [0,7]x M
X w

(9) { i0yu + Au+ by (t, z)u + by(t, x)

T
u=0on [0,7T]
where by (t,x) and by(t,x) € L=([0,T], L) is the trivial one u = 0.

We do not know if it is really stronger than Assumption 2 but for the moment, there are some
example where we are able to prove Assumption 2 and not Assumption 4 using some weak Carleman
estimates (see Appendix, Section B). For instance, on T?, we are able to prove Assumption 2 for
w = {z € R¥/Z3 |z, €]0,e[+Z} but not Assumption 4. Yet, for the moment, we do not manage to
deduce a controllability result from this statement.

The other new assumption is technical and yields quadrilinear estimates for a commutator

Assumption 5. There exists C > 0 and 0 < sy < 1 such that for any fi, fo, f3, fs € L*(M) satisfying

fi =Y =re, on,(f7), 7=1,2,3,4
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one has the following quadrilinear estimate

(10) sup / / B)e " urug ((—A) 7 Pugug — uz(—A)?uy) dudt
TER

< C Na + Na ( (Nla o 'aN4))SO ||f1||L2(M) ||f2||L2(M) ||f3||L2(M) ||f4||L2(M)
ui(t) =" f;,  j=1,2,3,4

where x € C°(R) is arbitrary and m(Ny,- - -, Ny) is the product of the smallest two numbers among
Nla N27 N37 N4-
Moreover, the same result holds with u; replaced by u; for i in a subset of {1,2,3,4}.

For the three treated examples, we prove in Appendix, Section A, that Assumption 5 holds true
with the same sy as in Assumption 3. We believe that it is the case for any manifold, but we did not
manage to prove it.

As explained before, there are some examples for which we know that geometric control assumption
is not necessary. For instance, for any pair of manifolds M7, M, and w; C M; such that w; satisfies
observability estimate, wy x My satisfies observability estimate for the linear Schrodinger equation. We
can then use this remark and the work of S. Jaffard [23] and V. Komornik [25] for the linear equation
on T" to get some local nonlinear results . Since Theorem 0.3 is proved by a perturbative argument,
we can also deduce controllability near 0 from these already known linear control results.

Theorem 0.4. If w =0 and (M,w) is either :

-(T3,any open set)

-(S? x S, wy x S) where wy is a neighborhood of the equator of S*
(8% x S' 8%x]0, £[)

Then, the same conclusion as Theorem 0.3 is true.

Rosier and Zhang [33] have communicated to us that they simultaneoulsy obtained the same result
for T3.

The proof of stabilization and of linear control with potential follows the same scheme as [13]. In
a contradiction argument, we are led to prove the strong convergence to zero in X{}’b of some weakly
convergent sequence (u,) solution to damped NLS or Schrédinger with potential. Since the equation
is subcritical, we use some linearisability properties of NLS in H' (see the work of P. Gérard [19] for
the wave equation).

We first establish the strong convergence by some propagation of compactness. We adapt the
argument of [13] inspired by C. Bardos and T. Masrous [1]. We use microlocal defect measures
introduced by P. Gérard [18]. For a sequence (u,,) weakly convergent to 0 in X:‘,i’b satisfying

10, + Au,, — 0 in X;_Hb’_b
a(z)u, — 0 in L*([0,T), H?),
we prove that u, — 0 in L} ([0, T], H*®).

Once we know that the convergence is strong, we infer that the limit u is solution to NLS. We
would like to use Assumption 2 or 4 of unique continuation to prove that it is 0. Yet, more regularity is
needed to apply them. Again, we adapt the proof for X*? spaces of propagation results of microlocal
regularity coming from [13].
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In this article, o’ will be a constant such that estimates of Lemma 1.1 holds. Actually, each of the
trilinear estimates (with different s) that will be done will yield one ¥ < 1/2 but remains true if we
choose a greater one. So we take &’ < 1/2 as the largest of these constants. This allows to choose one
b>1/2with1>b+41.

In all the rest of the paper, C' will denote any constant whose value could change along the article.

1 Some properties of X*" spaces

Since M is compact, A has a compact resolvent and thus, the spectrum of A is discrete. We choose
ex € L*(M), k € M an orthonormal basis of eigenfunctions of —A, associated to eigenvalues .
Denote Py the orthogonal projector on e;. We equip the Sobolev space H*(M) with the norm (with

() = V1 +[z?),

2 s 2
Hs(M) — Z (Ak) HPk“||L2(M) :
k

lul

The Bourgain space X*° is equipped with the norm

o =5 00 20 T,

2
L2RoxM) |[u? HHb(R,Hs(M))

where u = u(t,z), t € R, & € M, u#(t) = e~"?u(t) and F]JL(T) denotes the Fourier transform of Pyu
with respect to the time variable.

X;’b is the associated restriction space with the norm

lull s = i {1l o | = on J0, T[x M }

We also write [[uf|ys» if the infinimum is taken on functions @ equalling u on an interval 1. The
I

following properties of X;’b spaces are easily verified.
1. X*b and X3 are Hilbert spaces.
2. If 51 < 59, by < by we have X*2P2 C X*u¥ with continuous embedding.
3. For every s; < s9, by < by and T > 0, we have X;z’bz C X}l’bl with compact imbedding.

4. For 0 < 6 < 1, the complex interpolation space (X*1-t1, X827b2)[€] ig X (1=0)s1+052,(1-0)b1+6bs

4. can be proved with the interpolation theorem of Stein-Weiss for weighted L? spaces (see [3] p 114).
Then, we list some additional trilinear estimates that will be used all along the paper.

Lemma 1.1. If Assumption 3 is fulfilled, for every r > s > sq, there exist 0 < b < 1/2 and C > 0
such that for any u and @ € X"

2
(11) llulPull g < Cllullxew lullxrw
(12) @l oo < Cllullewr 1l rw fll o
~2~ 2 112 ~
(13) [lule = (@l . < C (llullyar + all5ew) o=@l o

Moreover, the same estimates hold with z1Z3z3 replaced by any R-trilinear form on C.

7
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The proof of the previous lemma can be found in [6], [9] or [20]. Yet, in the Appendix, we prove
some slightly different estimates, but the proof gives an idea of how Lemma 1.1 is established. We
also give some variants that will be used in the linearized version of our equations.

Lemma 1.2. If Assumption 3 is fulfilled, for every —1 < s < 1 and any sy < r < 1, there exist
0<¥ <1/2 and C >0 such that for any v € X** and a;,ay € X

(14) lar@zul| o < Cllarlxiw flazllxi [lul

(15) [lar*ul oo < Cllarllow lanll xro llul

Xs,b

Xs,b’
Moreover, the same estimates hold with z1Z3z3 replaced by any R-trilinear form on C.

Proof. We first prove (15). Estimate (12) of Lemma 1.1 implies that the operator of multiplication
by |ai]? maps X" into X1~ with norm ||a1| y1s [|a1]| xre- IBy duality, it maps X~ into X1
with the same norm. We get the same result for —1 < s < 1 by interpolation, which yields (15). For
(14), we observe that estimate

larazull 1w < Cllaa]lxae llazll xro llull i
holds whatever the position of the conjugate operator and we conclude similarly. O
Let us study the stability of the X*° spaces with respect to some particular operations.

Lemma 1.3. Let p € C°(R) and u € X*° then p(t)u € X*°.
Ifu € X3 then we have p(t)u € X3

Proof. We write

—itA

loullen = e e@OuO] e = [100% [ ocarrey < € le# | ogsney < Cllullen

We get the second result by applying the first one on any extension of v and taking the infinimum. [

In the case of pseudodifferential operators in the space variable, we have to deal with a loss in X*°

regularity compared to what we could expect. Some regularity in the index b is lost, due to the fact
that a pseudodifferential operator does not keep the structure in time of the harmonics.
This loss is unavoidable as we can see, for simplicity on the torus T! : we take u, = w(t)emxei‘"zu
(where 1 € Cg° equal to 1 on [—1,1]) which is uniformly bounded in X®° for every b > 0. Yet, if we
consider the operator B of order 0 of multiplication by €, we get ||e™u,||yo., &~ n’. Yet, we do not
have such loss for operator of the form (—A)" which acts from any X** to X*~2"*. But if we do not
make any further assumption on the pseudodifferential operator, we can show that our example is the
worst one :

Lemma 1.4. Let —1 < b <1 and B be a pseudodifferential operator in the space variable of order p.
For any u € X*® we have Bu € X5~ ~Iblb,

Similarly, B maps X" into Xfp_p_‘b"b.

Proof. We first deal with the two cases b = 0 and b = 1 and we will conclude by interpolation and
duality.
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For b =0, X*° = L*(R, H*) and the result is obvious.
For b = 1, we have u € X*! if and only if

u € L*(R, H®) and i0u + Au € L*(R, H?)

with the norm

2 2 , 2
[ullsn = ||u||L2(]R,HS) + [li0u + AUHLZ(R,HS)
Then, we have
1Bullesss = |Bulagpress, + 10:Bu+ ABulagg e
2 , 2 2
< C (HUHLZ(R,HS*l) + || B (i0u + AU)HLZ(R,HS*P*U + [|[B, A u||L2(R7HS*P*1)>
2 , 2 2
< O (ulag oy + N0+ Al rosy + 0l 2o
< Ollulfye

Hence, B maps X*? into X*77° and X*! into X*»~1!. Then, we conclude by interpolation that B
maps X*" = (X*0, X*1), into (X*7°0, X*7r b)) = X*7/7" which yields the b loss of regularity as
announced.

By duality, this also implies that for 0 < b < 1, B* maps X ~*77T%~% into X ~*~°. As there is no
assumption on s € R, we also have the result for —1 < b < 0 with a loss —b = |b].
To get the same result for the restriction spaces X:fib, we write the inequality for an extension @ of u,
which yields

| Bul

Xéfpf\b\,b S HB'EL’

xomrtolp < O[] a0

Taking the infinimum on all the @, we get the claimed result. O
We will also use the following elementary estimate (see e.g. [21] or [4]).

Lemma 1.5. Let (b,V) satisfying
1
(16) 0<b’<§<b, b+b <1.

If we note F(t) = ¥ (%) f(f f(tHdt', we have for T <1
1Fllge < CT 7 1 fll v -

In the futur aim of using a boot-strap argument, we will need some continuity in 7" of the X;’b
norm of a fixed function :

Lemma 1.6. Let 0 < b < 1 and u in X*° then the function

{f - 10,7] — R

t — |l

s,b
Xt

is continuous. Moreover, if b > 1/2, there exists Cy, such that

lim f(t) < Cy||u(0)]

Hs -
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Proof. By reasoning on each component on the basis, we are led to prove the result in H°(R). The
most difficult case is the limit near 0. It suffices to prove that if u € H°(R), with b > 1/2, satisfies
u(0) =0, and ¥ € C5°(R) with ¥(0) = 1, then

t
W<T>u—>0 in H°

—0

Such a function u can be written fot f with f € H*'. Then, Lemma 1.5 gives the result we want
if u € H"". Nevertheless, if we only have v € H, W(%)u is uniformly bounded. We conclude by a
density argument. O

The following lemma will be useful to control solutions on large intervals that will be obtained by
piecing together solutions on smaller ones. We state it without proof.

Lemma 1.7. Let 0 < b < 1. If U]ag, bi| is a finite covering of [0, 1], then there exists a constant C
depending only of the covering such that for every u € X*°

5, SO
el <€Dl

s,b .
X[ak’bk]

2 Existence of solution to NLS with source and damping
term

2.1 Nonlinear equation

Let a € C*°(M) taking real values fixed.
We will prove the existence for defocusing non linearity of degree 3 : they will have the form au+3|u|?u,
with a, 3 > 0.

Proposition 2.1. Let T' > 0 and s > 1. Assume that M satisfies Hypothesis 3. Then, for every
g € L*([0,T],H®) and ug € H®, there exists a unique solution u on [0,T] in X3 to the Cauchy
problem

(17)

10+ Au — au — BlulPu = a(z)(1—A)ta(z)du+gon [0,T] x M
U(O) = wug € H*®

Moreover the flow map

F : H*(M)x L*[0,T), H(M)) — X3

(Uo,g) = u
1s Lipschitz on every bounded subset.

