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NUMERICAL SOLUTION OF MAXWELL’S EQUATIONS IN
AXISYMMETRIC DOMAINS WITH THE FOURIER SINGULAR
COMPLEMENT METHOD

PATRICK CIARLET, JR. AND SIMON LABRUNIE

ABSTRACT. We present an efficient method for computing numerically the so-
lution to the time-dependent Maxwell equations in an axisymmetric domain,
with arbitrary (not necessarily axisymmetric) data. The method is an exten-
sion of those introduced in [22] for Poisson’s equation, and in [4] for Maxwell’s
equations in the fully axisymmetric setting (i.e., when the data is also axisym-
metric). It is based on a Fourier expansion in the azimuthal direction, and
on an improved variant of the Singular Complement Method in the meridian
section. Thus, it can take into account the lack of regularity of the solution
when the domain features non-convex edges or vertices. Moreover, it can han-
dle noisy or approximate data which fail to satisfy the continuity equation,
by using either an elliptic correction method or a mixed formulation. We
give complete convergence analyses for both mixed and non-mixed formula-
tions. Neither refinements near the reentrant edges or vertices of the domain,
nor cut-off functions are required to achieve the desired convergence order in
terms of the mesh size, the time step and the number of Fourier modes used.

1. INTRODUCTION

There exist many methods to compute numerically the solution to Maxwell’s
equations. Among those methods, let us mention the edge finite element method,
introduced by Nédélec [37, 38]. This method proved very efficient for the static,
harmonic and eigenvalue problems related to Maxwell’s equations. To improve the
flexibility of the discretization, a discontinuous Galerkin method has been recently
introduced [33]. On the other hand, it is interesting for some applications to have
a continuous approximation of the electromagnetic field. In particular, it allows
to reduce the numerical noise, when the Maxwell solver is embedded in a time-
dependent Vlasov—Maxwell code. This is the method earlier introduced by Heintzé
et al. [6]. But the latter worked only in convex (curvilinear) polyhedra.

However, three-dimensional computations can be very expensive. In a number
of cases, one reduces the problem to two-dimensional equations by assuming that
the geometry is invariant by translation or by rotation. If in addition the data are
also invariant, then the problem can be further reduced to a single two-dimensional
problem (cf. [5, 4, 25]). When this is not the case, one has to consider a series
of two-dimensional problems, obtained by Fourier analysis. This approach, called
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the Fourier—Finite Element Method (FFEM), was initiated by Mercier—Raugel [35]
for elliptic problems. More recent developments include the works of Heinrich et
al. [31, 32], which relied on mesh refinement techniques, and also by the authors
and co-workers [21, 22], which relied on the Singular Complement Method (SCM).
Both techniques allow one to improve the convergence rate of the method. Recall
briefly the principle of the SCM: the space of solutions V' is split with respect to
regularity in a regular subspace Vi and a singular one Vg, namely V = Vp & Vs.
When the domain is reqular, i.e., convex or with a smooth boundary, there is no
singularity in the solutions of the Poisson or Maxwell equations, so that Vg = {0}
and Vg = V, and no singular complement is required. When this is not the case,
one enlarges the discrete space by adding some approximation of a singular field.
Combining this method with the Fourier analysis in the third dimension leads to
the so-called Fourier—Singular Complement Method (FSCM).

As it is well-known, when solving Maxwell’s equations in a non-convex and non-
smooth domain, with a continuous and conforming discretization, the discretized
spaces are always included in a closed, strict subspace Vi of V. In other words,
one cannot hope to approximate the part of the field which belongs to Vg [19]. In
particular, mesh refinement techniques fail. The SCM addresses this problem by
explicitly adding some singular complements. An alternative is the Weighted Regu-
larization Method of Costabel-Dauge [28], which recovers density of the discretized
spaces by measuring the electromagnetic fields in appropriately weighted Sobolev
spaces.

In this article, we extend the FSCM to the solution of Maxwell’s equations in an
axisymmetric domain with arbitrary data. Our analysis treats the non-singular case
(Vs = {0}) as a limiting case. This specific instance of the FFEM will be referred to
as the Fourier—Usual Nodal Finite Element Method (FUNFEM). Also, the FSCM
will be applied to a generalized version of Maxwell’s equations, introduced in [7] and
analyzed in [23] in a different geometrical setting. Among others, one can handle
data which do not satisfy the continuity equation. This is especially useful when
the Maxwell solver is embedded in a Vlasov-Maxwell code.

The outline of the article is as follows. In section 2, we present the geometrical
setting, the various versions of the Maxwell equations which we study, as well as
the variational formulations in three dimensions and two dimensions. Then, in
section 3, we analyze the impact of the numerical Fourier analysis and truncation.
Next, in section 4, we provide mode-wise, abstract (method-independent) error
estimates. Section 5 describes the singularities of electromagnetic fields, and the
theoretical foundations of the (F)SCM. Practical approximation results are then
obtained in section 6. Section 7 discusses a possible implementation of the FSCM.

2. EQUATIONS AND DIMENSION REDUCTION

2.1. Geometric setting and notations. In this article, we consider an azisym-
metric domain ), generated by the rotation of a polygon w around one of its sides,
denoted 7,. The boundary of w is thus dw = =, U, where ~;, generates the
boundary I' of (2. We assume for simplicity that the domain {2 is simply connected,
with a connected boundary. The natural cylindrical coordinates will be denoted
by (r,0,z). The geometrical singularities that may occur on I' are circular edges
and conical vertices, which correspond respectively to off-axis corners of v, and to



FOURIER SINGULAR COMPLEMENT METHOD FOR MAXWELL 3

its extremities. Figure 1 precises the various notations associated to these singu-
larities; a more complete description of the geometry of w can be found in [2, 3].
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FIGURE 1. Notations for the geometrical singularities; e: reentrant
edge; c: conical vertex.

As we know from these references, the initial- and boundary-value problems
associated with the (static or time-dependent) Maxwell equations will be singular,
i.e. their solution will generically not be in H!(Q2) — as it would be the case in
a regular! domain — iff there are reentrant edges or sharp vertices in I'. Sharp
vertices are defined by the condition (see Figure 1):

1
(2.1) Ve < 2 where: v, := min {1/ >0:P, (cos %) = 0} ,

(&

and P, denotes the Legendre function. This is satisfied iff 7/8, > 7/0, ~ 130°48'.

We define the comparison operators < and & as follows. a < b means a < C'b,
where C is a constant which depends only on the geometry, and not on the mesh
size h, the Fourier order k, or the data of the Maxwell problem. a =~ b denotes the
conjunction of @ <band b < a.

2.2. Three-dimensional equations. We start from the classical Maxwell equa-
tions in vacuum:

OFE
— —ccurlB = —i,
ot €o
0B
E—i—curlE = 0,
divE = 2,
€0
divB = 0.

1Recall that a domain is regular if it is convex or if its boundary belongs to C1+1.
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Let n denote the unit outward normal vector to the boundary, and assume that the
domain in which we solve Maxwell’s equations is surrounded by a perfect conductor,
which imposes,

(2.2) Exn=0and B-n=0onl.
The initial condition is simply
(23) (EaB)\tZO = (EOaBO)a

for some given data (Eg, Bg). A necessary condition for these equations to be
well-posed is the continuity equation

do
24 di — =0.
(2.4) ivd + 5 0

Remark 2.1. One can extend our results to the case of composite materials (see [15]
for the treatment of singularities at the interfaces), or impose a Silver-Miiller ab-
sorbing boundary condition on a part of the boundary. For the latter, see for
instance [5, 4, 11].

In order to develop efficient finite element methods, it is preferable to use equiva-
lent second order formulations. Eliminating £ and B between the evolution equa-
tions, one finds that the electric and magnetic fields satisfy the following vector
wave equations

0°E 1 0J
2. — +cf curlcurlE = —— —
(2.5) BT + ¢ curlcur = o
0’B 1
(2.6) BT +c% curlcurl B = % curl J.

The constraint equations (divergence and boundary conditions) still hold; moreover,
one has to supply the second-order problem with initial conditions for the time
derivatives:

OFE 1

(2.7) —— = E,, where E; = ¢* curl By — — J|i=0;
ot |t=0 20
OB

(2.8) W\tfo = By, where B; = —curl E,

and the extra boundary condition for the magnetic field:

(02 curl B — lJ) xn =0.
€o
As they only involve the curl operator, the equations (2.5) and (2.6) are adapted
to discretisations by edge elements [24, 36]. If one wishes to use nodal finite elements
— which are generally more efficient for charged particle simulations, especially
Vlasov—Maxwell computations — one has to add terms related to the divergence
of the fields [6, 5, 4], yielding the “augmented” formulations:

0’E 1 oJ 2
2.9) —— +c’(curlcurl E —graddivE) = —— — — — grad
(2.9) 5 + ¢® (curl cur grad div E) i grad p,
’B 1
(2.10) + ¢ (curlcurl B — graddivB) = — curlJ.
ot? €0

Remark 2.2. In the time-harmonic regime, the addition of grad div terms is usually
called “regularization”, see among others [14, 27, 28, 16].
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If one wants the divergence constraints to be explicitly preserved in time, even
though the data may not satisfy exactly (a discrete version of) the continuity equa-
tion (2.4), one can use “mixed” or saddle-point formulations. Here are the mixed
augmented versions:

O’E

(2.11) oz + ¢? (curl curl E — grad div E) + grad Pg
1oJ ¢
=—-— — — — grad
€o ot €0 gracde,
(212)  divE=2;
€0
0’°B

1
92 + ¢ (curl curl B — grad div B) + grad Pp = - curlJ,

(2.14) divB = 0.

(2.13)

The mixed unaugmented versions simply lack the grad div terms. Setting P =
—c? O;p, one obtains a formulation with elliptic correction which does not have a
saddle-point structure, but actually is a non-mixed formulation with a modified
right-hand side devised to take into account the lack of charge conservation. It can
be studied much like the formulations (2.5,2.6) or (2.9,2.10), with ad hoc hypothe-
ses [23].

In the sequel, we shall concentrate on the various formulations for the electric
field, and mention by the way the adaptations for the magnetic field. For the sake
of simplicity, we also set ¢ =¢g = 1.

2.3. Variational formulations in 3D. Consider L?(Q2) the Lebesgue space of
measurable and square integrable functions over , with (- | -) and || - ||o its associ-
ated scalar product and norm, H?*(Q2) the scale of Sobolev spaces, for s € R, and

H'(€2) the subspace of H'(Q) made of elements with a vanishing trace on I' = 9.
From now on, we adopt the notations L?(Q2) = L*(Q)3, H*(Q2) = H*(Q)® and
H(Q) =, H7(Q).

