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Harnack inequality for degenerate fully non-linear
elliptic equations

Cyril Imbert
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ABSTRACT. In this paper, we study fully non-linear elliptic equations in non-
divergence form which can be degenerate when “the gradient is small”. Typical
examples are either equations involving the m-Laplace operator or Bellman-
Isaacs equations from stochastic control problems. We establish an Alexandroff-
Bakelman-Pucci estimate and we prove a Harnack inequality for viscosity solu-
tions of such degenerate elliptic equations.
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1 Introduction

Following the original strategy of Krylov and Safonov , @], Delarue [fj
proved a Harnack inequality by probabilistic methods for quasi-linear elliptic
equations of the form

(1) — Tr (A(z,u, Du)D?*u) + H(z,u, Du) =0, x € R"

in the case where the matrix n x n matrix A(x, p) can degenerate. Precisely, he
assumes

(2) AN < Az, u,p) < AX(p)T
(3) H(z,u,p) < A1+ A(p))(1 + |p|)

where A > 1, A : R® — R is continuous and such that A(p) > Ap if |p| > Mp.
In (E), I denotes the identity matrix and the inequalities are understood in
the sense of the usual partial order on the set of real symmetric matrices. The
model example of ([l is the m-Laplace equation where A(z,p) = [p|™~2 for some



m > 2. An important application of the Harnack inequality is the derivation of
an Holder estimate for the solution of (fl).

In view of (E), one can consider the quasilinear equation where A is replaced
with A(z,u, Du) = ﬁA(z, u, Du). Hence, the new quasi-linear equation is
uniformly elliptic. However, the first order term is, in this case, singular and (E)
can be seen as an assumption concerning the first order term. In the case of the
m-Laplace equation, A(p) = |z/™~2 and H has therefore a polynomial growth
of order m — 1.

In this paper, we generalize this result to the case of fully non-linear elliptic

equations in non-divergence form
(4) F(x,u,Du,D*u) =0, z¢cR"

by proving first an Alexandroff-Bakelman-Pucci estimate. This is the first main
difference with [E] and the first main contribution of this paper. Important
examples of (E) which are out of the scope of [§] are Bellman-Isaacs equations
appearing in the context of stochastic control problems. Assumptions (Q), ()
are replaced with

(5) |p| Z MF = F(x,u,p, )

X) < MH(X) +o(2)|p| + vru+ f(z),
(6) lp| > Mp = F(z,u,p,X)>M"

<
> M7(X) = o(z)[p| +vFu = f(2)

where o, f : B — R are continuous and My and yr are non-negative constants.
In the case of degenerate equations of m-Laplace-type, the comment we made
for quasi-linear equations remain valid: (E)—(E) permit to deal with first order
non-linearity H growing like |p|™~!. We use the techniques developped by
Caffarelli [f] (see also [[]) instead of probability arguments to get, apart from
the Alexandroff-Bakelman-Pucci estimate, a weak Harnack inequality and a
local maximum principle. It is then easy to derive a Harnack inequality and a
Holder estimate of a solution of ().

Known results. Krylov and Safonov [E, B] first proved a Harnack inequal-
ity for second order elliptic equations in non-divergence form with measurable
coefficients. This result is often presented as the counterpart of the De Giorgi
and Nash estimates [ﬂ, @] for divergence form equations.

As far as degenerate elliptic equations are concerned, De Giorgi and Nash
estimates were obtained for equations in divergence form and for degeneracies
of p-Laplace type. See for instance [@, E]

Krylov and Safonov estimates were obtained by Caffarelli [f] for fully non-
linear elliptic equations of the form F(x, D?u) = 0 (see also 23, [J]). As ex-
plained in [@], a fondamental tool in this approach is the Alexandroff-Bakelman-
Pucci estimate. Many authors extended these results since then; see for instance
[E, E, ﬂ] and references therein.

To the best of our knowledge and as far as degenerate elliptic equations in
non-divergence form are concerned, the Krylov and Safonov estimates obtained
by Delarue [E] are the first ones.



Assumption (E) permits to take into account non-linearity growing linearly
with respect to the gradient. Such an assumption appears in [ where Trudin-
ger proved that strong solutions satisfy a weak Harnack inequality for such
non-linearities if o is sufficiently integrable. This result has been generalized to
viscosity solutions since then; see for instance , .

Main results. Let us now describe a bit more precisely our main results.
First and foremost, we mention that, as in [E, E], we use the notion of viscosity
solution [ﬂ] since the equation is fully non-linear. We next make precise the
Standing Assumptions that the non-linearity F' must satisfy

Assumption (A).
e ['is continuous;

e Fis (degenerate) elliptic, i.e. forallz € B,r € R,p € RN and X,Y € S,
(here S,, denotes the space of real symmetric n x n matrices),

X SYjF(I’T’p7Y) SF(I’T’p7X)'

e F'is proper i.e. it is non-decreasing with respect to its r variable.

