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TANGENTIALLY MAGNETIZED AND RADIAL
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Avenue Olivier Messiaen, 72085 Le Mans, France
guy.lemarquand@univ-lemans.fr

Abstract—In this paper, we present new expressions for calculating
the magnetic field produced by either tile permanent magnets
tangentially magnetized or by radial currents in massive disks. These
expressions are fully analytical, that is, we do not use any special
functions for calculating them. In addition, they are three-dimensional
and can be used for calculating the magnetic field for all regular
points in space. The expressions commonly used for calculating the
magnetic field produced by radial currents in massive disks are often
based on elliptic integrals or semi-analytical forms. We propose in
this paper an alternative analytical method that can also be used for
tile permanent magnets. Indeed, by using the analogy between the
coulombian model and the amperian current model, radial currents
in massive disks can be represented by using the fictitious magnetic
pole densities that are located on two faces of a tile permanent magnet
tangentially magnetized. The two representations are equivalent and
thus, the shape of magnetic field produced is the same for all points
in space, with a smaller value in the case of it is produced by radial
currents in massive disks. Such expressions can be used for realizing
easily parametric studies.

1. INTRODUCTION

The calculation of the magnetic field produced by radial currents in
massive disks has been studied by S. Babic, C. Akyel, S. J Salon and S.
Kincic [1][2]. Indeed, they obtained semi-analytical forms of the mag-
netic field produced by radial current in massive disks by using the
Biot-Savart Law. We propose in this paper to use another approach
for calculating the three components of the magnetic field produced by



2 R. Ravaud and G. Lemarquand

radial current in massive disks. Indeed, we use the Coulombian model
instead of the Biot-Savart Law. By using the analogy between the
coulombian model and the amperian current model, we can show that
radial currents in massive disks can be represented as tile permanent
magnets whose polarization is perfectly tangential. In this case, the
shape of the magnetic field produced by radial current in massive disks
is exactly the same as the one produced by a tile permanent magnet
tangentially magnetized. However, it is noted that magnetic fields pro-
duced by radial currents are always weaker than the ones produced by
permanent magnets. Some previous calculations of the magnetic field
produced by tile or arc-shaped permanent magnets were determined
with the coulombian model [3]-[6]. In addition, other authors have pro-
posed three-dimensional semi-analytical expressions for calculating the
magnetic field produced by thick annular conductors [7]-[9]. More gen-
erally, such semi-analytical expressions can be employed for optimizing
devices using cylindrical permanent magnets [10]-[18]. The expressions
obtained are often based on one or two numerical integrations or ellip-
tic integrals [19]-[21]. Consequently, some authors have proposed the
use of toroidal functions for the computation of the external magnetic
field produced by cylindrical permanent magnets [22]-[24].

The knowledge of the magnetic field produced by arc-shaped per-
manent magnets is always interesting for the design of actuators or
sensors [25]-[36].

This paper is composed in two parts.

The first part deals with the analytical calculation of the magnetic
field produced by a tile permanent magnet tangentially magnetized.
The three expressions of the magnetic components are determined by
using the coulombian model.
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Figure 1. Representation of an assembly of tile permanent magnets
tangentially magnetized with alternate polarizations

In the second part of this paper, we discuss the possibility of
using the expressions of the magnetic field components created by a
tile permanent magnet tangentially magnetized for the case of massive
disks with radial currents. By comparing the coulombian model and
the amperian current model, we show that the two calculations are
the same. Such an analogy is interesting because the expressions of
the magnetic field components produced by a tile permanent magnet
tangentially magnetized are fully analytical whereas the ones created
by radial currents in massive disks use elliptic integrals and one term
must be solved numerically [1]. Consequently, we show that it seems
to be possible to obtain a fully analytical expression of the magnetic
field produced by radial currents in massive disks.
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0

Figure 2. Representation of the geometry considered. The tile inner
radius is 71, the tile outer radius is ro, its angular width is 65 — 01. Its

magnetic polarization is J and its height is 2o — 21

2. STUDY OF THE MAGNETIC FIELD PRODUCED BY
A TILE PERMANENT MAGNET TANGENTIALLY
MAGNETIZED

2.1. Notation and geometry

The geometry considered and the related parameters are shown in Fig
2. The inner radius of the tile is rq, its outer radius is 5. Its angular
width equals 02 — 61 with 05 > 01. It height is zo — 21 with 29 > 21.
Its magnetic polarization is denoted J and verifies for all points in tile
tile permanent magnet the following equation:

—

J = Jiig (1)