The electric field naturally belongs to the Sobolev space Hy(curl; 2), where
H(curl; Q) := {v € L?(Q) : curlv € L*(Q)},
Hy(curl;2) := {v € H(curl;?) : v x njp = 0}.
When considering augmented formulations, we shall use the Sobolev space
H(div; Q) := {v € L}(Q) : divw € L*(Q)}.
This leads to an augmented formulation for the electric field, as described in Assous
et al. [6], in the functional space
X(€) := Ho(curl; Q) N H(div; ).

This space is compactly embedded in L2(Q) [39]. As a consequence, when I' is
connected, one can define an equivalent scalar product and norm on X(f2), as

aw (u,v) := (curlu | curlv) + (dive | dive), |ulx = aw(u,uw)/2.

In other words, the L2-norm is uniformly bounded by the X-norm for elements of
X(€2): this is the so-called Weber inequality.
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In [23] we noticed that the various formulations of the vector wave equation
satisfied by the electric field can be recast in the abstract form:
Find E € H'(0,T; H) N L*(0,T;V) such that

d2

2.1 —
(2.15) dt?

(E(t) | F)g +a(E®),F)= (@) | F)u, VFeV.
In this article, we shall always assume that 1 belongs to L?(0,T; H), so the above
equation admits a unique solution E € C°(0,7;V)NCY0,T; H)N H?(0,T; V") by
the Lions variational theory [34]. More specifically:
e The plain VF corresponds to H = L?(Q), V = Hy(curl;Q), a(u,v) =
api(u,v) := (curlu | curlv), ¢ = —dJ. It is well posed if J € H'(0,T;L?(9)).
e The augmented VF is given by H = L%(Q2), V = X(Q), a(u, v) = aw (u,v),
and (¢ | v)g = —(0J | v) + (0 | divw), ie., ¥ := -0 J —gradp. It is

well posed if, e.g., J € H(0, T;LX()) and o € LX(0, T; H'(%)).

Here and in the sequel, the notation (- | -), without any subscript, refers to the scalar
product in L?(Q) or L?(Q2), or in the trace of these spaces in a meridian half-plane
(see §2.4). As far as the magnetic field is concerned, it is worth noting that the
formulations (2.6) and (2.10) do not belong in the framework of the Lions theory.
Moreover, some underlying integration by parts and certain traces considered are
not justified a priori. The well-posedness can be proved by following [10].

As for the mixed formulations, they are given as:
Find E € HY(0,T; H)N L?(0,T;V) and P € L*(0,T;Q) such that

(2.16) j—;(E(t) | F)g +a(E(t),F)+b(F,P(t) = (¢(t)| F)y, VF eV,
(2.17) b(E(t),q) =g o(t),¢)q, VgeQ.
Namely:
e In the mixed unaugmented VF: H, V, a = ap1, ¥ are the same as in the
plain formulation, while @ = ﬁll(Q) and b(v,q) = bp(v,q) :=
—(v | gradg).

e In the mixed augmented VF: H, V, a = aw, 1 are the same as in the
augmented formulation, Q@ = L?(Q) and b(v,q) = bw (v, q) := (q | divv).

As remarked in [23], the well-posedness result proved in [18, 7] for the mixed unaug-
mented formulation can be easily generalised to the mixed augmented cases. Above,
we recalled the unaugmented, or “usual”, variational formulations for illustrative
purposes. However, in the sequel, we will focus on the augmented formulations.

We complete this paragraph with a simple, but useful continuity result.

Proposition 2.3. Assume that J € H™T1(0,T;L?(Q)) and o € H™(0,T; H'(Q2)),
for some m € N. Then the solution to the augmented formulation has the reqularity
E cC™(0,T;X(Q)) NC™T1(0,T; L)), and satisfies the continuity estimate:

(218) 7" E@ o + 107 E®)llx < 111 0,62200)) + lollzrm 0,68 @)

Similarly, if J € H™1(0,T; L%(Q)) and o € C™(0,T; L*>(Q))NH™+2(0,T; H-*(Q)),

then the solution to the mized augmented formulation has the reqularity E € C™(0,T; X(Q2))N
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C™HL(0,T;L2(Q)), P € C™(0,T; L3(SY)), with the continuity estimate:

10" E ()0 + 10" E®)1x + 107 P(1)]lo

2.19
(2:19) S N lamero,enz) + lellem o,z @)nmm+20,6m-1 ()

Proof. If m = 0, these are the classical well-posedness results, see [34, 18, 7]. In the
general case, the above assumptions ensure that the variational formulations are
well-posed with J and p replaced with 0;"J and 0;" g; therefore, they have a unique
solution satisfying the classical continuity estimate. Yet, this solution satisfies the
same equations (in the sense of distributions) as 9" E or (0;" E, 9] P); we conclude
by the uniqueness of the temperate solution to a linear equation. (I

2.4. Functional spaces in 2D. The scalar and vector fields defined on 2 will be
characterised through their Fourier series in 6, the coefficients of which are functions
defined on w, viz.

ik6 ik6

1
, Tesp. w(r,0,z) = — Zwk(r,z)e ,
V2T

kEZ

1
w(r,8,z) = N Zwk(r,z)e

kEZ
and the truncated Fourier expansion of w at order N is:
1 N
2.20 wN(r,0,2) = — wh(r, z) e'*?.
(2.20) r02) = 7= 3wt

The regularity of the function w (resp. w) in the scale H*(Q) (resp. H*(Q2))
can be characterised by that of the (w*)rez (resp. the cylindrical components of
the (w¥)rez: wk = whe, + wkey + whe,) in certain spaces of functions defined
over w [12, §§IL.1 to I1.3], namely:

we H(Q), s>0 = VkeZ w'e H{y (w),

weH(Q), s>0 < VkeZ w'eHfWw),
where the Hf (w) and H{;,(w) are defined in turn with the help of two different
types of weighted Sobolev spaces. We shall now give these definitions for the values
of s and k chiefly needed in this article. The notations for the various spaces are

the same as in [12], where the interested reader can find the proofs and the most
general versions of the subsequent statements.

First, for any 7 € R we consider the weighted Lebesgue space

L (w) = {w measurable on w : // lw(r, 2)|> r™ drdz < oo} )

This space, as well as all the spaces introduced in this article, is a Hermitian space
of functions with complex values. The scale (H2 (w))szo is the canonical Sobolev
scale built upon L2 (w), defined for s € N as:

Hi(w) = {we L3(w): LM w € L2 (w), Y&,ms.t. 0<{l+m < s},
and by interpolation for s ¢ N. We denote by || - ||s.- and | - |5 - the canonical norm

&
and semi-norm of H?(w). We also define the subspace H}(w) of functions which
vanish on 7, it is involved in the definition of the Fourier coefficients of functions

in H'(Q).
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A prominent role will be played by L#(w), which appears to be the space of
Fourier coefficients (at all modes) of functions in L?(£2); thus its scalar product is
also denoted (- | -). Upon this space, we build another, dimensionally homogeneous
Sobolev scale (V{(w)),>q, defined as:

Viw) == {we Hi(w) : v 9507w € Li(w), Y,ms.t. 0<L+m < |s]},

where |s| denotes the integral part of s. One can check that the general definition
reduces to

Viw) = {w € Hi(w) : aﬂ'w‘w =0, for0<j<s— 1},
when s is not an integer; while for the first values of s € N, we have:
Viw)=Liw), Vilw)=Hiw)NL:(w), Viw)=Hiw)NnH,W).

The canonical norm of V$(w) is denoted by || - ||s,1; it is equivalent to | - |51 except
for s € N*.

We are now ready to define the most useful spaces of Fourier coefficients.

Proposition 2.4. The spaces H(k)( w), for s €[0,2], are characterised as follows.

Vs € [0,1) : Hj, (w) = Hi(w), Vk;
Vs € [1,2) : Hj) (w) = Hi(w),
Hiy (W) = Viw), VIk[=1;
s=2: H(O)(w):{ EHQ() Owe L% (w)},
H(ﬂ)(w {we H3(w) : w|y, =0},

H{y (W) = Viw), V|k|>2

Remark 2.5. The scales Hi(w), Vi(w), and H{j, (w) (for any k) can be extended
to negative values of the exponent s, by the usual duality procedure with respect
to the pivot space, which is L?(w) in all cases.

Proposition 2.6. The spaces H(k)( w), for 0 < s < 2, are characterised as follows.
s=0: Hpyw) =Liw):=Li(w)® Vk;
Vs € (0,1) :Hfyy(w) = H5 (w)*, Vk;
s=1: H%O)(w)

) =Viw)?, Y]kl >2;
Vs € (1,2) : Hip) (w) = Vi(w) x Vi(w) x Hi(w),
(wr, wo, w2) € Hi(w) x H(w) x Vi(w): wr £iwpl,,
(w)3, V|k| > 2.

For k| <'s, the space H{;(w) is endowed with the natural norm || - ||s,x) given by
the above definition, while for |k| > s the canonical norm is:

(2.21) lwll? ey = w21 + 152 == wlg 1.

—o}.
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With this definition, there holds the equivalence of morms:
k
lwllEre 0y = D Ilw" 2,
kEZ

Remark 2.7. In order to take account of the conditions on 7, for the modes k = £1,
we shall sometimes use the following representation for the vector fields in Hf, ;) (w):
w=wyes +w_e_ +w,e,, with wy = % (w, Fiwg) and ey = % (e, tiep).
Thus, w € H%l)(w) has a component wy on 7,, while w_ vanishes in a weak
sense [2, Proposition 3.18]; and conversely for w € H%fl)(w).

Let us now examine the space of relevant Fourier coefficients for the electromag-
netic fields. One easily checks that for w € H'(Q), resp. w € L?(Q) such that
Aw € L*(Q), there holds:
ik0

gradw = grad, whe

1 1 ki iko
— , resp. Aw=-— Ay w” e
Vo kezz Vo kezz

while for w € H(div; ), resp. H(curl; Q):

1 . 1 .
divw = — divy w*e*®  resp. curlw = — curl, w” ™.
V2T % P V2T k%

Above, the operators for the mode k are defined as:

radi 1w oy Ko Ow Apow L O (0w K2 - Pw
grad, w:= or " r 09, T or or r2 022"’
. 19(rw,) ik ow, ik Owy
= —" 1 — : 1 = — - —
divy, w - =% + —wg + 5 (curl, w), - Ws s
_ Ow,  Ow, 1 (0(rwg) .
(curl, w), = 5 " o (curly w), = " ( 5 —ikw, | .

As an immediate consequence, we have the following characterisation.