The continuity can be avoided if working with LP-viscosity solutions (see below
for further comments about such extensions of our results). Our first main
result (Theorem [J) is an Alexandroff-Bakelman-Pucci (ABP for short) estimate
for lower semi-continuous super-solutions of () on a ball By where F'is strictly
elliptic for “large gradients”

D e b P X) £ A+ ol + gl )

for some continuous functions g and ¢ and some constants Mp > 0, Ap > 0.
This condition holds true if F satisfies (f) but it is more general. An ABP
estimate permits to control supg, u™ in terms of My = supyp, v~ and the L"-
norms of g(z, Mp) and o appearing in (ﬂ) In order to get such an estimate,
we use the techniques that we introduced in [[J]. As we already mentioned
it in , the ABP estimate that we are able to obtain differs slightly from
classical ones in the sense that we can prove it under a weaker condition than
(ﬂ), moreover, the super-solution is only lower semi-continuous. We recall that
this is an apriori estimate: structure conditions ensuring the uniqueness of the
solution are not required. We finally mention that when the equation is strictly
elliptic (Mp = 0), we recover the classical ABP estimate.

Our second main result (Corollary [I) is a Harnack inequality for (). This
inequality is a consequence of a weak Harnack inequality and a local maximum
principle proved by assuming respectively (E) and (ﬁ) An important conse-
quence of the Harnack inequality is the Holder regularity of solutions of (E) (see



Theorem ). As far as the regularity of solutions of (ff) is concerned, we notice
that by assuming (E) and (E), we cannot expect more than Lipschitz continuity.
Indeed, by making such an assumption, we somehow forget about all small gra-
dients and we cannot expect these small gradients to be regular. We also point
out that it is easier to prove the uniqueness of a Hoélder continuous function
than to prove a strong comparison result between discontinuous viscosity sub-
and super-solutions (which is the classical way to get uniqueness of viscosity
solutions [[]). To finish with, we shed light on the fact that, as for the ABP
estimate, we recover the Harnack inequality of [E] in the strictly elliptic case
(Mp =0).

We recall that is possible to use the techniques introduced in [B] in order to
prove the Holder regularity of viscosity solutions much more easily. However,
the estimate of the Holder constant depends in this case on the modulus of
continuity of the coefficients of the equation.

Possible extensions. As far as extensions of these results are concerned, we
would like first to mention that we could have used LP-viscosity solutions [E]
instead of classical continuous viscosity solutions in order to be able to deal with
discontinuous coefficients. We choose not to do so in order to avoid technicalities
but we think that this can be done. We also mention that it is sometimes more
difficult to get a classical ABP estimate when using this notion of solution;
for instance in [, the ABP estimate does not involve the contact set of the
function.

One can also try to deal with non-linearities growing superlinearly with re-
spect to the gradient. It is explained in that ABP estimate cannot be
obtained for such equations unless coefficients f and o appearing in (), (f) sat-
isfy some smallness assumption. Such results can be obtained in our framework
too if we add a smallness assumption.

To finish with extensions, we mention that the parabolic case will be ad-
dressed in a future work.

Organization of the article. The paper is organized as follows. In Section 7
we construct a barrier function that will be used when proving the Harnack
inequality. We also recall the definition of two Pucci operators. In Section , we
establish an ABP estimate. In Section @, we successively prove a weak Harnack
inequality and a local maximum principle. We also derive from these two results
a Harnack inequality. Appendix @ is added for the sake of completeness of proofs
and for the reader’s convenience. We give detailed proofs of results which can
be easily derived from classical ones.

Notation. A ball of radius r centered at x is denoted by B(z,r) or By(x).
If x = 0, we simply write B,. w, denotes the volume of the unit ball. The
hypercube I, (x; — r/2,z; + r/2) is denoted by Q,(z). If z = 0, we simply
write Q.



Given a vector a # 0, @ denotes a/|a|. Given two vectors a,b € R", a ® b
denotes their tensor product. I denotes the identity matrix. The set of real
symmetric n X n matrices is denoted by S,.

A constant is universal if it only depends on n (dimension), ¢ (constant
greater than n fixed in all the paper), Ap and Ar (constants appearing in the
maximal Pucci operator).

Given a lower semi-continuous function u, D?~u(z) (resp. D*~u(x)) de-
notes the set of all subjets (resp. limiting subjets) of u at point z. See [é] for
definitions.

Acknowledgments. We are very grateful to Delarue for bringing our atten-
tion to this problem and for the fruitful discussions we had together.

2 Preliminaries

Pucci operators. We recall the definition of two important second order
non-linear elliptic operators. For all M € S,,, we define

MT(M)= sup (—Tr(AM))
A€Arp Ay

M) = | inf (Tr(AM))

where Ay, a, = {A €S, : Al < A< Apl}. We will refer to these operators
as the maximal and minimal Pucci operators. Remark that M™ is subadditive.

More precisely, it is the support function of the set —Ax, a,. We will also use
the fact that M~ (M) = —M™*(—M).

Construction of a barrier. We now construct a barrier that will be used
when proving the (weak) Harnack inequality.