Proof. 1t is strongly inspired by the one of Bourgain [4] and Dehman, Gérard, Lebeau [13] for the
stabilization term. The proof is mainly based on estimates of Lemma 1.1.

First, we establish that the operator .J defined by Jv = (1+ia(z)(1—A) 'a(x))v is an isomorphism
of H* and X*® (s € Rand -1 <b<1).

J is an isomorphism of L? because of its decomposition in identity plus an antiselfadjoint part
J =14+ A. It is then an isomorphism of H® with s > 0 by ellipticity and for every s € R by

10
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duality. Using Lemma 1.4, we infer that if —1 < b < 1, A maps X*’ into itself. Moreover, J~!
(considered for example acting on L*([0,7] x M)) is a pseudodifferential operator of order 0 and
satisfies J~' = 1 — AJ~!. Then, using again Lemma 1.4, we get that AJ~" maps X* into X*I01+2
and J is an isomorphism of X*°.

In the sequel of the proof, v will denote Ju. Hence, we can write system (17) as

O —iAv — Rov +if|ul*u = —igon [0,T] x M
(18) v = Ju
v(0) = wvy=Jug € H®

where Ry = —iAAJ~! +iaJ ™! is a pseudo-differential operator of order 0.
First, we notice that if g € L2([0,T], H®), it also belongs to X5 " as t/ > 0.
We consider the functional

t
d(v)(t) = Py + / elt=mA [Rov — if3 lul?u — ig] (t)dr
0

We will apply a fixed point argument on the Banach space X{}’b. Let ¢ € C§°(R) be equal to 1 on
[—1,1]. Then by construction, (see [21]) :

H@b(t)eimvo ‘

b — ||¢||Hb(R) [[vo [ 77

Thus, for T' < 1 we have
H eitAUO‘

xzo < Cllvoll e < Clluol

Hs

For T' < 1, the one dimensional estimate of Lemma 1.5 implies

HW/T) /0 AR < O Y|P e

Xs,b
and then
t
‘ / "% [Rov — iBlul*u —ig] ()dr|| < CT'™"™"||Rov — i Jul* u — ig o
0 x50 g
1—b—b 2
< CT 1Ry 50 + |l u\X;,,bf + ||g!|X%,fb/
—b—b 2
(19) < OT' ol o (14 lollge ) + gl yv
Thus
Y 2
(20) |P(v)] x5 < C'wol| s + 191 x5 + o7t H”UHX;,b (1 + Hv||X;,b>

and similarly,

(21) 1®(v) = @(0)] 20 < CT* "7 Jlo — 7

2 b)
X5

These estimates imply that if T is chosen small enough ® is a contraction on a suitable ball of
X;’b. Moreover, we have uniqueness in the class X;’b for the Duhamel equation and therefore for the
Schrodinger equation.

) -
oy (1 + ([0l + 115]

11
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We also prove propagation of regularity.
If ug € H®, with s > 1, we have an existence time 7" for the solution in Xflp’b and another time T for
the existence in X ;b By uniqueness in X%’b, the two solutions are the same on |0, T |. Assume T<T.
Then, ||u(t,.)|| ;. explodes as t tends to T whereas ||u(t,.)|| ;1 remains bounded. Using local existence
in H' and Lemma 1.7, we get that ||ul| 1+ is finite. Applying tame estimate (20) on a subinterval
T

[T — ¢, T, with € small enough such that Ce'=>=" <1 + ||v]|§<1b> < 1/2, we obtain
T

Wil xze < CllulT = e)llgs + N9l v -

Therefore, u € X;’b, and this contradicts the explosion of ||u(t,.)|| . near T.
Next, we use energy estimates to get global existence.
First, we will consider the energy :

1 1 1
B) =5 [Vl 5o [ g [

The energy is conserved if g = 0 and a = 0. It is nonincreasing if ¢ = 0. In general, multiplying our
equation by 0;u, we have the relation :

E(t) — B(0) = —/OtH(l—A)_Wa(x)@tu”iz —%/Ot/Mgm
= - [ 0= a@ondl - [ [ o oam

t t
- _/ H(l - A)_lﬂa(x)atuH; - %/ / (J ™g)iAv + Ryv — if|ul?u — ig
0 0o Jum

If 0 <t <T (for this equation, there is not global existence in negative time) and 5 > 0, we get

E(t) < E(U))+C/O V(T 9)|[ 2 !IVUHL2+/0 91l 22 llull 2

t
3 2
T / Nl e Nuli2s + 1912202000
0

< E@0)+C / 19 VE@) +C / gl ()
o / 1) s (B + 191 z1nn
<

20)+C [ o)l [1+ B ] + lalsgomenn

Therefore

2
ax B() < B(0)+ O 1+ s EEP ol oy + 101y

So we have finally
(22) E(t)<C (1 + E0)" + ||9H8L2([0,T]><M) + HgHil([O,T},Hl)>

12
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This implies that the energy is bounded if g € L?([0,T], H') and yields global existence in Xflp’b for
every T > 0. The fact that the flow is locally Lipschitz follows from estimate (21). O

Remark 2.1. If g = 0, the solution of (17) satisfies the energy decay

t
2
E(t) — E(0) = —/0 (1= &) Y2a(2)0,u) .
This is obtained for initial data in H* by multiplying the equation by 0,i and can be extended to initial

data in H' by approzimation.

Remark 2.2. We have also proved that for any ug, g with ||uoll ;2 + 119]l 12 (0.7 1) < A, the solution
u of (17) satisfies
Jullxyo < C(T, A)

Remark 2.3. If we look carefully at inequality (19), we see that we have for 0 <e <1—0b—1V

t
/ "2 [Rov — i |u*u — iJg] (r)dr < CT""||Rov — i [ul* u — iJg|| 1w
0 T

Xl,bJrs

—b—b — 2
(23) < OT ol (14 loldge ) + 19llzaqom,

And we can then conclude that u is bounded in Xflp’bﬁ.

Remark 2.4. We notice that for a solution of the equation, the term of stabilization a(z)(1 —
A)ta(z)0mu belongs to L>([0,T], H'(M)) as expected. Actually, for a solution, this term acts as
an operator of order 0. This is more visible using the equation fulfilled by v = Ju.

Then, in the aim of obtaining controllability near trajectories, we prove an appropriate existence
theorem.

Proposition 2.2. Suppose that Assumption 3 is fulfilled. Let T' > 0 and w solution in Xflp’b of

(24) { 0w+ Aw = +|wlfw+ gy on [0,T] x M

w(0) = wy € H!

with g1 € L*([0,T], H'). Then, for any s €]so, 1|, there exists € > 0 such that for any uo € H* and
g € L*([0,T), H®) with ||ug — wol| zs + |lg1 — 9l 2o,y < € there exists a unique solution u in X5

of equation (24).
Moreover for any 1 > r > s there exists C = C(r, ||w||X%,b,T) > 0 such that, if ug € H" and

g€ L*([0,T],H"), we have u € X" and
(25) = wll g < € (1o = woll e + 91 = 9ll 2oy, m)) -

Remark 2.5. In the focusing case, the existence of w is not guaranteed for any wog g1 and T, and the
result we prove assumes this existence.

Remark 2.6. Here, we emphasize the fact that the asumption of smallness only concerns the H® norm
and not H". This is a consequence of the subcritical behavior.

13
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Proof. We want to linearize the equation. If u = w + r and g = ¢; + g,, then

w+r (w+7r) = |[wlw+2wlr 4w+ 2P w4+ o + || r

= |wfw+ 2w’ r + w*F + F(w,r).
We are looking for r solution of

(26) {i@tr+Ar = 2w]*r +wF + F(w,r) + g,

r(x,0) = 7ro(x)

We make a proof similar to Proposition 2.1. We only write the necessary estimates. (11) and (12)
yield

—b—=b 2
Irllge <€ (Irolle + el g ) + €T wllge Nl g0

1-b—0 2
FOT' 7 ([l g g )

oo Lo [

With T such that CT" =Y ||W||§(1,b < 1/2, it yields
T

Il < € (Wrolle + lowll ooz

(27) +CT Y (o g I

2
st Il e )

First, we apply this with » = s. As we have proved in Lemma 1.6 the continuity with respect to T of
|7 xs» We are in position to apply a boot-strap argument : for ||7o|| ;s + [|gr [l 120,77, +) Small enough
T IR

(depending only on ||w||X:1F,b), we obtain :

17l x50 < Clrol

s T ||9r||L2([o,T],HS) )

Repeating the argument on every small interval, using that ||7|,s» controls L>(H?®) and matching
T
solutions with Lemma 1.7, we get the same result for every large interval, with a smaller constant ¢,
depending only on s, 7" and [jw|| ;1.
T

Then, we return to the general case r > s and CT"' 0~ ||'U,]||§(1,b < 1/2. For T small enough (depending
T

only on r, ¢ and |Jw|| y14), estimate (27) becomes
T

Irllge < € (Iroll e + el 2goy00))

Again, we obtain the desired result by piecing solutions together. O

2.2 Linear equation with rough potential

The control near trajectories will be obtained by a perturbation of control of linear Schrodinger equa-
tion with rough potential. The equation considered are the linearization of nonlinear equations and
its dual version. We establish here the necessary estimates.

14
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Proposition 2.3. Suppose Assumption 3. Let T > 0, s € [—-1,1], A > 0 and w € Xflp’b with
Juoll g < 4.

For every uy € H® and g € X;’_bl there exists a unique solution u in X3 of equation

(28) { 0w+ Au = F2w|Putw?u+gon [0,T] x M

u(0) = wye€ H?
Moreover there exists C' = C(s, A, T) > 0 such that

(29) lul

o <C ([l

ws + 9lxev) -

Proof. We make the same arguments as above using estimates of Lemma 1.2. O

3 Linearisation in H'!

The following result show that any sequence of solutions with Cauchy data weakly convergent to 0
asymptotically behave as solutions of the linear equation. These types of results were first introduced
by P. Gérard in [19] for the wave equation and are typical of subcritical situations.

Proposition 3.1. Suppose Assumption 3 is fulfilled. Let (u,) € Xflp’b be a sequence of solutions of

(30) 10t + Aty — Uy — |up)?u, = a(x)(1 —A)ta(z)du, on [0,T] x M
un(0) = w,o€ HY(M)
such that
Upo — 0
H(M)
Then

|, |21, — 0.
1,—b
T

Proof. We prove that any subsequence (still denoted w,,) admits another subsequence converging to 0.
The main point is the tame Xfp’b estimate of Lemma 1.1. For one sy < s < 1 we have

(31) H‘uneuon,}’*b' < HunHi(;b ||un||xtlpb

First, using Remark 2.2, we conclude that wu, is bounded in Xilp’b, and actually by Remark 2.3, wu,
is bounded in X;;"** for some € > 0. By compact embedding of X "™ into X" we obtain that u,,
admits a subsequence converging weakly in X}’b and strongly in X}’b to a function u € X;’b with
u(0) = 0. u,(0) strongly converges to 0 in H® and by continuity of the nonlinear flow in H* wu,
strongly converges to 0 in X{}’b. This yields the desired result thanks to (31). O

4 Propagation of compactness

In this section, we adapt some theorems of Dehman-Gerard-Lebeau [13] in the case of X*? spaces. We
recall that S*M denotes the cosphere bundle of the Riemannian manifold M,

SM ={(z,§) eT"M - [¢], =1}

15
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Proposition 4.1. Let r € R. Let u,, be a sequence of solutions to
10, + Au, = f,
such that for one 0 < b < 1, we have
HunHX;,b S C, HunHX;be,fb — 0 and ||anX;71+b,—b — 0

Then, there exists a subsequence (u,) of (u,) and a positive measure p on |0,T[xS*M such that
for every tangential pseudodifferential operator A = A(t,x,D,) of order 2r and of principal symbol

U(A) = a'27’(t7 Z, 5);

(A(tv x, Dm)un’u un’)LQ(}O,T[XM) - a2y (tv z, 5) dlu’(tv xz, 5)
10,T[xS* M

Moreover, if G denotes the geodesic flow on S*M, one has for every s € R,
Gs(p) = p

Proof. Existence of the measure : it is based on Gérding inequality, see [18] for an introduction.
Propagation : Denote L the operator L = id; + A. Let ¢ = ¢(t) € C5°(]0,T]), B(xz,D,) be a
pseudodifferential operator of order 1, with principal symbol by, 1, A(t,x, D,) = ¢(t)B(x, D,). For
e > 0, we denote A, = pB. = Ae®® for the regularization.