Proposition 2.8. The field u € X(Q) iff, for any k € Z, its Fourier coefficient
u € X(ry(w), where:

X3 (w) == {v € Li(w) : curly v € Li(w) and div,v € L}(w) and v x n|,, =0} .
This space is endowed with the canonical norm ||v||% () = llcurlg ||§ 1+ Idivi oI 1

so one has: ||[v|% = > ez ||v||§(,(k).
Similar results hold for the magnetic boundary condition.

These spaces enjoy an important property.
Proposition 2.9. The space Xy (w) is invariant for |k| > 2.

Proof. This stems from the fundamental result by Birman and Solomyak [13]:
X(Q) = X'5(Q) + grad®(Q), where X™5(Q) = X(Q) N HY(N) and

O(Q) = {90 e HY () : Ap e LQ(Q)}. For the mode k, this implies:

(2.22) Xy (w) = XEZ%(W) + grad, @) (w), where:

(2.23) Xy (w) = {u € Hjj)(w) :uxnl, = 0} and

(2.24) Oy (w) = {(p € H(lk) (w)nN I?I}(w) A € L%(w)} .
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By Proposition 2.6 we know that the space H%k) (w) is invariant for |k| > 2. The
same holds for ®(;)(w), as a consequence of [22, Thm 3.2]. This theorem also
shows that any ¢ € @ (w) is of V2 regularity near the axis v,. Therefore, the
azimuthal or #-component of grad,, ¢, which is (ik/r) ¢, is locally of V1 regularity.
Elsewhere, this function is of H' regularity and vanishes on ;. All together, we
see that the vector field (ik/r) p ey belongs to the regular space Xzzg) (w). Thus,
the azimuthal component of the space grad;, ®;)(w) is included in XEZ% (w), which
does not depend on k.

On the other hand, the meridian (r,z) components of the operator grad, are
also independent of k; as ® ;) (w) is invariant, we see that the meridian components
of the space grad; ®;)(w) are also invariant. Hence the conclusion. (]

Moreover, combining the decomposition (2.22) with the description of primal
singularities of the Laplacian Ay in [12, §I1.4], one characterises the regularity of
these spaces in the Sobolev scale.

Theorem 2.10. The following statements hold true. (See Figure 1 and Eq. (2.1)
for the meaning of ae and v,.)

(1) The elements of Xy (w) are locally regular, i.e. H%k), except in the neigh-
bourhood of the reentrant edges and, for k =0, of the sharp vertices.

(2) The space X(g)(w) is continuously embedded in Hf, (w) for s < sy =
min{c. : € reentrant edge ; v. + 3 : ¢ sharp vertez}.

(3) The space Xpy(w), |k| > 1 is continuously embedded in H, (w) for s <
Qmin := min{a, : e reentrant edge}.

(4) Consequently, X(Q) is continuously embedded in H?*(Q) for s < spr. The
bound is sharp.

The Birman—Solomyak decomposition also holds with the magnetic boundary
condition. In this case, there are no singularities in the vicinity of conical vertices,
whatever their aperture [3, 29]; hence, the space is continuously embedded in H*(2)
for s < amin-

2.5. Dimension reduction. The linearity of Equations (2.15) or (2.16-2.17), to-
gether with the orthogonality of the different Fourier modes in L?(2), implies that
the Fourier coefficients (E*, B*) of E and B are solutions to similar formulations,
with the operators curl, and divy . Namely, let us define:

(2.25) ag;p1(u, v) = (curly u | curly v); bgpi(v,q) = —(v | grad, q) ;
(2.26) apw (u,v) = (curly u | curly v) + (divg w | divg v);

bi;w (v, q) = (divg v | g).

Then, we have the non-mixed formulations:

Find E* € Vigy(w) such that, for all F' € Vi3 (w):

(227) THEH0) | F) o (BH 1), F) = (1) | F).
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And the mixed formulation reads:

Find (E*, P¥) e Viry(w) X Qry(w) such that, for all (F,q) € Vi) (w) X Qry(w):
d2

(2:28) 5 (B (1) | F) + ax(B" (1), F) + bi(F, PH(1)) = (@"(t) | F),

(2.29) bk(E"(1),9) = g, (" (1), 0)qq -

Remark 2.11. Alternatively, the function (r,6,z) — E"(r,z)e*? (defined in Q)
appears as the solution to (2.5) or (2.9) with single-mode sources J*(r, z) ¢ and
0% (r, z) €%, The same holds for (r,0, z) — (E*(r, z) €% P¥(r, 2) %) as a solution
to (2.11-2.12). This allows to transpose directly many known results from the three-
dimensional framework to that of the weighted spaces adapted to each mode.

From now on, we only study the augmented formulations, and we drop the
subscript w in aw, bw, agw and by .

3. ANALYSIS OF THE TRUNCATION ERROR OF THE FOURIER EXPANSION

In order to evaluate this error, we introduce (as usual) the following scales of
anisotropic Sobolev spaces.

Definition 3.1. Let W (Q) be any Hilbert space of functions defined in §, and
s > 0. The space H*W (Q) is defined:

e when s is an integer, as the space of functions in W(2) such that all their
partial derivatives in 6, up to order s, belong to W ();
e otherwise, by appropriate interpolation between H *J:W (Q) and HJ+1LW (Q).

In both cases, H>"W () is a Hilbert space for its canonical norm. For the sake of
simplicity, we shall denote H™*(Q) := H>#" (Q) and H™*(Q) := H>H" (Q) when
W(Q) = H™(Q) or H™(Q).

It is standard matter to check (see e.g. [17, Thm 1.1]) the following results.

Lemma 3.2. Let (W) (w))kez be the spaces of Fourier coefficients of functions
in W(Q); their norms can be chosen such as to have: Hw”%v((z) XD okez ||wk||%v(k)(w).
Then, the following equivalence of norms holds:

(3.1) Vw e HW(Q),  [[wllfw gy = D1+ 1K) [0* I, @)
kEZ
from which one deduces the truncation estimate

2
(32 VweH (@), W21 fo | Nl ),

for the truncated Fourier expansion w™N! defined in (2.20).
The next Proposition is an immediate consequence of the above Lemma.

Proposition 3.3. Assume that the electric field has the regularity E € C°(0,T; H**(Q))N
CH0,T;HY(Q)), for some o > 0. There holds:

vt e [0, 7], B (1) - EQ|F+IEN () - Bk S
(33) N2 LB o oy + [ BOgox oy
for any fixed integer N > 2.
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It is worth noting that such a regularity in 6 for the solution to Maxwell’s equa-
tions can follow from a similar regularity assumption for the data: roughly speaking,
the direction 6 is orthogonal to the singularities and “does not see them”.

Proposition 3.4. Assume that, for some m € N and o > 0, the data satisfy
J € H™H (0, T; H*?(Q)), o € H™(0,T; HY7(Q)) in the augmented formulation,
0 €C™(0,T; H% (Q))NH™T2(0,T; H=17(Q)) in the mizved augmented formulation.
Then, the electric field has the regularity C™(0,T; HoX(Q))NC™+1 (0, T; H*? (2)),
with continuous dependence.

Proof. We examine the case m = 0; the general case can be deduced by combining
the following ideas with those of Proposition 2.3. By Remark 2.11, we can write
the continuity estimate for the solution to (2.27):

. J;
12" 1131 +1E* 0.9 < 198 B0 mzen) 1941 0 pmzon H12 B0, o
Then, we multiply this bound by (1 + |k|??), and add the bounds for the values
k=—N to N:

N

>+ IkP) {1E" o)

k=—N

30+ B 0% 0 }
N
S D A+[E) {||Jk|\§{1(0,t;L§(w)) + HQkH%Z(O,t;;I(lk)(w))}
k=—N

If J € HY(0,t;H*(Q)) and o € L?(0,t; H»“(Q)), then the right-hand side is
bounded by the squared norms of J and g in these spaces when N — oo, ac-
cording to Lemma 3.2. Thus, the same Lemma implies that E(t) € H%?(Q) and
E(t) € H**(Q), and that their squared norms are controlled by the aforemen-
tioned squared norms of J and p. Of course, the same reasoning holds for the
solution to (2.28,2.29). O

Before ending this section, it must be observed that in many practical situations
the Fourier coefficients o* and J* cannot be computed exactly. So they have to be
approximated by quadrature formulas. Introducing the nodes 6,,, := 2mn/(2N+1),
for —N < m < N, we define the approximate Fourier coefficients and approximate
truncated expansion of the function w by the formulas:

N
V2 .
(3.4) wi(rz) = g 3 wlr b z)e 0

m=—

N

[NV] 1 k iko

3.5 wy (r,0,z) = wi(r, z)e™.
(3.5) ( ) o k:E—N (r,2)

These approximate coefficients are the same as in [11, 9, 12]; however, we shall need
slightly more general approximation estimates than in those References.
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Proposition 3.5. Let s >t > 0 such that s —t > % The following estimates hold
for any w € H>W(Q):

N —2s
(3.6) i — w2 o < N7 wlldew o)
N

(3.7) Y AR ot =l @ S N7 Jwllw )
k=—N

Proof. The first estimate is a particular case of the second; both rely on the
identity [17]: wh = 3, , whFtENFTDL One can easily adapt the proof of [12,
Proposition VI.4.1], remarking that only regularity in 6 is involved; see also [17,
Thm 1.2]. O

The linearity of Maxwell’s equations and the previous Proposition imply the
following results.

Proposition 3.6. Let o"(t), J*(t), E*(t), P*(t) and 0N (t), JWN(t), EN(1), PN (1)
be defined as in (3.4) and (3.5), at each instant t.
(1) E*, respectively (Ef,Pf), is the solution to (2.27), resp. (2.28,2.29), with
data (gk,Jk) replaced with (g’j,J]f).
(2) EM, respectively (ELN],P*[N]) is the solution to (2.15), resp. (2.16,2.17),
with data (o, J) replaced with (QLN], JLN]).
(3) Assuming E € C°(0,T; H>*(Q)) N CY(0,T; H*(Q)), for some o > 1, we
have:

V]

(3.8) vte[0,T], ||E o

) - B 03+ 1B @) - BN @)k <
N2 L B0 0m () + 1B 3mxay }

In the following Section, we shall examine the discretisation of the variational
formulations (2.27) and (2.28,2.29), with data (¥, J¥).

4. DISCRETISATIONS AND ABSTRACT APPROXIMATION RESULTS

4.1. General framework. The discretisation of the variational formulations for
each mode k, viz. (2.27) or (2.28-2.29) will follow the usual principles. We concen-
trate on the augmented formulations,? and we suppose that we are given a family
of regular triangulations (7)o of the meridian domain w. The space of electric
fields X(j)(w) will be approached by nodal elements, complemented by singular
functions in the case of the SCM. Thus, for the UNFEM we use:

(4.1) X?k) = XEZ{)&}L = {’Uh € Co(w)3 N X(k) (UJ) CUnT € PH(T)?’, VT € 771} )

seen as a subspace of X(;)(w). Whereas, for the SCM, we use the space

h reg;h sing;h

where the singular complement X?ikn)g;h will be described in §§5.1 and 6.1.

