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Abstract. In this paper we consider a three dimensional model of ferromagnetic material. We
deal with the static domain wall configuration calculated by Walker. We prove the stability of this
configuration for the Landau-Lifschitz equation with a simplified expression of the demagnetizing
field.

Résumé. Dans cet article, on considere un modele tridimensionnel de matériau ferromagnétique.
On étudie les profils de murs statiques calculés initialement par Walker. On démontre la sta-
bilité de ces profils pour ’équation de Landau-Lifschitz avec un modele simplifié pour le champ
démagnétisant.

1 Introduction and main results

The formation and the dynamics of domain walls are among the most studied topics in micromag-
netism. In his pioneering works [27], Walker performed the exact integration of the equations of
motion for a planar wall (see [24].) In this paper, we tackle the problem of the stability of these
exact solutions for the Landau-Lifschitz equation in a simplified 3-dimensional model.
Let us recall the general framework of the ferromagnetism (see [5], [15] , [25] and [28]). We consider
an infinite homogeneous ferromagnetic medium. We denote by m the magnetization:

m: RYxR® — IR
(t,z,y,2) — mt,z,y,z2)

The magnetic moment m links the magnetic induction B and the magnetic field H by the relation
B = m+ H. In addition, we assume that the material is saturated so that the norm of m is constant.
After renormalization we assume that

|m| =1 at any point. (1.1)
The variations of m are described by the Landau-Lifschitz equation:
Om =—m X Hepp —m x (m X Hepy), (1.2)
where the effective field H.yy = —VE. The ferromagnetism energy £ in supposed to be given by
E = Eexch + Edem + Eanis,

where

e the exchange energy E.,.n writes

1
gea:ch = _/ |Vm|2a
2 RS



e the anisotropy energy reflects the existence of a preferential axis of magnetization:

ganis = / (1 - |m3|2)’
B3
where m = (mq,ma, m3),

o Egem is the demagnetizing energy:

gdem :/ |hd(m)|27
IRS

where the demagnetizing field hy(m) is characterized by

curl hg(m) =0,
(1.3)
div (hg(m) +m) = 0.

We then obtain that
Heff = Am + mses + hd(m),

where e3 is the third vector of the canonical basis (e, ez, e3) of R3.

Existence results for the Landau-Lifschitz equation can be found in [26], [2], [6] and [18] for the weak
solutions, and in [7], [8] and [9] for the strong solutions. Numerical simulations are performed in [3],
[4], [19], [20] and [21].

In case of a magnetic moment only depending on the x variable, the demagnetizing field given
integrating (1.3) reads hq(m) = —mye;. With this expression of the demagnetizing field, Walker
calculated in [24] the following wall profile, which is a static solution to Landau-Lifschitz equation:

0
Mo(x,y,z) = Mo(x) = | 1/cha |. (1.4)
—thz

In our paper we simplify the model assimilating hqy to —mye; even for perturbations of My. So we
deal with the following system:

8tm =—mX Heff —m X (m X Heff),
(1.5)
H.rp = Am + mses — myex,
and we adress the stability of the static solution My for the system (1.5). Our main result is the
following:

Theorem 1 Let € > 0. There exists § > 0 such that for all mg € H2(1R3;R3), if mo satisfies
the saturation constraint |mo| = 1 and verifies [|mo — Mol| g2(grsy < 0, then the solution m of the
Landau-Lifschitz equation (1.5) together with the initial data m(0,z,y,z) = mo(x,y, z) satisfies

Vi >0,(m(t,.) = Mollgz(ms) < e

In [10], we proved the same kind of stability result for a one dimensional model of ferromagnetic
nanowire. We extended this result in [11] by proving the controlability of the wall position for this
1-d model. In the present paper, we deal with the 3-d model (1.5). The proof of the stability result
somewhat follows that presented in [10]. The first two steps are formally similar.

At the begining we must consider perturbations m of the profile M satisfying the physical constraint
|m| = 1. In order to do that, we describe m in the mobile frame (My(x), M1 (z), M) where

0 1

My@)=| BT ) andmp=1| 0 |,
— 0
chx



writting

m(t,x,y,2z) =r1(t,z,y, 2)Mi(x) + ro(t, z,y, 2) Mo + (1 — (r(t,z,y,2))% = (r2(t, z, y, z))z)% My ().

The new unknown 7 = (71, 77) now takes its values in the flat space IR?. We then rewrite the Landau-
Lifschitz equation with the unknown r, and we obtain in Section 2 that the Landau-Lifschitz equation
is equivalent to a non linear equation on r, and the stability of My is equivalent to the stability of
0 for this new equation.

Now the problem is that the linearized around zero admits 0 as a simple eigenvalue. This is due to
the invariance of the Landau-Lifschitz equation (1.5) by translation in the z- variable (see Section 3).
Following the method developped in [29], [14], [16] and [17] (for travelling waves solutions to semi-
linear parabolic equations), we decompose the perturbations into a spacial translation component
(the ”front”) and a normal component. The front satisfies a quasilinear parabolic equation which
linear part looks likes the heat equation in IR?, so that we don’t have dissipation for the front L2
norm. The normal component is shown to satisfy a very dissipative quasilinear parabolic equation
(see Section 4).

The last section is devoted to variational estimates to prove the stability. The situation in the
present paper is much more complicated than the one dimensional case, because in 1-d, the front
part satisfies an ordinary differential equation. In addition, here the equations are quasilinear,
and Kapitula’s method with semigroup estimates for the heat flow cannot be applied (see [16] for
example).

The lack of dissipation for the front is compensated by a carrefull study of the nonlinear part. The
key point is that we can control this non linear part by the gradient of the front for which we do
have dissipation.

