N
N

N

HAL

open science

Estimation of second order parameters using
probability-weighted moments

Julien Worms, Rym Worms

» To cite this version:

Julien Worms, Rym Worms. Estimation of second order parameters using probability-weighted
moments. ESAIM: Probability and Statistics, 2012, 16, pp.97-113. 10.1051/ps/2010017 .

00365305v2

HAL Id: hal-00365305
https://hal.science/hal-00365305v2
Submitted on 9 Mar 2009

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

hal-


https://hal.science/hal-00365305v2
https://hal.archives-ouvertes.fr

Estimation of second order parameters using Probability Weighted Moments

Julien Worms

Université de Versailles Saint-Quentin, Laboratoire de Mathématiques de Versailles (CNRS UMR, 8100)
UFR de Sciences, Bat. Fermat, 45 av. des Etats-Unis, 78035 Versailles Cedex
e-mail : worms@math.uvsq.fr

Rym Worms

Université Paris 12 Val de Marne, Laboratoire d’Analyse et de Mathématiques Appliquées (CNRS UMR 8050)
61 av. du G! de Gaulle, 94010 Créteil cedex

e-mail : rym.wormsQuniv-parisi2.fr

Version : March 9th, 2009

Abstract The P.O.T. method (Peaks Over Threshold) consists in using the generalized Pareto distribution
(GPD) as an approximation for the distribution of excesses over a high threshold. In this work,
we use a refinement of this approximation in order to estimate second order parameters of the
model using the method of probability-weighted moments (PWM): in particular, this leads to the
introduction of a new estimator for the second order parameter p, which will be compared to other
recent estimators through some simulations. Asymptotic normality results are also proved. Our
new estimator of p looks especially competitive when |p| is small.
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1 Introduction

In statistical extreme value theory, on is often interested by the estimation of the far tail of a distribution.
The quality of this estimation especially depends on knowledge about the so-called tail index v = v(F') of
the underlying model F', which is the shape parameter of the Generalized Pareto Distribution (GPD) with
distribution function (d.f.)

1
1—(1—|—%) T fory#0
1—exp(—§), for v = 0.

The GPD appears as the limiting d.f. of excesses over a high threshold u defined for x > 0 by

Gw,(x) =

Fu(z) =P(X —u<z|X >u), where X has d.f. F.

It was established in Pickands’ and Balkema and de Haan’s results (see [17] and [1]) that F is in the domain
of attraction of an extreme value distribution with shape parameter v if and only if

lim sup Fu(z) = G oeuy(z)| =0
u—si(F) g<a<sy (F)—u
for some positive scaling function o(u) depending on w, where sy (F) = sup{z : F(z) < 1}. Since the far
tail of the unknown underlying distribution F' is closely tied to the d.f. of excesses over a high threshold,
accurate modelisation of the distribution of excesses is an important topic.

In what follows, we suppose that F is twice differentiable and that its inverse F~! exists. Let V and A4
be the two functions defined by
1 _ V"(Int)

Vit)=F (e7%) and A(t) = Viint) 7.



We suppose the following first and second order conditions hold (RV), below stands for the set of regularly
varying functions with coefficient of variation p) :

A is of constant sign at oo and there exists p <0 such that |[A| € RV, (1.2)

Under these assumptions, it is proved in [18] that if (u,) is a sequence of thresholds such that w, — si(F)
as n— 00, then we have the following development

Fu, (02y) = Go(y) = anDyp(y) + o(az), asn — +oo, (1.3)
for all y, where G (y) :==1— G, 1(y),

oni=0(u) =V' (V  (un)), an=A (evfl(“")) ,

CO,p(y), 1f’y = Oa

and

Cyply) =" WL () and I, ,(y / / o dsdu.

The idea of the present work is that, according to the result (1.3), G o (u)(2) + an D~ ,(x/0(u)) is a better

approximation of F,(z) than GAY #(u)(x) alone : this is the starting point of our method for the estimation
of the second order parameters a,, and p.

The estimation of p is of great importance (for instance for the determination of the optimal sample fraction
needed in the estimation of the tail index or of high quantiles) and has been studied by several authors during
the last 15 years. Many of the existing estimators of p are based on functionals of the moment statistics
M(J)(k ) = ky ! Zz T Xy i1 — In Xk, )’ , where X, denotes the ith ascending order statistic
associated to a sample (X1,...,X,,) of d.f. F, and k,, is the number of excesses retained for the estimation
(where k,— oo but slower than n). We can cite those introduced in [14], [7], [16], [12], [10], [8] and [3].