2The unaugmented formulations could be discretised by a Fourier-Edge Element Method and
analysed by generalising the approaches of [24] and [25].
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The multiplier space Q = L?(w) of the mixed formulation will be approached by
the space Qp,, which will also be generated by nodal finite elements. We will always
choose the couple (X?k), Q1) such as to satisfy the two usual requirements, namely,
the ellipticity of ax on the discrete kernel of by, and a uniform (with respect to h)
discrete inf-sup condition. For the UNFEM and SCM, one can use @, = Py_1 1,
the space of P,,_; finite elements seen as a subspace of L?(£2). This amounts to
using the well-known P, — P,_; Taylor—Hood finite element [30, pp. 176 ff.].

As for the time discretisation, one can consider either an explicit centred scheme,
which gives a higher-order approximation in time and is computationally very ef-
ficient when mass lumping is used, or a totally implicit scheme which is incondi-
tionally stable. The time mesh being defined by the instants t” = n 7, the value
of the field w at time t" is denoted u”; for its k-th Fourier coefficient u®, we
shall write w®". If this field is defined in continuous time, its successive time
derivatives are denoted @"" = duF(t"), @™ = 92uF(t"), etc. The discrete
time derivatives of the field u* are given by: d,u*" = 771 (uk" — b =1) or
82Tuk;n = (27_)71 (uk;n _ uk;n72).

3

4.2. Fully discrete formulations. For the augmented formulations, the totally
implicit (TT) and explicit centred (EC) schemes read respectively:

Find EZ;"'H € X?k) such that, for all F}, € X?k),

(4.3) (DPEF" | Fy) + an (B Fy)

= —(0: JY" | Fy) + (08" | div Fy) ; (TT)
(4.4) (O2E}"™ | Fr) + ax(Ey™, F))

= —(Oar T | Fy) + (0™ | div F). (EC)

If J is known at the instants t"+1/2, the derivative 5, J*" "1 can be replaced by
0rJ f*”ﬂ/ 2 without changing the order of the scheme. These equations must be
supplemented with initial conditions; so one sets:

(4.5) E;°=T1I,EF, E}' solution to:
(4.6) 7B — EF° —rILEY | Fy) +an(EV — L EVO Fy)

= — (0 T8 — L, T80 | Fp) + (oF! — 3050 | div Fy) (TI)
4.7 72EY — EY° — rILEY | Fy) + an(3 B Fy)
= —(305,J7" | Fp) + (3080 | div Fy,). (EC)

The operator IT; is an interpolation/projection operator which depends on the
numerical method.
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As a natural extension of the previous schemes, we have the mixed formulations:

Find (B, Py € Xl x Qn such that, for all (Fi,qp) € X X Qn,

(4.8) (2B | Fr) + an(Ey" F) + bu(Fy, Py

= —(8,JF | Fy) + (0B | div ) ; (TT)
(4.9) (D2EN"™ | Fp) + an(EY", Fy) + by (Fy, PP

= (0o, IF"TL | Fp) + (05 | div Fy) ; (EC)
(4.10) (B gn) = (@8 | an). (both)

4.3. Mode-wise estimates. To obtain such estimates, we suppose that there ex-
ists a subspace X*(£2) C X(€2), to which the solution to Maxwell’s equation belongs
provided the data are regular enough, and such that its spaces of Fourier coefficients
ka) (w) satisfy an approximation inequality of the form:

(4.11) Vu € X3 (w), Fun € Xy, [l —unlx,w) S €(s,h k) [wlx.s, 0

Moreover, the anisotropic Sobolev space H?X(Q) will be denoted X*7(Q), for
the sake of simplicity. The construction of this space and the establishment of
the approximation inequality will be carried out in §§5 and 6. For the moment,
we assume that the data and the solution are regular enough, typically E €
H?(=4,T; X9t (Q)) N H3(=4,T; H%?(Q)) and J € H?*(—6,T; H*(Q)), where
o > % and ¢ € [1,2], and ¢ is a small multiple of the time step 7. In or-
der to obtain improved estimates for the EC scheme, we shall assume that E €
H*(—6,T;H%°(Q)) and J € H3(—§,T; H*?(Q)). The relevance of these conditions
will be examined in §6.3 below.

Proposition 4.1. Let (EZ") be the solution to the discrete formulation (4.3),

n

resp. (4.4). The following error estimates hold:
(412) [0-B" — E"IE+ 1B — Bk gy €
(51 K2 IEE W32 s ) + 72 IS s o + 195z |

(4.13)  ||EY" — EXM|3, S e(s b, k)? ||Elf||%12(x(sk)(w))

72 (1B s 2y + 195 B o] > (T1 scheme);
@14) B = B, S s b b 1B B s o

+ 7 B sz + 195 Bz - (BC scheme).
The estimates for the explicit scheme are valid under a CFL condition A% < 4,

lonllZ

where the Rayleigh quotient A := should behave as A < h=2+|k|2.

onexl, lvnllg 1

Proof. This follows, mutatis mutandis, from the estimates of [23, §5], thanks to
the interpretation of (4.3) or (4.4) as the trace, in a meridian half-plane, of a
3D formulation in which the sources have only one Fourier mode. (I
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Now we examine the mixed augmented formulations, following the lines of [23,
§7]. The usual difficulty in the numerical analysis of mixed problems is the deriva-
tion of a uniform (with respect to h) discrete inf-sup condition (D1sc). Here, this
issue is compounded by that of the dependence of this condition on the Fourier
mode k. To our knowledge, no DISC uniform in both h and k has been yet de-
rived for Maxwell or other mixed equations. So, we shall work with a (maybe not
optimal) condition, which is uniform in h, but depends weakly on k.

Lemma 4.2. For the Po-Py Taylor—-Hood element, there exists a constant (3, inde-
pendent of h and k, such that:

bi (vp, _
(415)  VaneQu s 2RI g0ty
wnext, [vnllx, k)

0,1-

Proof. In [9, Lemma 3.5], the following DISC is proven for the Stokes problem:

divi v ~ _
(4.16) Van € Qn) sup (divivn | gn) > B(1+ k)" lgnllo -

wneHy, [0nllLw

For k # 0, one has Qpx) = Qn, whereas Qp) = {qn € Qn : // gnrdrdz = 0}.
Then Hz(k) is N

HY ) = {wn € CO@)° N HY) () : waly € Ba(K)?, YK €T, ),

thus, it is a subspace of our X?k). According for instance to [1, Rmk 2.6], there
holds |w|; = |lw||x, for all w € H'(Q), and it follows that [|w]|1 () = [|w|x &) for

w E ITI%,C) (€2). So, one can replace the norm ||vl[q, &) With |[val/x, k) in (4.16), for
all vy, € HZ(k)‘ For k # 0, this implies (4.15) since the sup is greater on the bigger
space X?k). For k = 0, one has to deal with discrete Lagrange multipliers whose
mean value over €2 is not 0 (recall that Qn = Qpy © R). This difficulty can be

h

overcome by using an ad hoc discrete field of X ) to provide a lower bound in (4.15)

(0
for g, = 1. A similar result has been already obtained in [20] in an unweighted
framework, and its proof can be easily adapted to our case. (I

With this result, we can derive two important properties. The first is the so-
called strong approzimability of the kernel of by; we recall that the continuous and
discrete kernels are defined as:

Kiy(w) = {veXpw):b(v,q) =0, Vge Li(w)},
Kl = {vh € X{y) : b (vn,an) = 0, Van € Qh} -

The second is the error estimate between the solution to the static mixed problem:
Given f € Xy(w) and g € Li(w), find (u,p) € X)(w) x L(w) such that,
V(v,q) € Xp)(w) x Li(w):

(4.17) ax(u,v) + bp(v,p) = (f,v),

(4.18) be(uw,q) = (g91]9),
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and that of its finite element discretisation, which reads:
Find (uwp,pr) € X?k) X Qp, such that, ¥(vp, qn) € X?k) X Qp:

(4.19) ar(wh, vn) + bk(vn,pn) = (f,vn),
(4.20) br(un.qn) = (91an)
Proposition 4.3. The following approzimation inequality holds:

(4.21)
Vu € Ky (0)NXfy (W), Fun € Ky,  un—ullx, ) S (1)) e(s, b, k) [[wlx,0, 08 -

Therefore, if the solution (w,p) to (4.17,4.18) belongs to X¢ (w) x Hl(w), the

following estimate holds:

(422)  lun — ullx o) + o = pllog S (14 [[) €(s, by B) [Jwllx,s,00) + R lIPll11 -
Proof. Use [30, Chapter II, Thm 1.1] and the previous lemma; the p part of the
error is bounded using the weighted Clément operator of [8, §4.3]. O

The analysis of [23, §7] can be carried over to our case. Compared with their
counterparts in that article, the error estimate (4.22) and the approximation in-
equality (4.21) contain a factor 1+ |k| in front of €(s, h, k). Also, it is better to use
L? error estimates for (4.19,4.20) derived from the Weber inequality than derived
from the Nitsche trick, which yields a bound in (1 + k2)e(s, h,k)?. The term of
higher power in h is of no use, being hidden by other terms with a smaller exponent;
thus, the higher power in k appears unwelcome.

Proposition 4.4. Let (EZ;",P:;") be the solution to the discrete formulation
(4.8,4.10), resp. (4.9,4.10). The following error estimates hold:

kin L kin kin n
(4.23) [10-E" — B, ([, + 1B, — ES" %0 S
(1+ k%) (s, h, k)? ||Ef||§{2(ka)(w)) +7° [||Elf||§13(L§(w)) + ||J]f||§{2(L§(w)) ;
kin n
(424) S — BE"3, 5 (14 K) (s, b k)2 1B s s, o)
+7° [HEE"?{S(Lf(w)) + HJle?{z(L%(w))} ; (TI scheme);

kin n
(425) B~ B30 < (L4 B2 el by B2 1B s e, o)

+ 7 (1B s wsny + 195 sz ]+ (BC scheme).

The estimates for the explicit scheme are, again, valid under a CFL condition which
depends on the Fourier mode k.

5. THEORETICAL FOUNDATIONS OF THE SCM AND FSCM

In this section, we describe the fields in X (£2) near the edges and vertices and
study the regularising properties of the elliptic operators associated to the forms
ax(+,-) and a(-, ).