Lemma 1 (Construction of a barrier). Given a constant g9 > 0, there exists
a smooth function ¢ : R — R, a universal constant Mp > 1 and constants
Cs >0, R,r >0 (with R > (3r/2)\/n) depending only on the dimension n, Ap,
Ap and g9, such that

(8) >0 in R™\ Bg
(9) ¥ <-2 in Q3r
(10) p>—Mgp in R"
(11) |Dy| < &g in R™
(12) M o+CpE>0 inR"

where € : R™ — [0, 1] is a continuous function supported in Q.



Remark 1. We recall that this barrier function will be used to prove the weak
Harnack inequality. At first glance, it is not clear why we need to construct a
function ¢ such that M~¢ > 0 on @, and ¢ < —2 on @Q3,. This will be clearer
when applying the cube decomposition in order to estimate the volume of all the
level sets (and not only one) of a super-solution. And we choose R > (31/2)y/n
in order that Q3, C Bg.

Proof. We follow [@] by choosing ¢ under the following form for = ¢ B,
p(x) = My — Ma|z|™®

where a > 0 will be chosen later and My, M > 0 have to be chosen such that
(B), ®) and (1)) hold true (with R > (3r/2)/n). It is enough to impose

My, < MR%,
((3r/2)v/n)*(My+2) < My,
,r.a-i-l
My < g
@]

After elementary computations, it is equivalent to
((3r/2)v/n)*(M; + 2) < My < min(M;R*, eor* ! Ja) .
One can choose Ms and M; so that they satisfy the previous condition if and
only if
(Gr2vm® w0
R —((3r/2)v/n)* a((3/2)v/n)*

Hence, we choose R = ¢(3r/2)y/n with ¢ > 1 and r > 0 satisfying

r—2.

2 < €0 "
q* =17 a((3/2)v/n)

It is now enough to choose ¢ > 1 such that qa—2_1 < 1 and r such that

€0
— 7 >3
a((3/2)v/n)
We now choose a > 0 so that ([J) holds true. If z ¢ B,, we have

M™(D*p(x)) = —abala| ™ (Ap(n—1) = Ap(a+1)).
Hence it is enough to choose a > max(0, ﬁ—F(n — 1) — 1) to conclude.
F

It is next easy to extend ¢ on R” such that (ff) and ([L1)) remain true and ([[0])
is satisfied too for some universal constant Mp > 1. Indeed, we have outside

B,
1 or

(pZMl—MgT_aZQ .

q* —1 «
It is now enough to remark that ¢ and egr can be choosen universal and we
also saw above that o can be chosen universal too. Hence Mp can be chosen
universal. O



Rescaling solutions. We will have to rescale sub- or super-solutions several
times. We need to know how non-linearities are rescaled in order, for instance,
to determine if these new F’s satisfy assumptions.

Lemma 2 (Rescaling solutions). Given Rg > 0, to > 0 and xg € R™, let u
be a super-solution of F on Qi r,(xo0). Consider the linear map T : Qr, —
Qtor, (T0) defined by T(y) = mo + toy. Then the scaled solution us(y) =

Miou(T(y)) is a super-solution of Fs =0 in Qg, with

t2 _ _
FS (y7 v,q, Y) = _OOF(:EO + t0y7 MQ’U, tO 1M0q7 tO 2]\403/) .

If F satisfies () (resp. @), then Fy satisfies () (resp. (6))) with constants
Mg, ~vs and functions os and fs

toMp t2
MS:TO7 %ZL%WR os =tg.c0T, fs:ﬁoofoT'
In particular,
tO 1_%
| fsllLn(Qry) = m”f”L“(QtORO(ZO)) ; loslla@re) =to *llollLa(Qugry (20)) -

3 An ABP estimate

As explained in the introduction, we can prove an ABP estimate as soon as
the non-linearity F' satisfies a strict ellipticity condition “for large gradients”.
We must also prescribe a growth condition with respect to first order terms. We
thus assume that F satisfies ({]). Our first main result is the following theorem.

Theorem 1 (ABP estimate). Consider a non-linearity F' which satisfies (A)
and (). Let u be a (Isc) super-solution of (J) in Ba. Then

1/n
(13) supu~ <supu~ +Cd | Mp + / (fH"
Bg 0Bg Bdﬁ{quMa:F(u)}

where My = supyp, u™, I'(u) is the convex hull of min(u+ My, 0) extended by 0

on Bag, f(x) = g(x,—Mps) and C = 3eCarrUtllolling ) yhere Copp = —3:;;

Remark 2. Remark that when the equation is not degenerate (Mp = 0), (B)
corresponds to the classical ABP estimate.

Sketch of proof. The proof follows the ideas of [E, E] The key lemma is the
following one.

Lemma 3. The function T'(u) is C1'' on B = {x € By : |DT(u)(z)| > Mp}.



Remark 3. Remark that before knowing that I'(u) is C1'1, DT'(u) is not uniquely
determined. Hence B should be first defined as follows

B={x € By:VY(p,A) € D> T(u)(x),|p| > Mr}.
Lemma E is proved together with
Lemma 4. The Hessian of I'(u) satisfies on B the following properties
1. D°T'(u) =0 a.e. in B\ {u+ My =T(u)} ;
2. DT (u)(z) < A\p"{o(2)| DT (u)(2)|+ f+ (2) }] a.e. in Bn{u+My =T(u)}.

