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Abstract

Motivated by the simulation of stable random fields, we consider the issue of
discrete approximations of independently scattered stable noise. Two approaches are
proposed: grid approximations available when the underlying space is R? and shot
noise approximations available on more general spaces. Limit theorems stating the
convergence of discrete random noises to stable white noise are proved. These results
are then applied to study moving average spatial random fields with heavy-tailed
innovations and related limit theorems. A second application deals with discrete
approximation for Brownian Lvy motion on the sphere or on the euclidean space.

Key words: stable white noise, stable fractional noise, linear filtering.

1 Motivations

Stable integration is a basic tool in the theory of stable random process. Indeed, if W
denotes a stable random noise on the measurable space (E, ) with control measure
m and (ft)ier a kernel such that f; € LY(E,E,m) for any ¢t € T, then the random
process defined by

Xt = /Eft(ﬂl‘)W(dI'), teT

is a stable process, and the path properties of the process can be deduced from the
properties of the kernel (see for instance [[L§] chapter 10). For example, the first ex-
amples of self-similar stationary increments (SSSI) stable process were constructed in
such a way: using a moving average kernel, Taqqu & Wolpert [[9] and Maejima [[L3]
constructed the linear fractional stable motion; the harmonisable fractional stable
motion was proposed by Cambanis & Maejima [ as the stable integral of the har-
monisable kernel. More recently, Cohen and Samorodnitsky [[f] propose a new class
of SSSI stable process defined as the stable integral of a random kernel, the random
kernel being the local time of a fractional Brownian motion. Generalizing the notion
of selfsimilarity for random field in higher dimension, operator scaling stable random
fields were defined and constructed by Bierm & Scheffler [ as stable integrals of
high-dimensional kernel with suitable scaling properties.



For the purpose of simulation of these processes, we need a general theory of dis-
crete approximation of stable random measures. An approach based on Lepage’s
series also called shot noise series was developped: generalized shot noise series were
introduced for simulation in [[[], further developments were done in [[[f] and [[[q] and
a general framework was developed in [J. In this paper, we propose a new approach
for the discrete approximation of stable random noise. We propose and developp two
alternatives: in the case when W is a stable white noise on Rd, a grid approximation
can be used (see Theorem B.1]); for more general spaces, an approximation of the
stable white noise by a Poisson random measure is discussed (see Theorem B.9).

We apply our results on grid approximation of stable random noise on R” to the
study of stable noise obtained by linear filtering from i.i.d. random fields in the
domain of attraction of stable distributions. This extends the results of Kokoszka &
Taqqu [{, [, [0, [] for one dimensional sequences such as ARMA or FARIMA with
stable inovations to spatial random fields. We prove a limit theorem for the suitably
rescaled random noise (see Theorem [.1). Two cases occur: if the coefficients of
the random filter decrease quickly, the limit random field is stable white noise and
the dependence vanishes in the limit; if the coefficients decrease slowly like a power
function, the limit random field is fractional stable random noise with long range
dependence.

Another application of the Poisson approximation for stable white noise is given
in the framework of stable Lvy motion on the sphere S¢ or on the euclidean space
R?. These processes mimick the simple covariance structure of standard Brownian
motion on R to more general metric spaces (see [13]). As a direct application of our
results, we give a Donsker’s type Theorem for stable Lvy motion on the sphere or on
the euclidean space.

The paper is organised as follows. In section 2, we remind the reader of general
results on random noise, stable white noise, Poisson random measures and their con-
vergence. In section 3, the convergence of discrete random measure to stable white
noise is proven for two different models: grid approximations and Poisson approxi-
mation. In section 4, two applications are exposed: linear filtering of i.i.d. random
field and Donsker’s type theorem for Lvy stable motion on the sphere or on the eu-
clidean space. Section 5 is devoted to the proof of our results. Technical results on
convergence of deterministic functions are gathered in an appendix.

2 Stable random noises and Poisson random
measures

A random noise on (E,£) is a generalized random field (W/[f])tcr indexed by a
linear subspace F of the space of real-valued measurable functions on F, verifying
the linearity property: for all a;,as € R and f1, fo € F.

Wlaif1 + asfo] = ayW|[f1] + aaW{fa] a.s. (1)
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Using the Cramer-Wold’s device, this implies that the finite-dimensional distributions
of the process (W|[f])tcr are determined by its one-dimensional distributions. The
set, of functions F is thought as the set of integrands. To emphasize the analogy with
usual integration, we use the notation

W(f] = /E f ()W (da).

If 14 € F for some measurable set A C E, the value W(A) = W14] is thought as
the measure of A. However, each realisation of W does not define an usual signed
measure because it needs not to have finite variations. That’s why some author
(including myself) prefer the term random noise to random measure, this last term
being reserved for measure-valued random variables.

We recall in this section the definition and properties of stable white noises (in-
cluding Gaussian white noises) and Poisson random measures.

2.1 Independently scattered a-stable random noises

Let (E,&,m) be a measured space with m a o-finite measure. For « > 0, we denote
by L* = L*(E,E,m) the space of measurable functions f : E — R such that

[l fl“dm < oo. For f € L% let |flze = ([ |f|“dm)"™ . If @ < 1, this defines
a norm and L% is a Banach case. This is no longer the case if 0 < a < 1.

The stable distribution of index a € (0,2] and parameters ¢ > 0 (scale), v €
[—1,1] (skewness) is denoted by S, (o,v). For the sake of simplicity, we will always
assume that v = 0 if @ = 1. The distribution S, (0o, v) is defined by its Fourier
transform

A(6) = exp (—00‘|9|a (1 —ive(0) tan %)) , R (2)

where e(a) = +1if a > 0, e(a) = =1 if a < 0 and £(0) = 0.

The a-stable random noise W, on (E, &) with control measure m and skewness
function v : (E, ) — [—1,1] is the stable random process defined on some probability
space (2, F,[P) and indexed by L%, verifying the linearity property [| and with one
dimensional marginal distributions given by

Wa[f] ~ Sa(O'f,I/f), f e L”
where

1/a
of = </E|f|0‘dm> and ofvy :/Eus(f)|f|adm. (3)

Evaluating the process W, at functions (f;)1<,<r with pairwise disjoint supports
yields independent random variables (W,[fi])i<i<k: we say that the random noise
M., is independently scattered or white to qualify this property.