As A.u, and Afu, are C*, we can write (L, Aun) 20 rixam) = (fr, AfUn) L2q0rx 0y and
(Acttn, Luy) 20,71 m) = (Actin, fn)12qo,rixar)- We write by a classical way

e = (Lug, AZun) r200r(xm) — (Actin, Ly, ) 1200,71x M)
([Az, Alug, upn) — 1(0p (Ac)tn, up)

We will strongly use Lemma 1.3 and 1.4 without citing them.
0;(A,) is of order 2r — 1 uniformly in e, then,

SUp(8;(Ae)tin, tn) 20,rpenr) < CllO(A)unl orei-vellun]| yr-1vv -0 < Cllun| oo [unl] r-ree. -
I3
which tends to 0 if n — oo.
But we have also

Ope = (fmA un)L2(]OT[><M (A Umfn)L2(0T[xM)

}(fm A:un)LQ(]O,T[XM) ‘ < anHX;*l“’»*b HA:unH)(;T“*"»b

< Wl e

Then, sup, ‘( Jrs Alug) 120,7(x M)} — 0 when n — oo. The same estimate for the other terms gives
sup, oy, — 0.
Finally, taking the supremum on ¢ tending to 0, we get

(0[B, Altn, un) r2qorixamy — 0 when n — oo

which means, in terms of measure
[ el {oa(a) e} dulta €)=
10,T[xS*M

This is precisely the propagation along the geodesic flow. O

16
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Corollary 4.1. Let r € R. Assume that w C M satisfies Assumption 1 and a € C*°(M), as in (3).
Let u,, be a sequence bounded in X}’b/ with 0 < b < 1/2, weakly convergent to 0 and satisfying

(32) { 10, + Au,, — 0 in X;_b/

a(z)u, — 0 in L*([0,T], H")
Then, we have u, — 0 in X'~

Proof. Let (uy,) be a quelconque subsequence of (u,). The asumption on b and compact embedding
allow us to apply Proposition 4.1. We can attach to (u,, ) a microlocal defect measure in L*([0, 7], H")
that propagates along the geodesics with infinite speed. The second assumption gives a(z)u = 0. By
Assumption 1, and the fact that a is elliptic on w, we have p = 0 on |0, T[xS*M, ie (u,) — 0 in
L2([0,T], H"), and u,, — u in L*([0,T], H").

Then, we can pick ¢y such that u,(ty) — 0in H".

Using Lemma 1.5 and asumptions on ¢', we get for T' < 1

t
‘/ 6i(t_T)Afn(’7‘)d’7‘
0

< CONFll orw
o SO
T
Using Duhamel formula, we conclude u,, — 0 in X}’l_bl.
Then, the hypothesis T' < 1 is easily removed by piecing solutions together as in Lemma 1.7. U

5 Propagation of regularity

We write Proposition 13 of [13] with some X*® asumptions on the second term of the equation.

Proposition 5.1. Let T >0, 0<b< 1 and u € X;’b, r € R solution of
iOu+Au=fe Xy’

Given wy = (xg,&) € T*M \ 0, we assume that there exists a 0 — order pseudo-differential operator
x(x, D,), elliptic in wy such that

X(ZIZ’, DI)U € L?oc(]o’ T[’ HT—H))
for some p < 17_1’ Then, for every wy € I'y,,, the geodesic ray starting at wy, there exists a pseudodif-
ferential operator V(z, D,), elliptic in wy such that

U(x, Dy)u € L2 (]0,T[, H™*)

loc

Corollary 5.1. With the notations of the Proposition, if an open set w satisfies Assumption 1 and
a(z)u € L (10, T[, H*F), with a € C®(M), as in (3), then u € L} (]0,T[, H™*(M).

loc loc

Proof : We first regularize : u, = en®u with ||un||X;,b <C.Sets=r+p

Let B(x, D,) be a pseudodifferential operator of order 2s — 1 = 2r 4+ 2p — 1, that will be chosen later
and A = A(t,z, D,) = ¢(t)B(x, D,) where ¢ € C5°(]0,T).
If L =140, + A, we write

(Lun7 A*Un)m(}o,T[xM) - (Aum Ly, )L?(}O,T[xM)
= ([A> A]Um un)L2(]O,T[><M) - (iSDIBUn, Un)m(}o,T[xM)

17
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|(Aun> fn)Lz(]O,T[XM)| HAunHX;Tvb ||fn||X;*b

<
< Hun”)(;“/)*l*bvb||fn||x,}’*b

As we have chosen p < 17—17’ we have r +2p — 1+ b < r and so
| (At fr)zzqorpan] < Cllunll oo || fall - < C.
Similarly
(¢ Buoy wn)gorpaan] < Cllunlgllnllrs <
Then,
T
([A; Alun, un) L2go.1xar) = / () ([B, Alun(t), un(t)) r2(arydt
0

is uniformly bounded. Then, we select B by means of symplectic geometry. Take w; € I',,, U and
V' two small conical neighborhoods, respectively of w; and wy. For every symbol c(z,§), of order s,
supported in U, one can find a symbol b(z, ) of order 2s — 1 such that

Hoa(2), b, ) = e, O + (2, )

with 7(z, &) of order 2s and supported in V. We take B a pseudodifferential operator with principal
symbol b so that [B, A] is a pseudodifferential operator of principal symbol |¢(x, €)|* 4 r(x, €). Then,
if we choose c(x, £) elliptic at wy, we conclude

t
| et leta, Dyt a) e < .
0

This ends the proof of Proposition 5.1.
Corollary 5.2. Here dim M <3 and b > 1/2. Letu € X}’b solution of

(33) { i+ Au = |ulPu+won [0,T] x M

Owu = 0on 0, T[xw

where w satisfies Assumption 1.
Then w € C*(]0,T[xM).

Proof : We have u € L>([0,T], H'), and so in L*([0,T], L°) by Sobolev embedding. Then, we
infer that |u|?u € L>°([0,T], L*(M)).
On |0, T[xw, we have
Au = |ul’ u+ u.

Therefore, Au € L*([0,T], L*(w)) and u € L*(]0, T[x H*(w)). Since H?*(w) is an algebra, we can go on
the same reasonning to conclude that u € C*°(]0, T'[xw).
By applying once Corollary 5.1, we get u € L2 _([0,T], H'*'2"). Then we can pick #, such that

loc
u(ty) € H 145" We can then solve in X'*'2"® our nonlinear Schrodinger equation with initial data
1-b
u(ty). By uniqueness in X}, we can conclude that u € X;r 2",
By iteration, we get that u € L*(]0,T[, H") for every r € R and u € C*([0,T], M).

18
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Corollary 5.3. If, in addition to Corollary 5.2, w satisfies Assumption 2, then u = 0.

Proof. Using Corollary 5.2, we infer that u € C*°(]0, T[xM).
Taking time derivative of equation (33), v = Jyu satisfies

(34) v+ Av+ frv+foo0 = 0
v = 0on]0,T[xw

for some fi, fo € C*(]0,T[xM). Assumption 2 gives v = Jyu = 0. Multiplying (33) by @ and

integrating , we get
/ |Vu|2+/ |u|4+/ uf? =0
M M M

and so u = 0. O

Remark 5.1. We have the same conclusion for u € Xflp’b solution of

{ i0u+ Au = won [0,T] x M

(3) Owu = 0on 0, T[xw

6 Stabilization

Theorem 0.2 is a consequence of the following Proposition

Proposition 6.1. Let a € C*°(M), as in (3). Under Hypothesis 1, 2 and 3, for every T > 0 and
every Ry > 0, there exists a constant C' > 0 such that inequality

T
E(0) < C / 11— A) " 2a(@)dyul, dt
0

holds for every solution u of the damped equation

(36) i0u+ Au— (14 |ul*)u = a(z)(1 —A) a(x)du on [0,T] x M
u(0) = wy € H!
and ||u0HH1 < R(].

Proof of Proposition 6.1 = Theorem 0.2. For any f € H*(M), Sobolev embeddings yield

E(f) < C (Il + 11lzn)
1l < C (BN

As the energy is decreasing, if ||ugl| ;. < Ro, we can find another Ry such that [|u(?)]| m < Ry for any
t > 0. For this range of values, we have

(37) CTHEUN < Wl < C (B

for one C' > 0 depending on Ry.

We apply Proposition 6.1 with this bound and obtain E(t) < Ce ")t F(0). Then, for t > t(Ry),
we have ||u(t)]|; < 1.

We take 7(1) the decay rate corresponding to the bound 1. Therefore, for ¢ > ¢(Ry), we get
Ju(t)]| n < CemWE=tED) Jlyy(t(Rg))|| ;1. This yields a decay rate independant of Ry as announced,
while the coefficient C' may strongly depend on Rj. O
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Remark 6.1. If we make the change of unknown w = e~%u, w is solution of the new damped equation

{ 10w+ Aw — |wffw = a(z)(1 — A) a(z)(Ow —iw) on [0,T] x M
w(0) = wye H!

This modification is necessary because there is not exponential decay for the damped equation (36) with
|ul?u instead of (1 + |u|?)u. We check for example that for a = 1, the solution with constant Cauchy
data ug satisfies

|uo|
uwt)]P = ———.
O = T gt

Moreover, it also proves that the solution is global in time only on RT (this restriction remains with
the non linearity (1 + |ul?)u).

Proof of Proposition 6.1. We argue by contradiction, we suppose the existence of a sequence (u,) of
solutions of (36) such that
[un(0)][ g2 < Ro

and
39 0= 80 a0, dt < 5 Bl o)

We note a,, = E(u,(0))'/2. By the Sobolev embedding for the L* norm, we have a,, < C(Ry). So, up
to extraction, we can suppose that a,, — .
We will distinguich two cases : a > 0 and a = 0.

First case : o, — o >0
By decreasing of the energy, (u,) is bounded in L*([0,T], H') and so in Xflp’b. Then, as Xflp’b is a
separable Hilbert we can extract a subsequence such that u,, — u weakly in X}F’b ans strongly in X;’b,
for one u € X5 and s > 5. Therefore, |uy,|2u, converges to |u|?u in X3

Using (38) and passing to the limit in the equation verified by w,,, we get

0+ Au = |ulPu+won [0,T] x M
Ou = 0on |0, T[xw

Using Corollary 5.3, we infer u = 0.
Therefore, we have, up to new extraction, u,(0) — 0 in H'. Using Proposition 3.1 of linearisation, we

infer that [u,|?u, — 0 in X"
Moreover, because of (38) we have

a(z)(1 - A ta(x)ou, — 0

L2([0,T],H")
and the convergence is also in Xflp’_b/.
Then, estimate (38) also implies a(x)du, —
L2([0,T),H~1)
Using equation (36), we obtain
a(z) [Auy, — wn — un*un — a(z)(1 — A) " a(z)Opu,] — 0

L2([0,T),H~1)
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By Sobolev embedding, u, tends to 0 in L>([0,T], L?) for any p < 6. Therefore, |u,|*u, converges to
0 in L>([0,T], L9) for ¢ < 2 and so in L*([0,T], H~'). Thus, we get

A — 1, 0.
al@)( Ju L2(l07) H-1)

Therefore, (1 — A)2a(x)u, = (1 — A)"Y2a(z)(1 — A)u, + (1 — A)72[(1 — A), a(z)]|u, converges to
0 in L*([0,T], L?).
In conclusion, we have

Uy —0 in X5
a(z)u, — 0 in L*[0,T],H")
10y, + Au,, —u, — 0 in Xflp’_b/

Thus, changing u, into e¢”u, and using that the multiplication by e’ is continuous on any X3 (see
Lemma 1.3), we are in position to apply Corollary 4.1. Hence, as we have 1 — ¥ > 1/2, it yields

u,(0) — 0.

