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Abstract

We apply the zero bias transformation to deduce a recursive asymptotic expansion
formula for expectation of functions of sum of independent random variables in terms
of normal expectations and we discuss the remainder term estimations.
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1 Introduction

Zero bias transformation has been introduced by Goldstein and Reinert [ in the
framework of Stein’s method. By the fundamental works of Stein [[[§, [[§], we know that a
random variable (r.v.) Z with mean zero follows the normal distribution N(0,0?) if and
only if E[Z f(Z)] = o?E[f'(Z)] for any Borel function f such that both sides of the equality
are well defined. More generally, for any r.v. X with mean zero and finite variance o2 > 0,
ar.v. X* is said to have the zero biased distribution of X if the equality

(1) E[X f(X)] = o®E[f'(X")]
holds for any differentiable function f such that (fl]) is well defined. So combined with the

Stein’s equation xf(x) — o f'(x) = h(x) — ®,(h) where h is a given function and ®,(h)
denotes the expectation of h under N(0,02), we have

E[A(X)] = @4 (h) = E[X f(X) — o* f,(X)] = o*E[f,(X") — f1(X)]

where f5, is the solution of Stein’s equation given by

(2) In= #«7@)
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/ oo(h(t) — ®,(h))ps (1) dt.




An important remark is that X* need not be independent of X ([[f], see also [f]). In fact,
let W = X1+ -+ X, be sum of independent mean zero random variables, Goldstein and
Reinert proposed the construction W* := W(I)+X}" where, for any i € {1,--- ,n}, W .=
W — X; and X is independent of W@ and T is a random index valued in {1,--- ,n}
which is independent of (Xi,---, Xy, X7, -+, X;;) and satisfies P(I = i) = 02 /0%, with
o2 being the variance of X; and o3, that of W. We observe that the above construction
of zero bias transformation is quite similar to Lindeberg method except that, in zero bias
transformation, we consider an average of punctual substitutions of X; by X; while in
Lindeberg method, we substitute progressively X; by central normal distribution with the
same variance.

The asymptotic expansion of expectations of the form E[h(W)] is a classical topic in
central limit theorems. Using Stein’s method, Barbour [, E] has obtained a full expan-
sion of E[h(W)] for sufficiently regular function h. Compared to the classical Edgeworth
expansion (see [[3, ChapV], also [[4]), the results of [ do not require the distribution
of X; to be smooth; however, as a price paid, we need some suitable regularity conditions
on the function h. The result of [f[] can also be compared to those in [, ] using Fourier
transform. The key point of Barbour’s method is a Taylor type formula with cumulant
coefficients, which allows to write the difference E[W f(W)]— o2/ E[f'(W)] as a series which
involves cumulants of order > 3 and to iterate the procedure of replacing W-expectations
by normal expectations until the desired order. It has been pointed out in [[4] that the
key formula of Barbour can also be obtained by Fourier transform.

Zero bias transformation have been used in [[j] to obtain a first order correction term
for the normal approximation of E[h(W)], where the motivation was to find a rapid nu-
merical method for large-sized credit derivatives. The function of interest is the so-called
call function in finance: h(x) = (x — k); where k is a real number. Since such h is
only absolutely continuous, the function fj is not regular enough to have the third order
derivative. To achieve the estimation, the authors have used a conditional expectation
technique, together with a concentration inequality due to Chen and Shao [J, .

The main difficulty in generalizing the result in [[] to obtain a full expansion of E[h(W)]
is that W and W* — W are not independent. In fact, if we consider the Taylor ex-
pansion of f;(W*) at W and then apply the expectation, there appear terms of the

form E[f}(Ll)(W)(W* — W)k, where f® denotes the I'-order derivative of f. For the
first order expansion in [ff], the conditional expectation argument allows us to replace
E[f/(W)(W* —W)] by E[f;/(W)]E[W* — W] and put the covariance in the error term.
However, in higher order expansion, the error term could no longer contain such covari-
ances. An alternative way is to consider the Taylor expansion of E[f; (W*) — f; (W)] at
W, As X/ is independent of W@ there is no crossing term. However, the expectations

of the form E| f}(f) (W(i))] appear, which make it difficult to apply the recurrence procedure.
To overcome this difficulty, we propose a so-called reverse Taylor formula which enables

us to replace E[ f}(ll)(W(i))] by expectation of functions of W, up to an error term.

Let N be a positive integer, X and Y be two independent random variables such
that Y has up to N*® order moments, and f be an N*! order differentiable function such



that f*)(X) and f*)(X +Y) are integrable for any k = 0,--- , N. We define the notation

mgf) := E[Y*]/k!. Denote by én(f, X,Y) the error term in the N*? order Taylor expansion
of E[f(X +Y)]. Namely,

(3) ON(f, X,Y) :=E[f(X +Y)] Zm E[f®)(X)].
Recall that for any N > 1,

1 1
m/@ (1- t)N_lE[(f(N)(X +tY) — f(N)(X))YN} dt

provided that the term on the right side is well defined. This is a consequence of the
classical Taylor formula in its integral form (e.g. [[[J]).

(4) 5N(f7X7Y):

The so-called reverse Taylor formula gives an expansion of E[f(X)] in terms of expec-
tations of functions of X + Y and of moments of Y. We would like to note that, in the
expansion formula (), the variables X +Y and Y are not independent. We specify some
notation and conventions. First of all, N, := N\ {0} denotes the set of strictly positive
integers. For any integer d > 1 and any J = (5;)_, € N¢, |J| is defined as j; + -+ + ja,

and mg}] ) = mgfl) mgfd). By convention, N¥ denotes the set {()} of the empty vector,

|0] = 0 and m§,) =1
Proposition 1.1 (Reverse Taylor formula) With the above notation, the equality

(5) Ef(X)] =Y (-1 S m{PE[fPIN(X + V)] +en(f, X, Y)

d>0 Jesz, J[<N

holds, where en(f, X,Y') is defined as
(6) en(f,X,Y) ==Y (=17 > miP oy 5(r, x,v).

d>0  JeNd,|J|<N

The main result of this paper is an expansion formula for the sum of independent
random variables. We present below its formal form without giving precise conditions
on the function and on the summand variables (this will be done in Section 3). The
methodology appeals to the zero bias transformation. From now on, we consider a family
of independent random variables X; (i = 1,--- ,n), with mean zero and finite variance
02 >0. Let W = X;+--+X,, and 03, = Var(W). Denote by X; arandom variable which
follows the zero-biased distribution of X; and which is independent of W := W — X;.