The estimation of a,, can also be very useful. For instance, if we consider the estimation of the tail index ~
by the PWM estimator, it was proved in [5] that the main component of the bias of this estimator is of order
a,. An estimation of the latter parameter could thus be used to reduce this bias. Moreover, it was proved in
[21] that, in the case p = 0, the GPD G4, 0. is a better approximation of the distribution of the excesses
F, than G, ; this is called the penultimate approximation, and the estimation of a,, is important in this
framework.

In this work, we use the probability-weighted moments (PWM) techniques introduced by Hosking and Wallis
in [15] to estimate the second order parameters p and a,, as well as the scale parameter o,,. The proposed
estimators are based on an “external” estimation of v : a similar procedure was undertaken in [8], as well
as in [13] but in the reverse way (i.e. the estimator of v was based on an external estimator of p).

Under conditions (1.1) and (1.2), it is known (see [18]) that

V(ito)-V(@) wa VS ds

0]
Vr € R, l}g-noo e =1, ,(x).

(1.4)

In order to achieve asymptotic normality results, we will need the following third order condition which
specifies the rate of convergence in (1.4) :

Vo)V [® s g

0] _ _ o
Vo € R Emoo B( ) A(et) I’YEP(:E) R%Pﬂ(e )’ (1'5)

R, ,5(e /675/ e”z/ PVdydzds

and the function B tends to 0 and is of constant sign at co and |B| € RV3, for some § < 0. This condition
has been introduced in [8] and studied in more details in [9].

where



Remark 1 We can choose, in our regular case, B(t) := - aw P (F should then be three times differen-
tiable).

In Section 2, we introduce the new model based on (1.3) and the associated probability-weighted moments
and establish the asymptotic normality of their estimators. In Section 3, we present our estimators for p,
an and o, and establish their asymptotic normality, first when + is supposed to be known and then for the
unknown -y case. Section 4 contains some simulations illustrating the behaviour of our new estimator of p,
by comparison to two other recent estimators.

2 Estimators for the Probability-Weighted Moments

2.1 Definition of the Probability-Weighted Moments

In [15], Hosking and Wallis introduced the PWM method in order to define estimators of v and o, based
on a sample with d.f. supposed to be an exact GPD. These estimators were obtained through a substitution
method based on the following quantities, the probability-weighted moments

v; =E(XG, (X))

Y:0n

where j € {0,1} and X has d.f. G, ,. The results were generalized in [5] to the case where the sample was
only supposed to be in the domain of attraction of a GPD.

In this work, more parameters are considered, and we note 6,, = (v, 0n, an, p). According to the asymptotic
result (1.3), we define our extended model by the distribution function

n

Bg, () = Gy 0, () —anD~,p (£> , for all x,
o
and consider the corresponding first three PWM as follows, where X has d.f. By,
¥; = E(X B, (X)), for j € {0,1,2}.

It is easy to see that
t~ (1-B i+l
0 J+1
Note that for all the PWM and their estimators, the subscript n is ommited in order to simplify the notations.
The following lemmas provide expressions of these PWM as functions of the parameters.
Lemma 1 For j€{0,1,2}, p<0and —-1<~vy<1,

On

G+DE+1=7)
+oo x

170 =1+ an / D'y7p <_) dx .= Vo,
0 On

Foo .
vt [ G Dy () et olan) = vy + ofan).

n

vy =

Lemma 2

and, for j € {1,2},

Lemma 3 For j € {0,1,2}, p <0 and —1 <y < 1, we have 0; = vj + o(ay) where

On Apn O, . . .
v = . + and u; =G+ +1-y)G+1—-v—p).
J (]+1)(]+1—’7) u; J ( )( )( )

In the sequel, we will use the quantities vg, v1,ve (rather than @y, 91, 02) in order to estimate p, a,, o, by a
classical substitution method, relying on Lemma 3 above which gives the relations between the two triplets
of parameters. The proof of lemmas 2 and 3 are given in Appendices 5.1 and 5.2 respectively. That of
Lemma 1 can be found in [5] for j = 0,1 : the case j = 2 is similar.



2.2 Asymptotic behaviour of the estimators of the Probability-Weighted Mo-
ments

Let (X1,...,X,) be n iid. random variables with distribution function F', and Xi.,,..., X,., denote the
corresponding order statistics. For a given thresold u,, we introduce Y1 n,,,..., YN, N, the N, excesses over
Uy, in ascending order, i.e.

n
YjN, = Xn-Nytjin — un where Np =377 Ix,;5u,.