We use the notations of Figure 1: near any corner j of dw, we choose two
neighbourhoods w; CC wg which stay away from the other corners and from the
sides which do not contain j. Local polar coordinates (p;,¢;) are used in wg; we
choose a cutoff function 7;, depending on p; only, such that n; =1 inw; andn; =0
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outside wg. The symbol j will be replaced by e (resp. ¢), when the corner is off-axis
(resp. on the axis), i.e. it is the trace of a circular edge (resp. a conical vertex). For
any off-axis corner e, we denote a. = r(e) its distance to the z-axis, and ¢! the
angle between the r-axis and the side ¢, = 0. Near an on-axis corner ¢, we always
take ¢. = 0 on the axis v,.

5.1. Description of singularities. Let u be an arbitrary field in X (). We start
from the Birman—-Solomyak decomposition [13]:

(5.1) u=ups —grady, upse€ X" 4(N), ¢e d(Q),

(5.2) with:  Jlups|li + llell + [|A¢llo < [lufx -

Hence, for each mode k, u* = uk ¢ — grad, ¢*, with uf ¢ € Xzzg)(w), o € By (w)
(see (2.23,2.24)), and a similar continuity property. We combine this with the
regular-singular decomposition of the functions in ®(w) from [12, §I1.4]:

(53) " =02+ D AGSE+H D NGS5 o =@b+ > N SE for [k >1;
r.e S.V. r.e

<
with: oF € H(Qk)(w) NHi(w), Vk,

(5.4) Si(pe:de) = ne(pe) e 72 p2< sin(acge),
(5.5) Sg(pe, de) = nelpe) pie Po.(cos de).
Thus we arrive at:

(5.6) u’ =uf - Z Ag grad, Sg — Z g gradg S ;
(5.7) ub =ul - "\ grad, S; for [k| > 1;

r.e
reg

with: w? = ufs — grad, ¢ € X (w) Vk.
The above decompositions are hardly adapted to numerical computations, as the
singular fields used in them depend on the mode and contain cutoff functions. This
point will be addressed below. However, they have nice properties which we now
state.

Lemma 5.1. The singularity coefficients )\i satisfy the bounds:
(5.8) NS S 1ullx 0y Ve, (NG| S ulllx, 0y, Ve
(5.9) Gl S IR b llx ), Ve, VIR > 1.

As a consequence, ||)\i.grad,€ Sillx, ) S ||Uk||x,.(k) and ||[u¥|lx,k) S Nlullx, )
thus, the series Y u¥e*® and Y\ (grad, Sg)e*® for any reentrant edge e are
convergent in X().

Proof. Let f = div(u — ups) = —Ayp. By (5.2), we have |[f[lo < [|ullx and

~

[ f¥ll0,1 < [Ju*|lx,k)- The coefficients ], are clearly the same in (5.6) or (5.7) and
in (5.3); yet the latter satisfy: [XL| < [[f*[lo for [k| < 1 and [A] < [k[*~ [[f*]loa
for |k| > 2, as shown in [22], respectively Equations (36,49) and Lemma 3.1 of this
Reference. Hence (5.8) and (5.9).

On the other hand, it is easy to check (calculating like in Lemma 5.5 of [3]) that
Ilgrady, Sillx,x) = Ak Sillon < [KI'=. Thus, [|Af grad,, Sgllx,m) < lu*llx,m

for all e and finally ||u5f||xﬁ(k) < ||uk||xﬁ(k). O
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Similar decompositions and estimates hold in the magnetic case (recall the ab-
sence of vertex singularities in this case), with S§(pe, de) = ne(pe) e 1FIPe p2e cos(aege).

5.2. Regularity results. As we remarked in Theorem 2.10, the global regularity
of the electromagnetic field is quite low. In order to have good approximation
properties, one has to estimate the regularity of the reqular part of the field, which
is approximated by finite elements. We shall see that it can be limited by all edges
and vertices — not only the reentrant or sharp ones. Moreover, even with very
smooth data, it can be hardly better than H!; this condition requires the use of
the modified Clément operator defined in §6.2.

Definition 5.2. The space X{},(w), for s > 1, is the subspace of all ub € X (w)
whose regular part u¥, as defined in (5.6) or (5.7), belongs to H{,) (w). Its norm is

chosen as:
(5.10) k=0 [ullx 0 = lul? o) + Z IXSI” + Z A1
(5.11) K> 10 bR g = )2 g + Z IkIQ(l_%) IAL%

r.e.
As a particular case, X%k)(w) = X(x)(w), and the norms are equivalent.
The space X*(€2) is the subspace of all u € X(£2) such that its Fourier coefficients
u” belong to X{y)(w) for all k. It is endowed with the canonical norm [ulk s =
ZkeZ ||uk||x s, (k)"

The finiteness of the norm ||u||x s if u* € X(k)( w) for all k follows from Lemma 5.1.
The latter, together with the well-known [2, §4] equivalence of the norms || - ||x
and || - [|1 on X*8(€Q), hence of || - || x,x) and || - [[1,(x) on XEZ%(W), yields the equiv-
alence of norms || - ||x and | - [|x,1 on X(2).

Definition 5.3. Let v/5¢ be the (-th singularity exponent of the Laplacian (with

Dirichlet boundary condition) at the conical vertex c for the Fourier mode £, i.e. the
{-th smallest positive root of P¥(cos7/8.) = 0. (Thus, v, = v%1.)

The limiting regularisation exponent of the Laplacian at the mode k is s& :=
min Sy, where the set S is defined as a function of |k| as:

Sy = {ae : e salient edge ; 2 o, : e reentrant edge ;
VO 4 % : ¢ non-sharp vertex ; v 4 % : ¢ sharp vertex} ;
S, = {ae : e salient edge ; 2 a. : e reentrant edge ; v, 11 + 5 :cany vertex} ;
Sy = {ae : e salient edge ; 2 . : e reentrant edge}, k> 2.
The limiting regularisation exponent of the Maxwell operator at the mode 0 is
sY := min (ae : e salient edge ; 2 o, : e reentrant edge ;

01, 1. .01 3. .
veot+s35:tc non-sharp vertex ; v, + 5:C sharp vertex) )

while for the modes |k| > 1, one has s¥ = sKk. Notice [12, p. 48] that the only

exponents v whose value is p0551b1y less than 2 are 121, 192 and v}, the latter
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two being always greater than 1. This is the reason why, for |k| > 2, regularity is
limited by the edges only.

The global limiting regularisation exponent of the Maxwell operator is s, :=

min(s?, s1) = mingez s*.

Remark 5.4. We see that s, < 2 as soon as one edge aperture is greater than /2. As
for the conical vertices, there holds s¥ < 2 for |[k| = 0, 1 when the aperture is greater
than 9, with Jg ~ 68°8’ and J; ~ 114°48’. As a consequence, PP; finite elements
will be sufficient for non-mixed formulations (including correction methods) in most
situations. When using mixed formulations, however, one has to use Py elements
for the field (and P; for the multiplier) in order to have the theoretical framework
for proving convergence. This is what we assume in the rest of this article.

Proposition 5.5. Let f € X(Q)" and g € L*(Q), and let (u,p) € X() x L*(Q)
be the solution to:

(5.12) a(u,v) +b(v,p) = (f,v), VoveX(Q),

(5.13) bu,q) = (9|a), Vg€ L*(Q)

If f € H%(Q) and g € H*"Y(Q) for some s € [1,s¥), then uF € X{y (W) and
pk e He, (w). Consequently, u € X*(Q) and p € H*(Q) for s < 4.

Proof. Thanks to [2], we can adapt the result of [26, Thm 5.2] to the case of the

axisymmetric domain: the (non-unique) Birman—Solomyak decomposition (5.1) can
be chosen such that

FEeH Q) and g H*1(Q) =
Ap € HHQ) and ugs € H°T(Q), and p € H™T(Q),
for: 0 <s—1and J<min{ae,u?+ %,MéVvL %},
T§s—1&nd7<min{ae,u?+%},

where pD (vesp. plY) is the smallest singularity exponent of the Laplacian with
Dirichlet (resp. Neumann) boundary condition at the vertex ¢. Moreover, this
decomposition is continuous with respect to the norms || f||s—2 and ||g|[s—1. We
remark that 2 coincides with v2'; moreover, it is known [29] that p2 > N > 0.84.
Thus, at least for s < 2.34, there holds ups € H*(Q) and p € H*(Q) iff s < 1+
(reentrant edges) and s < v + 2 (sharp vertices).

Reasoning mode by mode (see Remark 2.11), we thus have uf ¢ € ka)(w),
p* € Hj(w) and Ay % € Hip'(w). By Thims I14.10 and I14.11 of [12], the latter
property implies that ©* (defined in (5.3)) belongs to H;,;';l(w), ie. grad, o* ¢
ka) (w) for s < sk . Finally, we notice that for any reentrant edge, 20, < 1+ a;

and one can check that v%! + 1 < v%2 for all values of the aperture m/3., the
equality being possible only if 3. = 1. (For the values v < 2, see Figure I11.4.1
n [12]). Hence the conclusion. O

Proposition 5.6. Let u € X(Q2) and s < sy; then u belongs to X*(Q) iff (curlu, divu) €
H*~1(Q) x H*71(Q).

Proof. Assume (curlu,divu) € HS71(Q) x H*~1(Q). It is easy to check that (u,0)
is the solution to (5.12-5.13), with ¢ = divu and f = curlcurlu — grad divu €
H*2(Q). Hence u € X*(Q) by the previous proposition.
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* (k) (k)
all k. As far as the singular parts are concerned, there holds curly grad, S; = 0

Conversely, u € X(Q) implies (curly, u”, div,u*) € Hi ' (w) x HS ' (w) for

and divy grad, Si = Ag Si. When 3 is the reentrant edge e, this function vanishes
near the axis and is smooth everywhere except near e. In addition, in w,, one finds
by direct computations:

ApSE=A, S¢+Ls.t. = e FlPe poe=t gin(aeg0 ) {|k| pe — (1 + 20) |k} + Ls.t.

Here, A denotes the Laplacian in the (r, z) plane, and l.s.t. means less singular
terms. Therefore, Ay Sy € H% (w), and globally Ay S§ € H(Slg)l(w) since a, >
20 —1 > s — 1. Now, for a sharp vertex ¢, one checks that Ay S§ vanishes
in we, and is smooth elsewhere. All together, we have thus (curly, u*,divy u*) €
HY N (w) x HisH(w) for all ke, (curlu, diva) € HH(Q) x H*~H(Q). O

The above results can be rephrased for the magnetic boundary condition, pro-
vided one adapts the results of [26] to this case, and uses the description of conical
singularities from [29].