In the Gaussian case a = 2, the parameter v is irrelevant and we retrieve the usual
Wiener integral, which is an isometry from L?(E) onto some Gaussian subspace of
L?(Q, F,P). In the case 1 < a < 2, the stable integral induces an isometry from
L*(F) onto some subspace of stable random variables on (2, F,P) equipped with
the covariation norm (see [I§]).



2.2 Poisson random measures

Poisson random measures are measure-valued random variables and they induce a
random noise on their sets of integrands. In the following presentation, we focus on
the point of view of random noises, a general reference is [ff.

Let (E,&,n) be a measured space with n a o-finite measure. We denote by &
the class of measurable sets with finite n-measure. A random measure N on (E, &)
is called a Poisson random measure with intensity n if and only if for any finite
collection (A;)1<i<p of pairwise disjoint sets in &y, the random variables (N (A4;))1<i<n
are independent with N(A;) following a Poisson distribution with mean n(A;). The
(a priori random) space L'(FE,&, N) of integrable functions with respect to N is
almost surely equal to

fN:{f:EHR\]f]/\leLl(E,n)}

and N induces a random noise on Fy. We note N[f] = [ fdN for f € Fy. This
random noise is characterized by the linearity property (fl) and the one dimensional
marginals given by their characteristic functions

E [exp(i0N[f])] = exp < /E (eF _ 1)dn> . feFy, OeR

2.3 Convergence of random measures

In this paper, we are mainly concerned with convergence of random noises (up)p>0 to
stable random noise W, either independently scattered (Theorem P.1)) or fractional
(Theorem [£1]). We shall now give a precise definition of convergence of random
noises.

For h > 0, let pup, be a random noise with integrand space F,, and let W be some
random noise with integrand space Fy. Let furthermore F be a subspace included
in all the F,,’s, h > 0 and in Fy .

Definition 2.1 We say that up converges weakly to W on F as h — 0 and write

,uhéW as h — 0,

if the finite dimensional marginal distributions of ([ f]) fer weakly converge to those
of (WIf])rer-

Using the linearity property of the random noises and the Cramer-Wold’s device,
we easily see that convergence of finite dimensional distributions is equivalent to con-
vergence of one dimensional distributions, which is in turn equivalent to convergence
of characteristic functions. Although straightforward, this will be of constant use
and is stated for future reference in the following proposition:

Proposition 2.1 The following statements are equivalent, where convergence is meant
as h — 0:

1. pp converges weakly to W on F,



2. for any f € F, up[f] converges weakly to Wh],
3. for any f € F and 0 € R, E [exp(iQup[f])] converge to K [exp(i@W[f])].

To illustrate this definition, we give a first example of weak convergence of ran-
dom noises.

Example : Let (E,d) be some metric space and £ the borelian o-algebra. Let
m and (mp)p>o be finite measures on F and v and v, be measurable functions
E — [-1,1]. Define W (resp. Wj}) as the a-stable random measure with control
measure m (resp. my,) and skewness function v (resp. v). Let Cy(FE) denotes the
space of bounded continuous functions on E. Note that from the assumption that m
is finite, Cy(E) C Fw = LY(E, €, m), and similarly Cy(E) C Fw, = L*(E, &, my,) for
all h > 0.

Then the following two statements are equivalent, where convergences are meant
as h — O:

1. the random noises W}, converge weakly to W on Cy(E),

2. the control measures my; converge weakly to m and the skewness measures
vpdmy, converge weakly to vdm.

The proof is direct once we recall that the a-stable distributions S, (o, 1) converge
to Sa(o,v) (with o > 0)if and only if (op,vp) — (0, V).

3 Discrete approximations of white stable noises

We introduce two methods for approximating an independently scattered stable ran-
dom noise on (F,&). The first one, available when the underlying space is F = R4
and the control measure is the Lebesgue measure, relies on a grid approximation
hZ? C RY when the span h of the grid goes to zero. The second one, avalaible on a
general space F, relies on the approximation of the stable random noise by suitable
Poisson random measures or shot noise, when the intensity A goes to infinity.

3.1 Grid approximation of white stable noise on R?

In this section, £ = R? and W, denotes the independently scattered a-stable random
noise on R? with Lebesgue intensity and constant skewness v. We propose a discrete
approximation of W, based on the grid approximation hZ? - R? with span h > 0.

The construction uses a family &€ = {£, k € 2%} of real random variables satisfying
the following assumption:

H, the &’s are i.i.d. random variables in the normal domain of attraction of the
stable distribution S, (o, V).

We suppose furthermore v = 0 if @ = 1. Recall that the normal domain of attraction
of the stable distribution S, (o, v,0) consists in the random variables Y such that

n_l/O‘ZYi = S,(0,v) asn — oo
i=1



where the Y; are i.i.d. random variables distributed as Y. If o« = 2, Hy holds if and
only if the &’s are i.i.d. random variables with E[¢] = 0 and E[¢2] = 202. The
stable distribution S2(c,0) is then the normal distribution with mean 0 and variance
20% (the skewness parameter v is irrelevant in this case). In the case 0 < a < 2,
from the known characterization of the domain of attraction of stable distributions
(see [A]), the &’s must satisfy the following tail assumptions as x — +o0:

P&k > x) ~ pe™® and P(§ < —2) ~ qz™*, (4)

where the constants o, v, p, ¢ satisfy
o
o = (p+9q) / t~%sintdt,
0
o
oc%vtan(ra/2) = (p— q)/ t7%(1 — cost)dt.
0

Note that equation (fl) is equivalent to the fact that & — 7 belongs to the normal
domain of attraction of the a-stable distribution S,(c,v) for some 7 € R, but we
assume here furthermore that 7 = 0.

We propose the discrete approximation of W, obtained by replacing W, (dx) by
Y€k Lyt ey (w)dz on each cell h(k + I, k € Z% Here I = [0,1)? and ~;, =

o~ 1h(&=D4. More formally, let pj, = up(€) be the random measure on R¢ absolutely
continuous with respect to Lebesgue measure with random density

d
%(17) =Y Y & lpgre (@), (5)
kez?

The random signed measure py, defined by () induces a random noise on the
integrands set

Fu, = {f € L}OC(Rd) : /d fduyp, converges a.s. } (6)
R

Note that in this definition, only the semi-convergence of the integral fRd fdup or

equivalently of the series
wY &

f(@)dx
zez? h(k+17)

is required almost surely.
The following scaling relation is worth noting;:

pnlf(e)] = ulf()), e>0 (7)

whenever these quantities are well-defined.