According to (1.3), the distribution By, is then likely to be a good approximation for the distribution F,
of Yin,,---,Yn, n,. This method is of the Peak-Over-Threshold (POT) type.

Remark 2 Note that N, is binomial distributed with mean n(1 — F(u,)) which will be chosen as going to
infinity : consequently, N,,— oo and N,,/(n(1 — F(u,)) — 1 in probability as n— oc.

Definition 1 For j € {0,1,2}, define the estimator of v; by

T (1 - Apa gt
V; ::/ ( 2(2)) dzx,
0 J +1

where,
1 Ny
An u = AT Iy, x}:
un (T) = 57 ; {(vi<a}

n .

It follows that, conditionnally on N,, = ky,
N, . +1 NS
1 i—1Y)’ i\’
0 = —— 1-— —1—-— Yik,-
Y .7 +1 i=1 <( k" > < kn) ) e

Theorem 1 Under assumptions (1.1), (1.2) and (1.5), with —1 < v < 1/2, and if

Let b, = B(eV ().

lim n (1 — F(U,n)) apb, = /\1, A\ € R, (21)
lim /n(1—F(u,)) a2 = Mg, Mg €R, (2.2)
lim v/n(1— F(uy)) a, = oo, (2.3)

we have, for almost all sequences k,, — +o00, conditionally on N, =k,

Vo Vo
0w On
\/E ﬂ - ﬂ i)'/\[()\1C‘a F) )
On On
i}\g V2
on  On
where
(T=29)(1=y)*)~" (=M1 =mE-27)" (B=-N0-7NEB-2y)""
F=|[ (2-70-y2-2y)" (B=2m2-7*)"" (2=MB=7E-2y)"" (2.4)
(B=71=7B=27)" (2-NB-mMNH@E-29)"" (G=2mB-7"""
and
cgm,ﬁ ; 1
C=| G | wherec  ,=(+DE+1=-NG+1=7=p)i+1=7=p=F)""
0,8



Proof of Theorem 1
Note that

[l

An,un Fun + Qg © Fun;

1
Vkn
where «y, is the uniform empirical process based on k,, i.i.d. random variables uniformly distributed on
[0,1].

We have, for j € {0,1,2},

Y oY% _ Y% _ Y _On
On On On On Uy
1 1 2 1 3 Qn

where,
1 L[ 1 i
Tik, = — [(Fu, (00y)) "' = (Gy ()] dy
J+1Jo
+oo )
T, = [ oo P o) (B (o) dy

— J
i, 0 Fu, [} (009):3 [P, (0ny) = e, o o ()| dtdy it j € {1,2)
if j = 0.

—+oo
T]?: kn / /

This is indeed straightforward for j = 0, whereas for j € {1,2} we use a Taylor expansion, as in the proof of
Theorem 1 in [4] (page 850), with power functions instead of their general weight functions, which have to
be null at zero !.

The following lemma concerns the terms Tj{ k, and will be proved in Appendix 5.3.
Lemma 4 Under the assumptions of Theorem 1,

an
T}y, — W czY p.30nbn + 0(anbn).

T?, has been studied in [5]. The other terms T2 and T , for 7 € {1,2}, have been treated in
0,kn, ky skn

(see pages 851-853), in a more general framework. The results are stated in the following lemma and the

proofs remains valid under our slightly different assumptions (where the role of the condition kpa, — A is

replaced here by vk,a2 — ).

Lemma 5 Under the assumptions® of Theorem 1, as n— oo,
P a (! ;
T}, — 0 and T}, —— / t T YIB(t) dt,
0
where B is a Brownian Bridge on [0,1]. Moreover, the vector of coordinates fol t=Y"1IB(t) dt with j €

{0,1,2} has a multivariate normal distribution with mean 0 and covariance matriz T' defined by (2.4).

We deduce from these lemmas that

V kn <v_j - v_j) i C,jy’pﬁ V kn anbn + qu + OIP’(l)v

On On

where, using [19] (p. 18), the vector of coordinates ZJ (for j € {0,1,2}) converges in distribution to N (0,T).
The statement of Theorem 1 follows by the assumption vk, anb, — A1.

Remark 3 The third order condition is not used to prove Lemma 5. This implies that the consistance of
the vector of coordinates 9;/0, could be obtained under weaker assumptions.