Theorem 1.2 Assume that Xi,---, X, and the function h are sufficiently good (in a
sense that we shall precise later). Then, for any integer N > 0, E[h(W)] can be written
as the sum of two terms Cn(h) and ey (h), with Cy(h) = @4y, (h) and ey(h) = E[h(W)] —
®, (h), and recursively for N > 1,

B On) =+ 3 21 Y m) (m$) — mE) Oy (A7),

i=1  d>1 Jefo,|J|§N
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- - Je J Jt J|+1
exth) = 302 [ S S ) ) = e (174
i=1 d>1 JeNd, |J|<N

(8)
N

+ > en iYW X)m )+ o (£, WD, X7,
k=0

where for any integer d > 1, and any J € N¢, Jt € N, denotes the last coordinate of J,
and J° denotes the element in N1 obtained from J by omitting the last coordinate.

In view of the classical formula relating the cumulants and moments, our principal
term Cn(h) is similar to that obtained by Barbour. Note that in Cn(h), there appear

normal expectations of iteration of operators which are of the form g +— fél) acting on h.
As pointed out by Barbour [, p.294], such expectation can be expressed as expectation
of h multiplied by a Hermite polynomial.

The proof of the equality E[h(W)] = Cn(h) + en(h) is based on the reverse Taylor
formula and the zero bias transformation. It is important to precise the conditions under
which all terms in the formal expansion are well defined. Moreover, we also need to show
that ey (h) is “small’ enough as an error term. In our results, the error term en(h) is
expressed in a recursive way so that it is actually a linear combination of remainders of
Taylor and reverse Taylor formulas and can be thus estimated. A key ingredient in the
estimation is a concentration inequality which provides upper bound for P(a < W < b)
involving exponent < 1 of the interval length (b — a), i.e. (b—a)® with 0 < a < 1. This
allows to us to obtain, under relatively mild moment conditions on X;’s than those in [EI],
estimations for the Taylor and reverse Taylor remainders. For example, as a consequence of
Theorem and the remainder estimations, we recover a classical result, initially obtained
by using Fourier transform, asserting that if Xy,---, X,, are i.i.d. random variables with
mean zero and variance o2 > 0, which admit (2 + )" order moments, then the law of
(X1 + -+ + X,)//n converges to N(0,0?) and that the convergence speed is of order
(1/v/n)e.

The rest of the paper is organized as follows. We firstly prove the reverse Taylor
formula and the formal expansion in Section 2. In Section 3, we introduce the admissible
function space and discuss the conditions on h and on X;’s; this is inspired by ideas in [
and we can in addition include some more irregular functions. We then restate the main
expansion result in this context. Section 4 is devoted to error estimations. Finally, some
technical proofs are left in Appendix.

2 Reverse Taylor formula and formal expansion

To prove Proposition [[1], the main point is to replace E[f(MD(X + V)] by its classical
Taylor expansion of (N — |J|)*" order, so that all summand terms are of the same order
and some of them can be cancelled off progressively.



Proof of Proposition We replace E[f(9)(X + Y)] on the right side of (f) by

N—|J]

> mPE[F PR X0)] + 6y (F, X, )

and observe that the sum of terms containing ¢ vanishes with en(f,X,Y). Hence we
obtain that the right side of ([) equals

N 13|

YTy m Z [ )

d>0  JeNd, \J\<N

If we split the last sum for £ = 0 and for 1 < k < N — |J| respectively, the formula above
can be written as

N—|J]
k
© S0 mPEFICOI Y0t ST m? S mPE IR (x)].
d>0 JeN‘j,\J\gN d>0 JeNd, |J|I<N k=1

We make the index changes J' = (J, k) and u = d + 1 in the second part, we find that it

is just
- J’ /
S0t 30 my R
u>1 J/eNy, |J/|<N
Thus, the terms in the first and the second parts of (f)) cancel out except the one of index
d = 0 in the first part, which proves the proposition. O

Using Proposition [L.1], we prove below the formal equality E[h(W)] = Cx(h) + en(h)
by induction on N.

Proof of Theorem (formal part) The equality E[h(WW)] = Cy(h)+ eo(h) holds by
definition. In the following, we assume that the equality E[h(W)] = Ck(h) + ex(h) has
been verified for any k € {0,--- , N — 1} and for any good enough function h. By Stein’s
equation, E[h(W)] — Cy(h) is equal to

n

W ELHW™) = F(W)] = > o (ELHWD + X))~ E[f(W)]).

i=1
Consider the following Taylor expansion

N
E[f (W0 + X7 = > m OBV W) + o (£, WD, X7).
k=0

By replacing E[f), (k+1) (W(i) )] in the above formula by its (N —k)™ reverse Taylor expansion,
we obtain that E[f} (W + X})] equals

N
zmg’;;{z S m PRI W) e (£ WO, X0) [+ (£, WO, X7).
k= d>0 JeN?

|3[<N—k



Note that the term with indexes ¥ = d = 0 in the sum inside the bracket is E[f; (W)].
Therefore E[f; (W + X#)] — E[f;(W)] can be written as the sum of the following three
parts

(10) 2": w3 (=0t Y mQE AT ),

k=1 d>0  JeNd,|J|<N-k

(11) S0t ST mPEFT W),

d>1  JeNd,|J|<N

(12) me*s (A WO X + o (WO, X7).