Proofs of these two lemmata can be adapted from the classical one by re-
marking that points z; called by € B when computing the convex hull I'(u)
(see Proposition [l in Appendix [A]) satisfy DT'(u)(z;) = DT(u)(z). In particular,
z; € B, i.e. |DU(u)(x;)| > Mp and consequently (f]) can be used. The reader
is referred to Appendix @ where detailed proofs are given for his convenience.

Lemma 5. The following inclusion holds true
(14) B3y (0) \ Basy. (0) € DI(u)(B).
where M denotes supg, u~ —supyp, u~ and B = {x € Bq : |DI'(u)(x)| > MFr}.
Proof. This lemma is a consequence of the classical fact
Bar)(3a)(0) € DT'(u)(Bg) -
O

From now on, we assume without loss of generality that M/(3d) > Mp. We
then use Lemma [J in order to apply the area formula (see [fl, Theorem 3.2.5]
and Remark [f] below) to the Lipschitz map DI'(u) : B — R™ and to the function
g(p) = (|p|™ =1 4 un/(*=1)0=1) for some positive real number p to be fixed
later.

[ 9wy = [ g(Dr(w) detD?r(a).
B B

On one hand, we can use Lemmata @ and E in order to get

/ g(p)dp < / g(p)dp
Biry3ay(0)\Bmp (0) DT'(u)(B)

< /Bg(DF(u)) detD"T'(u)

< 9(DI () (0| DT (w)] + £+)"
F JBN{u+Mp=I"(u)}
< (" + =" (1 )").

A% JBAfutMy=T(u)}



If now one chooses u such that u” = me{u+A48:F(u)}(f+)", we obtain from the

inequality g(p) > 227"(|p|™ + u™)~! the following estimate

2—n n n M/d n—1
2 oo In (M/@3d)" +p" 92y, / " dr
n (Mp)™ + p" Mp TU QP
< / 9(p)dp
Bar/a(0)\Bup (0)
< AR+ lellR)

where w,, denotes the volume of the unit ball. It is now easy to get (E) (]

Remark 4. We see from the previous proof that Assumptions (A) and (f]) on F
are important in order to get the following property

A>0

(15) VA e T Tu@) s S

b= AT a < a(alll + f1a).
As a matter of fact, the previous piece of information is the relevant one in
order to get ([LJ). Indeed, in Lemma ], the second estimate can be rewritten as

follows
ArD?T(u)(2) < {o(x)|DT(u)| + f(z)} .

Remark 5. The area formula in [E] is stated for maps G : R™ — R” that are
Lipschitz continuous on R™ (in our case). However, the result still holds true if
G is only Lipschitz continuous on B since it is always possible to extend it in a
Lipschitz map G on R” with G = G on B.

4 Harnack inequality

In this section, we explain how to derive a Harnack inequality from the ABP
estimate. As usual, we obtain it by deriving on one hand a weak Harnack in-
equality and on the other hand a local maximum principle for the fully nonlinear

equation ().

4.1 Statements of results

In order to get a weak Harnack inequality and local maximum principle
respectively, Condition ([) is strengthened by assuming (f]) and () respectively.

The Harnack inequality is obtained as a combination of a weak Harnack
inequality and a local maximum principle. Here are precise statements.

Theorem 2 (Weak Harnack inequality). Given ¢ > n and a non-linearity F
satisfying (A) and (E) for some continuous functions f and o in @1, consider
a non-negative super-solution u of (fl) in Q1. Then

(16) [l ro(q, ) < C(Cig?/fz u+ max(Mp, || fllLn(Q1))



where pg > 0 is universal and C (only) depends on n, q, A\p,Ap, yr and
lollLa@u)-

Theorem 3 (Local maximum principle). Given ¢ > n and a non-linearity F
satisfying (A) and () for some continuous functions f and o on Q1, consider
a sub-solution u of (W) in Q1. Then for any p > 0,

(17) Sup u < C)([uF[lLr(q, o) +max(Me, || flr(q1)))
1/4

where C(p) is a constant (only) depending on n, q, A\rp, Ar, Vr, ||0]|Le(q,) and
P.

Combining these two results, we obtain the second main result of this paper.

Corollary 1 (Harnack inequality). Given ¢ > n and a non-linearity F satisfy-
ing (A), {) and () for some continuous functions f and o on Q1, consider a
non-negative solution u of () in Q1. Then

(18) sup u < C(inf u+ max(Mp, || f|rQ,)))
Q1/2 Ql/z

where C'is a constant (only) depending on n, q, Ap, Ap,vr and ||o||Le(q,)-
An important consequence of Corollary EI is the following regularity result.