This implies that the polarization of the tile permanent magnet
is perfectly tangential. The magnetic field produced by such a tile
permanent magnet can be determined by using the coulombian model.
Indeed, according to the Coulombian model, this tile permanent
magnet generates a magnetic field that can be deducted from its
magnetic potential ®(7) for all points in space. This magnetic potential

is given by :
w0 o (S [ B ) e
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Figure 3. Representation of the tile permanent magnet studied in
which the six vector normal units are defined

where S; represents one surface of the tile permanent magnet and
V its volume. In addition, ‘F — 7:"" represents the distance between a

point located on the tile permanent magnet and the observation point.
Therefore, there is a magnetic pole surface density o} given by :

of = J.i (3)

where 77 is the unit normal vector. In addition, there is a magnetic
pole volume density given by :

of=-V.J (4)

Thus, according to the Coulombian model, a tile permanent magnet
can be represented by magnetic pole surface densities that are located
on the faces of the magnet and a magnetic pole volume density that is
located in the tile permanent magnet. Let us now define the normal
vector units of each face of the tile permanent magnet. For this
purpose, let consider the figure 3 in which the six vector normal units
are defined. We use the notation oy, for representing the magnetic
pole surface density that appear on the face whose normal unit is 7;.
Therefore, we obtain:
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Figure 4. Representation of the geometry considered. The tile inner
radius is r1, the tile outer radius is 79, its angular width is 65 — 6. Its

magnetic polarization is J, its height is 2o — 23

oty =Jdy=—J (8)
05 = J.ils = (9)
ot = J.iig =0 (10)

The magnetic pole volume density o}, can be determined by using the
definition of the divergence in cylindrical coordinates. We deduct that:

of=-V.J=0 (11)

Consequently, only two magnetic pole surface densities appear on the
tile permanent magnet tangentially magnetized. The first one —J is
located on the face whose angular abscissa equals 6. The second one
+J is located on the face whose angular abscissa equals 62. We show
a cross-section of the tile permanent magnet tangentially magnetized
with its magnetic pole surface densities in the (R, @) plane in Fig 4.
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2.2. Three-Dimensional analytical expression of the
magnetic potential created by the tile permanent magnet
tangentially magnetized

The reciprocal distance, in cylindrical coordinates, between the source
point (7, 6, Z) and the observation point (r, §, z) is expressed as follows:

R(f,é,z):‘ L _ ! (12)

12+ 72— 2ricos(8 — 0) + (z — 2)?

=
3

where 7 represents the position vector of the source point and 7 is the
position vector of the observation point.

Therefore, the magnetic potential ®(r,0,2) produced by a tile
permanent magnet tangentially magnetized is given by:

O(r,0,z) = / / (7,02, 2)drdz
4WM0

- R(7, 64, 2)didz
47 g /r1 /21 (7,61, %)
(13)

After integrating according to 7 and Z, the magnetic potential
®(r,0,z) can be expressed as follows:

2 2 2
ZZZ(_ Z+J+k)¢(ama bij k) (14)

i=1j=1k=1

O(r,0,2) 477110

where
Ck

2
bi,j as j

¢(ai7j,bi7j,Ck) = —Zr— bi,j—azzvjarctan
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a;.iC
+4/bij — a arctan LIk
\/b ij — a7 \/bm‘ +c

—cg log [ai,j +4/bij + Ci]
—a; jlog {ck +4/bij + ci]

(15)

and
a;j =1 —rcos(f — ;) (16)
bij=1>+7r—2rr;cos(0 — ;) (17)
§ph=12— 2z (18)

Eq. (13) is in fact a special case in which the magnetic potential
has a fully analytical form. It is emphasized here that this is rarely
the case for tile permanent magnets. Though the components of the
magnetic field created by tile permanent magnets radially or axially
magnetized can often be expressed in terms of elliptic integrals of the
first, second and third kind, their magnetic scalar potential is often
more difficult to determine in a semi-analytical form. Moreover, it can
be easier to determine the magnetic field created by such tile permanent
magnets without using the vector or scalar potentials. We present in
the next section the expressions of the three components created by
the tile permanent magnet tangentially magnetized in fully analytical
expressions.

2.3. Magnetic field produced by the tile permanent magnet
tangentially magnetized

A way of calculating the magnetic field produced by a tile permanent
magnet tangentially magnetized is to determine first the magnetic
potential ®(r, 0, z) for all points in space. We keep the notation & (Eq.
18) for the equations of the three magnetic components H,(r,0, z),
Hy(r,0,z) and H,(r,0, 2).