Our first result precise the integrands sets F,,,. We need to introduce the space
D*(RY) of locally integrable function f € Llloc(]Rd) such that f(x) = o(|x|™") for
some n > a~ld.



Proposition 3.1 Let 0 < a < 2 and suppose that £ satisfies assumption Hy,.
For h > 0, consider the random measure py, defined by equation (d). Then,

1. If1<a<2, L*RY c F,.
2. If0<a<1, D*RY C F,,.

We then consider weak convergence of the random measures (i, )n>0. To unify the
notation, we introduce F* = L*R%) if 1 < o < 2, and F* = D*RY) if 0 < o < 1.

Theorem 3.1 Let 0 < a < 2 and suppose that & satisfies assumption H,,.
Then as h — 0, up converge weakly to W, on F<.

Remark: In the case 1 < o < 2, we obtain convergence on L*(R?) the full natural
set of integrands for W,. In the case 0 < a < 1, we have to restrict on the smaller
subspace D*(R?%) because L* is not included in Fu, (see the remark after Lemma
b.9 in the Appendix.)

Remark: We prove in fact a slightly stronger result
pnlfa] = Walf] as h — 0 if fr, — f in Fq.

See Proposition f.] for a precise statement including the definition of convergence in
Da(Rd) if 0 < a < 1. This diagonal convergence can be used to prove the following
interesting corollary.

Let C(R?) denote the space of continuous functions on R%.

Corollary 3.1 Let 0 < a < 2 and suppose that £ satisfies assumption Hy,.
Then the random signed measure i on R? defined by

~ _ -1
fin=0""h N " &b
kez®

converges weakly to W, on F* N C(Rd) as h — 0.

These results can be used to propose simulation of a-stable processes represented
as stable integrals. Another approach developed in [J] is to use the representation
of stable integral in Lepage’s series. For the purpose of simulation, it is important
to provide error bounds or speed of convergence for the method. We now consider
the speed of the convergence of the random noise u to the stable integrals W,
in Theorem B.I. Better rates of convergence are expected if the random variables
¢ satisfy H, with distribution S, (o, v) rather than in the domain of attraction of
the stable distribution. In this case, the discrete approximation uy[f] has the same
distribution as

nlfl = [ (Onf)(a)Wa(da),
where ¢, f is the discrete approximation of f obtained by replacing f by its mean

value on each cell h(k+[0,1[%), k € Z? (see equation [[9 below). In this representation
&, corresponds to oh~ W, [h(k+0,1[%)] ~ S0, v). As a consequence, the random
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variable can be represented on the same space and we can focus on LP convergence
and give LP error bounds. Furthermore, during the simulation, the kernel f must
sometimes be replaced by some approximated kernel fj;. For example, when f has
infinite support, fas might be the restriction of f on a bounded domain. Or fj;
might be a piecewise constant approximation of f so that the mean value of f3; on
h(k + [0, 1[%) reduces to fus(hk).

Proposition 3.2 Let 0 < o < 2 and fayr € F® be an approvimation of the kernel
feF* and let

mulfn) = [ (Onfan)0)Wa(da).
R
Then, for every 0 < p < a,

E[|an[far) = Walfl|P] < Caplonfar — flra

and C,, ) is the absolute p-th moment of the distribution S, (1,v).
In the case a = 2, the result holds for all p > 0

Remark: Note that ¢ far — far in F® as h — 0 and explicit error bounds can be
given under suitable regularity condition on fj,.

3.2 Shot noise approximation of white stable noise on a
general space

In this section, (E, £, m) is a general measured space with m a o-finite measure and
W, denotes the independently scattered a-stable random noise on E with control
measure m and constant skewness v. We propose a discrete approximation of W,
based on shot noises, i.e. on Poisson random measures.

Let G be some distribution on R belonging to the normal domain of attraction
of the stable distribution S, (o,v). For A > 0, let Ny (de,d€) be the Poisson random
measure on F x R with intensity measure ny(de,d§) = Am(de)G(d€). It induces a
random noise uy on E by the heuristic formula

a(dz) = 7 /E  €Bu(d) N, (de.d),

where ) = o~ 1A"%. More formally, let F,,, be the set of functions f : £ — R such
that

/ ()] AL ma(de, de) < oc. (s)
ExR

We consider the random noise py on F,, defined by

il = /E SN de.de). (9)

Our result is the following:



Theorem 3.2 Suppose G belongs to the normal domain of attraction of the stable
distribution Sy (o,v). Then, for any A > 0, L*(E,E,m) C F,, and as A — 00, iy
converge weakly to Wy, on L*(E,E,m).

Remark: In the case when m is finite and normalized to m(E) = 1, we can
replace the Poisson random measure Ny by the binomial random measure N, =
o ln"% S O(¢i,es) Where (&i,€i)i>1 is a sequence of i.i.d. random variables with
distribution G(d§)m(de). We then consider the random noise

fnlf) =0 7w Y &f (e
i=1

Similar results as those of Theorem B.2 hold: for any n > 1, L*(E,&,m) C Fj, and
fin, weakly converge to W, on L*(E,E,m) as n — oo. The proof is very similar to
that of Theorem B.3 and will be omitted.

4 Applications

We propose two applications of the above results about convergence to stable random
noise. The first application based on Theorem B.1] is an analysis of random noises
arrising from linear filtering of i.i.d. random fields. Interessant fields appear in the
limit that we call fractional stable random noise. The second application based on
Theorem B.9 proposes a Donsker’s type theorem for stable Lvy field on the sphere or
on the euclidean space.

4.1 Spatial linear filtering
In this section, we consider a random measure fi;, of the form
dfip . :
%(iﬂ) = Yn Z &Ly 10 (T), (10)
kez?

where 4 > 0 is a normalisation constant and the field é = (ék) kezd 18 not any more
ii.d. but stationary with spatial dependence (possibly long range dependence). More
precisely, we consider the case when the field é is obtained from a random field &
satisfying H, by linear filtering. The linear filter is given by ¢ = (cx);cza € ¢* and
the random field é by
&=(Exr=Y_ kil
lez?