Remark 1 When a constant magnetic field is applied in the x-direction on the ferromagnetic ma-
terial, it is observed that the domain wall is translated in the z-direction. In [24] such solutions
are calculated. They are described as traveling waves of a profile obtained from My by rotation and
dilation. The stability of these moving walls remains an open problem and our method does not
work in that case. In the same way, the stability of walls with the non simplified demagnetizing field
remains unproved (see Remark 4 below.)

Remark 2 In the static case, the formation of domain walls is explained by asymptotic methods.
We refer the interested reader to [1], [12], [13] and [23].

2 Mobile frame

We consider the mobile frame (My(x), M;(x), M2) given by:

0 0 1
Ve € R, My(z)= | 1/chz |, My(z)= tha , Mo=1| 0
—thx 1/chz 0

Let us introduce the smooth map v : B(0,1) — IR defined for £ = (£1,&2) by

V() = v1-(&)? = (&) -1,
where B(0,1) = {(&1, &2, (&1)2 + (£)? < 1} is the unit ball of R”.
We write the perturbations of My as:
m(ty z,y, Z) = MO(:E) + 71 (ta z, Y, Z)Ml ({E) + 72 (ty z,y, Z)MQ(:E) + V('I’(t, z,Y, Z))M()(if),
so that the constraint |m| = 1 is satisfied.

We will work with the unknown r(¢,x,y, z) = ( :1 E??z, 3 )
2\0, 4y Y,y



We remark that we have r1(¢,z,y, z) = m(t,z,y, z) - M1(x) and ro(t, z,y, 2) = m(t, z,y,z) - Ms.
After a rather long algebraic calculation, we obtain that if m satisfies (1.5) then r verifies:

Or = Ar + F(x,r,Vr, Ar), (2.6)

Ap = -1 -1 L’I’l
"= 1 —1 Lry + 19 ’

with L = —A+f, f(z) = 2th?z—1, and where the non linear part F : Rx B(0,1)x R* x R*> — IR*
is defined by:

where

F(z,r,Vr, Ar) AT—FZB )(O;r, 0;r) + C(x,7)(0y7) + D(z, 1),
where
e AeC>®(B(0,1); Ma(IR)) (M2(IR) is the set of the real 2 x 2 matrices):
2v(r) + (v(r))? + (r2)? v(r) —rirs
A(r) = + (r1 —re — v (r))V (1),
v(r) —rire 2u(r) + (v(r)? + (r1)?

B € C>®(B(0,1); L2(IR?)) (L2(IR?; IR?) is the set of the bilinear functions defined on IR? x IR?

with values in IR?):
—rg — 11 — r0(7)
B(r)(&,€) = v(r)(§,€),

r1 — 19 — rov(r)

° 817'2%,827” g ,837‘—22
e C cC>®(R x B(0,1); Ma(IR)):
o [ —r2—ri—rw(r) 5 [ —(+v(r)* = (r2)?
Clz,r)(§) = =—— 1+ — V(r)(€),
chz r1 — 19 — rov(T) e 1+ v(r) +rire

D € C®(IR x B(0,1); R*): D(z,r) = ( ! ) with

2sh x
ch?z

Dy = - (Tz +rof +2fr1 + leV(T)) v(r) + (r2)’r1 + ri(r2 e+ rv(r)),

2sh x
ch?z

r1(r1 —ro — rov(r)).

Dy = (fm —2fre — frov(r) —2rqo — 7“21/(7“)) v(r) —ra(r)? —
In fact, both forms of the Landau-Lifschitz equation are equivalent as it is stated in the following
proposition:
Proposition 1 Let m € C*(0,T; H2(IR?; IR®)) such that |m| =1 and satisfying
Vte[0,T],V (z,y,2) € R®, |m(t,z,y,2) — Mo(z)| < V2. (2.7)
We introduce 7 = (r1,r2) € CH(0,T; H?>(IR?*; IR?)) defined by
m(t,z,y,z) = Mo(z) + ri(t, z,y, 2) My (x) + r2(t, 2, y, 2) Ma(z) + v(r(t, x,y, 2)) Mo (x)

(Assumption (2.7) implies that r(t,z,y, z) € B(0,1) for all (t,2,y,2).)
Then m is solution to the Landau-Lifschitz equation (1.5) if and only if v is solution to (2.6) and
My is stable for (1.5) if and only if 0 is stable for (2.6).



Sketch of the proof. By projection on M; and Ms, it is clear that if m satisfies the Landau-
Lifschitz equation (1.5) then m satisfies (2.6). The converse is proved in [10] using the fact that if
|m| =1 and if m satisfies the projection of (1.5) onto IRM; and IRMj, then it satisfies (1.5).

Let us estimate the non linear functions appearing in (2.6). Since v(£) = O(|¢|?), by straightforward
calculations, we obtain the following proposition:

Proposition 2 There exists a constant K such that for r € B(0,1/2) and for z € IR,
A < K[r* and  |A'(r)] < K]r],

[B(r)| < K|r| and |B'(r)] < K,

K K
< — < —
Cla,r) < Sl and  [0,C(w,)| <

K K
|D(x,r)| < Klr|* + %ITI2 and |0, D(z,r)| < K[r|* + i LAE

3 Linear properties
We denote by L the linear operator acting on H?(IR?) defined by
Lu=—-Au+ fu,

with f(z,y,z) = 2th 2z — 1.
We denote by L; the reduced operator acting on H?(IR) given by

le_aTT+f

Proposition 3 The operator Ly is positive symmetric. Its spectrum is {0} U [1, +oo[, where 0 is
the unique eigenvalue, and [1,+00] is the essential spectrum. In addition, 0 is simple.