By interchanging summations and then taking the index changes K = (J, k) and v = d+1,

we obtain
@ =Y -0 > mEmE R ),

u>1 KeNY, [K|<N

As the equality mg‘gi) = mg}]:)m'lxz holds for any J, ([L0)+ (1) simplifies as

B o t t
Z(_l)d 1 Z mg-(]l ) (mg-(];) _ mg-é )>E[f}(L|J|+1)(W)].

d>1 JeN?, |J|I<N

By the hypothesis of induction, we have E[f}(L"]'H)(W)] =Cn_y3 ‘(f(‘ I+ ) eN—|3| (f,(lmﬂ)),
so the equality E[h(W)] = Cn(h) + en(h) follows from () and (). O

3 Admissible function space

In this section, we describe the function set for which we can make the N** order
expansion in Theorem [[.3. We need conditions on regularity and on the increasing speed
at infinity of the function h. Actually, from () and (§), we are concerned with the (N —k)™®
order expansion of f}(LkH) for k=1,---,N. So it would be natural to expect that f; still
belongs to this set. Then by a recursive procedure, all terms will be well defined.

Recall ([[d], Chapter VI) that any function g on R which is locally of finite variation
can be uniquely decomposed into the sum of a function of pure jump and a continuous
function locally of finite variation and vanishing at the origin. That is, g = g. + g4 where
gc is called the continuous part of g and gg4 is the purely discontinuous part.

Let a € (0,1] and p > 0 be two real numbers. For any function f on R, the following
quantity has been defined by Barbour in [f]:

|f(x) — f(y)]
Yl (1 + [z|P + [y[P)

(13) Il = snp =



The finiteness of this quantity implies that the function f is locally a-Lipschitz, and the
increasing speed of f at infinity is at most of order |z|**P. All functions f such that
| fllap < 400 forms a vector space over R, and || - ||o,p is & norm on it. We list below
several properties of || - || p, which will be useful afterwards and we leave the proofs in the
Appendix [].

Lemma 3.1 Let f be a function on R, a, 3 € (0,1] and p,q > 0.

1) If p < gq, then || flla,p < +oo implies || f|la,q < +00.
2) If a < 3, then || fllgp < +oo implies || f|la.ptp—a < +00.
3) If P is a polynomial of degree d, then ||fl|la,p < +oo implies ||Pf|lqpta < +00.

4) Assume that F is a primitive function of f, then || flla,p < +00 implies | F||1 p+a < +00.
(Hence || F||lapt1 < +00 by 2).)

Inspired by [fl], we introduce the following function space.

Definition 3.2 Let N > 0 be an integer, and o € (0,1], p > 0 be two real numbers.
Denote by Hé\{ , the vector space of all Borel functions h on R verifying the following
conditions:

a) h has N* order derivative which is locally of finite variation and which has finitely
many jumps,

b) the continuous part of hV) satisfies ||th) llop < +o00.

Condition a) implies that the pure jump part of h™) is bounded. Condition b) implies
that th) has at most polynomial increasing speed at infinity, therefore also is h. These
conditions allow us to include some irregular functions such as indicator functions. Let
k be a real number and Iy(z) = Nyy<py. Then |[Ix||la,p is clearly not finite. However,
[ Zx.clla,p = 0, which means that for any a € (0,1] and any p > 0, I(z) € HY, ,. Note that
any function h in Hg,p can be decomposed as h = h.+hg, where h, satisfies ||h¢||a,p < +00,
the discontinuous part h4 is a linear combination of indicator functions of the form 1y, <z}

plus a constant (so that h.(0) = 0).

Proposition 3.3 Let N > 0 be an integer, a, 3 € (0,1] and p,q > 0 be real numbers.
Then the following assertions hold:

1) when N > 1, h € HY,, if and only if h' € HY
2) if p < q. then MY, C HY ;i if a < B3, then HY, C HY 5 o

0{7q’

3) when N > 1, HY, c HY oL, c HA L



4) if h € Hé\{p and if P is a polynomial of degree d, then Ph € Hé\{p+d.

Proof. 1) results from the definition. 2), 3) and 4) are consequences of Lemma B.1] O

The following result on the operator h — fj is fundamental. It shows that compared
to h, the solution of Stein’s equation f; has one more order in regularity and its derivative
has the same order in increasing speed at infinity. The proof of this proposition, which is
rather technical, is postponed to Appendix [B.

Proposition 3.4 Assume that h € HY . Then f, € HY .

We now restate Theorem [[.9 in the function space context.

Theorem 3.5 Let N > 0 be an integer, o € (0,1] and p > 0. Assume that h € Hév,p. Let
Xy, , X, be zero-mean random variables which have (N +max(a+p, 2))™ order moment.
Then all terms in () and (§) are well defined, and the equality E[h(W)] = Cn(h)+en(h)
holds.

Proof. When N =0, h € H), , and then h(z) = O(|z|**?). Hence E[h(W)] and @4, (h)

are well defined. Assume that we have proved the theorem for 0,--- ;N —1. Let h € Hé\{ -

Then by Proposition B.3, h(z) € HY, C Hfj’;il e C Hg,p+N7 so h(z) = O(|z|**tPTN). By

Proposition B4, fj, € Hﬁ;l and by Proposition B.3 1), for any |J| = 1,--- , N, f}(lmﬂ) €
J|+1 J|+1

H) e (974

|a+p+N—k)

Hév,;"”. So the induction hypothesis implies that Cn_z/(

exist. Furthermore, for the terms ey_j and dy in (f), since f}(LkH)(x) = O(|z
for any k =0,--- , N, they are well defined. Finally, combined with the equality

k+2
Bl = s

all moments figuring in (ff) and (§) exist. Thus all terms are well defined, and the formal
proof in the previous section shows that E[h(W)] = Cn(h) + en(h). O

4 Error estimations

4.1 Concentration inequalities

We shall prove some concentration inequalities similar to several results in [E, ], which
give upper bounds for probabilities of the form P(a < W < b) with a and b being two real
numbers. We shall take into consideration the parameter o and give some variants where
appear certain lower order moments if & < 1. When a = 1, we recover some estimations
in [H]. These concentration inequalities will be useful to estimate the approximation error
terms and the proof is based on the zero bias transformation.