Lthis fact exludes the case j=0, where the weight function is identically equal to 1, from their study.
2The restriction v < % comes from the study of TO2 &



3 Asymptotic normality of the PWM estimators of the parame-
ters

3.1 Asymptotic normality for known ~
From now on we will use the following notations :
Vn = (UO) U1, UQ)t ) Vn - (60) 61762)1&

The expressions of the probability weighted-moments as functions of the parameters p, a,, o, are stated in
Lemma 3. Elementary calculus leads to the following equations (recall that u; = (j+1)(j+1—7)(j+1—v—p)
for j € {0,1,2}) :
P = (bl,'y(vn) y An = ¢2,'V(Vn) y On = ¢3,’7(Vn)

where

. (1—9)%z—4(2—7)%y+3(3—7)%2

Oy (@9:2) = SESaa et s

: 2((Q=7)z=22—y)y) ((1=y)xz—3(3=7)2) (2(2=7)y—3(3—7)2)

I o B e o ) R 1 ) ] (1 e (e o ey ) e ey (R P e oY

: 6(3=7)2[(1-7)2=2(2=7)y]~2(2=7)y[(1=7)s=3(3=1)2]
Gaq 0 (@y,2) = B (e T (e = e :

First assuming that the first order parameter « is known (the case v unknown will be handled in the next
section), we can then define our estimators of the parameters p, a,, and o, as :

Py 614(V2) Py 614(V/on)
d’n,’y = ¢2,'y(‘{n) hence dn,'y = ¢27'y(‘{n/0n)
6":7 ¢3,’y(Vn) &n,'y/o—n ¢3,7(Vn/0n)

Proving the asymptotic normality of these estimators by the delta-method (see [20] for instance) would be
straightforward if the functions ¢; , were well-defined at the limit

v:= lim Vn = ((1 -Nhe22-9)" 66 - 7))71)]‘/ :

n—o0o 0y,

However this is not the case here, and the proof needs more care than it seems at first glance.

Proposition 1 Suppose that —1 < v < 1/2 is known, and assumptions (1.1), (1.2), (1.5), (2.1)-(2.3) hold.
Then for almost all sequences k, — +00, we have, conditionally on N, =k, :

Vinan(py —p) -5 N(MVLH,C,VH,TH,V;) (3.1)
VEnan (C‘;—W - 1) 4 N(MVLH,C,VLH TH,Vs) (3.2)
Vkn (? - 1) 4 N(MVLH,C,VLH,TH,Vs) (3.3)

where V1,Va,Vs and H,, are defined in the proof of this proposition, and A1 in (2.1).

Proof of Proposition 1
Let H. denote the matrix
1—7 0 0
H, = 0 2(2—-7) 0
0 0 3(3—7)

and let us define the following functions
(1-97)r—-22—-7)y+B—-1)z
r—2y+z
2(z —y)(x = 2)(y — 2)
(z =2y +2)(22(z —y) —y(z — 2))
22(x —y) —y(z — 2)
r—2y+z

1/11,72 (x,y,z) =

d}? : ({E, Y, Z)

1/13 : ({E, Y, Z)



If U denotes the subset of R on which 15 is defined, we have ¢ ~(u) = ¢1 (Hyu), ¢ (u) = 1h2(Hyu) and
b3~ (u) = Y3(Hyu), for every u = (z,y,2)" € U.

The proof of the proposition relies on the introduction of the following modified probability-weighted mo-
ments R .
V) = Vafon —v and V' = Vafon—v _ (i, i, i)
Qn Qn Up U1 U2

(where the u; are defined in the statement of Lemma 3). If we note e = (1,1,1)*, then for every u € U we
have

Yio(ute) =Yy (u) , da(ute) = da(u)(1+ da(u)/dy(w) ™, W3(ute) = vs(u) +1, (3-4)
where dy (z,y,2) =z — 2y + 2, da(2,y,2) = 22(z —y) —y(z — 2) and

ot ) - o=~ e

Defining

V= HV = (1—y=p) ", 2=7=-p)"",B=7-p") (3.5)
and noticing that H,v = e, do(V") = 0 and d; (V") # 0, it is now easy to prove the following identities using
(34):

\/Ean(ﬁ'y - p) = \/Ean(ﬁbl,'y(vn/an) - V /Un \/_an wl AI) - ¢1,'7(VN))(3-6)

\/k—nan (dnw/an -1) = \/E(ﬁtlw(‘?n/o'n) - ¢2,’7(Vn/‘7n)) = \/_an ¢2 ‘7 7; (VN)) + Rf3.7)
Vn Gnn/on=1) = VEn(63,(Vi)on) = 035 (Va/00)) = VEnan($s(H, V) —05(V"))  (3.8)

where
Ry = V/Enanths (V) (14 anda (L V) /s (V) 7 = 1)) (3.9)