Proof. On one hand, since f(x) = 2th2z — 1, the essential spectrum is [1,+oo[ (see the Weyl
Theorem in [22].)
On the other hand, Ly = [* o[ where | = 0, + thxz. So L; is positive. The kernel of L; is directed

1 .
Ker L1 =Ker |l =IR—.
chx
Finally we have [ o [* = —0,, + 1, so if v is an eignevalue of L1, then

lol*olv= A,

that is, if v ¢Ker [, then A is an eignevalue of —0,, + 1, which leads to a contradiction.

Remark 3 As we remarked in [10] and [11], a direct consequence of Proposition 3 is the following.
Let &, defined by

chx

& = (KerLy)* = {v € HQ(IR),/IRU(;E)de = O} .

3
Then on &1, the H?-norm is equivalent to || Liul|2(w) and the H3-norm is equivalent to ||L3 u p2(r)-

Proposition 4 The operator L = —A + f is a positive self-adjoint operator defined on H?(IR?).
Let us consider € defined by

&= {UGH2(IR3),V(y,z)€R2,/ v(x,y,z)%dmz }

ER ch



There exists K such that
Vo e &, |v|gz < K| Lv| e,
Yo e H3NE, ||vl|gs < K| L2 2.

1
Proof. From Proposition 3, there exists a constant K such that for v € H?(IR), if/ u(x)—dx =
R

chx
0, then
[ullZ2(my + 102l T2y < Kl LaullF2(m)-

Now for v € £, we have for almost every (y,z) € IR*:
[ (0l 2P + vty ) do < K [ |Lavtany. )P
z€R R

So integrating for (y,z) € IR* we obtain:

HU||2L2[JR3) + Hamv||2L2(ms) < KHLWH%%Rﬂ-

/ |Lv|2:/ |L1v|2+/ |Ayv|2—2/ LivAvyw,
R3 R3 R3 R3

where Ay = 0y, + 0... The last term is positive:

On the other hand,

—2/ LiwAyv=—-2 [ I*olv-Ayv= 2/ |Viv|?,
R3 R3 R3

/|mﬁz/|mﬁ+/ AyoP,
R3 R3 R3

[0l172 sy + 140172 gay < K[ L0[172 sy

by integrations by parts. So

that is

The H? estimate can be proved with the same kind of arguments using Remark 3.

4 New coordinates

In the one dimensional case, i.e. for solutions depending only on the z-variable, we can construct a
one parameter family of static solutions to the Landau-Lifschitz equation (1.5) using the invariance
by translation. Indeed, for s € R, x — My(z — s) satisfies (1.5). On the mobile frame, we then
consider the one parameter family (R(s))secm of static solutions to (2.6) obtained from My(x — s):

Mo(x — s) - My (x s)(x
R(s)(z) = < Z\O{(O(x )s) 7\11(2) ) = < ol ())( ) > )
where p(s)(z) = thr ! (@ S)

~ ch(z—s) chz

Following Kapitula [16], for r in a neighbourhood of 0, it would be desirable to use the coordinate
system given by (o, p, W) with perturbations of zero being given by:

0
T@%%@=R®@%@N®+<;L)w@%d+W@%%d, (4.8)
chz
where both coordinates of W take their values in £. We prove that this system of coordinates is
relevant in the following proposition.



Proposition 5 There exists 69 > 0, such that if r € H?>(IR*; R?) satisfies 17l 2 (msy < do, there
exists (0,0, W) € H*(IR*) x H*(IR*) x £ such that

0
r(z,y,2) = R(o(y, 2))(z) + ( 1 ) ey, z) + W(z,y, 2).
chx

In addition, in a neighbourhood of zero, we have the equivalence for the following couple of norms:
o (|7l g2 (mey ~ (||U||H2(JR2) + el gz w2y + ||W||H2(R3))7
o |7l s (mey ~ (||0||H3(R2) + el msm2y + ”W”H?’(R?’))'
Proof. Let us introduce I* and I? defined for r = (r1,72) € H*(IR®; IR?) by:
M)y, 2) = l/ ri(z,y, z) - de, P(r)(y, 2) = l/ rg(x,y,z)idx.
2 Joem chzx 2 Joem chz

The operators I* and 12 are linear and map H?(IR*; R?) and H?(IR*; IR?) respectively into H?(IR?)
and H3(IR?).
In addition we remark that £2 = {W € H*(R*; IR?),I"(W) = I*(W) = 0} .
For a fixed r in a neigbourhood of 0, the desired (o, , W) can be found in the following manner:
e applying % on (4.8) we obtain:
ZZ(T)(y, z) = ¢(y, 2),

e applying ! on (4.8) yields:

Let us consider the map ¢ : IR — IR given by

v =3 [ o)) e

chz

This map is smooth, ¥(0) = 0 and ¥’(0) = 1. So there exists o > 0 such that ¢ is a
C*>-diffeomorphism from | — d, dp[ to a neighbourhood of zero. We obtained

1(r)(y, 2) = ¥(o(y, 2)),

so o is obtained by

a(y,z) =~ (11 (r)(y, 2)).

e By subtraction, we set

0
W(x,y,z) = r(x,y,z) - R(J(yaz))(x) - ( L ) go(y,z),

chzx

and by construction, we obtain that [1(W) = (>(W) = 0, that is W € £2.

Concerning the equivalence of norms, with straighforward estimates, using that p(0)(z) = 1 and
0sp(0)(x) = ch% we obtain for example that for ¢ € H?(IR?) is sufficiently small

1(z,y,2) = R(o(y,2)) () 22y < Klloll2(m2),

SO
7l 2(mey < K (lollmzrey + el mzire) + Wl m2oms)) -



By the continuity of the linear operators I' and [? for the H? norm, since ! is smooth in a
neighbourhood of 0 and satisfies ¢~1(s) = s + O(s?), we obtain that

oz (mey + @l 2 (m2)y < K7l g2oms),

and by difference we obtain the desired estimate on W. This concludes the proof of Proposition 5.