H1
In particular, F(u,(0)) — 0 which is a contradiction to our hypothesis o > 0.

Second case : a,, — 0
Let us make the change of unknown v, = u, /a,. v, is solution of the system

10y, + Avy, — a(x)(1 — A)a(z) 0, = vy, + a2 v,

and

g _ 2 1
(39) /0 [(1—A) 1/2a(x)8tvnHL2 dt < -

For a constant depending on Ry, we still have (37). Therefore, we write

[[wn ()| g1 E(un(1))?
v ()] g = W < CW <C

(40) [0 (0)] 1 = % >C >0

Thus, we have ||v,(0)]|;;; = 1 and v, is bounded in L>([0, 7], H").
By the same estimates we made in the proof of Proposition 2.1, we obtain

—b—b 3
[oallxge < Ol + 0T (lenllzo + 2 llonlgo )
Then, if we take CT'*% < 1/2, independant of v, we have

||Un||XT1F’b < C(l + ai ||Un||§(:1rb)
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By a boot strap argument, we conclude that, ||v,||1s is uniformly bounded. Using Lemma 1.7, we
T

conclude that it is bounded on X%’b for some large T and then, o2 |v,|?v, tends to 0 in X%’_b .

Then, we can extract a subsequence such that v, — v in X}’b where v is solution of

i0v+Av = von|0,T] xM
Oww = 0on]0,T[xw

It implies v = 0 by Remark 5.1.

Estimate (39) yields that a(x)(1 — A)~ta(z)dv, converges to 0 in L*([0,7], H') and so in Xllg’_b/.
We finish the proof as in the first case to conclude the convergence of v, to 0 in X;:”. This

contradicts (40). O

7 Controllability of the linear equation

7.1 Observability estimate

Proposition 7.1. Assume that (M,w) satisfies Hypothesis 1, 3 and 4. Let a € C>*(M), as in (3),
taking real values. Then, for every —1 < s <1,T >0 and A > 0, there exists C' such that estimate

2
2 dt

T
luoll3. < C / Jau()|

holds for every solution u(t,x) € X:‘,i’b of the system

(41) {i@tu—l—Au = 2wPutw?a on [0,T] x M

u(0) = wuy € H*
with one w satisfying ||'lU||X%,b < A.

Proof. We only treat the case with 2|w|?u + w?u. The others are similar. We argue by contradiction.
Let u,, € X;’b be a sequence of solution to (41) with some associated w,, such that

T
o=t [ )
0

a0 < A,

2
e — 0

(42) [n (0)]

and

Proposition 2.3 of existence yields that u,, is bounded in X:sp’b and we can extract a subsequence such
that u, converges strongly in X3 """ to some u € X3 (b <1—1¥ < 1).

Then, using Lemma 1.2, we infer that 2|w, |2, + w2, is bounded in X", We can extract another
subsequence such that it converges strongly in X5 """ (here we use —b < —1/2 < —0¥/) to some
vexi

Denoting 7, = u, —u and f,, = 2|w,|*u, + w?w, — ¥, we can apply Proposition 4.1 of propagation of
compactness. As w satisfies geometric control and au,, — 0 in L*([0,T], H®), we obtain that r, — 0
in L2 ([0,T], H®).

loc
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r, is also bounded in X:‘,i’b and we deduce, by interpolation, that r, tends to 0 in st’b/ for every
I cclo,T].

Now, we want to prove that u = 0 using unique continuation. As w,, is bounded in Xilp’b, we can
extract a subsequence such that it converges weakly to some w &€ X}’b. We have to prove that u is
solution of a linear Schrodinger equation with potential. But the fact that |w, |*u, converges weakly to
|w|?u is not guaranteed and actually uses the fact that the regularity H' is subcritical (see the article
of L. Molinet [30] where the limit of the product is not the expected one).

We decompose

Up|w,? — ulw|® = (u, — w)|w,|* +u [Jw, — w]* —ww=1w,) —W(w — w,)]
1+2+3+4

Term 1 converges strongly to 0 in Xfp’_b/ because u,, — u tends to 0 in X:‘,i’b/ and w,, is bounded in Xflp’b.
For term 2, we use tame estimate for ¢ such that 1 —e > sy

[ulwn = wl|| o < flull gz llwn = w] |wn —wl|

1—e,b/ | 1,6 -
Xp Xr

b/

By compact embedding, w, — w converges, up to extraction, strongly to 0 in X%_e and Term 2

converges strongly in X;’_bl. Terms 3 and 4 converge weakly to 0 in X, L% and so in the distributional
sense.

Finally, we conclude that the limit of u,|w,|? is u|w|?>. We obtain similarly that w?w,, converges in
the distributional sense to w?@. Therefore, u is solution of

i0u + Au = 2|w|*u + w*u
u=0on[0,T] xw
Using Corollary 5.1, we infer that v € L2 ([0,T], H 5+177b) and existence Proposition 2.3 yields that it

loc
actually belongs to X;JrlTb’b. By iteration, we obtain that u € Xilp’b. Then, we can apply Assumption
4 and we have in fact u = 0.
We pick ty € [0,7] such that w,(ty) converges strongly to 0 in H®. Estimate (29) of existence
Proposition 2.3 yields strong convergence to 0 of u, in X3:". Therefore, ||u,(0)] s tends to 0, which
contradicts (42). m

7.2 Linear control

Proposition 7.2. Assume that (M,w) satisfies Hypothesis 1, 8 and 4. Let —1 < s <1, T >0 and
w e X}, For every ug € H*(M) there exists a control g € C([0,T], H*) supported in [0,T] x @, such
that the unique solution u in X}’b of the Cauchy problem

(13) {i@tu+Au = R2wPutw?u+g on [0,T] x M

u(0) = wug € H*(M)
satisfies u(T) = 0.

Proof. We only treat the case with 2|w|?u + w?u. Let a(x) € C*°(M) real valued, as in (3). We apply
the HUM method of J.L. Lions. We consider the system

0+ Au = 2wlPut+w*u+g ge L*([0,T],H*) u(T)=0
i+ Av = 2w|*v —w* v(0)=vy € H®
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These equations are well posed in Xfp’b and X, b thanks to Proposition 2.3. The equation verified by
v is the dual as the one of u for the real duality (the equation is not C linear). Then, multiplying the
first system by v, integrating and taking real part, we get (the computation is true for w, g and v
smooth, we extend it by approximation)

T
R(ug, vo)r2 = §R/ (ig,v)p2dt
0

where (-, )2 is the complex duality on L*(M). We define the continuous map S : H* — H*® by

Svg = ug with the choice
g=Av = —ia(x)(1 — A)%a(z).

This yields

W&MWHI%A(M@@—NﬂM@MWZA W—Aerwﬂ;zlrwmwzs

Thus, S is self-adjoint and positive-definite thanks to observability estimate of Proposition 7.1. It
therefore defines an isomorphism from H~* into H®. Moreover, we notice that the norms of S and S—1
are uniformly bounded as w is bounded in Xflp’b. O

Proposition 7.3. Assume 0 < s <1, w =0 and (M,w) is either :
-(T3,any open set)

-(8% x S, (a neighborhood of the equator)xS*)

(8% x S S*x (any open set of S*))

Then, the same conclusion as Proposition 7.2 holds.

Proof. By following the proof of Proposition 7.2, we are reduced to proving an observability estimate

T
fually—. <€ [ flato)e .. d
0

These results are already known for s =0 :
-for T3, this was first proved by S. Jaffard [23] in dimension 2 and generalized to any dimension by V.
Komornik [25].
-the others example are of the form (M; x My, w; x Ms) were w; satisfies observability estimate.

We can extend them to any s, with 0 < s < 1 by writing [ul| ;- = |[(1 —A)7* 2w ,,. We
conclude using observablility estimate in L? and commutator estimates.
Actually, Proposition 7.4 of the next section proves that controllability in L? implies controllability in
H?, 0 < s <1, with the HUM operator constructed on L2 This yields the observability estimate in
H~*% and for that reason, we do not detail the previous argument. O

7.3 Regularity of the control

This section is strongly inspired by the work of B. Dehman and G. Lebeau [14]. It express the fact
that the HUM operator constructed on a space H® propagates some better regularity. We extend this
result to the Schrodinger equation with some rough potentials.
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Let T >0, s € [—1,1] and w € X}*. As in the the proof of Proposition 7.2, we denote S = Sy 740 :
H=% — H?® the HUM operator of control associated to the trajectory w by S®y = uy where

i0,®+ AP = 2w|*® — w?d
O(x,0) = Po(z) e H™®

and w solution of

i0u+ Au = 2lwu+ w?u+ AP
uw(l) = 0

where A = —ia(z)(1 — A) %a(x).

Proposition 7.4. Suppose Assumptions 3 and 5 are fulfilled. Let 0 < so < s <1, =1—5 and
w € X', Denote S = Syp..q the operator defined above. We assume that S is an isomorphism from
H=% into H®. Then, S is also an isomorphism from H~%¢ into HT¢ = H*.

Proof. First, we show that S maps H *"¢ into H"¢.

Let &y € H **¢. By existence Proposition 2.3, we have ® € X;Ha’b, then A® € L*([0,T], H*™)
and existence Proposition 2.3 gives again u € X;Jra’b and u(0) = SPy € H**=.

To finish, we only have to prove that S®y = ug € H*"* implies &g € H "¢, As we already know
that ®, € H~*, we need to prove that (—A)/2®, € H~°. We use the fact that S is an isomorphism
from H~* into H*. Denote D = (—A)%/2.

[ D Dol[ s < C[|SD D]

C||SD*®y — D* S|
C ||SD€(I)0 - D€U0|

s + Ol D75

Hs +C||u0||H5+5

Hs Hs

<
<

Let ¢ solution of

{i8t<p+Ago = 2wlPp —wp
()O(SL’,O) = DE(I)O(;U)

and v solution of

i+ Av = 2w|*v +w*v + Ap
o(T) = 0

So that v(0) = SD*®,. We need to estimate [[v(0) — D%ug|

s~ But = v — Dfu is solution of

{ i0r +Ar = 2w|?r + w7 — 2[D?, |w|?|lu — [DF, w?|u + A(p — D*®) — [D*, A]®
r(T) = 0

Then, using Proposition 2.3 we obtain

Iroll g < CI7]

s,—b/

X7

+ D%, Aj]] )

sy < O (D7 feoPlul| v + |07, 0]

+[A(p — D°9)|

s,—b/
XT

Lemma A.3 of the Appendix, Section A gives us some estimates about the commutators. For the last
term, we notice that [D?, A] is a pseudodifferential operator of order ¢ — 2s — 1 < —2s.

2
ol < € (Neolsoer ] oo + 4G = D®)| e + @ 2y
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We already know that v € X3, w € X3 and ® € X;*". We only have to estimate
[A(p = D®)|| ys-vr < Cllo = D*®|| 1o 1, py—<)- But d = ¢ — D*® is solution of
T ) k)

i0id + Ad = 2w|?d —w?d — 2[D?, |lw|}]® + [D?, w?]P
d(z,0) = 0

Thus, using Proposition 2.3, we get
o = D@l 2o y.-0) < C e < C (|10 10|y + [[[D%, 0B o)

The second part of Lemma A.3 of the Appendix allows us to conclude. O

8 Control near a trajectory

Theorem 0.3 and 0.4 are consequences of the following Proposition

Proposition 8.1. Suppose Assumptions 3 and 5 are fulfilled. Let T' > 0 and w € X%’b a controlled
trajectory, i.e. solution of

i0w +Aw = F|wl*w+g; on [0,T] x M

with g1 € L*([0,T], H'(M)), supported in@w. Let 1 > s > so > 0 . Assume that the HUM operator
S = Ss1wa, defined in Subsection 7.3, is an isomorphism from H™° into H?.