Corollary 2 (Interior Holder regularity). Given ¢ > n and a non-linearity
F satisfying (A), () and ) for some continuous functions f and o on Q,
consider a solution u of (H) in Q1. Then u is a-Holder continuous on Q% and
(19)

ju(@) — ()l _ .

sup < Collullpoe(@yy +max(Mp, || fll o) +Fllullneqy)))

z,yEQ% |.’L' - y|a
zFy

where o and Cy, depend (only) on n, q, A\p, Ar, yr and |0 peq,)-

4.2 Proof of the weak Harnack inequality

Proof of the weak Harnack inequality (Theorem [4). The proof of the weak Har-
nack inequality is performed in four steps. First, the problem is reduced to
the case of a cube @ of universal side-length (Lemma E), then it is proved that
non-negative super-solutions can be bounded from above on @ by a universal
constant on a set of universal positive measure (Lemma ﬂ) Next, the measures
of all level sets of super-solutions (restricted to Q) are (universally) estimated
from above. Finally, we prove the weak Harnack inequality in Q.

Step 1. As explained above, we first reduce the problem to a simpler one.

10



Lemma 6 (Reduction of the problem). Consider a non-negative super-solution
u of () in Qar. Then there exist universal constants pg, €9 and C satisfying

infg,, u <1

20
@0 nax (M, v, [ Lty o] zacan) < €0

} = ullzrogy < C.

We now explain how to derive the weak Harnack inequality from it. Let v
be a super-solution of (E) in Qg for some t > 0. We then define a function

vs(y) = # with V' > 0 and ¢ € (0, 1) to be chosen later. Thanks to Lemma ]
with g =0, My =V, Ry = R/t, the new function vy satisfies Fx = 0 in Qg for
a non-linearity Fy satisfying (A) and (f]) with

tMp f(ty)

VvV Vs = 7Ft2a Us(y) = tU(ty)a fs(y) = x5 -

M, =
V

Hence, if one chooses

V = 1nf ’U+6+50_1 Inax(MF,HfHLn(QR“))

3r/t

ollra q/(g—n) 1/2 N
. ((II Iz <QR/t>) ()4
€0 g

we obtain that v satisfies

infv, <1

3r
max(Ms, ¥s, [|fsll 27 (@r)» 195l La(@r)) < €0
We thus can apply Lemma E and we obtain from () the following estimate
(after letting 6 — 0)

(21) ullLro(@, /) < C(Qinf/ u+ max(Mp, || fl|Ln@p/0)) -
3r/t
A standard covering procedure permits to get )

Step 2. In this step, we obtain a (universal) upper bound M for non-negative
super-solutions in Qg on a set of (universal) positive measure y if the L™-norm
of f on Qrg, the L%-norm of 0 on Qr, Mr and «yr are (universally) small.

Lemma 7 (Upper bound on a subset of positive measure). There exist universal
constantsr, R > 0,9 >0, u € (0,1) and My > 0 such that for any non-negative
super-solution u of (@) in Qr, we have

infg,, u <1

= {u< Ms}nQ,| > v -
max(MF,w,||f||Ln<QR>,|a|Lq<QR>>SEO} {u < Ms} 0 Qr| = plQr]

The proof of this lemma relies on the barrier function ¢ that we constructed
in the preliminary section and on the ABP estimate applied to w = u + ¢.

11



Proof of Lemma I-j Given g9 > 0 to be fixed later, we consider ¢ from Lemmaljl
and define w = u+ ¢. We want to apply the ABP estimate (Theorem EI) to the
function w on the ball Bg.

e First, u > 0 and ¢ > 0 on 0BR hence My = suppp, w- = 0.

e Since infg,, v <1 and ¢ < —2 in @Q3,, we conclude that infg, w < —1;
in other words, we have supg,, w™ > 1.

e We also claim that w is a super-solution of an appropriate equation. More
precisely, we claim that w satisfies (L5) in {w < 0} N B for some appro-
priate continuous functions f and @.

Let us justify the last assertion and make precise what f and @ are. We write

0 < F(x,u, Du, D*u)

= F(z,w— ¢, Dw — Dy, D*w — D?p)
< F(z,w+ Mg, Dw — Dy, D*w — D?p).

Assume next that |Dw| > Mp+eo =: Mg, D?>w > 0 (in the viscosity sense) and
w < 0. Then |Dw — Dy| > My and we obtain from () the following inequality

0 < MT(D?*w) — M~ (D?*p) + o|Dw| + ypMp + 050 + f

(we used the fact that M™ is subadditive and the relation between the two
Pucci operators). Use next that D*w > 0 and ¢ satisfies ([[2)

ArAw < U|Dw| + Cé+vypMp +0co+ f.
Hence ([L5) holds true with

=0 and 7($):OB§+"YFMB+O'E()+f.

By using the ABP estimate for w and the properties listed above satisfied by
this function, we obtain

1/n
1 < supur— < 3eCAwr i) g [ N7, 4 / Ty
Br {T'(w)=w}NBr

where I'(w) is the convex hull of min(w, 0) after extending w to Bag by setting
w = 0 outside Br. We now use the fact that

maX(MFv'-YFa ”f”L”(QR)v HUHLQ(QR)) <eéo,

together with definitions of f, M and the fact that supp& C Q, in order to
get,

1 < 3¢Camr(+R T 3o 4 RE =162 4 eoMp + COp|[{T(w) = w} N Q, ).