So in a neighbourhood of zero, we describe r in the coordinates (o, ¢, W) given by (4.8). Let us
rewrite (2.6) in these coordinates. We assume tha d¢ is small enough to ensure that ||r||z-~ < 1, so
that r can satisfy (2.6).

We first remark that in the one dimensional case, for a fixed s, the map = — R(s)(z) is a static
solution to (2.6). So we have

AiR(0) + A(R(0))0zzR(0) + B(R(0))(0:R(0),0:R(0)) + C(R(0))(0z R(0)) + D(R(c)) =0, (4.9)

where we denote by A; the reduced operator:
o -1 -1 L1w1
Alw_( 1 -1 ) ( L1w2—|—w2 )

O (R(o(t,y,2))(x) = OsR(a(t,y, 2)) 00 (L, y, 2),

Furthermore, we have:

and
A(R(o(t.y, 2))(x)) = 0saR(0(t,y, 2)) + s R(0(t,y, 2)) (Ay0) + dss R(a(t, y, 2)) [ Vy o,
where Ay = 9y, + 0., and where |Vyo|? = |9,0|* +|9.0|*. So, we have:

-1 -1

AR(c) = AiR(0) + ( 1

) (_83R(U)AYU - 8GGR(O')|VyO'|2).

Plugging (4.8) in (2.6) and using (4.9) yield:

0
1
OsR(0)0io + < 1 )&,(p—i—&tw = (asp(U)AyU— assp(0)|VyU|2) ( 1 )
chzx ) . (4.10)
+m(—Aycp+<p) ( 1 > +AW +G,
where the non linear term G is defined by
G:G1+G2—|—...—|—G5, (4.11)

e Gi = A(R(0))Ay R(0) + A(R(0), w)(w)(Ar) + A(r)Aw,
e G = 2B(R(0))(8,R(0),dzw) + B(R(0))(dpw, dpw) + B(R(c), w)(w))(dpr, Dur),

o Gy =C(x,R(0))(0,w) + C~'(a:, R(o),w)(w)(0T),
o G5 = ﬁ(x,R(U),w)(w),



0
where we denote by w = ¢(x) < 1 ) + W, by r = R(o) + w, and where:

chx

o A€ C™(B(0,1/2) x B(0,1/2); L(IR*; M>(IR))):
~ 1
Alu,v) = / A'(u + sv)ds,
0
e B e C>®(B(0,1/2) x B(0,1/2); L(IR?; Lo(IR?; IR?))):
~ 1
B(u,v) = / B'(u+ sv)ds,
0
o C€C=(B(0,1/2) x B(0,1/2); L(IR*; Ma(IR))):
1
Clz,u,v) = / 0rC(x,u + sv)ds,
0
e D e C>®(B(0,1/2) x B(0,1/2); L(IR?; IR?)):
~ 1
D(z,u,v) z/ OeD(z, u + sv)ds.
0
The tilda terms come from the fundamental theorem of the analysis applied between R(c) and

R(o) + w.

In order to separate the unknown, we will use the projectors ! and [2.
1
2chz

We multiply (4.10) by and we integrate in the = variable. We obtain:

0

3(0)00 = §(0)Ay o + Ayp — ¢ + K(0)|Vyal” +11(G),

where
~ 1 1 1 sh (z — s)thz 1 1
= — —_— = — —d
9(s) 2 /wemasp(s)(x)chxdx 2 /,R { ch2(z — s) + ch2(z — s)chx} chz"
and
K(s) = 1/ Dvop(s)(2)——dz
2 )eer ssP chx
B / _ thz n sh?(z — s)thx sh(z —s) 1 .
 Jr | ch(z—5s) ch3(x — s) ch3(x — s)chx | cha

We remark that § and K are in C*°(IR; IR) and that §(0) = 1 and K (0) = 0.
1
Then we write —— = 1+ y(s) where v(s) = O(|s]) in a neighbourhood of zero. So we obtain that

i)
oo =Ayo+Ayp— o+ Ti(o,0, W), (4.12)
where: _
Ty(o,0,W) = 4(0) Ay — ) + %WWF T %ﬂ(G).



0
Now we multiply (4.10) by ( 1 ) and we integrate in the z variable. We get:

2ch z

Orp = —Ac + Ap — p+ To(o, ¢, W), (4.13)
where )

Ty(0,0, W) = (1 - §(0))Ayo + K(0)|[Vyo|* +1(G).
0
Multiplying (4.12) by dsR(c), (4.13) by ( 1 > and subtracting from (4.10) yield:
chx
W = AW + T3(x, 0,0, W), (4.14)

where

chzx

1 1
Ty o Dup(o) + Ayo (E - asp<a>) - L nyopw)

Uy 020p(0) + (Ayp — ) (i - asp<a>) (0T, 0. W)
Ts5(z, 0,0, W) =G +

We have proved the following proposition:

Proposition 6 Let r € CY(0,T; H*(IR?; IR?)) such that for all t > 0, llr(t, M m2(msy < do- Let
(0,0, W) € CY(0,T[; H*(IR*) x H?(IR*) x £2) given by proposition (5). Then r satisfies (2.6) if and
only if (0,0, W) satisfies the system (4.12)-(4.13)-(4.14), and 0 is stable for (2.6) is and only if
(0,0,0) s stable for (4.12)-(4.13)-(4.14).