There exists ¢ > 0 such that for every ug € H® with ||ug — w(0)|| ;s < €, there exists g € C([0,T], H?)
supported in [0,T] X W such that the unique solution u in X:‘,i’b of

(14) {i@tu+Au = fulfutg

u(z,0) = wup(x)

fulfills w(T) = w(T).
Moreover, we can find another € > 0 depending only on T,s, w and ||W||X%,b such that for any ug € H*
with |ug — w(0)|| ;. < €, the same conclusion holds with g € C([0,T], H).

Proof. In the demonstration, we denote C' some constants that could actually depend on 7', ||w|| XL
and s. The final € will have the same dependence. We make the proof for the defocusing case, but
since there is no energy estimate, it is the same in the other situation.

We linearize the equation as in Proposition 2.2. If u = w + r, then r is solution of

ior + Ar = 2|w|2r+w2f+F(w,r)+g—g1
r(z,0) = ro(z)

with F(w,r) = 2|r[>w + r2w + |r|>r. We seck ¢ under the form g; + A® where ® is solution of the
dual linear equation and A = —ia(x)(1 — A)"*a(x), as in the linear control. The purpose is then to
choose the adequat @y and the system is completely determined.

With ||ro||gs small enough, we are looking for a control such that r(7") = 0.

More precisely, we consider the two systems

0@+ AP = 2w*® — w?d
O(x,0) = Po(z) e H™®
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and

i0r + Ar 2 |w|*r + w? + F(w,r) + A®
r(z,T) = 0
Let us define the operator

L: HM) — H*(M)
Dy — LIy =r(0).

We split » = v + ¥ with ¥ solution of

iU+ AV = 2w|*V + w?T + AP
U(T) = 0

This corresponds to the linear control, and so W(0) = S®q. v is solution of

(45)

0w +Av = 2w*v+w*v + F(w,r)
v(T) = 0

Then, r, v, ¥ belong to X" and r(0) = v(0) + ¥(0), which we can write

Loy = Ky + SPy

where K@y = v(0).
L®, = rg is equivalent to &y = —S~1K® + S~ry. Defining the operator B : H=% — H~* by

Bby = —ST'K®y + S,

the problem L®, = ry is now to find a fixed point of B near the origin of H~*. We will prove that B
is contracting on a small ball By-s(0,n) provided that ||7|| ;. is small enough.

We may assume T < 1, and fix it for the rest of the proof (actually the norm of S=! depends on T'
and even explode when 7" tends to 0, see [29] and [35]).

We have

[1B®ol| -+ < C ([[KPo

So, we are led to estimate ||K®q|| . = [[v(0)|| .-
If we apply to equation (45) the estimate of Proposition 2.3 we get

ue + 7ol o)

Ol < ol
< CIF(w, Mg v
T
2 3
< Clwllyas 1o + Nl

Then, we use the linear behavior near a trajectory of Proposition 2.2. We conclude that for
AP 2 0.77,1¢) < ||®||X;s,b < C'||®o|| - < Cn (see Proposition 2.3) small enough, we have

Irll e < C %ol
This yields

1BDo| - < C (I1@0ll -« + [ Poll-- + o]

o)
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Choosing 7 small enough and ||ro||,. < 1n/2C, we obtain || B®||,,-. < n and B reproduces the ball

BH*S (Oa 77)

If ug € H', we want one g in C([0,T], H'), that is &, € H'=?. We prove that B reproduces
By-s(0,m) N Byi-2:(0, R) for R large enough.

Proposition 7.4 yields that S is an isomorphism from H'~2* into H'. Then, we have by the same

arguments as above
[B®o[ 1120 < C (IS Pol| 1 + |70l 1)

[0l < Cllollye
< CIF@,)] v
< Clwllyas Il el o + Il il
and
HTHX;" < C||ol[ 12 -
Then,

|B®o|| 120 < C (Rn+ Ry” + |Irol| 1)

Choosing 1 such that C'(n+n%) < 1/2 (it is important to notice here that this bound does not depend
on the size of rg in H') and R large enough, we obtain that B reproduces By-s(0,7) N Byi-2:(0, R).
Let us prove that it is contracting for the H~® norm. For that, we examine the systems

iO(r—7F)+ A(r —7) = 2wl(r —7) +wi(r —7) + F(w,r) — F(w,7) + A(® — ®)
19 { (r—7T) = 0

{z’@t(v—f])—i-A(v—fj) = 2w} (v —0) +w?(v —0) + F(w,r) — F(w,7)
(v=0)(T) = 0

We obtain
HB(I)O - B&)oHHﬂ < O =)0l < ClIF@w,r) = Fw, | oo
< C <||r] w17+ 17 + 7] ?X) I = 7l
(47) < Ot m)Ir = llgso < Collr — #ll oo

Considering equation (46), we deduce

< ClF(w,r) = F(w,7)]

Ir =7 Xz" L2((0,T],H?)

IN

Cnllr =7

X;’b _'_ C H(I)(] - 50“1175
If n is taken small enough it yields

(48) I =7l a0 < CH%—@HH;
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Combining (48) with (47) we finally get
H-s H-s

This yields that B is a contraction on a small ball Bx—s(0,7), which completes the proof of Proposition
8.1. O

Corollary 8.1. Let T > 0 and (M,w) such that Assumptions 1, 3, 4 and 5 are fulfilled.
Then, the set of reachable states is open in H® for sy < s < 1.

~

In the next corollary, f(k) denotes the coordinates of a function f in the basis of eigenfunction of
M.

Corollary 8.2. Suppose the same assumptions as Proposition 8.1. Let Ey > ||wo|| 1.
Then, there exist N and € such that for every ug and u; € H' with

(49) ol < Eo ]l < Eo
(50) > Jio(k) — wo(k)* < e > Jai(k) — wr(k))* < e
|k|<N |k|<N

we can find a control g € L>=([0,T], H') supported in [0,T] x w such that the unique solution of (44)
with control g and u(0) = ug satisfies u(T) = u;.

Proof. We build the control in two steps : the first brings the system from ug to w(7"/2) and the second
from w(7T'/2) to u;. Actually, the second step is the same by reversing time and we only describe the
first one.

Let sp < s < 1. We first check that the first part of the conclusion of Proposition 8.1 is true
without Assumption 5. It gives one & > 0 such that if ||ug — wyl| 5« < € we have a control to w(7'/2)
in time 7'/2 with g € C([0,T/2], H'). We only check that once Ej is chosen, we can find N and e such
that assumptions (49) and (50) imply |lug — wol| ;s < €. O

We also obtain a first proof of global controllability. The Assumptions we make are stronger than
Theorem 0.1 that will be proved using stabilization. Yet, in the examples we treat, the Assumptions
are fulfilled.

Corollary 8.3. Theorem 0.1 is true under the stronger Assumptions 1, 3 and 4.

Proof. We will make successives controls near some free nonlinear trajectory so that the energy de-
crease. The main argument is that the ¢ of Theorem 0.3 only depends on |[w|| 1+ and if the trajectory
T

is a free nonlinear trajectory, then the £ only depends on [|wp|| ;. We just have to be careful that each
new free trajectory fulfills ||w|| 1, < A for one fixed constant A.
T

Fix T' > 0. There exist C; such that
1/2
Il < C (B +VED)  Vf € H' (M),

Denote A = C, (E(wo) + E(w0)>. There exists a constant such that ||wgl| ;1 < A implies ||w||X%,b <

B for w solution of

0w +Aw = |w]*won [0,T] x M
w(0) = wy
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Let € the constant so that Theorem 0.3 si true for any w with ||w|| xyp < B We choose the arrival
point up = (1 — ¢/A)wr such that

|ur — wr|| g = e/Allwr|| g < Cy (E(wT) + E(Wr)) e/A=ce.

We have a control g supported in [0, 7] x @ such that the solution u of

i0u+ Au = |ulPu+gon [0,T] x M
u(0) = wy

satisfies u(7T) = ur. If 1 —e/A € [0, 1], we have
1 1
E(ur) = —/ (1 —e/A)Vuwr|* + —/ (1 —e/A)wr|* < (1 —¢e/A)E(wr)
2 Jm 4 Jm
Moreover, we still have
1/2
lurllm < €1 (Blur) + VE(ur)) < A

Then, we can reiterate this processus with the same . We construct a sequence of solutions u, €

Xﬁ;g’(nﬂm and of controls g, € C([nT, (n + 1)T], H') such that
10ty + Auy, = |un*u, + g, on [T, (n+ 1)T] x M
up(nT) = up_1(nT)
and

E(un(nT)) < (1= e/ A)* Ewy) < C(1 = /AP (llwoll3n + llwol 1)
But, we have
5 1/2
lun (T3 < Cr (Bua(nT)) + v/ E(ua(nT))) -

Therefore, it can be made arbitrary small for large n. This allows to use local controllability near the
trajectory 0. We obtain global controllability making the same proof in negative time. O

9 Necessity of geometric control assumption on S*

In this section, we prove that on S®, the geometric control is necessary for stabilization to occur. The
argument uses some concentration of eigenfunctions. This concentration was also used by N. Burq, P.
Gérard and N. Tzvetkov [7] to prove some ill-posedness results.

Proposition 9.1. Let T be a geodesic of S* and a € C*(S?) such that Supp(a) N\T = 0. Then, for
every Ry >0, C and v > 0 there exist T > 0 and ug € H*(S?) with |Juo||;n < Ro such that

(D)2 > Ce™ Jfull

for u solution of equation

{ i0u+ Au — (1 + |[u]*)u a(z)(1 — A)ta(x)du on [0,T] x S3

(51) u(0) = wy € H!
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Proof. Let T such that Ce™ T < 1/2.

By changes of coordinates, we can assume that I' = {x3 = x4, = 0}. We will use the eigenfunctions
P, = ¢, (w1 +1ix2)" that concentrates on the subset {z3 = x4 = 0}. ¢, is chosen such that ||D,]|| ;1 = Ro
and so ¢, ~ n'/?7!. We have —A®, = )\, ®, with \, = n(n +2). Let u, be the solution of (51) with
u,(0) = ®,. Let v, = ¢ ~V®, be the solution of the linear equation

i0vn + Av, —v, = 0on[0,7] x S?
v,(0) = @,

Then, r, = u,, — v, is solution of

{ i0rn + A1y — 1, = a(z)(1 — A)"ra(x)dyr, + R, on [0,T] x S3
r(0) = 0

with R, = |u,[*u, + a(x)(1 — A)~a(z)dw,.
Proposition 3.1 of linearisation yields that |u,|*u, — 0 in X"
For the other term in R,,, we use the concentration of the ®,,.

la@)(1 = &) a@)en]| v < [la@)( = A) a@)nl| 2o 11 )
< Na(@)0vnll 2oy -1y < A+ 1) (@) Pl oo (3

Let 6 > 0, such that we have 23 + 22 > & on Supp a. Hence, we have |(z; + iz0)|> = 2? + 22 =
l—22—2i<1-0.

(A + D) la(@) Pl oo (g3) < COn + Dew(1 = 0)"2

Since A, and ¢, are at most polynomial in n, we deduce that R,, tends to 0 in Xilp’_b,. By some arguments
similar to the proof of the continuity of the flow map of Proposition 2.1,, we infer that r, tends to 0
in X", Then, |t (T)|| ;2 tends to Ry and for n large enough, we have ||, (1), > Ro/2. O

With a similar proof, we could show the same result on S? x S' if Supp(a) N (T x S*) = ( for some
geodesic I' of S2. Yet, it does not imply geometric control.

The construction of J. V. Ralston [32] proves that actually, a necessary condition for stabilization
is that the support of a(x) intersects any stable closed geodesic (see also the work of L. Thomann [36]
where this concentration is used to prove ill-posedness). In the case of S3 we use the geometric fact
that every closed geodesic is stable.