The point is that the functions 1 -, 12 and 13 and their derivatives are well-defined at V" defined by (3.5)
(it was not the case for the functions ¢;  at the limit v =1im V,,/0,,). The delta-method can thus be called
upon to obtain relations (3.1) and (3.3) by combining equations (3.6) and (3.8), Theorem 1 and the following
equality

Vknan(H, V-V = (\/E(‘?n/on_vn/an))

p(l—~—p)/2 (1—~—=p)?/2
Vi=V (V) =| -p2—7-0p) and V3 =Vi(V")=| -2-v-p)?> |.
pB—~—p)/2 (B—v—p)?/2

p=1-7=p)2=7=p)B—7—p)
We can deal with the case of @y, , similarly : with V, defined by

where

(L=9=p)(=5+77+7p—2(7+p)*)
2-7—p)d—4y—4p+(v+p)?)
B=7=p(=94+97+9—2(v+p)?)

Vo = Vih(V") =

= DN~

relation (3.2) will follow from (3.7) by the delta-method, provided R, (defined in (3.9)) converges to 0 in
probability. This is the case, since H,V,, — V" in probability as n— oo, and consequently

dy(H, V) -1
a2 Gy (H, V) dl(H,YVn) (1+and2(H V)/di(H, V! ))

vanishes to 0 as n— oo (in probability) because 1o (V") = 1, di (V") = 2/p, d2(V") = 0, and using assump-
tion (2.2) (which ensures that v/k,a2 has a real limit as n— 0o).



3.2 Asymptotic normality for unknown ~

We can now define our final estimators of the parameters p, a,, and o,,, by plugging-in an external estimator
of v. We set

p ¢1,7(V )
(:Ln = ¢277(V )
On ¢37'y( )

where 4 = 4,, defines a sequence of ebtimatolrb of basqd on the Nn upper excesses associated to a threshold
@i, such that @, — sy (F). Let a, = A(e"" (#)) and \, ¢, d denote some real constants.

Theorem 2 Let the assumptions of Proposition 1 hold with p < 0 and suppose that for some real constant
A,
n(l — F(@,))an — X\ as n— oo. (3.10)
If conditionally on =kn
BV25 — ) -5 N(e,d)  as n— oo, (3.11)
then for almost all sequences k,— oo and kn— oo such that ky,, = = o(ky,), we have, conditionally on N,, = ky,
and N,, = kn,

kY2a,(p — p) <, N(Xeey, de?) (3.12)
kl/?a, (% - 1) 4, N(Aeeg, dc3) (3.13)
7.1/2 @ . d 1 2
k. 1] — N(Xces,dcs) (3.14)
On

for some constants c1, c2, c3 depending on v and p (which expressions are given in the proof of the theorem,).

Remark 4 The condition ];Jn = o(k,) means that we take less excesses for the estimation of the first-order
parameter vy than for the estimation of the second-order parameter p.

Remark 5 Proposition 1 is valid in the whole scope p < 0, whereas Theorem 2 excludes the case p = 0.
However, according to (3.12) and the expression of ¢1, the asymptotic mean square error (AMSE) of j tends
to 0 when p — 0, while this is not the case for many other estimators of p studied in the litterature, for
which the AMSE goes to infinity when p — 0. This has to be linked with the fact that our estimator of
p looks especially competitive in situations where |p| is small, as it will be seen in the simulations below
(Section 4).

Remark 6 In our simulations, we used the PWM estimator defined by Hosking & Wallis in [15] (and studied
in [5]).

Proof of Theorem 2
We keep using the notations previously introduced in the proof of Proposition 1 and add the following one :

Wg=fagﬂ%fﬁlzﬂﬂawwmmvwzul—wH@@—v»lma3—w)w-
We first study the deviationl
Py = a(Vls) = eia (V)
= P15(Vigy) —tn v(V” )+ Y14 (Vi) = by (Vi)
= A ) () (3.15)

where we used the fact that ¢ ,(z,y,2) = —y + (z — 4y + 32)/(x — 2y + z). We thus have to concentrate
on the second term. If we note J the 3 x 3 diagonal matrix with diagonal coefficients 1, 2 and 3, after some
calculations we obtain the following essential development

ViL =V = (Hy—H)V.., + Hy(V) .~V
v v Y v Y Y
= (=T Vi, + Hy(vy —v3)/an
RS Y=
= (fy—’y)JVTiﬁ—i—a—Jvfy. (3.16)