Remark 4 The key point of this step is that with I and [?, we can separate the variables o, ¢ and W
in order to obtain the system (4.12)-(4.13)-(4.14) in which the linear parts are almost independant.
When we deal with the complete model for the demagnetizing field or with the travelling waves
solutions when a magnetic field is applied, this splitting is not possible and the variational estimates
cannot be successfull.

5 Non linear Terms Estimates
On ¥ = H?(IR*) x H?(IR*) x £? we define the followings quantities for k € {1,2,3}:

k k
1o, 0, W)llaex = lloll e (m2) + el e mzy + 122 WillL2gms) + (112 Wall L2 (ms)-

We recall that from Proposition 4, on &, HL%U,HLz(Rs) is equivalent to ||ul| g (gs). In addition from
Proposition 5, there exists a constant K such that if

r(2.9,2) = R(o(y, 2))(@) + oy, 2) ( E ) Wiy, 2)

in a neighbourhood of 0, then

1
0@, Wl < 7l e ey < Kl(0, 0, W)l
We introduce 71 > 0 such that if ||(c,, W)||lx2 < 71, then ||r]|p~ < dp, so that we are in the

framework of Proposition 6.

We first recall Gagliardo-Nirenberg type inequalities in 2-d.

10



Lemma 1 There exists a constant K such that for all u € H? (IRQ),
1 1
HU'HL‘*(RQ) < K”u”z2(R2)||VYU||22(Bz)a
HVYUHi%(zR?) < K|ul|poo (r2y 1Ay ul| Lo(r2y for p=1,2,4.

Proof: in the 2-dimensional case, from Sobolev imbeddings, W' (IR?) < L?(IR*) and there exists
K such that

vl L2(m2y < KIVyvll L1 (me)-

We apply the previous inequality to u? to obtain the first desired estimate.
Concerning the second estimate, we have, for ¢ € {2,3} and for p = 1,2, 4:

/ O = | (@)@
IR2

IR?

= —(2p—1)/ udiju(Opu) P2
R?

K ||ull poo(r2y 10| Lo m2) ||3iu||2Lg;(2132),

IN

which concludes the proof of Lemma 1
In the following proposition, we estimate the non linear part G of (4.10) defined in (4.11).

Proposition 7 There exists K such that for all (0,0, W) € &, if ||(a, 0, W)|ln2 < 71, then
Gl L2(ms) + IVGllL2(msy < Kl[(0,0,W)llse (|1AY 12y + ol mamz) + Wl a2 (ms)) -

First we prove preliminary estimates.
Lemma 2 There exists K such that for all (o,0, W) € X, if |[(g, 0, W)||n2 < 1, then

[R(0)| oo (m2) + [IVR(0)|| a(ma) + [[VOR(0) || 142y < K[(0,0, W)ll3e2,
and

Ay R(o)|l 2(m2) + Ay R(0) || La(mz)y + IVAY R(0) || 2 (ms)
< K (|1Ay w2y + ol s mey + Wl ms)) -

Proof. We recall that there exists K such that for s in the neighbourhood of 0, we have

o |R(s)(z) 4+ |0 R(s)(x)| + |0z R(s)(x)] < K%,
o [0.R(s)(x)| + 0,0, R(s)| < %

o 10 R(5) @) + 10,0, R(5) ()] < -
o 10 R(5) @) < o

On one hand, the first waited estimate is a straightforward consequence of the previous remarks and
the Sobolev injections of H?(IR?) into L>(IR?) and W1*(IR?).

On the other hand,
Ay (R(0)) = 0;R(0)Ay o 4 9ssR(0)|Vya|?,

SO
1
Av(R())] < K(Ayol +[Vyol?)—.
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With Lemma 1,
1Ay R(0) |2 (msy < K[| Ay ol L2(me2).-

In addition,
1Ay By < KAvol e + KIVy ol g
< K||Ayo| ps(r2) by the last estimate in Lemma 1,
< K||Vyo| g1 (mr2) by Sobolev injection.
To conclude, we have

0:Ay R(0) = 0,0sR(0)Ayo + 830885R(J)|Vy0|2,

so the estimate on 9, Ay R(0) is straightforward.
Concerning the derivatives in y and z, we have

VyAyR(0) = 0ssR(0)(Vyo)Ayo + dsR(0)Vy Ay o + 055 R(0)(Vyo)|Vyol|?

—|—28SSR(U)V§/U -Vyoao,
so

IVy Ay R(0) |l r2mey < KlIVyollpame) [Avollpame) + KIVy Ay ol pare) + K[ Vy oo ge

+K||ViollLam)IVy ol pame)

IN

K (V3o zme) + IVY0ll L2 (m2))

IN

IVyolm (r2)
So we conclude the proof of Lemma 2.

We recall that we denote by w the quantity

w(t,z,y,2) = ¢(t, ,y, 2) < 1 ) +W(t,z,y,z2).

Lemma 3 There exists a constant K such that
wllLoe (mey + Wl 2wy + |Vl Lagrey < K|(0, 0, W),
and

lwll g2(m2) + |Aw| La(msy + VAW L2 (gsy < K (HAYHHl(W) + el asmzy + ||W||H3(R3)) .

Proof. This lemma is a direct consequence of the Sobolev inequalities.
Proof of Proposition 7. We estimate each term of G separately (see (4.11).)
e We recall that

G1 = A(R(0))Ay R(c) + A(R(0), w)(w)(dpe R(0)) + A(R(0, w) (w) Ay R(0) + A(R(0) + w) Aw.