12



It is now enough to remark that
{T'(w) =w} C {w <0} C {u< Mp}

and to choose gy € (0, 1) such that

3eCamr (R 1) p3o 4 RE~iel 4 egMp) <

N =

to conclude. We used here that Mp is universal; in particular, it does not
depend on &g. o

Step 3. We derive from the previous lemma (Lemma ﬂ) an estimate of any
level set of super-solutions v under consideration. Precisely, we use Lemma
together with the Calderén-Zygmund cube decomposition lemma (see Lemma

in Appendix @) in order to get the following result. The proof of Lemma 4.6 in
[@] can be easily adapted (with minor changes). See Appendix @

Lemma 8 (Estimate of the measure of level sets in Q). Let u be as in Lem-
ma ﬂ Then there exist universal constants € > 0 and d > 0 such that for all
t>0,

(22) {u>t}NQ,| <dt¢.
For the reader’s convenience, a detailed proof is given in Appendix @

Step 4. We finally explain how to derive Lemma E We first recall the following
useful fact: if u is a non-negative function, then

+oo
/um:po/ Py >N Q,|dt.
0

r

We can use the results of Lemmata ﬂ and : we thus choose py = /2 where ¢
appears @) in order to get

1 1 +oo
— [ uro g/ t€/2_1|Qr|dt+/ /e dt =: O
Po Jq., 0 1

This achieves the proof of Lemma E and the proof of Theorem E O

4.3 Proof of the local maximum principle

The proof of the local maximum principle is easily adapted from [E] How-
ever, we give a detailed proof for the sake of completeness.

Proof of Theorem E The proof is divided in two steps. First, the problem is
reduced to the case where the Lf-norm of u is small; it is to be proven that u
is bounded by a universal constant (Step 1). Then we explain how to get the
universal bound (Steps 2 and 3).

13



Step 1. We state the lemma to be proven in Step 2.

Lemma 9. Consider a sub-solution u of () in Qr. Then there exists a uni-
versal constant C' > 0 such that

= supu < C

[t e,y < dY/° }
@3

max(Mp, Ve, || fllr@r) 191 La@r)) < €0

where € and d appears in Lemma .

We now explain how to derive Theorem E from this lemma. First, it is
enough to get ([[7) for a particular p since the full result can be obtained by
interpolation. In view of the previous lemma, we consider p = ¢. By scaling u
and by using a covering argument, we obtain the desired result.

Step 2. We remark that the assumption ||u*||z-(q,) < d'/¢ implies

Hu>t}NnQ,l < t’s/ (uh)s <dt™=.

r

Remark that this estimate already appeared in the proof of the weak Harnack
inequality; see (@) above. We next prove the following lemma.

Lemma 10. Consider a sub-solution u of () in Qg satisfying (23) and F be
such that

max(Mp,vp, | fllr(@r)s lollLa@r)) < €o-
Then there exists universal constants My > 1 and X > 0 such that

IQEQ%,jEN }:>

: sup u > 1M,
u(zo) > It My p U= 0

Qi (o)

—e/n
where l; = M < 5 and v = My/(My—1/2) > 1.

yei/mn

Proof of Lemma . We first choose ¥ and My such that

so that [; < § and Q,(z0) C Q.. We now argue by contradiction by assuming
that supg, (5,)u < 1) Mp. We have to exhibit a contradiction.
J

On one hand, we have from (3) and the fact that r < R and I; < /2
M, M
(23) [{u> 722N Qu o) < oo (7) |
o

On the other hand, since we have supg, (5,)u < VI My by assumption, we
J
can consider the following transformation

l4
T(y) = xo + éy

14



which defines a bijection between Qg and @y, (zo). The function v defined on
QR as follows
oy - M

(I/ — 1)M0 -

thus satisfies Fy(y, v, Dv, D?v) = 0 in Qg with Fj satisfying (A) and (f]) with

v(y) =

t
MS:'—M 5 s :t t 5
vi—1(v—1)M, F os(y) o(xo + ty)
t

mfﬂﬂﬁo +ty)

Vs = t2'7F7 fs(y) =

where t = % < i. It is clear that vs < vr < e9. Notice that

M, 1

1) My=———>->1t
=DMo=g7r=5>35>
hence My < Mp < eg and fs(y) < tf(xo + ty). We also have

losllLa@n) <t T llollLan) < €0
I fsllzn@r) < 1 fllzr@r) < €0-

vMo— Zgz,ol)

Moreover, v(0) = ORI 1 by assumption on u; thus infg, v < 1. Hence,

v satisfies the assumptions of Lemma [] and we therefore obtain from (29) the
following estimate
{v>Mo}NnQy <dMj©.