The corresponding assumption is

H, é = £ x ¢ with £ satisfying H, and ¢ € £¢.
Here (@ = (*(Z%) is the space of sequence u = (Uk)kEZd such that ), _,a [ug|* < oo
and * denotes the convolution product of sequences.We will see that if £ satisfies H,,
and ¢ € £* then & x ¢ is defined almost surely.



The integrands set associated to the random measure [, is

Fiy, = {f e L} (RY) ; /d fdfy, converges a.s. } (11)
R

We consider the convergence of the random measure fi;, to some a-stable noise.
According to the behavior of ¢ at infinity, the limit field can be either a white stable
noise or a fractional stable noise (to be defined below). In the former case, spatial
dependence disappear in the limit and weak dependence holds, whereas in the latter
case, spatial dependence persists in the limit and strong dependence holds. For the
sake of simplicity, we focus on the case 1 < o < 2. As in section B.1, W, denotes a
stable white noise on R? with Lebesgue control measure and constant skewness v.

Theorem 4.1 Let 1 < a < 2 and suppose that é’ satisfies assumption H,.
For h > 0, consider fi, the random measure given by equation ([[(Q).
1. Suppose ¢ € €' and let 4, = o~ (@™ =V gpd C = (X kezd Ck)-
Then for any h > 0, L* C F;, and as h — 0, py converge weakly to CW, on
L.
2. Suppose that ¢ has reqular variations at infinity of order —3 € (—d,—a~'d) in

the sense that
lim sup tﬁc[m —p(z)| =0, (12)

where p : ]Rd\{O} — R is some locally integrable homogeneous function of order
—B (hyp 22). Let 4, = o~ th 45,

Then for any h >0, LN L' C Fp, and as h — 0, py converge weakly to Wo
on LN L', where Wa.p is the fractional stable random noise defined by

Wa,lfl=Walf*p] , feL'nL®

We now give some interessant properties of the random noise W, .

Proposition 4.1 Let 1 < a <2 and p be as in Theorem [[1.

1. The random noise Wy, on L% N L' is a-stable, stationary and a='d — 3+ d
self-similar.

2. In the case a = 2, Wa,, is the centered Gaussian random noise with covariance
function

E (W /] Wapld]) = / F@)K (@, y)g(y)dedy, f.g€ L' L

RxR*

where K : RY x R — R is the kernel given by

K(z,y) = /de(iv — 2)p(y — 2)dz.
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Remark: The notions of stationarity and selfsimilarity are invariance properties
of the random noise under the transformation group of translations and dilatations
respectively. The formal definition is given in equation 77 and 77.

Remark Self-similarity can be stated using the notion of renormalisation groups.
Let F be a linear space of functions on R? closed under dilatations, i.e. for any h > 0
and f € F, f(h.) € F. Let u € R. For h > 0 let T}Eu) be the transformation acting
on a random noise W on F by

(TW)F()] = W WIf(h)] , feF.

The group relations Tl(u) = Id and T}Eu) o T}E?) = T,EZ? holds and the group of trans-

formation (7, }Eu))h>0 is called the normalisation group of index u. Our results have
a nice interpretation in terms of normalisation group. Consider first Theorem .

)

-1
The scaling relation ([) implies that the random measure py, is equal to T}Ea d 1

-1
and the Theorem states that the random noise 7, }Ea d) w1 converges to W, as h — 0.
Furthermore, W, is a fixed point of the renormalisation group of index a~'d, i.e.

T }Eaild)Wa = W,, meaning that W, is (o~ 'd)-selfsimilar. In the same way, con-

sider Theorem [ part 2. Here fij, = T}Eaild_ﬁ +d) {11 and the Theorem states that

-1
T }Ea d=B+d) f11 converges to Wy, as h — 0. Furthermore, W, , is a fixed point of the

—14_
renormalisation group of index a~'d — 3 +d, i.e. T}Ea d-p+d)

that W, , is a=1d — 8 + d-selfsimilar.

Wap = Wa p, meaning

4.2 Convergence to Lvy Brownian motion on the sphere
or on the euclidean space

The Brownian motion parametrized by a general metric space was introduced by
P.Lévy. It is defined as follows: let O be a fixed point in a metric space (M,d), a
Brownian motion parametrized with the metric space (M, d) and with origin O is a
centered Gaussian process (B(m))menr such that :

- B(0) = 0 almost surely,

- B(m) — B(m/) has variance d(m,m’).

There does not always exist a Brownian motion on (M,d) for an arbitrary metric
space (M, d) but constructions of such Lvy Brownian motion have been proposed in
the case when M is a sphere, a euclidean space or an hyperbolic space (see [19]).
These constructions are based on Gaussian white noise and have been extended to
stable white noise in order to get stable processes with interesting properties.

First consider the case when M = S? is the unit sphere in R and d is the
geodesic distance. Let O be a fixed point on the sphere S?, for example the northern
pole and let W5 be a Gaussian white noise on the sphere with control measure ds the
normalized uniform measure on the sphere S%. For m € 59, let H,, be the hemisphere
centered at m defined by

Hy = {m € 87| dim,m’) < g}.

11



Then the process (B(m))mesa defined by
B(m) = /7Wsy (HoAH,,) , meS?

is a Brownian motion on (59,d). Here A denotes the symmetric difference. More
generally, the Lvy stable motion on the sphere S? is defined by the same formula
with the Gaussian white noise Wy replaced by a symmetric a-stable random measure
W, with control measure ds.

When the metric space (M, d) is the euclidean space R?, a Brownian motion is
constructed in the following way (Lvy-Chenstov construction). Let W5 be a white
Gaussian noise on S? x Ri with control measure ds x dr. A pair (s,r) represents
the hyperplane in R? with equation <z,s>= r and S? x R is thought as the set
of hyperplanes that do not contain the origin. For m € R? define V,,, as the set of
hyperplanes that separate O and m, i.e.

Vin ={(s,7) € STx R} ; 0 <r <<s,m>}.
Then the process (B(m)), e defined by
B(m) =Wy (V) , meR?

is a Brownian motion on (RY,d). Replacing the Gaussian white noise Wy by the
symmetric a-stable random measure W, with control measure dsdr, we obtain the
symmetric a-stable Lvy-Chenstov random field, which is a o~ !-self-similar stationary
increments process.

We apply our results on convergence of Poisson random measures to stable noises
to obtain a Donsker’s theorem for stable Lvy motion on the sphere S? or on RY.