A Some commutator estimates

This section is devoted to the proof of some commutator estimates used in Proposition 7.4. More
precisely, we study the action of [(—A)*/2 ajas] on X** where a; are rough. We first give a simple
proof for T? (rational or not) and then a general one under Assumption 5. Then, we show that this
assumption is fulfilled for S® and S? x S'. We will need an elementary lemma.

Lemma A.1. If0 < e <1, we have for any norm ||k|* — |ks|?| < |k — k3"

Proof. Using triangular inequality, we get ||k| — |k3||® < |k — k3| . Then, we are reduced to the case
of R™ : we prove that for z, t € R™, we have (z + t)® — 2° < {¢, which is an easy consequence of
Minkowsky inequality for 1 < 1/e < 4o0. 0
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A.1 An easier proof for T?

Lemma A.2. Let M = R*/(0,Z x 0,Z x 0,Z) with (0,,60,,0,) € R3. Denote s the constant taken
from Assumption 3. Let s > sg and 0 < e < 1.

Then, there exists b < 1/2 such that us +— [A¥? uyuslus maps any X*¥ into X5~ where uyuy
denotes the operator of multiplication by uyuy with u; € X*+5Y fori € {1,2}.

This function [A%/%, ujus] also maps X% into X =57

Moreover, the same result holds with u; replaced by w; for i in a subset of {1,2,3}.

Proof. We choose the norm |k| = \/(0,k,)? + (0,k,)? + (0.k.)? so that
~Au(k) = [KP7a(k)

By duality, it is equivalent to prove

Xs+5,b’ ||u2| Xs+5,b’ ||u| Xs,b/ ||’U||st,b/

|8 g 7 < C ]
Rx M

Using Parseval theorem and denoting k = ky + ko + ks, 7 =71 + 70 + 73

/ [(=A)2 wuslu v = / >k, 1)k, ) (kI — [ks|*)a(ks, 72)0(k, 7)
Rx M T1,72,

™3 k1,ka k3

IN

/ > NIkI = [kslf] | (ky, 71) @ (ka, 72) (s, 75)0 (K, 7)

™3 k1,k2,ks

Lemma A.1 and k — k3 = k1 + ks yields

/ (=A% wuplu v < C/ > (kal® + [kl | (e, 70)| @Ko, 72) 1] ks, 75)] [0k, 7)]
Rx M T1,72,

™3 k1,ka k3

Denoting v} the function with Fourier transform |@;(k1, 71)| we obtain.

C <A€/2u§i) ugu§ i +/ u? <A€/2u§) ub 08
RxM Rx M
< Cllu|

IN

/RXM[(_A)s/27U1U2]u v

Xste,b ||U2| Xste,b ||u| Xs.b' ||U||X*va’

Here, we have finished the proof using the trilinear Bourgain estimate because s > sq. If we estimate
this integral using the trilinear estimate at the negative level H™*, we obtain the second result we
announced. O

A.2 General proof under Assumption 5

Lemma A.3. Denote sg the constant taken from Assumption 5. Let s > sg and 0 <& < 1.

Then, there exists b < 1/2 such that us — [(—A)%/2, uyus|us maps any XY into X7V where uyuas
denotes the operator of multiplication by uyug with u; € X+ fori € {1,2}.

This function [A%/%, ujus] also maps X~ into X5~

Moreover, the same result holds with u; replaced by w; for i in a subset of {1,2,3}.

32



hal-00366912, version 1 - 10 Mar 2009

Proof. The proof follows the techniques of J. Bourgain and N. Burq, P. Gérard, N. Tzvetkov. Here,
we were inspired more precisely by [20]. We recall the notations u# = e~*Au(t), u™ =1 JI=Re[N 2N (U
where N is a dyadic number and @(7) is the Fourier transform of u with respect to the time variable.
First, with some dyadic integers N; fixed, we estimate the integral

I(Ny,..,Ny) = / w2 (A Puds) wN — ud (~A)PaN] dida
Rx M

Zt(T1+Tz+73 'r) itA N1#( ) ztA #( )

RxM R4

- —

X [(( A)€/2 A NS#( 3))etAuy, #(7') — A NS#( 73)(— A)e/ze“A N4#( )} dm dry drsdry dtdx

By nearly orthogonality in H® and partition of unity, u; = >, ¢(t — n/2)u;(t), we are led to the
special case where the u; are supported in time in the interval |0, 1[. Select x € C5°(R) such that y =1
on [0,1]. Thus, estimates (10), applied with 7; fixed, and Cauchy-Schwarz inequality in (71, 72, 73, 74)
gives for any b > 1/2

w7 (75

T NI S OO+ N (s, 3 [T [

L2(M)

(52) < CO(N 4 N3) (m(Ny, - -+, Ny))™

XO0b(Rx M)

This estimate is very satisfactory for the space regularity. Yet, for the regularity in time, it requires
b > 1/2 which is too much for our purpose. We will interpolate with some crude estimates in space
but better in time.

For the case where N, is large, we estimate |I(Ny, - - -, N)| using Sobolev embeddings H'/*(R) C L*(R)

(53) [T(Ny, - -, No)| < C(NG + Nf) (m(Ny, - -, Ny) ™

XO0,1/4(Rx M)
In another case where the frequency Nj is large, we will use an argument near [15]. In that case, we

can not afford a loss in the frequency N3. We use the fact that [u)'u)?, A*/?] is a pseudodifferential
operator of order less than 0 (if ¢ < 1). Then,

N1, No €/21,, N3, N4
/ [uy uy®, AY = ug P uy
RxM

Sy /Hul 0% ualt), 8] 1o sl )

|](N17"'7N4)‘ -

IN

/R Z 1% uras (8) | a5l 2 apy Nt L ooy

~

(54) S CmaX N1>N2

X0v1/4(R><M)
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where 1 depends on the dimension and on e.
Let us now begin the summation of the harmonics. As in [20], we decompose each function

u = § ug, Ux = lg<(io+a)<ar ()
K

where K denotes the sequence of dyadic integers. Notice that
2 2 2
lullor & D L K luscllza@onn = Y Nl on
K K
Then, we decompose the integral in sum of the following elementary integrals
[(Nla ) N4a K17 T K4) - / ai\fl KlaéVZ?K2 [((_A€/2)UN3’K3)EN’K - uN37K3( Aa/z) NK:| dtdz
RxM

Estimate (52) leads to (for every b > 1/2)

Nj,Kj
u;

4
TNy, Ny B )| < (NG o NN -, N (B B ) T ] |

J=1

2

We will interpolate this estimate with different inequalities. We distinguish three cases : N; <
C'(Ny+ Ny+ N3) with N3 < max(Ny, Na) or max(Ny, Ny) < N3, and the last case Ny > C'(N;+No+ N3)
with C' large enough. Without loss of generality, we can assume N; > Ns.

First case : N3 < maX(Nl,Ng) =N and N, < C(Nl + Ny + Ng)
Estimate (53) gives

[Ny, - Noy Ky, Ka)| <0 (N5 + Nj)m(Ny, - -, No)*

4
(K1K2K3K4)1/4 H HU;VJ K
=1

L2
Then, for every 6 € [0, 1]
‘](N17”'7N47K17”'7K4)‘ < C(Nf+N€)1—9(N€+N€)9 (N17 ’N4)(1—9)50+39/2

(K K K )P0 “MHH o

We denote s(f) = (1 — 6)sp + 30/2 and b(0) = b(1 — 0) + 6 /4.
[I(Ny, -+ N Ky, -+ < C(Ng + N3)' P (N5 + N§)Pm(Ny, - -, Ny)* )

(K1K2K3K4)b(€)_b

X0,b

By choosing some appropriate 6 and ' < 1/2 < b, we can make the serie in K convergent if b(6)—b" < 0.
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This yields :

4
IV, N < (NG + N5)1=O( 4+ N9 m(s, -, M@ T

X0,

[\

S CNl(l—G)s—s—sNZ—I—@EN;(G)—S—&N;(O)—I-% s H |u3’ Nstet! |U3’ b ||u4HX s,b!
N e 0)+6 2
< <ﬁ1) N3O N5 O T sl o 183l gow 1t e

J=1

The series is convergent thanks to N, < C'N; and after choosing # small enough such that s(0)+6s—s <
0 with b(#) — b < 0.

Second case : N7 = max(Ny, No) < N3 and so Ny < C'Nj.
This time, N3 is a large frequency and we can not have any loss Ni¢ from the interpolation. We
proceed with the same interpolation procedure but between (52) and (54). After summation in K and
a good choice of b’ < 1/2 < b and

2
|I(N1,---,N4)| < CNl(l—O)(so+a)+9u—s—5NjN(l 0)so—s— aN SHHUJHX“'*E”/ |u3|
1

]:
2
I lul

Jj=1

XS, v/ ||u4||X s b’

Xsteb ||“3’ Xt HU4||X 5,0’

< (&) Nll 0)(so+e)+0pu—s— 5N21 —0)so—s—¢
N3

We choose 6 small enough such that (1 —60)(so+¢)+0u—s—e <sp+0u—s<0andbf) -V <0.
And we conclude by the same summation as in the first case.

Last case : Ny > C(Ny + Ny + N3)
This case is trivial in the particular case of T%, S® or S? x S! since this integral is zero for C' large
enough. In the general case, we apply the following lemma which is a variant of Lemma 2.6 in [6].

Lemma A.4. There exists C' > 0 such that, if for any j = 1,2,3, Cpy; < pg,, then for every p >0,
there exists C,, > 0 such that for every w; € L*(M), j =1,2,3,4

4

| oo (=87 ey T — Ty (~8)7Tewi] do < Cyi? ] 1wl
M

j=1
where 1y, denotes the orthogonal projection on the eigenfunction ey associated to the eigenvalue fiy.

This ends the proof of the fist statement of Lemma A.3. The second one is obtained by duality. [

A.3 S? and S? x S! fulfill Assumption 5

Lemma A.5. Assumption 5 holds true with any sy > 1/2 on S and any sq > 3/4 on S* x S*.
Proof. We first treat the case of S* and follow the scheme of Proposition 3 of [20]. We write

fi= ZH(J)
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where H,(fj) are spherical harmonics of degree n;, and where the sum on n; bears on the domain

(55) N; < /14 ny(n; +2) <2N;.
Then, the solution u; are given by

] _ ztA —itn; nj+2 )
u;(t fi= E e H;!

and we have to estimate

Q(fr, -+ fa,7) = //53 (t)e" T uyuy ( A)E/2U3U_4—U3(—A)E/2 ]dzdt
4

= D> XQ_emilng +2) = m)I(HY, - HY),

ny,-ng o j=1

with €; = —1 or 1 depending on the position of conjugates and

I(HY, - = (Vns(ns +2) — /na(ng +2) / WH>H H da:

We notice that meHmHngﬁ,14 % 0 implies ny < ny + ngy + n3 and n3 < ny + ny + ny, that is
|ng — n3| < ny + ny. Then, using Lemma A.1 and fundamental theorem of calculus, we have

‘\/n3(n3+2) —\/n4(n4+2)’ < ‘\/ng(n3+2)—\/n4(n4+2)r

Moreover, bilinear eigenfunctions estimates (see Theorem 2 of [10] or Theorem 2.5 of [9]) yield

[I(HY, - HO)| < C(Nf+ Nj)

ni? Y n4

1) 17(2) 173) 77
/S 3 aYHO oY, dm‘

4

Using the fast decay of X at infinity, we infer

QU+ i)l < CNG + Nm(Ny, -, N2 Sy S I [l

L2
= A([r]+) =1
< C(N: + N§)m(Ny, -, N ”“supZHH g
kEZ AR) 7

where A(k) denotes the set of (ng,- - -, ny) satisfying (55) for j = 1,2,3,4 and

4
ZEJ'?’L]'(TL]' + 2) = k.

J=1
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Now, we write
{1a 2>3a4} - {a>ﬁa7a6}
with m(Ny, - -+, Ny) = NoNg and we split the sum on A(k) as

Q(f1,- - fi,7)] < C(N:+ N5)m(Ny,--- Ny 1/2+supZS )8 (k — a)

keZ

where

= s S (@)= Y

‘ na“L2’

T'(a) T'(a’)
T'(a) = {(1a,n,) : (55) holds for j = a,y, Y ;m;(n; +2) = a},
J=ayy
I'(a’) = {(ng, ns) : (55) holds for j = 8,6, em;(n; +2) = a'}.
J=B,6

Then, we use a number theoretic result involving the ring of Gauss integers (see Lemma 3.2 of [6]).