‘We thus obtain

- M, L\"
(24) Hu< v/ =223 nQu (o)l < () dMge.
2 " R
Combining () and (P4), we thus obtain
lj’l” " o MO - l " _
L) <dvt | — 2} dmMgeE.
() = (3) + () =
We also choose My such that dM; © < %, and we obtain
1 lj’l” " < d —je MO -
—| = v — .
2\ R - 2
Use now the definition of /; and get
1/2r\"
— | = | <d2°.
(%) =

We next choose ¥ > dn 25+ % in order to get a contradiction. O
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Step 3. We prove Lemma E By Step 2, we know that the sub-solution
satisfies the conclusion of Lemma . In particular, the series > j l; converges
and we can find a universal integer jo 2 1 such that Zijo l; <3
We now claim that supg, v < vio~1M,y. We argue by contradiction by
1

assuming that this is not true and by exhibiting a contradiction. Let us as-
sume that there exists zj, € Qr and u(x,) > vio=1My. Hence, we can apply
Lemma [I(] and we get a point zj, 1 such that |zj, 11 — 2jy|ec < 1j,/2 and
u(zjo41) > 79 My. By induction, we construct a sequence (z;);>;, such that
|zj41 — 2] <1;/2 and u(zj11) > v/ My as long as x; € Qz. This is always the

case since
j—1

r
17500 < |2joloo +kZ |wppr =@ < 2+
=Jo

<

ool 3
=3

We now get a contradiction since u is upper semi-continuous; indeed, it is
bounded from above on Qx so it cannot satisfy u(z;1.1) > 7 My for all j > jo.
The proof is now complete. O

A Additional proofs

A.1 Proofs of Lemmata JJ and {4

In this paragraph, we explain how to prove Lemmata E and E by adapting
the techniques of [[L3.

We first recall useful facts from convex analysis. The first one deals with the
convex hull U** of a function U.

Proposition 1. Let {2 be a bounded convez open set and U : Q—-R be Isc. For
x € Q, consider (p,A) € D*>~U**(x). There then exist x1,...,x4 € Q, ¢ <n,
A,y Ag €(0,1], S8 X\ =1 such that

z =30 N
(25) { U (z) =39, \U(z).

Moreover U** is linear on the convex hull of {z1,...,x4}. In particular, A <0
for a.e. x € {U=U*"}.

We next recall a result from [[IJ] (see also [[[]) about the subjet of the convex
hull U** of a function U.

Proposition 2 ([E, Proposition 3]). Let Q be a bounded convexr open set and
U : Q — R be lower semi-continuous. For x € S0, consider (p, A) € D>~ U**(x).
Consider z; and X\; such that (@) hold true. Then for every e > 0, there are
A; e SN i =1,...,q, such that

(p, Ai) € D" U(ai),
(26) { A< Ofy (A7 4)
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where [0 denotes the parallel sum of matrices. We recall that
(ADB)¢ € = inf (A€ =) (€~ O+ BC ¢}

We next recall a (necessary and) sufficient condition for a function to be
semi-concave.

Lemma 11 (, Lemma 1]). Consider a bounded convex open set Q and U :
Q — R a lower semi-continuous function. Assume that there exists C > 0 such
that for all x € Q and all (p, A) € D>TU(z), A < CI. Then U —C|-|?/2 is

concave.
We finally recall a useful approximation lemma from [fll].

Lemma 12 ([f). Consider a convex set Q and a convex function V : @ — R.
For all (p, A) € D>~V (x), there exists (xn)n and (pn, An) € D>~V (z,,) such
that ,, — x, A, >0 andASAn—i—%.

We now turn to the proofs of the two lemmata.

Proofs of Lemmata B and . The function v = u + Mjy is a super-solution of
G(z,v, Dv,D*v) =0

with G(z,r,p,X) = F(x,r + My, p, X). Then I'(u) is the convex hull of the
function min(v,0).
We first reduce the problem to the study of subjet of the function I'(u).

Lemma 13. Assume that I'(u) satisfies the following properties

(27) 3C >0/ Yz € B,¥(p,A) € D> T'(u)(z), A< CI,

(28) { Vo € BN{l'(u) =u+ Ms},V(p,A) € D>~ T(u)(z),
A< (o(@)lpl + ()]

(29) I'(u) is linear on B\ {z € By :T'(u) =u+ Mp}.

Then T'(u) satisfies conclusions of Lemmata [} and [}.

Proof. Thanks to Lemma , Eq. @) implies that T'(u) is semi-concave in B.
Since I'(u) is convex, this implies that T'(u) is C*! in B. Hence Lemma J is
proved. We next remark that (@) implies Point 1 in Lemma E Eventually,
(@) together with Alexandroff theorem permits to get Point 2. Le recall that
Alexandroff theorem implies that a convex function is almost every twice differ-
entiable. Hence the proof of Lemma B is now complete. o

We now prove the following lemma in order to achieve the proof of Lem-
mata E and .

Lemma 14. The function I'(u) satisfies (£7), 9) and (£9).

17



Proof. We first remark that (@) is a consequence of Proposition and of Alexan-
droff theorem.

We now turn to the proof of (R7) and (B§). Consider next z € B and
(p,A) € D>~ T'(u)(z). Notice that we cannot just prove (R7) for a.e. z € B. In
view of the definition of B (see also Remark fJ), we know that [p| > Mp. Thanks
to Lemma [[2, we can assume without loss of generality that A > 0. We now
distinguish two cases.