Lemma 4.1 Let o € (0, 1] be a real number and X be a r.v. with mean zero, finite variance
02 >0 and up to (a+2)™ order moments. Let X* have the zero biased distribution of X
and be independent of X. Then, for any e > 0,

1

PIX -—X*>e) < ———M
( | E)_Zea(a+1)02

E[|X°|**2),
where X* = X — X and X is an independent copy of X.

Proof. Similar to the Markov inequality, the following inequality holds:

1 *|a
E[|X — X*|%.

B(IX - X' >¢) < -

Moreover, since X and X™* are independent, the definition of the zero bias transformation
(see [H, Pro2.3]) implies that

1

E[IX - X*|*] = Aot 1)o?

EHXS’OC"F2].

Proposition 4.2 Let X; (i = 1,--- ,n) be independent random variables with mean zero
and variance 02-2 >0. Let W = X1+ ---4+ X,, and denote its variance by O’%V. Fora,b e R
such that a < b and any real number o € (0, 1], we have

n

(14 Pla<W<b) < 2(1;;;)a+ ail iE“%‘aH] +ﬁ(;af) .

[NIE

Proof. Let Ijg(z) = 1if € [a,0] and If,p(7) = 0 otherwise. Its primitive function

fx):= f(Zer)/z 144 (t)dt satisfies [f(z)| < (b—a)/2. Then

Bl (W) = - EOVF07)) < min (=21

Note that for any u > 0 and any a € (0, 1], min(u, 1) < u®. Then for any & > 0,

Pla—e<W*<b+e)< 2%} a\", (=
201 201 ow

where the last inequality is because for any u and v positive, one always has (u + v)* <
u® + v®. On the other hand, by using a conditional expectation technique,

Pla—e<W*<b+e)>Pla<W <b,|X;— Xj| <e)

> P(a < W < b)P(X] — X/ ga)—%(i 024)%.

4
g
i= w



We recall that W* = W) + X7 where [ is a random variable taking values in {1,--- ,n}
with P(I = i) = 0?/o3,, W) := W — X;, X} has the zero biased distribution of X; and is
independent of W, In this proof exceptionally, we assume that X is also independent
of X;. By Lemma [i.1],

n 2 1 n
P X7 — X;| < :l—E LP(|1XF — X5 > >1— E ElX5[e+2].
(‘ I I‘—E) o O,IQ/V (’ i ’ E)— 2012/V(a+1)€a g H z‘ ]

Finally, the inequality ([[4) follows by taking

n

*= (g L EXI)"

Q=

i=1

Od
Corollary 4.3 Let a,b € R such that a <b and i € {1,--- ,n}, then

, b—a\a 4 & X2 oo 1 < 1 20\ @
Pla<W® <b <4< E[—]‘H} — 42 4( ’
(a < b= 20W> +a+1j§::l O’W| +012,V(j§::10j) + Uw)
where WO =W — X;.
Proof. Let € > 0 be a real number, then
Pla<W® <b, |X;|<e)<Pla—e<W < b+e).
Note that W@ and X; are independent and
El|X;
P(|X;| <e)=1-P(|X;| >¢)>1— H&? H

By Proposition 1.9 and taking e = 2E[| X;|], we obtain the inequality. O

4.2 Estimations of error terms

In this section, we shall estimate the error term ey(h) in Theorem B.J. The recursive
formulas (§) and () permit us to reduce the problem to the estimation of classical Taylor
expansion errors.

For any positive random variable Y and any real number § > 0, we introduce the
notation mgfg) = E[YP]/T(3 + 1), where I' is the Gamma function I'(z) = [;° t*"te~"dt.
This notation generalizes the one introduced in §ff since when 8 € N, I'(3+ 1) = .

10



Proposition 4.4 Let N > 0 be an integer, o € (0,1] and p > 0 be two real numbers. Let
X be a random variable which has up to (N +a+p)™ moments and satisfies the following
concentration inequality

Pla<X <b)<clb—a)*+r, Va,b e R, a <,

where ¢ and r are two constants. Let Y be a random wvariable which is independent of
X and has up to (N + o + p)™ moments. Then, for any function g € Hé\ip and any
k=0,---,N,

) o _k(g®, X, V)| < V(g (N))<cm‘(}]y|_k+a) +rm|(§v|"“))
15
N—k+a N—k+a
+ ”ch ”mp(uoc,p,mew i )+ a,pm\(y\ i +p))7

(N)

where V(g[(iN)) denotes the total variation of g, ’, the coefficients uqp x and va, are
defined as uqpx = (1+ (1+2°)E[|X[P])T(a+ 1) and va,p = 2PT(a +p + 1).

Proof. We have by ([l) that when k < N,

on-r(g™, X,Y) = _ )/1(1—t)N_k_lE[(g(N)(XHY)—g(N)(X))YN_k} dt.