Lemma A.6. Let 0 € {£1}. For every n > 0, there exists C,, such that, given M € Z and a positive
integer N,
#{(k1, ko) € N*: N < ky < 2N,k + ki = M} < C,N".

Noticing that n;(n; +2) = (n; + 1) — 1, we get

sup #1'(a) < C, N sup #1'(d') < O, Nj,

and consequently, by the Cauchy-Schwarz inequality and the orthogonality of the Hr(é)

> " 8(a)S'(k — a) < Cy(NaNg)"? x
a€Z
1/2 1/2

) (22 e

a TI'(k—a)

T
Ny

H, ||

ZZHH(Q A

< Cn(NaNB)n/2 H ||fj||L2 :

Jj=1

This completes the proof for S3.
For S? x S', we adapt this argument with some slight modifications.
First, the formulae should be changed to
W (t)(l’ y _ eztAf] _ Z e —itnj(nj+1) sztH(]) ( ) ipjy

5P
"j,Pj
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where H,(L?pj are spherical harmonics on S? of degree n;. Estimate (56) becomes

€

'\/ns(n3+1)+p§ —\/n4(n4+2)+29¢21 < '\/"3(n3+1)+p§—\/n4(”4+1)+pz21

e/2

IN

[Visla 1= Vil 4 1)+ =

}C’(ng —na)® + (ps — p4)2‘e/2
< O +m)? + (o +p2)7? < C(N + N3)

IN

where we have used |n3 — n4| < |ny + no| and |ps — ps| < |p1] + |p2| for the integral to be non zero.
Bilinear eigenfunctions estimates for S? yield

4
}](Hr(Lll),plv ) Hfz?,p;;)‘ < C(Nf + Ng)m(va T N4>1/4 H HHT(LJ])J’] 12 :
j=1
We finish the proof similarly, replacing the formula for I'(a) by
P(a) = {(na,pa;ny,py) : Nj < \/1 +nj(n; +2) +p; <2N;,j=a,y
and Z 6j[nj(nj + 2) +pj2] = a}
Jj=ay

In that case, the same number theoretic arguments yield sup, #I'(a) < C,N " and finally, after
Cauchy-Schwarz inequality, we obtain

4
1Q(f1,- -, f4,7)] < C(NF + N5)m(Ny, - - ,’N4)1/4+(1+77)/2 H Hfj||Lz _

j=1

B Unique continuation

B.1 Carleman estimates

This section is only a variant in the Riemannian setting of some results of A. Mercado, A. Osses and
L. Rosier [28]. We follow their proof very closely, sometimes line by line.
For sake of simplicity, we will assume that u is supported in a fixed compact K of a Riemannian
manifold €. Yet, the same reasonning as in [28] would allow to handle the case of Dirichlet boundary
conditions for u. We have changed the notation of the manifold from M to €2 because the Carleman
estimates will not be used on the whole compact manifold M but only on some open set 2.
D denotes the Levi-Civita connection associated to the metric g. Then, it is torsion-free and the
Hessian of the functions are symmetrics.

.| ], Vand A denote the scalar product, the norm, the gradient and the Laplacian with respect
to the metric g. Moreover, the scalar product will be the real one : if X = a+ 1 and Y = ¢+ id,
XY =a-c—b-d+ib-c+a-d)and | X|* =X - X. v, denotes the Riemannian volume form and all
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the integrals are defined with this (even if it will be often omitted).
First, we list a few formulae that will be used along the proof. For any functions f, h € C*°(Q)) with
h compactly supported and any vector fields X, Y and Z, we have
Dz(X-Y) = (DzX) Y +X-(DzgY)
Vi-Z = Dgzf
(DxV[)-Y = Hess(f)(X,Y)

lkAﬂhd% =:—:LVU-Vhd%

V(fh) = (VH)h+ f(Vh)
div(fX) = fdiv(X)+ X -Vf

For brevity, [[ will denote the integral over | — T, T[xQ and [[ the integral over | — T, T[Xw
where w is an open subset of (2.
Let ¥ € C*(Q) real valued . We assume that ¥ satisfies the following properties

(57) VU #£0in Q\ w

(58) V(x) > 2/3 V]|, -

(58) is technical and is easily fulfilled by replacing ¥ by ¥ 4 C' with C' large enough. We distinguish
two cases : strong pseudoconvexity and weak pseudoconvexity.

The case of strong pseudoconvexity can be found in Isakov[22] but with local in time estimates, it
reads

(59) Hess(W(x))(&,€) + [VU(z) - £° >0 V(z,¢) € TO\ Tw,
which implies since the support is compact that

(60) Hess(V(2))(§,6) + |VU(z) - " > C e V(2,6) € TO\ Tw, z € K
Weak pseudoconvexity is defined by

(61) Hess(¥())(&,€) + |VU(z) - £ >0 V(z,&) € TO\ Tw.

Set Cy = 2 [|[¥| e () and

AV (@) AC. AU (z)

T-oT+n YN T T oaTan

0(t,x) = V(t,x) €] =T, T[xQ

Denote by L(q) = i0,q + Agq the linear Schrodinger operator.

Proposition B.1. Let T > 0. Let Q) be a Riemannian manifold and K a compact subset of €.
Assume that there exists a function ¥ € CHQ) such that (57), (58) and (60) hold for some open
set w C ). Then, there exist constants Ay, so and C such that for all A > Ao, all s > sy and
qe L*(] =T, T[, HY(Q)), supported in K, with L(q) € L*(] — T, T[x) we have

(62) // [s°A160%|q|* + sA@ |Vq|2} e~

= C// L(g)F e +C / / [X*0%q|? + 570 [ V| *] €2
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Proposition B.2. If in Proposition B.1, we replace Assumption (60) by (61), we obtain the same
result with

(63) / / [s°A10%| g2 + sA?0 [V - Vg|*] e 2%

< C’//\L(q)|26_2‘w+0// [53)\493\q|2+3A9\Vq|2] e 2s%

Proof. Using regularisation in a standard way, we are reduced to consider ¢ € C*°(]—T,T[x2). Denote
u=e*%qand w = e *?L(q) = e *?L(e**u). We notice that u and all its time derivatives vanish at
t = =T and t = T. Thus, all the integrations by part in time do not create any boundary term. We
compute

w = Pu = iu; + isgu + Au+ 25V - Vu + s(Ap)u + s%| Vi *u

We decompose P = P, + P, with

Piu:=ispu+2sVe - Vu+ s(Ap)u

Pyu = iuy + Au + 5%V *u

2 2 2 2
[wllz2 rrixey = [1Pru+ Poull™ = | Pyul]” + || Poul]” 4+ 2R(Pru, Pyu)
As usual in Carleman estimates, we only use
2
2R(Pru, Pyu) < HwHL2(—T,T[><Q) :

We also decompose 2R(Pyu, Pyu) = I + Iy + I3 with
L = 2R //(28V§0 - Vu + s(Ap)u) (=it + AU + s?|V|*))
I, = 2?)?// ispu(—iu, + Au)
I3 = 2%//isg0tu(s2|V<p|2ﬂ) =0

We first deal with ;.

L = 2R //(2$V<p -V + s(Ap)u) ((AT + s V|*u) — 2R //i(2ngp -Vu+ s(Ap)u)u,
= I + 1
Set J = [[(Vy - Vu)Au = — [[Vu-V(Vy-Vu)). We have

Vi-V(Ve-Vu)) = Dva(Ve-Vu) = (DvaVe) - Vu+ Ve - (DyyVu)
= Hess(p)(Vu,Vu) + Hess(u)(Va, Vo)

Actually
Ve VIVul* = Dy,(Vu-Vu) = (Dy,Vu)-Vu+ Vu- (Dy, V) = 2R(Dy,Vu) - Vu
= 2RHess(u)(Vy, Vu)
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Therefore,

2RJ = —2// Hess(p)(Vu, Vi) +// Ay |Vul?

Expanding I!, we obtain
JE— {2sJ+ //8(Ag0)uAH+ // 253 (Vo - V)| Vol + // 33(A¢)\u\2|w\2}
= 4sRJ — 2sR // (VAp)u + ApVu) - Vu
+ [[2vePve - viup) +2 [ S@puP 1o

where we have used V]u|? = 2R(uVu). Then, we remark that

—25%//(VA¢)u-W = —s//(vmp)-vm?
— s [[ @

2 [[S@pNulIvel = -2 [[ To- (V6P + 1uPTIVeP).

We simplify
I = —45?)?//Hess(go)(Vu, Vﬂ)+28//A<P|VU|2

v [[@eup =25 [[ apvup —25 [[1upoe- o9,
_ —45//Hess(g0)(Vu, Vﬂ)+s//(A2<p)|u|2—2$3 //(W-VIVsoF)IuI2

Expanding 2Ra = a + @ for I? and performing integration by part in ¢ for the first term, we get

—I7 = //i(2sV<p -Vu+ s(Ap)u)uy — i //(QSVQO -V + s(Ap)a)u,

= // =125V - Vu+ 25V - Vug + s(App)u + s(Ap)u] a

—i // 25(Vp - Vu)u, —z// s(Ap)uuy

Integration by part in x yields
—i // 25(Vy - Vu)u, = 2is //(Agp)ﬂut + 2is //(Vgp -Vuy)u
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As a consequence

I} = // —i25(Vy - Vu)u — is //(Agot)|u|2 = // —125(Vy - Vu)u + is // Vi - V]ul?

= z// sV - (uVT —uVu)) = 25%2’/ Vi - (uVT)).

I = —4sR / / Hess(o)(Vu, V) + s / / (A2p)|ul?

—2s° // V- VIVl ul* - 289%@'/ Vi - (uVT))

Finally,

On the other hand, we have
Vo VIVy|? = Dy (Ve - V) = 2Dy, Vo - Vo = 2Hess()(Vp, Vo)

We now turn to the other term I :

I, = 2R // ispyu(—iu; + Au) = s// 010y |u|* + 2sRi // OuAT
= —s// Oit|ul® — 2sRi //(Vgotu + @:Vu) - Vu
= —s// oueul® — 25?)?//1’(V<pt -Va)u

Consequently, our final result is

(64) 2R(Myu, Mau) = // [—433H685(¢)(Vg0, V) — sy + s(Azap)] |
(65) —4sR // Hess(e)(Vu, Vu)
(66) —4sR // iuVy, -V

(64) and (65) are the main parts in |u|? and |Vu|? respectively. (66) is a remainder term that will be
estimated from above.

In what follows, ¢ > 0 denote small constants (used in estimates from below) and C' large ones
(used for estimates from above). We observe the following indentities, that will be used along the
proof,

Vo =-\VY,
Hess()(X,Y) = (DxVe)-Y ==ADx (VY)Y = -N(DxVV)-Y = \dH(X)VVU -V
= —MHess(V)(X,Y) = (V¥ - X) (VT .Y)
—0X [Hess(¥)(X,Y) + A(VU - X)(VU - Y)].
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Firstly, we estimate term (66),

|(66)] < C’s//|Vg0t Vul|ul <C’s// T2 |V\If Vul|ul

T)\ 2 )\\I/
// 71 IV - Vu\z—i-C's// | 2
Cs//9|V\If-Vu| + CsA! //|V<p\ |u|® +C’s// N203 |u?

IN

(67)

IN

Then, we estimate term (64) using Assumptions (57) and (61) (or (60)). On (Q2\w) N K, we have

—4s°Hess(p)(V, V) = 4s°M [Hess(V)(Vp, Vo) + A |V - V(pﬂ
> 4NN — 1) [V - Vol > $SM0° V]! > es’ )\ [V
Assumption (58) gives ¥(z) < Cy < 3V¥(x) and then, we have on (Q\w) N K

ACu AN(2) ,
|spu| < Cs < Cs < Cs |V

(T2 =) = (1 =2))?