N | =

In addition from proposition 2, there exists K such that for |¢]| <

[A(©)] < K[¢], [A'(9)] < K,

12



A(u,v) < K(Ju|+ |[v|) and |8, A(u, v)| + [0y A(u,v)| < K.
Therefore
|G1| < K|R(0)||Ay R(0)| + Kwl|02: R(0)| + K|w||Ay R(0)| + (|R(0)] + [w])| Awl,
so that
I1GillL2msy < K (||R(U)||Loo(1R3) + ||w||L°°(R3)) (”AYR(U)” + ||Aw||L2(R3))
+K |02z R(0)|| Lo (2 W] L2(m3)
< K. W)lles (187 s oy + lellssqaey + 17 s sy
from Lemma 2 and Lemma 3.
Concerning the gradient we have
IVGi[ < K|VR(0)||Ay R(o)| + K|R(0)||[VAy R(0)| + K ([VR(0)| + [Vw]) [w]|0z: R(0)]

+K|Vw||0zz R(0)] + K ([VR(0)] + [Vw]) |w][Ay R(0)]

+K|Vul | Ay R()] + (IVR(0)| + [T |Aw] + K (R(@)] + uw]) [Vawl
Thus

||VG1||L2(1R3) < K”VR(U)||L4(R3)||AYR(J)”L4(R3) + K||R(U)||Loo(1R3)||VAYR(U)||L2(JRS)

+K (||VR(U)||L4(JR3) + ||Vw||L4(R3)) ||w||L4(1R3)||8mmR(U)”L°°(lR3)
+ K[|Vl p2(r3) || Ova R(0)|| oo (r3)

+K (VR La(mesy + | VwllLagme)) |l Lo me) | Ay R(0)]| s (e
+EK || Vw| pare) | Ay R(0) || L4 (me)

+ (IVR()ll a(ms) + VWl pa(msy) 1AW (o)

+K (|R(0) | oo (mey + 1wl poo (me)) VAW 122y

< Kll(o,0, W)z (1Ay 1 mey + Il s ey + 1W s (me)) -

using lemmas 2 and 3.
We have

G2 = 2B(R(0))(0:R(0), 0zw) + B(R(0))(9aw, Dyw) + B(R(0,w)(w)(0: R(0), 0= R(7))

+2B(R(0, w)(w) (8, R(c), ,w) + B(R(o, w)(w)(dpw, pw).
In addition, we recall that from Proposition 2, there exists K such that for [£| < % one has
IB(§)l < K], [B'(9)] < K,
and for |u| < 1/2 and |v] <1/2,
| B(u,v)| + |0y B(u, v)| + |8, B(u,v)| < K.

A straightforward calculation, lemma 2 and lemma 3 yield the desired estimates on G2 and

VG,.

13



e The term Gg is given by
3 3
G3 = B(r)(0sR(0),0sR(0))|Va|? + 2 Z B(r)(0sR(0), 0;w)0;0 + Z B(r)(0;w, d;w).

=2 =2

Using that |B(§)] < K¢| and that [B'({)] < K for £ € B(0,1/2), since ||Vyol[pi(me) <
K| ol poe(r2)[[AyollL2(r2) We obtain the waited estimate on G3.

e To estimate (G4, we remark that
G4 = C(x, R(0))(0:w) + C(z, R(0), w)(w)(9: R(0)) + C(x, R(0), w)(w)(dsw),

and we recall that for [£] < 1/2,

K
G, )] +10:C (2, )] < —I¢l,

and

|0:C(x,7)] 4 [0,0:C(,8)| 4 [0ge O, &)| < S

==

so that
|C~'(x,u,v)| + |81LO(Z,U,U)| + |8Ué(x7uav)| S

%‘N
8

The waited estimate of G4 is then a straightforward consequence of these remarks.
e The last term Gj is estimated with the same kind of arguments, using that
|l~)(l‘, u,v)| + |8TD($5 U,’U)| S K(|u| + |U|)a

and that R R
|0uD(x, u,v)| + |0p D(x, u,v)| < K

for w and v in B(0,1/2).
With all these estimates, we conclude the proof of Proposition 7.
As a corollary of Proposition 7, we obtain the following estimates of the T;’s:
Proposition 8 There exists K such that for all (0,0, W) € &, if ||(d, 0, W)|ln2 < 71, then

1T 1 ey + T2l w2y + T3] o (me)
< Kl[(0,0,W)llrz 1Ay ol e w2y + 1l 2 w2y + W a2 (ms)) -

Proof. We remark that for s € IN, there exists C' such that if u € H*(IR*; R®), then I*(u) €
H*(IR*; IR) and 4

11l = (m2y < Cllwll s (ms)-
This estimate toghether with Proposition 7 yield the desired estimates on 77 and T». By difference
we obtain the waited result on 75.

For the L? estimate in the last Section, we need a more precise control on T; — Ts. It is explained
in the following proposition.

Proposition 9 We can split Ty — T on the form : Ty — Ty = Ta + Tb, where Ta and Tb satisfy the
following estimates. There exists K such that for all (0,0, W) € 3, if ||(o, ¢, W)|32 < 71, then

-~ 2
ITall 21 (m2y < K (IVyollmzmey + el memzy + W lms ms))

and
HTb”L%(]Rg) <K (HVYUHH2(R2) + el ms(m2y + ||W||H3(R3)) lollLacmz)-
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Proof. The spirit of the proof is the following: each term of T7 — T5 is at least quadratic. Either
it contains a product of two ”dissipated” components (that is Vyo, Ayo, or ¢ , W and their
derivatives), and we put this term in T, or it contains o multiplicated by a dissipated component,
and we put it in T}, (the terms quadratic in o are removed by using (4.9) in Section 4.) Let us precise
this splitting.