6. PRACTICAL APPROXIMATION RESULTS

6.1. Mode-independent singular fields. For the practical purpose of the SCM,
the singular parts can be described with other singular fields xg’J . Generally speak-
ing, these fields should be easy to compute and satisfy the following conditions.

(1) They are independent of k for |k| > 2.

(2) They are smooth (i.e., at least C**1 if P,; elements are used) away from the
relevant edge or vertex j. _

(3) Near the edge or vertex j, they are equal to —grad,, Sj + wf, where w? €
Hfjv) (w;) for some s; > 1 large enough.

(4) They satisfy the suitable condition of the mode k on ,.

(5) They satisty the electric boundary condition on ~,.

The last two conditions imply that the regular and singular parts of the field satisfy
separately the relevant boundary conditions on Jw, so the latter can be treated as
essential for the regular part. Conditions 2 and 3 ensure, first, that the singularity
coefficients will be the same as in (5.6) and (5.7), and then, that the regular part
will not be “polluted” by terms not smooth enough to guarantee a good convergence
rate of the finite elements. Finally, the first condition appears mandatory in order
to keep the overall cost of the method at a reasonable level. There is, however, a
price to pay: one has to assume some extra regularity in 6 for the field.

We now construct such singular fields. Let S, = —(r/a.) grad, [pS° sin(ac¢e)]
and S, = —grad,, [pX° P,._(cos ¢.)]; their expression in the basis (e, eg, e,) reads:
, sin((ce — 1)de — ¢2)
(6.1) Se = ——aepde! 0 ;
e cos((ae = )¢ — ¢7)
Ve P,_(cos ¢.) sin ¢ + PI}C (cos @) cos ¢,
(6.2) S, =—p~t 0

—Ve Py, (cos @) cos ¢ + Py (cos dc) sin ¢
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These fields obviously satisfy Conditions 1 and 2. For the vertex singular field S,
Condition 4 for k = 0 follows from the properties of Legendre functions, and Con-
dition 3 is trivially satisfied since this field is exactly equal to —grad, S§ in w,
(where . = 1). As far as S, is concerned, its three components vanish on the axis
thanks to the factor (r/ae), hence Condition 4 is satisfied for all modes. Then, we
shall see below that S, +grad,, Sf is equal in w. to p2* g(¢.)+ higher-order terms,
cf. (6.9). This belongs to H' ™ (w,) = Hbj)o‘e (we), since the function g(¢.) and
the higher-order terms are smooth.

On the other hand, S. and S, do not satisfy Condition 5, except on the side(s)
of v, that touch the corner e or e¢. Therefore, we take the following

Definition 6.1. Let xg’e = —(r/a.) o, where o¢ is grad,, [p2° sm(aegbe)] minus
a lifting of its tangential trace on 3, which is smooth. Similarly, XS is defined as
S¢ minus a lifting of its tangential trace on ~;, which is smooth.

For the coherence of our notations, we set xg’ = XS for all k; but let us insist
that these fields are independent of k.

Lemma 6.2. For any field u € X (), its Fourier coefficient u* can be decomposed
as:

(6.3) k=0: uozu%JrZAg +Z)\O :

(6.4) |k| >1: —uR—i—Z)\ka ,

reg

where:  uf, € Xy W) x5° € Xgy(w), Vh;  xy° € Xgy(w);
xs’ + grad,, S; € Hbj)o‘e (We), xg’e is smooth elsewhere;

xg¢ = —grad, S5 in w., xg° is smooth elsewhere.

In order to use the decompositions (6.3) and (6.4) for numerical computations,
we have to check their stability in the various norms used for the fields. This is the
purpose of the next two Lemmas.

Lemma 6.3. The following bounds hold for all modes k and for 1 < s <1+ ag:

(6.5) %% 1%, k) ~ [1Sellx, k) S 1+ [kl
(6.6) |x%° + grad, Sk|\0,71 ~ S + grad,, Sgllo-1 S 1;
(6.7) |x%¢ + grad, Sglls.1 ~ ||Se + grad,, Sgllsq S 1+ [k[*%.

Proof. The estimate for S, in (6.5) follows from simple calculations, see (7.3)

and (7.4) below. As for Xg’e, we remark that, as the tangential trace of grad,, [p%° sin(aed.)]
on 7y, is smooth, there exists a continuous lifting in H*™!(w)3. Then, multiplying

by —(r/a.) we obtain a continuous lifting in H%"*(w)® N V1(w)3, whose norm is
independent of k. Thus:

(6.8) x5 = Sellsn + 15 = Sello-1 S 1, for1<s<2.

Note that neither xg’e nor S, belong to Hj(w)?3, but their difference does. Then,
using the equivalence of the norms || - [|x,x) and || - [|,(x) for regular fields, we get

the estimate for x n (6.5).
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We now establish the estimates for S in (6.6) and (6.7); once we have them, the
bounds for xg’e will follow thanks to (6.8). The calculations are quite tedious, so we
will only sketch them. The integrals defining the squared norms ||S. +grad,, Si||?
and [|S. +grad,, S;||§ _, are made of three contributions, corresponding to different
parts of the domain w.

(1) The region where the cutoff function 1. = 0. There, grad,, S; = 0, so the
result is independent of k.

(2) The region where 7, varies. In this part of the domain, p. > p > 0 and
7> 1 > 0, 50 the norm of grad, S¢ (which is smooth there) in any Sobolev
space is exponentially decreasing in |k|, and one can bound the contribution
by a constant.

(3) The region where 7. = 1, viz. w.. There, we have the following expres-
sion for grad, S} — for the sake of legibility, we generally drop the edge
subscript e:

asin((a — 1)¢ — ¢°) — |k| p sin(ag) cos(¢ + ¢°)
e~ Iklp po—t ikr=! p sin(ag)

o cos((@ — 1)¢ — ¢°) — k| p sin(ag) sin(6 + ¢°)
To compare the previous expression with (6.1), we keep in mind that r = a +
p cos(¢ + ¢°), and that the function ¢ defined as €(z) = (e® — 1)/x is smooth.
Thus, we arrive at the following form for wy, := S, 4 grad, S;:
(6.9) wi, = [k[e” "7 p% gy (¢) + k| (k| p) p* g2(9)

+ikr™t e P 0% gy (8) + 0% g4(0),
= w1+ w2+ w3 + Wy,

where all the functions g,(¢) are smooth and independent of k.

We begin by estimating the norm [[w§| 12 (s,)- As we are away from the axis,

it is bounded above and below by ||w§||2(w,). Actually, we calculate a LP norm
which will be needed below. The p-th power of the norm of w; is bounded as

/ kP P H e g% g ()P pdpdg

[lw1 ||I£p(we)

IN

—+oo
Ch.a / |k|pefp|k|pppa+1 dp
0
+oo g pa+1 dg
Gt [T (E)T s
: 0 |K| K|
The calculation goes the same for wy and w3 (as 7~ ! is bounded from above and
from below in w,); as for wy, its norm is independent of k. Hence the bounds:
Vp<2/(1—-0a), |wilrrw,y S5 lwillze2 @) = lwilleew,) S 1-

The bound (6.6) follows, given that the contributions of the other parts of the
domain are also bounded.

Then we proceed with the norm |wg|gs(w,.)- It is bounded above and be-
low by ||wf||fs(w,.); in turn, a Sobolev injection allows us to bound the latter
by lwillw2r(w.) = [[WEllLrw.) + [WElw2r(w,), With p =2/(3 —s). If s <1+ a,



24 PATRICK CIARLET, JR. AND SIMON LABRUNIE

then p < 2/(2 — a) < 2/(1 — ), and the LP(w,) norm is bounded by a constant.
To bound the W?2P(w,) semi-norm, we have to estimate the LP(w.) norms of

0w 1 0%w 1 Jw 1 ?w 1 0w

—’ _—7__, _—+__,

dp*>’ pdpdgp p* ¢’ p? 9¢*  p Ip
where w is any cylindrical component of any w;. It is easy to see that, for the
components of w1, these functions are linear combinations of terms of the form

k[2e™ %12 02 hy(g),  |k[ZeF1P po L ho(g),  |k|e™IF1P p2=2 hy(s),

where the h;(¢) are smooth and independent of k. Computing as above, we find
that all these terms have their norm bounded by |k[>~*~2/? = |k[*~®. A simi-
lar calculation can be done for wy and ws (as r~1 is smooth in w,, there holds
ws|lw2rw) < Ilke™*17 p* gs(d)|lw2r(w,)); while the norm of wy is once more
constant. Finally:

|willms ) S lwillwzrw,) S 1+ [k

This bound, together with the estimates on the contributions of the other parts of
the domain, leads to (6.7). O

Of course, a similar result holds for the sharp vertices at the mode 0.

Lemma 6.4. Assume that 1 < s < v2! + % The singular parts associated to the
sharp vertices satisfy:

(6.10)

g [1x,0) ~ ISellx,0) S 13 [Ixg” +grady Sglls. = [ISc + gradg S§lls.1 < 1.

As a consequence of the previous two Lemmas and the definition of the norm
I| - ||X,s7(k) we have:

Lemma 6.5. Assume that 1 < s < s,. The reqular and singular parts in (6.3)
and (6.4) satisfy, for all u € X(Q) or X*(£2):

o .
(6.11) luklx,0 < lulllx,0), 1N X Ix.0) < I1u’llx, 0
(6.12) lukllsn < ullx.s 0

for the mode k = 0, while for |k| > 1 there holds:

(6.13) luflix, o S (14 1K) e l1x, 00,

(6.14)  IIAExS xS (1+ 1K) ¥ x5

(6.15)  lufllsa S O+ R lufllxsm s Tuklo—1 S lullx.smw -

Above, we have set o* := max{a. < 1}. As a consequence, the series y_ uk, *? and

PR xg’e e'*? for any reentrant edge e, are convergent in X() for allu € H>X().

For the numerical implementation, one can also orthonormalise the basis (xg’j )j
and compute basis vectors (xlgi) j which are orthogonal to one another and to the
regular space XEZ% (w) with respect to the bilinear form ag(+, -) for |k| < 2. This is the
approach taken, at the discrete level, in §7. The adaptation to the magnetic bound-

ary condition is once more immediate, with S, = —(r/a.) grad,, [pS° cos(aco.)].
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6.2. The Clément operator. We briefly explain its construction, which follows
§84.3 and 4.4 of [8]. For each node a; in the principal lattice of the triangulation, one
selects a triangle T; which contains a;. Then, one introduces 7;, the L3-orthogonal
projection operator onto Py (7T;): for any w € Li(T;), mw € P, (T;) and

Vp € Pu( // w —mw)prdw = 0.