Theorem 4.2 Suppose G is in the normal domain of attraction of the distribution
Sa(0,0) for some o > 0. The following convergence hold in the sense of finite
dimensional distributions as A — 0.

1. Let Ny(ds,d§) be a Poisson random measure on S xR with intensity AdsG(d¢§).
The random process By on S9 defined by

By(m) = \/EO’_l/\_l/a/ Eluoan,, (s)Na(ds,d§) , me ST
SaxR
weakly converges to the symmetric a-stable Lvy motion on the sphere S1.

2. Let Ny(ds,dr,d§) be a Poisson random measure on S x R% xR with intensity
AdsdrG(d€). The random process By on RY defined by

By(m) = 0_1/\_1/0‘/ Ely, (s,7)Ny(ds,dr,d), m e R?
quRixR

weakly converges to the symmetric a-stable Lvy motion on the euclidean space
R1.

12



Remark : The random fields B) can be easily simulated, which is not clear for the
limit field B. For example in the case of Lvy motion on the sphere S?, simulating the
Poisson integral can be made as follows. Draw T according to a Poisson distribution
with mean A, conditionally to T = ¢, draw (s;,&;)1<i<¢ identically distributed with
distribution dsG(d¢) and let

t
Bx(m) = Vro ')AV "Gl u, am, (si)-
i=1

Note that the quantity = € H,, is easily calculated since x € H,, if and only if
<x,m>> 0. In the case of Lvy motion on the sphere R?, the method is just the
same once we observe that simulating By(m), m € D in a bounded domain D requires
the knowledge of the Poisson random measure on a bounded domain of S? x R’ and
hence only of a finite number of random points.

5 Proofs

5.1 Preliminaries on stable distributions

We recall some known facts about normal domains of attraction of stable distribution
(see [A]). Let & belong to the normal domain of attraction of the stable distribution
Sa(o,v). Then, the following estimate holds for its characteristic function as 6§ — 0

A0)=E [ewf] = X(0) + o(|0]). (13)

where X is given by (B]). Furthermore, in the case 0 < o < 2, the tail estimate ({)
implies that there exists C' > 0 such that for any s > 0

Var[{1¢j<sy) < Cs*>™® and E[l§1gg<sy] < Csi=. (14)

5.2 Proof of Proposition B.]]

The random measure defined by (f]) is linked with the discretization of the space R¢
by th, h > 0. Introduce the operator

loc R(Zd)

Foe <h—d Furro f(u)du>

Ll
Py

kez?

Define the random signed measure v on z¢ by

v=" & (15)

kezd

It defines a random noise on the integrands set F, defined by

Fu = {f 7SR, SumMy, 74 fré converges a.s. }

13



where once again convergence means semi-convergence of the integral. We have the
formal relation

pnlf] = whv i f]

from which we deduce that f € F,, if and only if ¢, f € F,. But we will see below
that F, = ¢* (see Lemma b.1]) and that v, (L) C £* if 1 < a < 2 and ¥y, (D%) C (@
if 0 < a <1 (see Lemma in the Appendix). This proves Proposition B.]. O

Lemma 5.1 Suppose a € (0,2] and & satisfies H,,. Then, F,, = (“.

Proof of Lemma

This is a direct application of Kolmogorov’s three series Theorem (see []). The
random series Zkezd fr&r with independent summands converges almost surely if
and only if for any s > 0, the following three numeric series converge:

> Plfitel > sl <oo, Y Var [fibelyselcs] < oo,

kezd kez?

and

Z B [feérlyfoep1<st] converges.
kez*

Note that the convergence of the first series for small s implies that fr — 0 as
k — oo, so we do suppose fr — 0 as k — oo. In the case a = 2, this implies

Var [fkfklﬂfkfk\ﬁs}] ~k—o0 fI?E[SI%]

and hence the second series converges if and only if f € ¢2. Suppose now f € /2.
Cebycev’s inequality implies

Pl full > s] < fREE]s

so that the first series converges. Applying Borel-Cantelli’s Lemma, this in turn en-
tails that the event lim sup{|fx&k| > s} has probability 0. Hence, the set {k;|fx&k| >
s} is almost surely finite, so that in the third series almost all terms vanish and the
third series converges.

In the case 0 < a < 2, we deduce from equation ([]) that

Pl feéel > sl ~ (p+ @)1 ful*s™ (16)
and hence the first serie converges if and only if f € £%. Suppose now that f € £“.

Equation ([[4) implies the second and third series converge. (]

5.3 Proof of Theorem 3.1 and of Proposition

Proof of Theorem B.T
Using Proposition P, it is enough to prove the convergence of one dimensional
distribution: for f € F¢,

prlfl=Walf] as h—0.

14



We will prove in fact a stronger result that will be useful in the sequel and we consider
diagonal convergence. Recall that F* =LY if 1 <a<2and F*=D*if 0 < a < 1.
If o € [1,2], 7 is a Banach space when endowed with the norm |.| o and the notion
of convergence f;, — f in L® is clear. In the case 0 < a < 1, we need the following
definition of convergence in D¢.

Definition 5.1 We say that (f)n>o converge to f in D if the following two con-
ditions hold:

e for any compact K C Rd, falg converges to flg in L1,

e there is some n > o~ 'd such that fr(z) = o(|z|™") and f(z) = o(|z|™") as
x — oo uniformly in h > 0.

Theorem B.1 is then a direct consequence of the following Proposition.

Proposition 5.1 Suppose £ satisfies Hy, and let (fr,)n>o converge to f in F* . Then,
the following diagonal weak convergence holds:

uh[fh]:>Wa[f] as h — 0.

We prove convergence of the characteristic functions. Let # € R. From the
definition of stable white noise,

E [exp(i0W4[f])] = exp (—a?‘\@]a(l —ivye(0) tan(ﬂa/2))) (17)
with o7 and vy given by (§). On the other hand, we can rewrite
pnlf) = o7 HTE S G (n ) (1), (1)
kez?

where 1, : Llloc — Llloc is the linear functional defined by

(nf)(z) =n"1 f(u)du, (19)

h([z]p+1)

and [z], = h[h~'z]. Note that v, f is the approximation of f when the space R4
is discretized by hZ? and the function f is replaced by its mean value on each cell
of the form h(k + I%), k € Z®. With these notations, the characteristic function of

pnlfn] is given by
E lexp(ifpnlfi)l = ] )\( “Lhe (4, f) (k)6 ) (20)
kezd

Here we have used equation ([l§), the independence of the &’s and the almost sure
convergence of the random serie ([I§) implying the convergence of the above infinite
product.