Note that, according to assumptions (3.11), (3.10) and the second order condition (1.2) (which ensures that
o — 0, when p < 0), we have

R 1 e ) . "
—_— = ———= =0 as n— 0o, in probability. (3.17)

(79} an ];,}L/an

Since ‘7,;7 — V' asn— oo, ‘771’7 = Hﬂ/}r{ﬁ converges in probability to V" (defined in (3.5)), and consequently
relations (3.16) and (3.17) imply that

lim Vs = lim V. =V" in probability. (3.18)

n—oo n—oo

Therefore, in view of (3.15) and (3.18), there exists some sequence W, converging to V" such that
p—p = (v—9) + a;l(’y =) <V, (Wa), Juy +a"‘]V7;,'y >+ (py — p)-

The central term of the right-hand side of the relation above makes it impossible to have v/k,a,, as the speed
for the asymptotic normality of p — p (because vkna, (v —%) — 0 in probability but v/k,(y — %) does not)
: we have instead

];71:,/2(%(/3_/’) = ];rlz/zan('V_'AY) + ];71/2 (v =9) < V1,,(Whn), JUV""anJ‘/}T:,,'y > + (ifn/kn)l/2 V knan(py —p)-

which, according to assumptions (3.10), (3.11) and Proposition 1, converges in distribution to the gaussian
distribution with mean Acc; and variance de? where

—pp
(I=72-7B-7)

The proof of the asymptotic normality for the other two parameters relies on the same tools as above. As
before, there exists some sequence (W,,) converging to V' in probability such that

¢ = ViJu, = g((l—v—p)(l—v)‘l—2(2—7—,0)(2—7)‘1+(3—v—p)(3—7)‘1) =

Tn _Tna o, (s(V2) — (V) = (v —=4) < Ves(Wa), Juy +anJ VI >

On On

The limiting distribution of e/ %(6n /0y — 1) is therefore N'(Accs, dc) where c3 = ViJu,.
The case of a, needs a few more details. Setting h(u) = ¥y (u)(1 + do(u)/d1(u)) " (da(u)/di(u)) and e =
(1,1,1)%, using (3.4) we find that

n =y = $25(Va/on — vy +v5) — $2y (Vi 0w — vy + 1)

= wg(anﬁi/ﬁ +e)— o (an‘za7 +e)

= Da(anVis) = Oa(anVil) + BanVils) = hlanVl )
= an(¥2(Vy'5) — ¥2(Vy),)) + aqoe(1)
where we used (3.18) and the following facts : da(V") = 0, 12(V") = 1, a(au) = athy(u) and (da/d; ) (au) =
a(ds/dy)(u) for any « £ 0 and u € U. We thus have, for some sequence (W,,) converging to V" in probability,
];71:,/2an(dn/an_1) = ];rlz/z('y_'?) < sz?(wn)v JU’Y—’_anJ‘/}T;,’Y >+ OP(];}L/ZGEI,)"’(]N{n/kn)l/? Vknan(any/an—1)

which converges in distribution to N'(Acea, de3) where ¢y = VJv.,.

4 Simulation results

In this section, we shall present some of the graphics obtained, concerning bias and mean square errors of
our estimator of p, compared with two others, for three different classes of underlying distributions.

_ For the three estimators considered, the P.O.T. method we use consists in choosing a threshold u, =
F ~Y(p,,) for the estimation of p, as well as a second threshold i,, = F ~1(j5,,) for the preliminary estimation of
~ (only when necessary, since one of the estimators studied below does not rely on such an initial estimation



of ) : the corresponding number of excesses k,, and k, are then random, and pn and py, are the sample
fractions retained for the estimation of p and  respectively. In our simulations, we take, for 4 = §(k, ), the
Hosking and Wallis’ estimator defined in [15] and studied in [5] and [4].