Let us begin with the case of regular fields. In order to enforce the various boundary
conditions for the different modes, one classifies the nodes into four categories:

(1) the interior nodes, which do not stand on dw;

(2) the nodes standing on the axis 7,, excluding the extremities;

(3) those on the sides of the physical boundary 73, excluding the corners;

(4) the corners, at the intersection of v, and 7, or of two sides of ;
one denotes Ky = {i : the node a; is of category ¢}, for £ =1, ..., 4. Notice that:
(i) the outgoing normal and tangent vectors v; and 7; are unambiguously defined
at each node of category 2 or 3, since the sides are straight; (ii) the regular fields
vanish at the nodes of category 4.

Definition 6.6. Let ¢; be the basis function associated with a;. The regularisation
operator ITj . : L3(w) — XEZ%W for the mode k£ and the boundary condition o
(0 = v is the electric b.c., ¢ = 7 is the magnetic b.c.) is the sum ITj, :=
IT}, + I}, + IT,°, where:

(6.16) ITju(x) := Z {miur(a;) e, + miug(a;) eg + muz(a;) e} pi(x);
1€,

(617) hou Z T Uy az e, 501( )5
1€

(6.18) IT; u(x):= Y  mus(a;)espi(x); IT; u(@):=0 for [k >2;
1€

(6.19) H;O’;”u(a:) = Z miuy(a;) vi i) ;
i€Ks

(6.20) IT> u(x) := Z {miur(a;) 7i + miva(ai) es} pi(x)
i€

This operator automatically satisfies the electric or magnetic boundary condition
on the physical boundary ~,, as well as the boundary condition for regular fields
of the mode k on the axis v,. As in [8] — and interpolating for the non-integral
values of s, which is possible thanks to Proposition 4.7 and Remark 4.3 of [2] —
one gets the following result.

Proposition 6.7. Let u € Hf, (w) N Xx)(w), for [k[ = 2. The following estimates
hold for s € [1,k + 1]:

(6.21) A7 Jlu— 7 ol |+ [lu— Il S 27 {lullsa + lullo-1},
(6'22) Hﬂg;kuuo,—l 5 |

By the definition (2.21), the above estimates imply, under the same assumptions:

(6.23) |lu— szuH ShPE2 A+ [P {ful2, e_1}-

1,(k)
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Thus, when the singular space is null, we get the approximation result (4.11)
with:

(6.24) X (W) := Hpy (@) N Xy (), €(s,h, k) = h*~" (14 [k]).

Now we proceed with the general case. Near a geometrical singularity 3 = e
or ¢, the numerical space X?k) is spanned by the finite elements plus the singular
field S;; away from it, the singular field is generally (according to the details of the
numerical method) represented by an interpolate, or a lifting of its trace. This is of
no importance, since S; is C*° there, so the approximation will be as good as the
finite elements allow. For instance, the Lagrange interpolation operator Z;, satisfies
the following bound for w € H3(w)3 N V1i(w)3 and s € [2,k + 1]:

Wt o = Tuwllo s + [lw = Znwl], , S 277" flol

s,1,

see Proposition 6.1 in [35] and Proposition 4.1 in [8]. Globally, X?k) can be thus
described as:

Xy = XEZ%W & (P spanx’", where:
g.s.

Xy e Xp(w), Xy =85 onwy, g = x xS BT (1 [RD).

Consequently, we can define a modified operator HZ; 5 Ol X(k) (w) as follows:
(6:25) T, w=up+) A\ixg’ — Hiun+) Ajxg™.
8.8 g.s.

Combining Lemma 6.5 with the estimate (6.23) for regular fields, one immediately
obtains:

Proposition 6.8. The operator Iy, . satisfies the following bound, for any k and
u € Xy, (w):

(o8 2 S§— S
(6.26) |w — Hh;k“HX7(k) SPZ T2 (1 [RP) [Jull% o -

Hence the general form of the approximation result (4.11):
(6.27) X?y) (@) as in Definition 5.2, €(s, h, k) = h*~" (1 + [k[*).

6.3. Error estimates for the FUNFEM and FSCM. We recall that the ap-
proximate numerical solution is reconstructed by the formula:

N
Nlin Nln 1 kin kin i
B PN 00.2) = = 3B B ()l
k=—N

where (E:") , Tesp. (El,?", P;f;") is the solution to the fully discrete mode-wise
n n

augmented (resp. mixed augmented) formulation.

Theorem 6.9. Assume that E € H?(—6,T; X% (Q)) N H3(H*°(Q)) and J €
H?(=4,T;H%?(Q)), where o > %, s € (1,s4) and q is defined according to the
numerical method, in the following way:

UNFEM | SCM
Non-mixed 1 s
Mixed 2 1+s
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To obtain the result of the EC scheme (6.30) below, assume moreover that E €
HA(—6,T;H%°(Q)) and J € H3(—5,T; H*?(Q)). Then we have the error estimates
on the reconstructed solutions:

(6.28) [0~ B — B"|3 4+ | BY — Bk < My (B2 472+ N7,
(6.29) TI scheme: || ENM™ — B2 < My (h**72 4+ 7% + N~%),
(6.30) EC scheme: |EN™ — E™||2 < My (W22 4 74+ N29),

The constants M; depend on the norms of E and J in the aforementioned spaces.
When the explicit scheme is used, the estimates are valid under a CFL condition
strongly dependent on the number of Fourier modes used (cf. Proposition 4.1).

Remark 6.10. Provided that the data J(t) and o(t) are smooth enough, we recall
(see §5.2) that E(t) belongs automatically to X*(Q2), for 1 < s < s,.

Proof. Adding the estimates (4.12) or (4.23) from k = —N to N, with the values
of €(s, h, k) given by (6.24) or (6.27), we obtain:

Nl;n [ [N];n N]n n
|0, B} 13+ 1B — BN < My (B, J) =
22 Z (1+ [k P*9) | B |12 X2, (@) + 72 1B s e + ”JLN]”%{?(L?(Q))} :

Using Proposition 3.5, we bound:
My(B,J) S5 B2 1BV s ey + N2 Bl xentoay
2 ™ gy + N2 1T W qeao ) |
g |:HE[N]||%13(L2(Q)) + N7 HE”?{?»(HM(Q))} :

Then we use the triangle inequality: ||E£LN];" — E"% < ||E£LN];" — ENEmMZ 4
|ENEn_ N2 4| EWNVEm— E™||%, and similarly for the L? norm of the derivative.
The last two errors are bounded by Propositions 3.3 and 3.6; hence (6.28). The
bounds (6.29) and (6.30) are obtained in the same manner. O

Remark 6.11. Combining the arguments of Propositions 3.4 and 5.5, we see that
the hypotheses:

W € H (=6, T H o (Q)), B € H* (0, T; O (Q)), o € H2(—6,T: H 17 (Q)),

together imply E € H?(—4,T;X*977(Q)). The second condition clearly implies
E € H*(-6,T;H%?(Q2)). In the augmented formulation, the three conditions
are satisfied if e.g. J € H*(—4,T;H*97(Q)) and o € H?(0,T; H-77(Q)) N
H5(0,T; H-%%(Q2)). In the mixed augmented formulation, it is enough to have

J € HY(—6, T H 47 (Q)) and g € H2(0,T; H“+o () N HY(0,T; H~14+7 ().

Remark 6.12. If the Fourier coefficients o*, J* are exactly known, it is sufficient to
assume E € H?(—6,T;X*(Q))NC%0,T; X% (Q))NC0,T;H*(Q)) (for o > 0)
and J € H?(—4,T;L?(2)). To have (6.30), assume moreover E € H*(—§, T; L?(2))
and J € H3(—4,T;L?*(Q)).
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7. PRACTICAL IMPLEMENTATION

A practical implementation of the SCM in the case where the data are axisym-
metric was exposed in [4]. In the case of general data, the method can be applied
to the equations of the mode 0. Let us recall the principle of the SCM [5]: the
basis of the singular space Xs ©0) &l ig computed, once and for all, as a first part of
the algonthm before solvmg the Maxwell evolution problem in the suitable space

(0) = XES*;;’ D Xig}g’ These various versions of the SCM also take advantage of
the following specific points:

e At the mode 0, the Maxwell equations decouple into problems involving the
meridian (r, z) and azimuthal (6) components, which are orthogonal, both
in L?(w) and X()(w). Moreover, the azimuthal components are regular
and are not affected by the divergence constraint.

e The singular space is spanned by suitably chosen fields: e.g. the gradients of
singular functions of the Laplacian, or fields orthogonal to the regular space;
this yields simple expressions of the various terms coupling the regular and
singular parts in the variational formulations.

We now present an extension of this approach to the modes k # 0. The principle
P

consists in choosing an orthogonal complement (thus X?k) = XEZ%’}L @ Xan)g’h) for

the modes |k| < 2, while the modes £2 serve as the “fundamental modes” for the

higher modes |k| > 2, thanks to the stabilisation of spaces for these modes (see
Proposition 2.9). This is the method used in [22] for the Poisson problem.

Thus, at the continuous level, the practical decomposition of the solution to
Maxwell’s equations is chosen as at the end of §6.1:

n kin L(k n T
(7.1) EFn = Bl +Zn xg 7, where:  ENp € X[5(w),
(k) =k for |k| S 1, £L(k) = 2sign(k) for |k| > 2,
je{ec}tfork=0, je{e}for|kl>1;

moreover, the basis (x" S J_) is orthonormal, and orthogonal to the regular space X( " S(w) =

XEZ(gk))( w) with respect to the form ay) (-, ).

7.1. Computation of a basis of the singular space X?};g " for |k| < 2. At
the discrete level, we define the counterparts of the various terms in (7.1):

kin _ pkn kin é(k),, . kin reg;
(7.2) Ey" = Epn, —I—ZHJ wxg T, where: B, € X(E"

and the numerical singular fields xlc Zh (k| < 2) are computed as follows. In the
first step, one defines the fields
k,jih

x = 8 + %5 such that x5 € Xy (w) and x§7" L, Xzzg) ,
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i.e. the non-principal part X¥7" of the field belongs to the finite element space and
satisfies the appropriate variational formulation and boundary conditions, namely:

ak( k.jih wh) = 7ak(Sj,wh)
= —(curly S; | curly wy) — (divg S; | divg wy), Vwy, € Xzzg)’ ;
KFIh wp = —S; xnon-, for|kl <2;
%09h e, =0 and X" .ep=0 on .,
iilaj;h . e — 0 and Xﬂ:l,],h -e, = 0 on Ya ﬁiQ’j;h = 0 on Ya-
Above, we have curly S. = 0 and divg S, = —Ag[p”* P, (cos ¢.)] = 0, while for the
edge singularity:
. 20, Qe—1 s 0
(73) lek Se = ——pPe° sm((ae - 1)¢6 - d)e) ;
Qe
. poe-1 —ik cos((ae — 1) — @Y)
(7.4) curly S, = ZPe | cos((ae — D)oo — oY)
e ik sin((ae — 1)¢e — ¢?)