First step: we begin to show that as h — 0,

E exp(i0pnlfa))] = [ A (07 A% 4 f) (h)0) + o(1). (21)

kezd
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To see this, we estimate the difference and use the following inequality : let (z;)ier
and (z )ze 7 two families of complex numbers in ID such that the products [Lics zi and
[;c; % are convergent, then

IERIE

el iel

§Z‘z§—zi|.

el

Using equation (R0), this yields

' E [exp(ifpun[fa])] — [T A (0_1ha (€n.fn) (Rk)O )

kEZ

< D0 A ualk) = A(un(k)) | (22)

keZ

with L
up(k) = o= h® (i £1,) (hK)6.
Equation ([LJ) implies that the function g defined by g(0) = 0 and

g(v) = [o] 7 [A(w) = A(v)| , v#0,
is continuous and bounded so that for any k € Zd,

A (un(k)) = A (un(k))| = glun (k) |un (k)"
In order to obtain an uniform estimation, define the function g : [0, +00) — [0, +00)
by

g(u) = |S|u<p lg(v)].

Note that g is continuous, bounded and vanishes at 0, and that for any k € Z% such
that |up (k)| < e, )
A (un (k) = A (un(k))| < g(e)lun (k)| (23)

Let € > 0. Equations (2(), (9) and (PJ) together yield

E [exp(i@pn[fn])] H A (U_lha (0 fn) (hK)O ) '

kEZ

©) D lunO)l* Lguymi<e} +2 Y Lun(h)i>e}-
kez? kez?

Here we have used equation (B3) to bound |A(uy (k) — A(up(k))| from above whenever
|up (k)| < e, and the trivial upper bound 2 otherwise. Now we remark that

> () Lgupgenzer < D lun(B)|® = o0 [¢n fal 2

kez® kez?
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is bounded since from Corollary [0 ¢, fa|* — |f|* in L' whenever f, — f in F°.
By the continuity of g in 0, g(¢) is small for & small enough. Furthermore,

—d
Zdl{‘uh(k)be} = Rd1{\1l~1hfh(w)|>scr|0\*1h*a*1d}d33
keZ

é 6—050.—06|0|05|| (¢hfh)1{|1;hfh|>50|9‘71h7a71d} ”%a

and this quantity goes to 0 as h — 0 because Corollary b.1 implies that [bn fr]® — ||
in L' whenever f; — f in F and hence the familiy |y, fz|*, h > 0 is uniformly in-
tegrable. These estimates imply equation (R1)).

Second step: we prove that as h — 0,

IR (a—lha”d(z/?h fh)(hk)e) = exp (—o10]%(1 — ivpe(0) tan(rar/2))) + o(1).
kez?
(24)
To see this, we take here advantage of the exponential form of A and write the Lh.s.

of (R4) as

exp [ —|0]*h" Y |(¢nfn) (hk)|* + iv tan(ra/2)0<*h > ((dn fr) (hk)) ="~

kez? kez?

— oxp (<10 [ 1)@ de + ivtanra/26=> [ i@l dr) 25

where u<%> = &(u)|u|* denotes the signed power function.
Corollary .1 implies that

| Gs@irds = | 1f@)rde+ o)
R R

and

[ @@ de = [ 1@< dz+ ofu).
R R

This together with equation (P5) implies equation (24).

Conclusion: The convergence of the characteristic functions of u[fs] given by ()
to the characteristic function of W[f] given by ([[@) is a direct consequence of equa-
tions (1) and (R4). This proves the weak convergence puyp[fn] = W|[f]. Proposition
F-1 and Theorem B.J] are proved. O

Proof of Corollary B.1]

Note that formally fp[f] = pn[fn], where fj, is the function defined by fp(z)
f([z]n). The result follows from Proposition p.1] and from the fact that if f
FonC(RY), then fi — f in Fo.

Om |l
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Proof of Proposition B.2

The proof is rather straightforward once we observe that iy [far]—Wa f] = Walonfr—
/] has the same distribution as |¢n far — f| ., Xa where X, has distribution S, (1, v).
Hence,

E{|anlfar] = Wal AP = ldnfar — 17, Ell Xal],
and Cq p = E[| X, |P]. O

5.4 Proof of Theorem

We first prove that for any A > 0, the integrand set F,, contains L*(E,&,m). Let
f: E — R be such that [, |f|*dm < co. We have to prove that equation () is
satisfied and compute

/ EF(€)| AL mp(d.de) = A / (17 ) [ELENL yerei<] +PIFEE] > 1]) m(de)
ExR E

A/EC’|f(e)|am(de) <o

where the last inequality is a consequence of equations ([[]) and ([[4). This proves
the required inclusion.

We now prove the convergence of the random measures to the stable random
noise. Following Proposition P, we compute the characteristic function of Ny[f] for
feLYEEm):

E [exp(i0Nx[f])] = exp (/E

where ¥(u) = e — 1. Performing integration with respect to G, the integral in the
right hand side rewrites

IA

‘I’(H’YAff(e))Am(de)G(df)> ,

xR

/ Ue; (9ES(€))) Am(de) G(dg),

with Ug(u fR d¢). We now prove the following asymptotic result:

Anm U (0 f(€)) Am(de) /|0f (1 — ve(0f(e)) tan(ma/2)).
i |

This is a consequence of Lebesgue’s convergence Theorem. Indeed vy — 0 as A — oo
and the asymptotic behaviour of ¥ at 0 given by equation ([[J) yields

Va(0yaf(e)) = —10f(e)|*(1 —ve(0f(e)) tan(rar/2)) + o(1).
Furthermore, there is some C' > 0 such that |Ug(0)| < C|0|* for some C > 0 and
this implies the domination condition

AVa(Onf(e)) < ClO|°[f(e)|*

where the r.h.s. is integrable with respect to m(de) and does not depend on A. Hence
we have proved that

/\lim E [exp(iONy[f])] = exp ( / 10f(e)|*(1 —ve(@f(e ))tan(wa/Z))m(de)) ,
and this is precisely the characteristic function of W,[f]. O
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5.5 Proof of Theorem @.]]