We compare our estimator, denoted in this section by ppw s, with two others: the one presented in Fraga
Alves, de Haan, Gomes [10], which will be noted ppap and the one presented in Fraga Alves, de Haan, Lin
[8], which will be noted prpr. They are defined as

3T (k) — 1)

ﬁFGH = —
T\ (k) — 3

(see [10] for the definition of Ty)(kn)), with the tuning parameter 7 equal to 0 whenever one expects p to
be in the range [—1,0) and equal to 1 otherwise (as suggested for instance in [2]), and

6 — 129 (kn)
Tn(kn) — 3

(see [8] for the definition of T, (ks ) and 4 (ky,), the latter being an estimator of y_ = min(0,7)). Recall that
ky, is the number of excesses used for the estimation of p and the calculation of T,,(k,), and k,, the one used
for the estimation of v_. The estimator ppgy does not depend on an initial estimation of the parameter -,
though.

prur =3 — 89— (ky) +

The models presented in our simulations are the following :

e The Burr(\,7) distribution (for which v = 1/A7 and p = —1/)\) defined by
F(z)=0+2z")"*, z>0.
e The Arcsin model (for which v = p = —2) defined by

2
F(z) = —arcsinyz, = € (0,1).
71'

e The model, for which v > 0 and p = 0 (see [11]), defined by
Ut)=F "(1/t) = t'(1 +Int), t > 0. (4.1)

We consider 1000 samples of size n (where n = 5000 for the Arcsin model and 1000 otherwise) and present
the bias and the mean square error of the three estimators of p considered above, as function of the fraction
pn, of the excesses used for the estimation of p. The sample fraction p,, used for the calculation of ppw s was
chosen as 0.1 for the Burr model (as in [5]), 0.05 for the third model, and in the sense of the minimization of
the simulated MSE for the Arcsin model. For the preliminary estimation of «y_ in the calculation of prpyr,
the sample fraction p,, was set to the same values as for our estimator ppyw s , except for the Arcsin model
where the criterion of minimization of the asymptotic MSE was chosen (as suggested in [8], see figure 4 and
details therein). Note however that the simulations undertaken showed that prp; was much less sensitive
to the choice of k,, than ppw .

Our simulations (see Figures 1 and 2) confirm that in order to estimate the correct value of p, one should
generally use even more than half of the order statistics of the sample. This is coherent with our theoretical
result which says that the number of order statistics to use for the estimation of p must be of larger order
than the order needed for the estimation of the tail index 7.

The flat pattern of the RMSE of ppw s for a reasonably wide region of sample fractions makes the exact
determination of the optimal choice of the sample fraction p,, to use less relevant, from a practical point of
view.

The figures presented here show that our estimator can be competitive especially when |p| is small. The
same conclusions have been drawn for sample sizes n = 500 and n = 5000 for the distributions presented
here. Note that none of the 4 particular distributions presented here satisfy the restriction —1 < vy < 1/2
imposed in our theorems.
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(a) Bias for Burr(2, %) model, n = 1000, pn = 0.1 (b) RMSE for Burr(2, %) model, n = 1000, pn = 0.1

S TP WU TR SR SN N S T

(c) Bias for Burr(8, %) model, n = 1000, p, = 0.1 (d) RMSE for Burr(8, é) model, n = 1000, p, = 0.1
Figure 1: Bias and RMSE of three estimators of p for some models (Burr(2,1/2) and Burr(8, 1/8), for which

respectively v = 1, p = —1/2, and v = 1, p = —1/8) as a function of the sample fraction p,. The dashed
line is for pppgr, the thin solid line for ppg g, and the thick solid line for ppw .
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(a) Bias for the Arcsin model, n = 5000

ofa 0 0.6 0.7 0 0
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(c) Bias for model (4.1), v =1, n = 1000, p, = 0.05

(d) RMSE for model (4.1), v = 1, n = 1000, p,, = 0.05

Figure 2: Bias and RMSE of three estimators of p for some models (Arcsin model, for which v = p = -2,
and model (4.1) with v = 1, for which p = 0) as a function of the sample fraction p,. The dashed line is for
PrHL, the thin solid line for prpgp, and the thick solid line for ppwas.
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5 Appendix

5.1 Proof of lemma 2
Since By, (2) = Gy,0,(2) — anD~ (=), we have
i = [, Be,(z)dx
= 7 (@ @) + @Dy p(@/0n)) da
= vo+ay [, D, ,(a/o,) do.
and, for j € {1, 2},

. [ Byt (2) d

0 J+1
— J% 0+DO (avﬂn(x)—!—aan ,,(x/on))jJr1 dx
= L @ @) detay [T G, (2) Dy p(a/0n) dz+olan)
= vitan i G, (1) Dy pla/00) do + ofan).

5.2 Proof of lemma 3
In the case v # 0, p < 0 and v+ p # 0,

(14 yz)~t/
p(v + p)

At the end of this subsection, we will give expressions of D, , in the other cases.