(N—k-1!J,
(N)

Since g € Hé\{ »» the function g; 7 can be written as

oM (@) = g™ + > glaci, — Y e

1<j<M 1<j<M
K;>0

Therefore, g((iN) (X +1tY) — gc(lN) (X) = Zj\il ejllk;—1v, <x<K,—tv_, where Y, = max(Y,0)
and Y_ = min(Y,0). Thus the concentration inequality hypothesis implies that

M
Md(X+¢Y) X)||Y] < quKdﬂYP+ﬂ.
j=1

Moreover, one has

! (1 t)N 1 U [ « N—k (N—k+a) (N—Fk)
o (N—k— [Ezkfd|y|+”ﬂﬂ Jat= Ezkﬂcmww +rmy )
7j=1

by using the following equality concerning Beta function

' I'(2)I'(y)
B(x, ::/tw—ll—ty—ldt: . z,y>0.
@)= [ ettt = Gy
On the other hand, by definition of the norm || - ||4,p, we have

|9 (X + 1Y) — g (0] < 119 [apltY (1 + [ X + Y P + | XP)
< Ng8 apltY [* (1 + (2P + 1)|X[P + 2°[¢Y]P),

11



where the last inequality results from (a + b)P < 2P(aP + bP). Note that

! (1 — t)N_k_l «a D P oD P N-k _ (N—k+a) (N—k+a+p)
~ B[] (1+(2P41)| X [P+2P|tY |P)|Y | dt = g p xm +Uq pm .
0 .

(N—-k-1) Y| v
Thus we obtain the estimation ([§).

Finally, it remains to check the case when kK = N. Consider the continuous and dis-
continuous parts of do(g™), X,Y) = E[g(N) (X 4+Y)— g (X)] respectively. By using

similar method as above, we obtain that E Ug((iN) (X+Y) —gC(lN) (X)]] < V(g((iN)) (6771‘(}1,)| +7)

and E[|gt" (X +Y) =g (0] < 196" ap (EY]°] (1 + (27 + DE[X]]) + 27E[[Y 2¥7]),
which implies ([[3). 0

By Proposition and Proposition .4, we obtain the error estimation for the reverse
Taylor expansion.

Corollary 4.5 With the previous notation, we have

en(g, X V)<> ) m‘(;)‘ [V(gsz))(Cmf%_mM)+7“m|(§vf“”))
(16) d>0JeNd, |J|<N

N N—|J|+ N—|J|+a+
+ ||9£ )Ha,p(uox,p,Xm\(y\ W) +Ua,pm\(y\ Hi+e p)):|7

Combining the concentration inequality (Corollary [.3) and the above estimations
(Proposition .4 and Corollary [£.]), we obtain upper bounds for the Taylor and reverse
Taylor remainders 5N_k(f,(lk), W@, X;) and €N—k(f;(1k), W@, X;), where the summand vari-
ables X1, -+, X, are independent. This allows us, together with the recursive formula (§),
to obtain an upper bound for the asymptotic expansion remainder ey (h).

In particular, we give in the following the order estimation of ey (h) when Xy,---, X,
are in addition i.i.d. random variables.

Proposition 4.6 Suppose that X1, ---,X, are i.i.d. random wvariables with mean zero
and up to (N + 2 + o + p)** order moments, normalized such that each X; has the same
distribution as Z//n where Z is a fixred random variable with mean zero and finite non-

zero variance. Then for any function g € Hé\ip and any k=0,--- , N, we have
. 1 \ N—k+a+

(17) Sn—k(g®, W x5y =0 <(%) p> ’
. N—k+o+

where WO =W — X; and X7 is independent of W@ . The implied constants depend on
Hg§N)Ha,p, V(g[(iN)) and up to (N —k + 2+ a + p)™" order moments of Z.

12



Proof. By Corollary .3, we have for any a < b and any « € (0, 1] that
P(a < W% <b) < e(b—a)® +7(n)
where the coefficients are given by
c= 22——a7 r(n) = 1 Bfjz°**] + = +—= i

oo o?te(a+1)  /n” vnoo/n®

By Proposition [[.4, we obtain an upper bound of & N_k(g(k), W, X¥) which is determined
by a linear combination of terms (with coefficient not depending on n):

N—k+a N—k) i (N—k+a N—k+a
(19) 771‘()@| * ), r(n)m‘(Xﬂ  EwW @O P)m ‘X*| ) and ‘(X*‘ Totp),
Note that r(n) = O((1/y/n)®). Forany k = 0,--- , N, E[| X |¥] equals E[| X;[¥*2] /(02 (k + 1))
and is of order (1/y/n)*. So the first three terms in (L) are of order (1/y/n)N = < and
the last term is of order (1//n)V=%+2*P swhich implies the first assertion. The second
assertion then follows by Corollary (3.

|

Remark 4.7 According to ([§) and ([[f), the implicit constants in ([[7) and ([§) can be
explicitly calculated.

Proposition 4.8 Let N > 0 be an integer, o € (0,1] and p > 0 be two real numbers. Let
h be a function in Ha pr and Xq,---, Xy, be as in Proposition [/.8. Then the error term

en(h) defined in (B) satisfies
en(h) = O <<%)N+a+p> ,

where the implied constant depends on up to (N + 2 + « +p)th order moment of Z.

Proof. We prove the theorem by induction on N. When N = 0,

n

coh) = > 02 (S04 WO, X7) + ol S W, X0) ).

i=1
Since h € HY, ,, fn € H,,,- Then by Proposition [L.g, eq(h) = O((1//n)*"?).

Assume that we have already proved the theorem for 0,--- , N —1. Consider h € HN
en(h) defined as in (§). For any J such that 1 < [J| < N, ey_j3; = O((1/vn)N~ ‘JHO‘J“”)

In addition, since |J°|+|JT| = |J|, we have that m(J )(mg'(ﬂ) mg( )) is of order (1//n)M!.
On the other hand, f; € HY,, so dn(f}, W® ,Xi*) = ((1/\/_)N+°‘+p). Moreover, for

,p?
any k=0, N, [ € HYF So en_i(FFT) WO, X7) = o((1/vm)NRree),

Finally we have mg( = O((1/4/n)¥). Combining all the above estimations, we prove the

proposition. a

13



Consider now several examples. Let Ij(x) = l,<j) be the indicator function. As
mentioned before, I} € H&O. By Proposition [£.§, we know that if X;,---, X, are i.i.d.
random variables with up to (2+a)™ order moment, then ey(h) = O((1/4/n)®), where the
coefficient depends on up to (2 + a)™ moment of the summand variables. This is similar
to a result (Theorem 6) in [[L3, §V.3]. When « = 1, it corresponds to the order estimation
in the classical Berry-Esseen inequality.