In view of Lemma f.1], the conditions ¢ € /% and ¢ satisfies H,, ensure that é =Excis
well defined. This convolution relation implies that the random measures uy, and [,
defined by equations (f) and ([L0) respectively are linked by a simple relation. This
is the object of the following Lemma. In order to unlfy the two cases considered in
Theorem [I.T], we denote the integrands set by Fo Wlth Fo = L* in the first case and

Fo, = LN L' in the second case. We define ¢ € RZ by Cp=c_p, k€ A

Lemme Under the assumptions of Theorem [ 1] (both cases), FoC Fp, and the
relation fip[f] = pp (e, f] holds for any f e F° with

Uif = %qsh((whf) %), (26)
where .
h - _ )
£ B (e Fdu)
and .
Z 1
on: R - Lioe . (28)
U= (Uk)pega — f1oe upog
Proof:

We have formally,

A = An Y (Wnf)eée

kezd

= A Y. @nfrer-i&

(k,)ezixz?

= S ((Wnf) * N

A

= Eﬂh[(ﬁh((l/}hf) *0)].
Th

Furthermore, this formal computations are valid because the assumptions of Theorem
.1 entail (¢f) * ¢ € ¢¢ and hence 1;2 f € LY C F,. Recall indeed that Hlder
inequality implies that u s v € £* as soon as u € ¢* and v € ¢*. Here in the first case
(resp. in the second case) ¢ € ¢! and ¢y, f € £ (vesp. ¢ € £* and Yy f € £1). O
Proof of Theorem {.1:

Theorem [L.1] is a direct consequence of the above Lemma, of Theorem B.1] (or rather
of Proposition p.1] about diagonal convergence) and of the convergence of wh fin L®
as h — 0. Lemma [.§ in the appendix states indeed that ¢h f — Cf converges to
Cf (resp. to f xp) in the first case (resp. second case). O
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Appendix: some results on space functions

The following Lemma gathers some useful properties of the linear operators ¥y, 1y,
and ¢, defined by equations ([[9), (B7) and (P§) respectively. It is standard material
for o > 1 but some extra care is needed when 0 < o < 1.

Lemma 5.2 1. The relations &h = ¢p 0 Yy, Yp 0 Pp = IdRZd and &h o &h = T,ZNJh
hold.
2. ¢p(t*) C L™ and for any u € L%, |ppulLe = hY*|up.
3. Ifa>1, Y(L*) =€ and ¥p(L*) C L and iy, induces a linear projection on
L®. Furthermore, if f, — f in LY as h — 0, then ¥p(fr) — f in L*.
4. If0 < a <1, Yp(Da) C L%, and Un(Dy) C (D). Furthermore, if f, — f
strongly in Dy as h — 0, then ¥p(fr) — f strongly in D,,.

Remarks: Extra care is needed in the case 0 < a < 1 because zﬂh(Llloc N L%) is not
included in L® as the following example shows: for v > 0 and § € R consider the
function f € L}, defined by f(z) = k° if x € [k,k + k7] for k > 1, and f(z) =0
otherwise. Then it is easily seen that f € L% if and only if ad — v < —1, and that
Y1 f € LY if and only if a(d — ) < —1. Comparing these to conditions, we can even
find f € L N L such that ¢4 f ¢ L*. That’s why we need some stronger condition
on f in the case 0 < o < 1 and we introduce the space of rapidly decaying functions
D,,.

Proof of Lemma p.2:

1. This is routine verification using the definitions.
2. Let u € £*. Then,

/ b)) *de = / s |
bbs R4 bbs R4

= hd Z |uk|a7

kez?

and this implies ¢pu € L* and |ppu|re = hY*|ulga.
3. Let « > 1 and f € L% Using Jensen inequality with the convex function
y = lyl%

67

lonfle = A7)

h=d / f(uw)du
pezd h(k-+I%)

St [l

d
pezd h(k+19)

= Y f|e.

IN
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This implies that ¢y, f € €% and [¢y, fea < h=¥®|f| . Together with point 1.
and 2., we easily prove that ¢, induces a linear projection on L.

We now prove that vy, converge weakly as a linear operator to the idendity.
First consider the case when f is continuous with compact support. Then
from the continuity of f, for every x € Rd (¢ f)(z) — f(z) as h — 0. The
assumption that f is compactly supported implies that Lebesgue’s convergence
theorem applies and ¢, f — f in L¢.

The space of continuous compactly supported function is dense in L* and the 1)y,
are (uniformly) bounded linear operator. Hence the convergence 1, f — f holds
for every f € L®. Diagonal convergence is a consequence of the equicontinuity
of the 1, which all have linear norm less than 1.

. Let f € D®. From the definition of D%, there is some integer M > 0 and
C > 0 and some 7 > a~'d such that if |z| > M then |f(z)| < C|z|x'. As a
consequence, if A < 1 and |z|s > M + h, we have h([h~'z] + I?) C B(O, M)®
and

67

< h(l_a)d(|l‘|oo o h)—an.

[Onf (2)|* =

h_d/ fu)du
h([h= 2] +17)

This implies [pa [ f(2)|*dz < oo since an > d and hence ¢, f € L°.

Now let f;, — f strongly in D¢. From the above discussion and the definition
of strong convergence in D%, we see that a similar inequality holds uniformly in
h < 1: there is some M > 0, C > 0 and > o~ 'd such that if |x|o > M then
|f(z)] < Clz|s" and also for any h < 1 |f(z)| < Clz|s'. As a consequence, for
any € > 0, there is some M > 0 such that for any h <1

/| @ < (20)

On the other hand, for fixed M > 0, we prove that |¢, f5|*1 B(0,a) is uniformly
integrable. Let K = B(0,M + 1). Then f;1x — flg in L', and point 3.
implies that &h(fth) — flg in L'. Since the restrictions of qzh(fth) and
U fr to B(0, M) are equal, this implies (¥nfr)1po,m) converge to flgq ) in
L'. This in turn implies that |1ﬂhfh|alB(O7M) is bounded in L? for p = o~ > 1,
and hence uniformly integrable. This together with equation (RY) implies the
uniform integrability of the sequence |ty f,|. O

Corollary 5.1 Let o € (0,2]. Suppose (fn)n>0 converge to f in F* as h — 0. Then
[Un(f)|® — |f|* in LY as h — 0 and also (Y (f))<*> — f< in L}

Proof of Corollary [.1]:

We consider the convergence of (¢, f,())<®> to f<® in L', the other case being
treated in the same way. First of all, as above, for any ¢ > 0 there is some M > 0
such that for any h <1

L Jansn= = e efae < (30)
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For fixed M > 0, the application L'(B(0,M)) — R, f fB(O M) f(x)<*>dx is
continuous. Hence the convergence (¢hfh)1B(o,M) — f1po,m) in L' implies

lim (¥nfn)(2)~*dz :/ (Ynfn) (@)~ da.
n—00 JB(0,M) B(0,M)
Together with equation (B(), this yields the result. (]

We now consider the convergence of zﬁfl f defined by (d). Lemme Under the
assumptions of Theorem

1. In the first case, for any f € L%, @zf — Cfin L® as h — 0.
2. In the second case, for any f € L' N L2, @zf — f*xpin L® as h — 0.
Proof of Lemma p.5:

1. Consider first the case when ¢ € ¢!, We easily see that

Uif = cktnf(-+hk).

kez?