These fields belong to L?(w); the corresponding integrals should be computed by an
appropriate quadrature formula in the neighbourhood of the corner e; elsewhere,
the usual mass matrix can be used, cf. [4, §4.4].

At the end of this step, the singular complement X?kn)g’ is defined as the space

generated by the (xg’j "y j, for |k| <2 and j in the relevant set of singularities. The

stabilisation of spaces then allows to set X?}Sg X?;r;g " for |k| > 2; notice that

xeinsih — xsingih a¢ we shall see below. Thus, the total space X?k) is spanned by

(=2)
the usual nodal finite elements plus (S.)e, for all k, and also plus (S.)., for k = 0:
we are in the framework of §6, which validates the error estimates.

The second step consists in orthormalising the basis of X?Z;g;h, i.e. one determines
the fields

k,7;h k,],h klh k,i;h kgihy _ ¢ .
Xs1 E st ar(Xg " xg1) = i,

for |[k| < 2and 4, j in the relevant set of singularities. This involves the computation
of the scalar products

ap (x5, XG) = ap (R REE) 4 ag (S, R + (RPN, S;) + aw(S;,S0);

the first term is computed by the stiffness matrix, while the other three need the
same treatment near the corners as above. Then the orthonormalisation itself is
performed by the usual Schmidt or Arnoldi procedure.

7.2. Solution of the evolution problem. The solution of the mixed augmented
evolution problem at the mode 0 follows the principle of [4, §4.3], except that we
are now using orthogonal complements. As said above, the azimuthal component
of EY is regular; it is solution of a wave-like equation which can be easily solved
by nodal finite elements [4, §2.3]. We now expose the solution of the meridian
problem. Notice that the orthogonalisation procedure only modifies the meridian

h . 1.
components, so the Xs’j_’ are meridian.
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We use the following notations: u = u, e, + u, e, is the meridian component
of u; the scalar curl (or rotational) and divergence operators of meridian fields are:

rotu := dyu, — dyu,, div'u:=0,(ru,) + 0,u.,
and the bilinear forms ag and by reduce to
ao(u,v) = (rotu | rotv) + (div'u | div'v), bo(u,p) = (div'u | p).

Now, we are able to inject the splitting (7.2) (restricted to the meridian components)
into the suitable variational formulation. As an example, we show the totally
implicit, mixed augmented formulation (4.8,4.10), with the time index n+ 1 shifted
to n. The explicit centred version (4.9,4.10) is an evident adaptation; while the non-

mixed formulations are simpler. Taking successively as test functions F, € XES%’

and XOZ " in (4.8), and then ¢, € Qp in (4.10), we arrive at the coupled mixed
problem
Find (E?eg o PO;") € Xigf;h X Qn and ?%" = (HS,Z)] € RNe+Ne (3) such that, for

all (Fh,l,qh) XES? X {e,c} X Qn:

(75) 02 (B, | ) + Y 02605 (X307 | Fu) +ao (EL, F)
+ b0 (Fu, PU™) = = (9397 | Fy) + (07 | div'Fy)
(76) 07 (B | xe1") + Do aRmli (od" 161" ) + it
+ bg (ng_h,P,?m) = (6 Jon | XO G h) + (92%" | div'xgih) ,

(1) b (B an) + D 0o (x4T" @) = (o2 | an)

The summation runs on all singularities j € {e, ¢}. The numerical solution of this
problem follows the principle of [4, §4.3].

The method for the modes k = 41 is similar, as the singular fields are adapted to
these modes. The differences are: the meridian and azimuthal components cannot
be decoupled, as they are not orthogonal for the form ayi(-,-), and the boundary
condition on the axis v, mixes them. Instead, one has to use the basis (e;,e_,e.),
as remarked above. Moreover, there are no singularities at the sharp vertices. Thus,
we arrive at the following formulation:

Find (Efegh,Pk ™ e XE% x Qp and E’Z;" = (HSZ) € RNe such that, for all

(Fni,qn) € X(5" x {e} x Qn-
(7.8) o7 (Efegh | Fh) +> 0%k (Xgih | Fh) + ay (Ere’ghth)
b (Fa, PET) = = (0057 | ) + (057 | divic F),
(7.9) 02 (Bl | x5") + > 02ubin (xboh |6 ) + wly
+ by (xgih,Pf;") = (8 Jk" | Xk G h) + (Qlj;" | divg, xgih) ,

(7.10) by (Efegh,qh) + > wE b (x’gjh,qh) = (0" | qn) -

3N, and N are the numbers of reentrant edges and sharp vertices.
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This time, the summation runs on the reentrant edges e.
We now examine the cases of the modes |k| > 2. First, we show that the
meridian and azimuthal components are orthogonal w.r.t. the form ag(:,-). Let
u, v be vector fields in the space

H ;) (curly, , divy ;w) == {w € L? | () : curl, w € L}(w) and divy w € Li(w)} .

A simple integration by parts shows

(711)  ap(u,v) = ap(u,v) + k2 (E X)
rlor
+ (curl’ ug | curl’ ’Ug) + k2 (@ ‘ %) + ik B(u,v)
r |l
= ag(u,v) + ap(ug,ve) + ik B(u, v),
where the operator curl’ is defined as curl’ w := —d,we, + 0,(r w) e,. Thanks to

the absence of singularities at the sharp vertices, the fields in X (w) are of H%k)

regularity near the axis, and thus automatically belong to € L?(w). (The same
holds for the magnetic boundary condition.) The boundary term B(u,v) is equal
to

B(u,v):/ {(u-n)Typ —ug (v-n)}dy,

so it vanishes when u An = v An =0 (and likewise when u-n =v-n =0). As
far as the form by, is concerned, there holds:

bi(u,p) = bo(u,p) +ik (% | ).

Unlike the mode 0, the divergence constraint mixes the meridian and azimuthal
components. Fully decoupling these components is therefore possible in the non-
mixed formulations (4.3) or (4.4) only.

The formula (7.11) has several consequences. First, ar = a_y, so the orthogonal-
isation procedure of §7.1 gives xgi’e;h = x?g’fh. Moreover, given that the azimuthal
component of S, is zero, and the azimuthal component of any field in X (w) is
regular (recall the proof of Proposition 2.9), the orthogonalisation procedure only
modifies the meridian components of S., and the X2S’j;h are meridian. Finally, there

holds:
(7.12)  ap(u,v) = as(u, v) + (> — 4) (% ] ;) = ax(u,v) + (k2 — 4) [u | v]_1.
reg;h

If we take successively as test functions F'j, € X(k) and xg’j_;h in (4.8), and take

account of the orthogonality of the basis (x?gjh) for the form ao, we arrive at the
€

coupled mixed problem:

Find (Efég_h,P,]:m) S XEZ%;h X Qn and E’Z*” = (nfg) € RYe such that, for all
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(Fn,i,qn) € X5" x {e} x Qn-

(7.13) o7 (Efegh | Fh) +) O (X?sih | Fh) +ay, (Ere’ghth)

—a) Sk [ 265h | Fh} + by (Fh,Ph*”)

S (aTJ’j?" | Fh) + (b | divy Fy)

(1) o2 (Ereg W GT) + Do 02t (" 1) 4wl

DS e ] ()

(0 1) « ()

(7.15) by (Ef,;g;h,%) + Z:‘ie 7 b (XSJ_ ,Qh) = (& | an) -

The summation runs on the reentrant edges e.

From a numerical point of view, notice that the various terms in (7.5-7.7), (7.8
7.10), and (7.13-7.15) involving the xs’j_’h correspond to integrals with singular
integrands near the geometrical singularities; similarly, the integrals defining the
forms ag(-,-) and [ | -]—1 need special care near the axis v,. See [4, §4.4] for an
efficient implementation.

7.3. Miscellaneous. Let us now explain briefly the decoupling of meridian and
azimuthal components in the non mixed formulation.

The meridian component E ’"h is solution to a problem similar to (7.13-7.14),
without the by and by terms, and with div’ instead of divy .

As for the azimuthal component, we recall that it is regular. Indeed, at the

< <
continuous level, E¥ := E¥ belongs to H(k)( w)N H}(w) = VH(w) N Hi(w), and is
solution to (cf. (2.27)):

o . k <&
(7.16) <Ek,F>+ak(Ek,F) _ (Jk | F)+ik: (97 ’ F> ., VF e Viw)nH (w).
This is a wave-like equation whose strong form reads:

O2EY — AyE* + (k2/r?) E* = —0,J" + (ik/r) o ;

its numerical solution by nodal finite elements is no difficulty. The azimuthal com-
ponents of fields in X(k) belong to

VI = {wh e C%w)?: vpr € Pe(T), VT € Ty, and vp g, = O} .
Taking an azimuthal test function in (4.3), we arrive at the following formulation:

kin
02 (E,’f*” | Fh) +an(Ef" By = — (0,057 | ) +ik (Q’;

) VF, € VI

Finally, we show that the overall cost of the method can be slightly reduced, as

in [21, 22], by setting Iilec;: := 0 for |k| large enough, i.e., setting E'Z;" = Efegh,



FOURIER SINGULAR COMPLEMENT METHOD FOR MAXWELL 33

where E” ég 5 18 the solution to the mixed augmented problem:

Find (Eyiy,, Pr™) € XG5 x Qn such that, for all (Fy,qp) € XG5 x Qn:

(7.17) o2 ( kn | Fh) +ap (Efe*g;h,Fh) + by (Fh,p,’;m)
(9T | Fn) + (o | divic ).

(7.18) by (Erégh, )=(e,’?"|qh),

or of the similar EC or non-mixed versions.

To see that this can be done without deteriorating the convergence rate, we
remark that |I€§Z| < |)\]eC where A7 i, is the singularity coefficient of E}" defined
as in (5.7). Then, using (5.9) and (7.12) we bound:

kin kn
”E 7Ereg hHX,(k) 5 Z’

Qe — kin 2,e;h
S IR B ey [1+ (2 — ) IR
B2 B o

I 13
X, (k)

A

where a* = max.{a. < 1} (the maximum runs over reentrant edges). The squared
error of the SCM is controlled by h?$~2|k|??, where ¢ = s in the non-mixed case
and ¢ = 1+ s in the mixed case, if one recalls the required regularity of the electric
field in Theorem 6.9. Thus, one can neglect the Singular part provided that

|k|a* <ShHEY de k| >CohT , for some constant C,.

As a* < 1, we see that the exponent of h is always less than 1 in absolute value.
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