We recall that

R PR
T1(0-7<)0a W) _7( )(AYQO QO)"' g(o,) |VY | +§(J)l (G)v

Ty(o, 0, W) = (1= §(0))Ayo + K(0)|Vyol + 1*(G),

where y(s) = O(s), §(s) = 14 O(s) and K(s) = O(s).
We denote by

~ K(0))|Vyal?,

Ty =(0)(Ayp — @) — (1 — (o) Ayo.
On one hand we have
- 2
ITall 2y < Klloll<Vyolz gy < K (IVyolluzame) + 1ol ms@me) + 1Wlasms)) ™

On the other hand, ~
Ty | < Klo||Ay ¢ — ¢| + Klol|Ayal,

SO, ~
HTb1||L§(,Rg) < K||U||L4(1R2) (||AY<P - <P||L2(1R2) + HAYUHL2(R2))

< K (IVyvoluzame) + lelmeme) + W e o)) lollpame)-

Concerning the other two terms, we will split G on the form G = G, + G}, with the corresponding
estimates on G, and Gyp. Let us describe this splitting for each term G; defining G (see (4.11).)

e Concerning G1, we recall that
Ay R(0) = 0;R(0)Ay o + 0ssR(c|Vyol?,

and that

A(r) = A(R(o +w) = A(R(0)) + A(R(0, w)(w),
with L
A(u,v) = /0 A'(u + sv)ds.
Then we set G = G§ + G with
Gi = A(R(0))(0ssR(0)|Vyol?) + A(R(0), w)(w)(9sR(0)Ay o)
+A(R(0), w)(w)(9ss R(0)|Vyol*) + 2A(R(0), w) (w) (Aw),
Gt = A(R(0))(0,R(0)Ay o) + A(R(0))(Aw).

If (0, ¢, W) is bounded as it is assumed, we have:

o o K K
GYl < EWYUF + g Ay ol + Kluwl|Awl,
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S0,
. 2
G L (mey < K (||VYU||H2(1R2) + el as(m2) + ||W||H3(R3)) .
On the other hand,
K
g <
Gl < - lol(1Aya] + | Auwl),
SO
||Gl1)||L§(,R3) <K (||VYU||H2(1R2) + el a3 (mr2y + ||W||H3(R3)) lollLa(m2)-

The splitting for Go is the following: Go = G$ + G4 where
G3 = B(R(0))(0sw,dpw) +2B(R(0), w)(w)(9: R(0), dyw) + B(R(0), w) (w)(@zw, dw)

Gy = 2B(R(0))(0:R(0), 0sw) + B(R(0),w)(w)(0: R(0), 0 R()).

K
Since |0, R(0)| < m|a|, we have

K
G < S lol(0uw] + ),

SO

||Gg||L§(le) < Kllwll g msyllollLa g2y

In addition,
|G| < K|0,w]? + K|wl||d,wl,

SO
1G5l L1 sy < K||w||§,1(133).

Since 9;r = s R(0)d;0 + O;w for i = 2 or i = 3, we set G§ = G'3 and G} = 0 and we have
1G5l sy < K(IVy ol 22 ey + Vw0l 2 ge)-
We define the decomposition of G4 setting
Gi = C(x,R(0),w)(w)(zw),

Gi= C(z,R(0))(@w) + C(z, R(0),w)(w)(8: R(v)).

K
Since |C(z, R(0))] < m|o|, we have

K
Gh1 < S lol(0su] + ),

SO
1G4 sy < Kl ooy ] 2y

In addition,
Gl (mey < K||w||§11(ﬂ%3)-

Lastly, for G5, from the Taylor expansion, we have
D(z, R(0), w)(w) = d¢D(x, R(0))(w) + D(z, R(0), w)(w, w),

where

~ 1
D(z,u,v) = %/ (1 —5)0¢e D(z,u + sv)ds.
0
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We set -
G% = D(z, R(0),w)(w,w) and Gg = 0¢D(z, R(0))(w),

and we have

K

Ghl <
| 5|_chac

ollwl 50 IGE1 4 sy < Kl gacres) Il sy

In addition,
G2l sy < K l|wlZ2 gy

Denoting G* = 3", G¢ and G* = 3, G, we have obtained that G = G* + G* with

a 2
1G |21 (mey < K (IVyollazmey + Il msmey + W lmsms)) (5.15)
and
HGbHL%(RS) < K (IVyollmzry + el ms ey + Wl rs)) ol zame)- (5.16)
We set ) .
T? = —I14G?) — 1*(G*) and T = —11(G®) — I2(GY).

By properties of the operators (! and 12, (5.15) and (5.16) yield

~ 2
17211 (m2y < K (IVyollmere) + el msmey + Wl e ms))”

and
I\TfIIL%(Bz) < K (IVyollgzrey + el g mey + Wl iz me)) ol Lagrz)-

Defining T, and T}, respectively by
To= 71+ 72 and Ty = T} + T2,

we have obtained the desired decomposition. This concludes the proof of Proposition 9.

6 Variational Estimates

We recall that we deal with the following system:

0o = Ayo + Ay(p — @+ T1(0, ©, W), (617)

Ohp=—0c+Ap—p+Ta(0,0, W), (6.18)

LW, — (L + 1)W,

W = ( LW, (L 1 17, ) + Ty(z, 0,0, W). (6.19)

6.1 H! and H? estimates
Taking the inner product of (6.17) with —Ay o, we obtain
1d

- — Vy022 2y | + Ay022 22—/ AygD—QDAyJ—/
5 (19 olEams) + 18y 0l ame == | ( )

T1 (O’, @, W)Ayd.
IR2

Taking the inner product of (6.18) with —Ayp + ¢ we get:

1d
- VY(,O 22 2y + (,022 2y | + AY(P—(PQQ 2 :/ AYQP_SQAYU
3 (Vv elacm + Ielam) ) +1 oy = | € )

- [ Dleemare—q)
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Adding the previous equations, we obtain:

| &

m (HVYUHiQ(W) + ||<P||i2(132) + ||VY<P||2L2(1R2)) + |:||AYO'||%2(R2) + ||<P||i2(1R2) + 2||VY<P||2L2(1R2)

N~
QU

Havplamen] == [ BiloeWave = [ Do W)are o).