For each fixed k, the sequence of function vy, f (++ hk) converge to f in L® (use
the fact that according to Lemma p.9 point 3, Ynf — f in L® and that the
translation operator f — f(. + hk) is continuous and converge to identity as
h — 0). Then for any fixed M,

D atnf(+hk) = (Y a)f

|kl<M |k|<M
in L® as h — 0. Furthermore, since ¢ € ¢!, the remainder
| > ewtbnf C+hk) e < [ D lewl | [£]Le
|k|>M |k|>M

is small when M is large. Thanks to these estimates, we prove that 1;2 f—Cf
in L™

2. Consider the second case when c is such that
lim sup ‘tﬁc[m} —p(x)| =0,

t—o00 ‘:E‘Zl

and note that 1&2 f can be rewritten as

Uit = [ el = 0mody = (@) sp)h) 6D
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with R

pr(y) = h_d%c—[mly] = h Py,
Using equation [[3, we see that for any y # 0, pp(y) — p(y) as h — 0.
More precisely, equation [[] entails that pplp — pplp in L' and pplge — pplpe
in L% where B denotes the unit ball B(0,1) in R? and B¢ its complementary
set. Using Lemma p.9 and the assumption f € L' N L%, we have also 9y, f—rf

in L' and in L®. The bilinear application L' x L® — L% (g1, g2) — g1 * g2 is
continuous and

lg1 * g2l 0 < g1l l92] 1 -
This entails (&hf)*(ﬁhlB) — f*(plp) in L and (@hf)*(ﬁhlgc) — fx(plpe),

and finally (¢Ypf) *pp — f*pin L.
At last, we prove that zﬁfl f— f*pin L* We have indeed

|96 = @y em|
/Rd /Rd [Onf ([l — ) = ¥nf (x — y)llPn(y)|dy i dz

< Ipnlslgr sup [Gnf(+u) — ¥nflGe + IPnlselfa sup |onf(.+u) = Pnflf
0<u<h 0<u<h

IN

and these quantities vanish as h — 0. O

Acknowledgements

I am grateful to Professor Serge Cohen for fruitful discussions at the origin of the
limit theorems for the Lvy Brownian motion on the sphere and related processes.

References

[1] BiErm H., MEERSCHAERT M.M. and ScHEFFLER H.-P. Oper-
ator scaling stable random fields. Preprint available on arXiv at
http://arxiv.org/abs/math/0602664v1.

[2] CaMBANIS S. and MAEJIMA M. (1989) Two classes of self-similar stable processes

with stationary increments. Stochastic Processes and their Applications 32:305—
329.

[3] CoHEN S., LAcAux C. and LEDOUX M. (2008) A general framework for simu-
lation of fractional fields. Stochastic Process. Appl., 118(9):1489-1517.

[4] COHEN, S. and SAMORODNITSKY, G. (2006) Random rewards, fractional Brown-
ian local times and stable self-similar processes. Ann. Appl. Probab., 16(3):1432—
1461.

[5] DoukHAN P., OPPENHEIM G. and TAQQU M.S. editors (2003) Theory and Ap-
plications of Long-Range Dependence. ISBN 0-8176-4168-8. Birkhuser, Boston.

23



[6] FELLER W. (1966) An Introduction to Probability Theory and its Applications.
Vol. 2. Wiley.

[7] KALLENBERG O. (1986) Random Measures, 4th ed. (187 pp). Akademie-Verlag
and Academic Press, Berlin and London.

[8] KokoszkA P. and TAQQU M.S. (1994) Infinite variance stable ARMA processes
Journal of Time Series Analysis, 15:203-220.

[9] KokoszkAa P. and TAQQU M.S. (1994) New classes of self-similar symmetric
stable random fields. Journal of Theoretical Probability, 7:527-549.

[10] KokoszkA P. and TAQQu M.S. (1995) Fractional ARIMA with stable innova-
tions. Stochastic Processes and their Applications, 60:19-47.

[11] KokoszkA P. and TAQQu M.S. (1996) Infinite variance stable moving averages
with long memory. Journal of Econometrics, 73:79-99.

[12] KuBo I., TAKENAKA S. and URAkAwWA H. (1981) Brownian motion
parametrized with metric space of constant curvature. Nagoya Math. J. 82:131-
140.

[13] MAEJIMA M. (1983) On a class of self-similar processes. Zeitschrift fr
Wabhrscheinlichkeitstheorie und verwandte Gebiete. 62:235-245.

[14] MAROUBY, M. Simulation of local time stable motion. Preprint available on
arXiv at http://arxiv.org/abs/0712.3210v2.

[15] RosINskI J. (1989) On Path Properties of Certain Infinitely Divisible Processes
Stochastic Processes and their Applications 33(1):73-87.

[16] ROSINSKI J. On Series Representations of Infinitely Divisible Random Vectors.
The Annals of Probability, 18(1):405-430.

[17] ROSINSKI J. (2001) Series representations of Lvy processes from the perspective
of point processes. In Lvy processes, pages 401-415. Birkhauser, Boston, MA.

[18] SAMORODNITSKY G. and TAQQU M.S. (1994) Stable Non-Gaussian Random
Processes: Stochastic Models with Infinite Variance., ISBN 0-412-05171-0, Chap-
man and Hall, New York.

[19] TaQQu M.S. and WOLPERT R. (1983) Infinite variance self similar processes
subordinate to a Poisson measure. Zeitschrift fr Wahrscheinlichkeitstheorie und
verwandte Gebiete. 62:53-72.

24