Let h(x) = (z — k)1 be the call function discussed in [f]. As a primitive function of
the indicator function, we know that h € Hé,o- So the call function admits a first order
expansion given by ([) as:

C1(h) = oy (h) + Y oFE[X] 10, (f7)-
i=1

Moreover, since 0@y, (f1) = Poy (2fr) = %@UW ((% — 1)zh(z)). We recover the

correction term in [f.

A Proof of Lemma B.1]

Proof. For the first two assertions, it suffices to prove respectively the boundness of the
following two functions

L+ [z + |y|P
1+ |z[pth—o 4 |y|ptB—a’

Lt [l + |yl
L[|+ fyle”

|z —ylf

These functions are both continuous on R, therefore are bounded on any compact subset
of R%2. Thus we may assume without loss of generality that r = \/x2 +y2 > 1. In this
case, max{|z|, [y|} > r/v2, so

p p D
1+ |zP + |y < 14 2r <3.902,
Lt falt +1yl7 = 14 (r/v2)1

-« 1+ |$|p + |y|p < (27,),6—(1 1427 <3. 2(p+3,3—3a)/2‘
Tr P e = O e S

|z — y|

3) One has

|Px)f(x) = Ply)fpl A+ [z’ + |y[P) P(x)
|z =y (14 [2[ptd 4 [yPrd) = 14 |zfptd 4 [y[p+d

fW)|-|P(z) — Pyl
x —ylo(1 + [z[ptd + [y[ptd)”

”f”a,p""’

By using the argument as in the proof of 1) and 2), we obtain that the first term in the
right-hand side is bounded. Since P is a polynomial of degree d, there exists a polynomial
Q(z,y) in two variables and of degree d — 1, such that Q(z,y) = (P(z) — P(y))/(z — y).
Therefore, the second term equals

1Q(z, y)| - |z — y[** - |f(y)]
1+ [zfptd + [y[prd

14



which is bounded by a similar argument as for proving 1) and 2).

4) Since || fllap < 400, [f(t)] < 1+ |¢|*TP. Therefore, for z,y € R, x < y, one has
y y

|F(z) = F(y)| < / [f()]dt < / (L4 ™) dt < (1+ |27 + [y|* ™)y — .
x x

|F(z) - Fy)|
|z = y|(1 4 [z[Pre + |y[rre)

Hence is bounded. O

B Proof of Proposition B4

We now prove the Proposition B4. Let h € fov, p- The function f; is one more order
differentiable than h and is hence N + 1 times differentiable. Taking N*® order derivative
on both sides of Stein’s equation, we get

(20) (@ fu(@)™ — 2N (2) = BV (2).

The function (zfy(x))™) is continuous, so f}(LNH) is locally of finite variation and has

finitely many jumps as h(\)(z) does. In the following, we shall prove Hf}(LACTH) lap < +o0.

Definition B.1 Let A be an interval in R and f be a Borel function on A. For any
a € (0,1] and p > 0, we define

. )~ )
(21) Hﬂbmf-igyx_m%1+mw+WWY
z,y€A

This definition is analogous to ([[3), restricted to an interval. When A avoids an open neigh-

borhood of 0, then the finiteness of || f ||§7p is equivalent to that of sup -, %
z,yeA

This property does not hold for the norm ||.| 4, defined in (LJ). As a consequence, we
have the following result.

Lemma B.2 Let A C (—oo,—1] U [1,4+00) be an interval, o € (0,1] and p > 0. Let q
be a real number such that 0 < q < p. Then for any Borel function f defined on A,
1 flla, < +00 if and only if || f(x)/aP~4||2 , < +oo.

Proof. 1f || f(z) /a:p_qHﬁ’q < 400, then by similar arguments as for proving Lemma B.],
we have [|f[|2, < +oco. We now consider the converse assertion. Firstly, there exists a
constant C' > 0 such that |f(z)| < C|z|*™P for any # € A. For any =,y € A, |z| < |y|,

[f ()P — fy)y"?| [f(z) = f(y)]
|z —y|*(1 4 [z]7+ [y|?) |z = y|* (1 + [a|7 + [y[9)

|z —y[* (1 + |2|7 + [y]7)

< f(2)

+ [y|*P

15



The second term is finite since

[f(x) = f(y)l < [f(z) = f(y)]

= = < = I £1l2-
[z —y*(ylP~=2 + [z|?ylP~e + [y[P) |z —yl*(1 + [zP + [y[?) o

By the mean value theorem, the first term is bounded by

C|$|a+p|$ - y| : |q _p| : |$|q—p—1
|z — yl*(1 + 2|7+ [y[?)

and thus by C|q — p| if we assume in addition that |y| < 2|z|. When |y| > 2|z|, one has

< < C.
|z —y[* (1 + |2|7 + [yl7) ||t

|/ ()]

a

The following lemma allows us to consider the estimations on several disjoint intervals
respectively.