2.4. Derivation of the three components

The magnetic field created by the tile permanent magnet tangentially
magnetized can be deducted by calculating the following expression :

H=-Vo(r,,z) (19)
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and the three components are given respectively by :

H,.(r,0,2) = —=V®(r,0,z).ir (20)
Hy(r,0,2) = —V®(r,0,2).ip (21)
H.(r,0,z) = —V&(r,0,2).i. (22)

The three expressions obtained are also given in a fully analytical form.

2.5. Radial component H,(r,0,z)

The radial component H,.(r, 0, z) is expressed as follows:

2
§:§j ) (i, . k) (23)
k=1
where

o (—eij + cos(9 0; )zfj) 1| &S+ bi
h?“ ) )k = tanh T 5
0 NG, R Wi
—cos(6 — 6;) log [fk + \/m]

(24)

with , ,
= —e; = — (rri(—1 0 —0;)* 25
fi = eig = - (rr(=1+cos(0 = 6)%)) (25)
We represent in Fig 5 the radial component of the magnetic field
produced by a tile permanent magnet tangentially magnetized versus
the angle 6 with the following parameters: r1 = 0.025 m, ro = 0.028
m, 7 = 0.024 m, ¢) = —; rad, 6 = +7 rad, 21 = 0 m, 22 = 0.003 m,
z=0.0015m, J=1T.

2.6. Azimuthal component Hy(r,0, z)

The azimuthal component Hy(r, 6, z) of the magnetic field produced by
a tile permanent maget tangentially magnetized is expressed as follows:

2 2 2
J

SN0 R, k) (26)
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Figure 5. Representation of the radial component H, versus the angle
theta 6 with the following parameters: r1 = 0.025 m, ro = 0.028 m,
r = 0.024 m, 6, = —; rad, 62 = +4 rad, 21 = 0 m, 22 = 0.003 m,
z=0.0015m, J=1T.

with
he = -yt 0 gyl [W
cj(bij +cj) ¢;(bij + €2)
+y; log {&c + m}
(27)
where
y; = sin(6 — 6;) (28)
dij =r? —rricos(f — 0;) (29)
¢j = 1*((cos(0 = 6;))* = 1) (30)

We represent in Fig 6 the azimuthal component of the magnetic field
produced by a tile permanent magnet tangentially magnetized versus
the angle 6 with the following parameters: 1 = 0.025 m, ro = 0.028 m,
r = 0.024 m, 6y = —{; rad, 6 = +4 rad, 21 = 0 m, 22 = 0.003 m,
z=0.0015m, J=1T.
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Figure 6. Representation of the azimuthal component Hy versus
the angle theta 6 with the following parameters: r; = 0.025 m,
ry = 0.028 m, r = 0.024 m, ¢) = —{5 rad, O = +75 rad, 21 = 0 m,
22 =0.003 m, 2z =0.0015m, J=1T.

2.7. Axial component H,(r,6,z)

The axial component H,(r,0,z) of the magnetic field produced by a
tile permanent maget tangentially magnetized is expressed as follows:

ZZiHWM%mw (31)

Ampo = = ot

2 2
H,.(r,0,z) = J

with
h(i,j, k) = log [ri —rcos(f —0;) + /b ; + 5,%] (32)

We represent in Fig 7 the axial component of the magnetic field
produced by a tile permanent magnet tangentially magnetized versus
the angle 8 with the following parameters: r1 = 0.025 m, ro = 0.028 m,
r = 0.024 m, ) = —{5 rad, O = +{5 rad, 21 = 0 m, 20 = 0.003 m,
z=0.001m, J=1T.

2.8. Application of the expressions determined for the study
of ironless structures using tile permanent magnets
tangentially magnetized

All the expressions determined previously can be used easily for the
study of the magnetic field produced by ironless structures using
assemblies of tile permanent magnets tangentially magnetized. Indeed,
their computational cost is very low and they are very accurate. We
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Figure 7. Representation of the axial component Hy versus the angle
theta 6 with the following parameters: r; = 0.025 m, ro = 0.028 m,
r = 0.024 m, 6, = —{; rad, 6 = +4 rad, z; = 0 m, 22 = 0.003 m,
z=0.001m, J=1T.

have represented the three-dimensional representations of the radial
and azimuthal components of the magnetic field produced by an
assembly of tile permanent magnets tangentially magnetized as shown
in Figs 8 and 9 respectively.