Case 1: z € BN{I'(u) = u+ Mp}. In such a case, (p,A) € D> T'(u)(z) =
D?*~u(z), and since |p| > Mp, we have F(z,u(x),p, A) > 0. Now () yields

“ArTrA+ o(x)|p| + fH(xz) >0

and since A > 0, we conclude that (R§) holds true and the right hand side is
bounded in By since I'(u) is Lipschitz continuous and o and f* are continuous.

~ Remark that the previous inequality also holds true for A such that (p,A) €
D?**T(u)(x), A > 0, since the equation is also satisfied for limiting semi-jets.

Case 2: v € B\ {I'(u) = u+ Mp}. There then exist z; € By and \; € (0,1],
i=1,...,q, such that () holds true (where U = u+ Mp). We know that there
is at most one point x; on dBsg and the others are in By; if not, I'(u) = 0 and
there is nothing to prove. Moreover, z; € Bfori=1,...,q.

By Proposition E, for any € > 0, there exist ¢ matrices /\i_lAZ- > A, > 0 such
that O, \; ' A4; > A, and (p, 4;) € D> (u)(z;) = D?Fu(xy).

If there are no points on 0Bsg, we deduce from Case 1 that for all i, 4; < CT
and A, < CT follows.

If x, € 0Byg, say, then we deduce from (@) that A, < 2/3; hence, there
exists ¢ € {1,...,p — 1} such that A; > 1/3n. For instance ¢ = 1. Then we
conclude that

1
A1
Passing to the limit on &, we obtain A < CT (for some new constant C'). O

O

A.2 Proof of Lemma

In order to prove Lemma , we need the Calderén-Zygmund cube decompo-
sition such as stated in [[fl. We thus first recall it. We use notation from [.
Given r > 0, the cube @, is split in 2™ cubes of half side-length. We do the
same with all the new cubes and we iterate the process. The cubes obtained
in this way are called dyadic cubes. If Q is a dyadic cube of Q,, Q denotes a
dyadic cube such that Q is one of 2" cubes obtained from Q.

Lemma 15 (Cube decomposition). Consider r > 0 and two measurable subsets
A C B C Q. Consider ¢ € (0,1) such that
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i |A| < 6|Qr| y
o if Q is a dyadic cube of Q, such that |AN Q| > 6|Q|, then Q C B.
Then |A| < §|B].

As far as the proof of this lemma is concerned, the reader is referred to []
We now turn to the proof of Lemma E

Proof of Lemma B We are going to prove the following estimate

(30) {u = (Mp)*} 0 Q| < (1 - w)*|Qy]
where Mp and p are given by Lemma . The reader can check that (@) derives
from (BJ) with d = (1 — p)~! and ¢ = —In(1 — )/ In M5.

We prove (B{) by induction. Lemma [] implies that (B0) holds for k = 1.
We now consider k > 2, we assume that (B() holds for £ — 1 and we prove it

for k. To do so, we are going to apply Lemma @ with the two following sets
ACBCQ,

A = {u>Mp)*InQ,,
B = {u>Mp)"11nQ,

and with 6 = 1 — . Remark that A C {u > Mp}NQy; hence |A| < (1 —u)|Q-|.
It thus remains to prove that if @) is a dyadic cube of @, such that

(31) ANQ[> (1—-p)Q|

then the predecessor Q of Q satisfies Q C B. Consider such a dyadic cube
Q = Qﬁ(xo) and suppose that ) is not contained in B. Then there exists
& € Q such that u(z) < (Mg)*~'. We now use Lemma B with Ry = R, to = 5
and My = MB)’“_1 to get a rescaled function ug satisfying Fy = 0 with Fj
such that (f) holds with constants My < Mg, vs < vp and functions f,, o

satisfying || fsllon@n) < IIfllen@r) and (osllLa@p) < llollLa@y)- We thus can
apply Lemma [] if infg,, us < 1. This is indeed the case

infu, < ———<1.
Qsr  — (Mp)k—1 —

Hence, |Q \ A| > (1 — 1)|Q| which contradicts (B1). O

A.3 Proof of Corollary

We use the notation of []: for all » € (0,1), m, = infg, u, M, = Supg, U,
or = M, —m, = oscg, u. The non-negative functions v —m; and M; — u satisfy
equations F_ = 0, F* = 0 respectively for some non-linearities /'~ and F'T
satisfying (E), (E) with f replaced with f + ypM;. Hence, we can apply the
Harnack inequality two M; — u and u — m; and get

My —ma < C(m1/2 —my + max(MF, HfHL"(Ql) +r|mal)),
My —myjp < C(My — My +max(Mp, || fllzrq.) + vr|Mil))
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where we can assume without loss of generality that C' > 1. Adding these two
inequalities and rearranging terms, we obtain

05CQ, /st S FOsCQut + 2max(Mr, || fllLrqu) +vFllullLe@q.)) -

We now use Lemma 8.3 in [[[] in order to get ([[9).
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