Lemma B.3 If A = Ay U Ay where Ay and As are two intervals such that Ay N Ay # (),
then

sup{[If 155, 1 /la2} < IFI18, < 201110k + 11F1a%)-

Proof. The first inequality is obvious. For the second inequality, we only need to prove
for any z € Ay and y € Ay that

[f(z) = f(y)]

As
|z — y|(1 + |z|P + |y|P) — (”f” +HfH )

Without loss of generality, we may suppose that A; N As contains a single point z. Then
lf(x) = f)| <|f(x)— f(2)|+ |f(y) — f(2)].- In addition, since z is between x and y, we
have |z — y| > max(jz — 2|, |y — 2|) and [2[” + |y|P > 5 max(|z[? + [2[?, [y’ + [2]"). So

[f(x) = f(y)l <2< [f(z) = f(2)] £ (2) = f(W)l >

[z =yl (L + |zl +[ylP) = e — 2o +[zP +|27) [z —yl*(1+[2P + [ylP)

which implies the second inequality. O

(N-‘rl ”

Lemma B.4 Ifh € HY | then | f, ép < 400 for any bounded interval A.

a,p’

Proof. Firstly, for any bounded interval A and any Borel function g, || gHA < 40 if and
(N)

only if g is a-Lipschitz on A. We examine f usmg (0). Since h € HY he' is locally

o,p)
a-Lipschitz. The function (z fj, (z))(N 1) = th+l (x)+(N+1) ,(LN)( ) has finitely many
jumps. Hence (zfy,(z))®Y) is a primitive function of a locally bounded function, thus is

locally 1-Lipschitz. So by (B(), hJZH) is locally a-Lipschitz, which implies the lemma.
(]
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Let A; = [-1,1], A3 = (—o0,—1] and A3 = [1,400). Lemma [B.3 shows that to prove
the finiteness of || th+1 II, it suffices to prove respectlvely the finiteness of || f;, (NH
[-1,1]

1,2,3). Lemma [B.4 shows that HthJrl Ha,p < 400. So it remains to deal with f,
on the set AoU A3 =R\ (—1,1). To this end, we introduce a “modified” Stein’s equation
as in [f, Appendix]:

(22) zfu(@) = o* fi(x) = h(z), @R\ (~1,1)

whose solution is given by

1 0
s e [ h®)gs(t)dt, x> 1,
= {m JZ  h)és(t)dt x < —1.

Working with (RJ), it will be easier to treat the derivative functions. In fact, in (), the
integrand function h — ®,(h) is centralized under the normal expectation. However, it is
not the case when taking derivatives. This is one reason why we introduce (29). Note that
in general, the right-hand side of (29) can not be extended as a continuous function on
R, except in the special case ®,(h) = 0 where we recover the solution of classical Stein’s
equation.

”a D (Z =
(N+1)

(23)

To study fh, we introduce the function space &,: for any o > 0, let £, be the space
of all Borel functions h on R\ (—1,1) such that fm|>1 |h(z)P(x)|¢ps(z)dz < oo for any
polynomial P. Note that &, is a vector space which contains all Laurent polynomials (that
is, polynomials in = and z~!) and is stable by multiplication by Laurent polynomials.
Furthermore, as shown by the lemma below, it is invariant by the operator h — fh

Lemma B.5 Let h € ;. Then the function fh is well defined and fh € &,. Furthermore,
if H is a primitive function of h, then H € &,.

Proof. Let P be an arbitrary polynomial on R. Then

/|P Vo) () o < = /dx|P |/|h ) o (1) /dtlh ) oo /|P )| da.

There exists a polynomial @ such that flt |P(z)|dx < Q(t) for any ¢t > 0. Therefore, the

fact that h € &, implies that [ |P(2) fn(z)|¢s(z) dz < +00. The finiteness of the integral
on (—o00,1] is similar. The second assertion can be proved by integration by part. O

Remark B.6 Note that f, is the only solution of (B2) in &,, provided that h € &,.

More generally, for the derivatives of ﬁ“ we consider, for any integer N > 1, the set
EN which contains all functions A such that h is N times differentiable on R\ (-1, 1) and
that hV) € &,. It is not difficult to observe that h € EN if and only if it is a primitive
function of an element in EN¥~1. The relationship between £ and Hé\{ » is as follows.

17



Lemma B.7 If h € HY | then the restriction of h on R\ (—=1,1) is in EY.

a,p?

Proof. It suffices to show that the restriction of h™) on R\ (-1, 1) is in &,. This is obvious
)

since th has at most polynomial increasing speed at infinity. O

Definition B.8 For any derivable function h on R\ (—1, 1), define the operator

(24) AR (z) = (@)

X

Lemma B.9 Ifh € £}, then A(h) € &,. Furthermore, we have the following equality:
(25) (@) = 2 fagm ().

Proof. By definition, A(h)(z) = W (z)/x — h(z)/x?, so A(h) € . To prove the equality, it

suffices to verify that the function u(x) := 2! f; (z) satisfies the equation (R3) for A(h) (see

Remark above). In fact, if we divide the both side of the equation z fj, () — a2ﬂ(az) = h(z)
by = and then take the derivative, we obtain zu(z) — o?u/(z) = A(h)(x). O

Lemma B.10 If h € &, and if  is a real number such that h(z) = O(|z|'), then fu(z) =
O(lz[1).

Proof. Recall that ([, LemA.1]) if |h(z)| < g(z) and if g(x)/|z| is decreasing when z > 0
and is increasing when z < 0, then |f(z)| < g(x)/|z|. Hence, we prove the lemma for the
cases where | < 1. By Lemma [B.9, one has

Fut(@) = 27 (2l + 0?1 (@) = sgn(@)|l~ + 02 Fyap (2)
= sen(a)lal " +0*(1 — 1) flp-2 ().

Thus, f~|:c|l*2 = O(|z|*~3) implies fx|z = O(|z|*~!). Hence by induction on I, we obtain the
result. O

Remark B.11 With the notation of Barbour [[l], the equivalent expectation form of fh
is given by

Zx
VR[R(Z 4 2)e” o Uizaqy], @>0

(26) ) = {—@E[h(z t2)eF Lizag)]. <0

where Z ~ N(0,0?). So the above lemma can be interpreted as : the function

1

_Zz
EE[H{Z>O}(Z + a:)l+1e 02]
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is bounded on [1,+00). We can then deduce easily the following assertion : for all [ € R
and m € R4, the function

Zz
o

1 . _
EE[]]‘{Z>0}(Z‘T) (Z +x)l+1€ 2]
is bounded on [1,+00) by using the fact that the function u™e” 3% is bounded on [0, 00).