Moreover, on (2\w) N K we have

|sA%p| < CsOX* < CsA | V|

Finally, for A and s large enough
J[ [astesso)(To.V0) = spu+ @20 [ = [[ e\ Tl uf
QN\w Q\w

For the domain w, we have the estimate

[ (180190 90) = s+ s(8%)] ol

< C'// P03 u?
The final estimate for (64) is

(68) (64) 2// 553A\w|3\u\2—0// sIN0|u)?.
QN\w w

Now, let us estimate (65). We begin with the integral on w.

—4sR / /w Hess(p)(Vu, V) = 4sR / /w OX [Hess(V)(Vu, Va) + A VT - Vul?]

> —CSA//H\VU|2+4S// ON? |V - Vu?
> —C’s)\//9|Vu|2

Now, for the integral on Q\w, we distinguish the two cases described above :
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Strong pseudoconvexity : end of the proof of Proposition B.1
Using assumption (60), we can estimate the part of (65) on Q\w by

—4S§R/ Hess(¢)(Vu,Vu) = 4sR // OX [Hess(V)(Vu, V) + A |V - Vu|2]
QN\w QN\w

> esA // 0 |Vu|”
QN\w
The final estimate for (65) is

(69) (65) 258)\//9\ 6’|Vu|2—C’s)\//9|Vu|2
Putting together (67), (68) and (69), we get for s, A large enough

(64) + (65) + (66) > //Q es® X |Vo|? |ul? — C// P03 |u|? — CS)\//¢9|VU|
+55A//ﬂ\ o1vuf ~Cs [[o]vu- vup
—Cs\™! //|Vgp|3|u|2—Cs// M20%|u?
5//s3>\493|u|2+63A//9\Vu|2
(70) —C// S3A493\u\2—csA//9\vu|2

where we have used the decomposition | fﬂ\w =[[-] fw for the second inequality.
Replacing u by e~*?q and computing Vg = €*? [Vu — sAuV V] this yields after absorption

v

/ / SN + sM Vg e < C / / [°A6°1uf + sAO|Vul” + s*A%0% | Vo P[uf?]

(71) < c// [S°X40°|ul® + sA0|Vul’]

// 33>\493|U|2+3>‘//9|VU|2 < C// [53>\493|q\2+s>\9\Vq\2+53)\393\V¢\2|q\2} i

(72) < C’// [$°A160%|q|” + s)\9|Vq|2} e 2%

Combining (70), (71) and (72), we get the expected result :

// [s°A10%|q|* + sAO |Vq|2] e~
< C// |i0hq + Aq|* 7% + C// [sM\10%|q]* + sA\0 | Vg|*] e
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Weak pseudoconvexity : end of the proof of Proposition B.2
Assumption (61) yields that for A large enough

—4S§R/ Hess(¢)(Vu,Vu) > es // ON |V - V|
Q\w Q\w

We finish the proof similarly to get

(64) + (65) + (66) > g//ﬂ\ SSA |V |u|2—0// 83)\493|u|2—05)\//9|Vu|2
—1—85//Q\ (9)\2|V\Il-Vu\2—Cs//H\V‘§[f-Vu|2

—Cs\™! //|V<p|3|u|2—05// N20%|ul?
5//s3>\493|u|2+5s>\2 //9|V\I!-Vu|2

—C// 33)\493|u|2—Cs)\//9|Vu|2

// [S°X10°|q|* + sA?0 |V - Vq|2] e 2%

< C// |i0iq + Aq|? e + C// [$*A10%|q|* + sA@ \Vqﬂ e %,

v

and then

B.2 Carleman estimates with potential L>([-T,T], L?)

The following result proves that the strong pseudoconvexity allows to absorb some potential terms
in L>([-T,T],L?). This is in contrast with the weak pseudoconvexity which only absorbs terms in
L>([-T,T] x Q).

Proposition B.3. Assume dim(Q)) < 3. Let Vi, Vo € L®([-T,T)],L?). Then, Proposition B.1 holds
with L replaced by
L(q) = i0,q + Aq + Vig + Vag.

Proof. We use the notation of Proposition B.1. We write

// [0+ Ag” e < 4 He_wL(Q)Hiz([o,T]ﬂ) +4 “€_S¢(%q)}}12([O,T},L2) +4 }}e_sw(%q)“i2([0,T},L2)

But, by Holder inequality and Sobolev embedding, we have for s > 1

le Vaal oo ey < CMVallEmusy ™0l o ue

S C <H6_8<qui2(L2) + Hv(€—8<,0q)Hi2(L2)>
< C (He_qu;(p) + He_quH;(L?) + 5\ HG(V\I/)e‘S“DquQ(H))
<

C <// [s2>\293|q\2 +6 |Vq|2} 6_2”)
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where we have used # > C. We get the desired result using estimate (62) of Proposition B.1 for s
large enough. O

Remark B.1. The uniqueness results we will obtain from the former Proposition are not optimal with
respect to the reqularity of the potential. Indeed, some recent papers (see the work of H. Koch and D.
Tataru [24] or D. Dos Santos Ferreira [16]) establish Carleman type estimates in LP which are much
better than what we get. They are more complicated and not required for our purpose. Yet, they would
become necessary if we considered nonlinearities |u|“u with o > 2.

B.3 Application to uniqueness

Proposition B.4. Let Q. T, w,V fulfilling the same assumptions as Proposition B.1.

Let ¢ € L*°([=T,T], H'(R2)) compactly supported, solution of i0;q + Aq + Vig + Voqg = 0 with V; €
L>([-T,T), L?) .

Let D be an open subset of Q0 such that m = inf,cp {¥(z)} > sup,, {¥(z)} =m.

Then, g =0 on | —T,T[xD.

Remark B.2. By considering the mazimum of ¥, we see that the assumptions of Proposition B.j can
not be fulfilled on a compact manifold. Therefore, we will only apply this result on an open set ) of
M, and the compact support of u becomes important.

Since the previous Carleman estimates hold for every time interval (with constants depending on
its length), we are reduced to the following lemma :

Lemma B.1. Under assumptions of Proposition B.4, there exists one n > 0 such that ¢ = 0 on
J = n,n[xD.

Proof. Fix A > X\g > 1 (the next constants could depend on A but not on s). Let T'>n > 0 to be
chosen later. Denote \; = e’ — 2 and \; + & = e*® — &M with \; > 0 and € > 0. By definition
of m and m, we have for s > 0

A1+e
6—2530 < 6_2STT 1715? V(t, [L’) 6] _ T, T[Xw
_9s M
e 25T2*n2 < 6—28@ V(t,.]f) E] o 7]77][XD
Moreover, once \; and ¢ are fixed, there exists some constant C' such that y3e=2M+ey < Ce=2(M+e/2)y
for y > 0. Therefore, for every (¢,z) €] — T, T[x2 with x € Supp u, we have
3
(89)36_28% < (;) 6—25% < 06_28% < Ce_2sxl;s/z
- T2 _ t2 — >~ 2

Here, the constant C' does not depend on s. Then, using Carleman estimate and # > C' > 0, we get

_9g_ M _ A +e/2
// g’ TR < C// [Juf® +|VgP] e 275
]=nn[xD |-T,T[xw

) \ A1te/2
S BT // la* < O™ allZan)
|=n.n[xD

A1
T2 2

Therefore,

T2e/2
A1+e/2
U

)\1+E/2
T2

Then, to finish the proof, we just have to choose 1 such that —2 > —2 , that is n? <

and let s tend to +o0.
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B.4 Geometrical examples

We give some geometrical examples where Proposition B.4 applies. Denote q € L>([-T,T], H}(Q)) a
solution of i9;q+ Aq+ Viqg+ Voq = 0 with V; € L°°([-T,T], L?). In these following cases, Assumptions
2 and 4 are fulfilled. For the convenience of the reader, we recall this assumption :

Proposition B.5. Let (M,w) be either

- (Ts, {ZL' € R3/(912 X HQZ X 93Z) |HZ S {1, 2,3},1’,’ 6] — €,€[+92Z})

- (83,0) where & is a neighborhood of S* N {xy = 0} in S* C R™.

(8% x St (w1 x SY) U (8%x]0,¢[)) where wy is a neighborhood of the equator of S.
For every T > 0, the only solution in C([0,T], H') to the system

(73) { i0yq + Aq + bi(t,2)q + ba(t, )G =0 on [0,T] x M

gq=0on[0,7T] xw

where by (t, ) and by(t, z) € L>([0,T], L?) is the trivial one ¢ = 0.

B.41 M=T3

We assume ¢ = 0 on @ = {x € R3/(01Z x 0,7 x 0s7) |Fi € {1,2,3},x; €] — ¢,e[+0,Z}.

We define ¢ on R? by q(z) = q(x) if z € [0,6,] x [0,65] x [0,63] and g(x) = 0 otherwise. ¢ satisfies the
same Schrodinger equation on R? with compact support K. By translation, we can assume that 0 is
the center of the rectangle.

We use the function ¥ = ||(z, y, z)||> + C. C' is chosen large enough so that (58) is fulfilled on K. Let
d > 0 small. Outside of w = B(0,0), ¥ is stricly convex ( that is strongly pseudoconvex for the flat
metric inherited from R?) and VW # 0. Then, assumptions (57) and (60) are fulfilled.

We can apply Theorem B.4 with Q = R3 w = B(0,6) and D = B(0,26)¢. As ¢ is arbitrary, we get
g = 0 everywhere and so ¢ = 0.

B.4.2 M=253

Lemma B.2. Let S® C R™"! be the unit sphere. Then, the function h : (z1, -+, Tpy1) & Tnpy Testricted
to S™ N {x,1 < 0} has stricly positive Hessian for the metric induced by R

Proof. h defined on R™*! is linear. Then, using Exercice 2.65 b) of [17], we get Hess(h) = —hg where
g is the bilinear form of the Riemannian structure. Then, Hess(h) is positive definite if and only if
h <0. O

We assume ¢ = 0 on a neighborhood of 24 = 0. Let § > 0 small. We choose Q) = {x € S3|z4 < 0},
D={xe Sy €] —1+20,0[} and w=S*N{xy € [-1,—1+ d[}. We use the function ¥ = z, + C.
C' is chosen large enough so that (58) is fulfilled on the support of ¢. On Q\ w, W is stricly convex
thanks to Lemma B.2 and VW # 0. Therefore, assumptions (57) and (60) are fulfilled. As the support
of ¢ is compact in (2, Theorem B.4 applies and we get ¢ = 0 on D. Since ¢ is arbitrary, we get ¢ = 0
on SN {xy < 0}. The symmetry of the problem gives ¢ = 0 on S3.

B.4.3 M=25%xS"!

Let w; C S? be a neighbourhood of the equator {z3 = 0} and ¢ > 0.
We assume ¢ = 0 on (w; x S1)[J(S*%x] — €, ¢]).
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The geometric situation is quite similar to the case of T® : this is a product of manifolds and the
weight function ¥ will be the sum of two pseudoconvex weights in each coordinate.

The current point = of S? will be denoted by its coordinates in R® and the current point y of S! =
T! = R/Z by its coordinates in R. Then, we can define ¢ on the open set Q = {z € S?|z3 < 0} x R
by q(z,y) = q(z,y) if y € [0,1] and 0 otherwise. ¢ is then compactly supported and is solution of the
same Schrodinger equation.

We choose ¥(z,y) = z3+y?+C with C large enough. W is definite positive everywhere and nonsingular
everywhere outside of any w = {(z,y) € S?xR|z3 € [-1,—140] and y* < &} for 6 > 0. Then, choosing
D = {(z,y) € S? x R|xs € — 1+ 34,0[ or y*> > 36} and applying Theorem B.4 we get ¢ = 0 on D.
Therefore, ¢ = 0 on S? x S'.
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tion to this problem and for helpful discussions and encouragements. He also thanks Belhassen Dehman
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