3. MAGNETIC FIELD PRODUCED BY RADIAL
CURRENT IN MASSIVE DISKS WITH THE
COULOMBIAN MODEL

We explain in this section how to calculate the magnetic field produced
by radial currents in massive disks by using the coulombian model.
Several authors have studied the magnetic field produced by such
structures [1][9]. In this paper, we study the particular case in which
both surface current densities and a volume current density appear in
massive disks. Therefore, strictly speaking, our calculation does not
treat exactly the same configurations as [1] and [9] but the expressions
established in the first part of this paper can also be used for calculating
the three components of the magnetic field created by radial currents
in massive disks. In fact, there is an analogy between our configuration
studied in the first part of this paper and the configurations studied in
[1] and [9]. We present in the next section this analogy.
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Figure 8. Three-dimensional representation of the radial component
H, versus r in polar coordinates with the following parameters: ry =
0.025 m, ro = 0.028 m, z; =0 m, 20 =0.003 m, z=0.00l m, J=1T
and 8 tile permanent magnets are used

Figure 9.  Three-dimensional representation of the azimuthal
component Hy versus r in polar coordinates with the following
parameters: r; = 0.025 m, ro = 0.028 m, 21 = 0 m, 2o = 0.003 m,
z=10.001 m, J =1T and 8 tile permanent magnets are used
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3.1. Basic equations

It is well known that the magnetic field produced by either a permanent
magnet or a current distribution can be determined by using either the
scalar magnetic potential ®(r,6,z) or the vector magnetic potential
fT(r, 0, z). We have shown in the first part that a tile permanent magnet
tangentially magnetized generates a scalar magnetic potential for all
points in space. Let us now consider the magnetic vector potential
created by the tile permanent magnet tangentially magnetized studied
in the first part of this paper. This vector magnetic potential ff(r, 0,z)
that is expressed as follows:

i ([ B 1, TR e

Therefore, we can say that there is a surface current density given by :

JAT

ket = 34
Ho (34)
In addition, there is a volume current density given by:
= VAJ
J* = (35)

Ho

2. Application to a tile permanent magnet tangentially
magnetized

Let us now apply the previous relations the configuration presented in
Fig 2. According to the Amperian current model, a tile permanent
magnet tangentially magnetized can be represented by using (34) and
(35). We find :

J

kg, = —Ug N (—U,) = ——1U 36
Sy 110 0 ( T) 110 z ( )
ks, = —tg ANt =0 (37)
Mo

ks, = —iig A (i0) = +-L (38)

= —1 Up) = +—1uU

5 Ko 0 " Ko ‘
ks, = —1ip N (—1ip) = (39)

Ho
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c |y

0 r

Figure 10. Representation of the surface current densities that appear
on a tile permanent magne tangentially magnetized with the amperian
current model

B ) 7
ks, = ” tg N () = +#0 Uy (40)
ks, = —ilp A (=) = —-i, (41)
Ho Ko
In addition, the volume current density is expressed as follows:
PN g, =11 (a(“)> i, =i, (42)
1o por \ Or r

We represent in Fig 10 the surface current densities that are located
on four faces of the tile permanent magnet and in Fig 11 the surface
current density that is located in the tile permanent magnet. An
interesting point to say is that current on the face S; and the current
on the face S3 are not the same because S3 > S7. This is why we can
say that a volume current density appears inside the tile permanent
magnet. This allows us to obtain a charge equilibrium of the magnet.
Therefore, the three magnetic components can also be determined by
using the following relation:

—

7 —

Hy(r,0,z) = ANA(r0,z2).4d, (43)

—

7 —

Hy(r,0,2) = ANA(r,0,2).1 (44)
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Uz,

0

Figure 11. Representation of the volume current density that
appears inside a tile permanent magne tangentially magnetized with
the amperian current model

—

7 —

H,(r,0,z)=  NA(r0,z).1d, (45)

In short, by assuming that there are radial currents in massive disks
that are characterized by both surface current densities £* and volume
current densities j*, we can use directly the coulombian model by
using the transformations j* = % and k* = J%Oﬁ. These two

transformations allow us to define the equivalent value of ’ﬂ that

correspond to a tile permanent magnet tangentially magnetized. The
interest of such an approach lies in the fact that the expressions of
the three magnetic components created by a tile permanent magnet
tangentially magnetized are fully analytical. Consequently, we can also
find in a fully analytical form the three magnetic components created
by radial currents in massive disks.
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4. CONCLUSION

We have presented new expressions for calculating the magnetic field
produced by either a tile permanent magnet tangentially magnetized,
or by radial currents in massive disks. All the expressions determined
in this paper are presented in a fully analytical form, that is,
without any special functions as elliptic integrals. Consequently, such
expressions have a very low computational cost and are accurate
because all the expressions have been determined without any
simplifying assumptions. The analogy between the coulombian model
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and the amperian current model allows us to calculate with the same
expressions the magnetic field produced by tile permanent magnets
whose polarization is tangential or by radial currents in massive disks.
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