We give below the relationship between the derivatives of fh and of h. In the following
two formulas, the first one computes f}lN) using the operator (P4) and the second one
expresses AN (h) using derivatives of h. Their proofs are by induction, which we omit in
this article (interest readers may refer to [[[(, p.144-145]). We only remind that the first
formula is a generalization of (RH).

Lemma B.12 If h € EN with N being a strictly positive integer, then

) IN2) B
(27) )= 3 () @k = 0 H T o)
k=0
N N N + k\ hN=F)(z)
k=0
where we have used the convention (—1)!! =1 and | N/2] denotes the largest integer not

exceeding N/2.

Remark B.13 1) For any function h € £V, the above results also hold for fhm) (z) and
A™(h) where 1 < m < N. As the operator h — fh is linear on h, the above lemma
enables us to write the derivatives of f;, as a linear combination of derivatives of A with
Laurent polynomial coefficients and then to deduce their increasing speed at infinity.

2) The derivative function f}ENH) has to be treated differently. In fact, we can no longer
apply (BY) to ANTL(h) since AN does not necessarily exist. We separate the first
term where k = 0 in (R7) from the others and then take the derivative to obtain

LN/2]
~ N Cop 1~
A =¥ Pl 3 (5 )25~ DI = 20005 For (0
k=0
IN2) B
+ : <2k> (2k = DUV Ly (@)
=1
L(N+1)/2]
~ N+1 ok
=V v @+ Y ( o >(2k—1)!!:1:N+1 2 fansiory ().
k=1

This will be a crucial point in the proof of Proposition [B.15.
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Lemma B.14 Let h be a Borel function defined on AUAs =R\ (—1,1). If||h||3, < +oo
where A = Ay or As, then, for any integer n > 0, one has

||xn+1fh/x””é,p < +o09, ||xnfill/xn”é,p < +o0.

Proof. We only prove for As and the case for As is by symmetry. Let g(z) = h(z)/z"
Assume that x and y are two real numbers such that 1 < z < y. Then one has

2" fy(2) — " fyy)] mE[I ‘h(@fgre_zx/ﬁ B h(@%z+l o }
& —yle(L+ [« +ylr) ~ o | PO |z —y[o(1+ [zl + [yl?) ’

which can be bounded from above by the sum of the following two terms

_ n+1
(29) ‘/_QWE[I{M} MZ+ax)—hZ+y)| vy e—fg]
o |z —yl*(Q +[zP + |yP) (Z+y)"
e _Zac ytl _Zy
V2 [ Tyt T T U ]
30 —E I h(Z

Note that (R9) is bounded from above by

V2r

n -Zy n+17
Bl =y E [ 70 e R )

(Z +y)m

By Lemma [B.10, this quantity is bounded. We then consider the upper bound of (B0)
under the supplementary condition that y < 2z. As HhHA2 < +o00, there exists a constant
C > 0 such that h(z) < C|z|**P. By applying the mean value theorem on the function

e Zx
2 _e7 %2 and the fact that |z — y|*~ (1 + [z[P + |y|P) > |2[*~ P where a < 1,

(Z+x)
2 _ n+ 1)(2z)" n(2x)"t! Z/(22) 1
B < Y2081y O(2 e (U UEE AEOC 20O ]
Ci! e p{(2"-(n+1)+2"+1-n)E[I{Z>0}(Z+x)°‘+pe_fg]

4 onH! E[I{Z>O} 2T 07 4 gyotve G } }
< |$|1_a_p{E[I{Z>O}(Z+£E)a+p€ Z i| —|—]E|:I{Z>O}Z (Z +$)a+p€ %:| },

which is bounded (see Remark B.11]). In the case where y > 2z, one has 2" /(Z+z)" < x

when Z > 0, and |z — y|*(1 + |z[P + [y[F) > max(|z|*TP, ()% - yP), so

- V2m 1 atp — 2z 2¢ atp —2Y
(B <C pu {2‘x’a+p—lE|:I{Z>0}(Z + )" Pe "2] + WE [I{Z>0}(Z +y)* e "2} } ’
which is bounded. O
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We now give the final part of the proof.

Proposition B.15 Let N > 0 be an integer, a € (0,1] and p > 0. Let h be a function
defined on As U A3 = R\ (—1,1) which is N times differentiable and such that h\N) s

locally of finite variation, having finitely many jumps and verifying ||h ||A < 400 where

A = As or As. Then the function fh is N + 1 times differentiable, A(NJF ) s locally of

finite variation, having finitely many jumps and verifying || f, A(NH ||A < +o0.

Proof. The function f; is N + 1 times differentiable by (0), A}LNH) is locally of finite
variation, having only finitely many jumps. By virtue of Lemmas [B.J and [B.4, it suffices
to prove

D Goort | fH D) bokoo

max{|| f )} < 400

for sufficiently positive number b. Therefore, without loss of generality, we may assume
N+1)
i

that AV) is continuous and hence is also continuous.

By Remark 2), the function f}ENH) can be written as a linear combination of 2V f;x N(h)
and terms of the form $N+1_2kaN+17k(h) (x) where k=1, | LEJ By (P9), = Nf/’\N(h)
itself is also a linear combination of xNﬂL(N,i)/mNH wherei = 0,--- ,N. As ||A(N) HA < 00,
||ap+l < oo Hence ||h(V /ZEZH(LP
oo by Lemma [B.3 and Lemma then implies that ||:1:Nf;L(N,i)/mN+i 14, < oo.

we have, similar as in in Lemma B.1] 4), that ||h(Y

The terms 2™V +1_2kaN+1—k(h) (z) are also, by (B) again, linear combinations of the func-
tions of the form $N+1_2kﬁl(N+1—k—i)/xN+17k+i- By a similar argument as above using
Lemma B3, ||A(NVF17k=D /glthti4 © < oo, Finally, we apply Lemma B4 to obtain
||$N+1_2kfh(N+17k7i)/wN+1—k+i ||é7p < 00, which completes the proof.
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