D, p(z) = (7(1+7x)”” + p(1+yz)™! —v—p)-

We give the sketch of the proof in case v > 0, p < 0 and v+ p # 0. All the other cases are similar. We will
see below how the restriction v < 1 appears (similarly, in case v < 0, appears the restriction v > —1). In
the sequel, we will note o instead of o(uy,).

(i) Calculation of vo : We have,

[ D, y(x)o) de = e [+ /o) =D/ da + STeEm) [+ /o) 1 da
—- L [ w/o) TV da
- (7+P) hi+ (v+p) I =5 I,
where, for v < 1,
Ilzﬁ, L=o Is= liv

Therefore f0+oo Dy p(x/0) dv = 7—57==,; and the result for vo follows.

(ii) Calculation of v1 : We have,

[ G, o(x) Dy pla)o) de = e [+ vz /o) P2/ da + o [ 4z fo) 2 da
— L [+ yw/o) Y d
p(7+p) I + '7(714—/)) I — % I,
where,
Ilzﬁ, L=0/2, I = Qi

Therefore f0+oo Gy.o(z) Dy p(z)0) d = 37 G—7—5 and the expression of vy follows.

(iii) Calculation of va : We have,

400 =2 +oo - -
Jo " GLo(@) Dypla/o) do = mfo (14 ~yz/o) P37 do + ’Y(’Y'H’) fo (1+~z/o) =3/ dx
+o0 _

— 5 (/o)A da

I — L I3,

_ 1
- L+ Y Fp) 27

p(7+p)
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where o -
L=——I=0/3, I3=
1 3_'}/_/)7 2 J/ 3 3_

Therefore f0+oo aiyg(x) D, ,(x/0) dz = G773 Which yields the result for v,.

Here are the expressions of D, , in the different other cases :

D () = 7<1+7-;;’”” (A +7y2) A+ (A +72)) —1) ify#0, p<0, 7+p=0
= 0 (1 yw) 1+ (L492)7Y) iy #0, p=0
_ %m(%(epm_l)_x) ify=0, p<0
— 2l ify=0, p=0

5.3 Proof of lemma 4

T, = 7l [(Fulow)™ = @)™ ay
- ﬁ 0+°° ((Fun(ff y))ﬂﬂ) _ jil 0+00 ((Ey(y))j“) dy
- Il - IQ.

Defining g,, and g by
1
gn(z) = Vfl(un +onx) — Vfl(un) and ¢(z) = — In(1 + yz),
Y

we have, B -
Fu,(ony) = e 9 and G,(y) = e—9()

Setting W(x) = ";JJ: , integration by parts yields

+oo

—+oo + oo
b= [ wenyay = [ gwie O ge i ay = [ g e 0 as
0 0 0

(where we used the fact that yW (F, (0,y)) — 0 as y — +o0) and
+o00 +oo +oo .
I, = W(efg(y)) dy = / yW/(efg(y))g/(y)efg(y) dy = / gfl(s)ef(jﬂ)s ds.
0 0 0

It follows that, for j € {0,1,2},

too . +oo ]
Tjk, = / (92" (s) =g () UV ds = / Pu, (s)e”UFDs gs,
0 0

where p,,, (s) = % - f(f e du. Moreover, it is easy to see that
+o0 ) 1
/ e*(”l)SI%p(s) ds = —,
0 Uj
and therefore ) )
ik, —up /+°° —(j+1)s [puﬁ; - I%p(s)] p
= e _— S.
anbn 0 bn
We deduce from the third order condition (1.5) that
Pun(8) I, ,(s)
an, YsP n—oo <
Ln(s) := — Ry pp(€).

bn
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In order to conclude the proof, it remains to use the dominated convergence theorem to show that ﬁ (Tj{ K
Z—’;) converges to f0+oo e~UtDs R, 5(e®) ds. Under the third order condition (1.5), we can use the following

bound which is proved in [9] (see equation (2.9) in Theorem 2.1 of [9]):
Ve > 0, 3ng, Vn > ng, ¥s > V" Hun,) =Vl (un), [Tn(s) — Ry ,pp(e%)| < et

Therefore,

+oo ) Foo
/ e~UTDs (1, (s) — R, ,5(e%)) ds| < e/ eUtl=v=p=F=e)s gg
0 0

with the right hand side of the inequality being bounded, since € can be set sufficiently small to insure that
j+1—~v—p—p0F—e>0. Finally, elementary calculus leads to

1

“+o0

—(+1)s $) ds — =

e R e’)ds = — - - - =d
/0 ves(e) G+HDG+L=NG+1=7=p(+1=7—p=p) 7

which concludes the proof of Lemma 4.
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