(6.20)
Taking the inner product of (6.17) with A2 and the product of (6.18) with Ay (Ay ¢ — ) yield:

| =

= (18v o132y + IV ell3ame + 18 Pl3a(mn) ) + [V Ay ol Zagres) + 19y 0122z

N|
=

12 Ayl + 19y Ayl | = - /B Vy(Ti(o, 0, W) - VrAyo

-/ Vy (T (o, 0, W)) - Vy (Ay @ — ).
(6.21)

The estimates in Proposition 8 toghether with (6.20) and (6.21) yield that while ||(o, ¢, W)|l32 < 71,
then

d
pn (||VYU||%2(1R2) + ”AYUH%2(R2) + ||‘P||2L2(1R2) + 2||VY(P||2L2(1R2) + ||AY(P||2L2(1R2))

N =

HIVy Ay ella s < Kl e, W) e (18 @l e + 10130 e + W15 ey ) -

LW,

Taking the inner product of (6.19) with ( L(L +1)W, ) yields:

| =

3 1
= (LW gy + L+ T W) + I3 WA sy + I3 (L + Ta)Wall 3 e

DN | =
QU

< LAy sy (I3 Wall oy + B3 (L + T Wall sy ) (6:23)

< K|(o,0, W)l (HAYQOH%P(RQ) + 1@l ey + ||W||?{3(1R3)> -
while ||(a, ¢, W)||2 < 1 (by Proposition 8).
6.2 L’-estimates
Subtracting (6.17) to (6.18) yields

8t(0 - QO) = 2AYU + Tl(aa 2 W) - TQ(Ua 2 W)
Multiplying by o — ¢, we obtain:

1d
33510~ sy + 21V 0l =2 [ VvoVyps [ (@i-To- [ (@i-Tae
2 dt IRZ R2 R2
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By Young inequality and with the splitting of T3 — T5 (see Proposition 9), we have

Ld

s (1o = PBacn)) + 2y 0 sy < 19v0 13 me) + Vv 13 sy + I Talls sy 0] 2 e

+||Tb||L%(R2)”U”L4(R2) + (Tl 2(mey + T2l L2(m2)) 12l L2 (R2)-

So, applying the estimates given by Proposition 8 and Proposition 9, while ||(o, o, W)||l32 < 71, then

Ld

g (17 = elEame) ) + 19013 < Vv elam)

2
+K|lo|| Lo (m2) [||VYU||H2(JR2) + loll g3 (m2) + ||W||H3(1R3)]
+K [IVyalgzrey + 1ol as w2y + W s ) 1ol me)

+K (0,0, W)z 1Ay ol L2(mey + 1ol m2cme) + Wl a2ime)] 0] 22 m2) -

By Lemma 1,
||U||%4(JR2) < K||0||L2(JR2)||VYU||L2(JR2)~

So, we obtain that while ||(o, @, W)||x2 < 71,

1d

577 (o= @lame) + Vv olliagme) < Vvl

(6.24)
K (0,0, W)y (19501200 + 190223 sy + IV 2 gesy |-

6.3 End of the proof
We define A and D by

N(t) = (||U - 90”%2(R2) + ||VYU||2L2(1R2) + ||AY0||2L2(R2) + ||<P||%2(1R2) + 2||VY90||%2(1R2)

1Ay @Iz )+ LWl 2 oy + 1 (L + T Wal 2 o) ) (),
and

D(t) = [IIVY0||2L2(R2) + 1Ay ollLe ey + IVy Ay ol me) + 161172 2y + 201 Vy @l Lo (2

3 1
+3[ Ayl ez + 1V Ay @llLa ey + I1L2WillEs sy + L2 (L + Id)Wzllizms)} (t)-

Adding up (6.22), (6.23) and (6.24), we obtain that

1dN
S5 D) < Kl (0,0, Wlles (1950 ey + 10030 ey + 17 s s |

(the term ||VY‘P||2L2(R2) in the right hand side of (6.24) vanishes with a part of the left hand side of
(6.22).)

As remarked in Proposition 4, on €, we have the equivalences of norms: ||L2 W, llL2(msy ~ W1l gs (ms)
and || L2 (L + Id)Wall2(msy ~ [|Wall s (ms)- So there exists a constant C; such that

D2 C1 [IVy ol me) + 191 me) + W3 ms) |-
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In addition, |0l 2r2) < [lo — @llL2(m2) + @]l L2(Rr?), s0 again with Proposition 4, there exists Co
such that

C%H(WP, Wl S N(t) < Call(o,0, W)l
So while ||(a, ¢, W)|l32 < 71, we have
1dN 9 2 2
27 dt + [||VYUHH2(R2) + H‘PHHB(/RQ) + HWHH3(1R3) (C1 = KGN (1)) < 0. (6.25)
Let us introduce 1y = min {2—12, chl’g } If N (0) < o, then with (6.25), NV/(¢) remains smaller than
chl’g’ that is A/(¢) decreases and remains smaller than n, so that ||(o, @, W)| 2 remains smaller

than ;. So we are always in the validity domain of our estimates.
Therefore we have proved the stability of (0,0,0) for (4.12)-(4.13)-(4.14). This concludes the proof
of Theorem 1 using Proposition 1 and 6.
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