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Abstract. In this paper we prove the existence of a solution to backward stochastic
differential equations in infinite dimensions with continuous driver under various
assumptions. We apply our results to a stochastic game problem with infinitely many
players.
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1. Introduction

In this paper we consider the following backward stochastic differential equation (BSDE),
in the sense of [19], on a finite time interval [0, 7], in an infinite-dimensional setting:

dY; = —BY,dt =y (t, X, Yy, Z,)dt + Z, dW,, Yr = o(X7). (L.1)

In the above, W is a cylindrical Wiener process in a Hilbert space Z, B is the infinitesimal
generator of a strongly continuous dissipative compact semigroup (e¢’?) in a Hilbert
space K, X is a Markov process with respect to the filtration generated by W, and v
and ¢ are deterministic functions with values in K. The solution (Y, Z) takes values in
K x L,(E, K), where L,(E, K) denotes the space of Hilbert—Schmidt operators from
& to K. The solution is understood in an appropriate sense, see below.



BSDE:s in infinite dimensions were first studied in [17]. In this paper the authors
proved the existence and uniqueness of the solution to BSDE (1.1) assuming that the
driver ¥ 1s uniformly Lipschitz with respect to (y, z).

BSDEs in infinite dimensions were also studied in [1]-[3], [10], [14], [18] and
[20], in the more general case when the driver ¢ can be random. In [9]-[12], (1.1) was
considered when the process X takes values in a Hilbert space H and is defined as the
solution to a stochastic evolution equation of the form

dX, = AX,dt + F(t, X,)dt + G(¢t, X;)dW,, Xo=x€H. (1.2)

Here A is the infinitesimal generator of a strongly continuous semigroup (e’#) in H, and
F and G are appropriate functions with values in H and in the space of bounded linear
operators from E to H, respectively. Various problems were considered in these papers,
including applications to nonlinear partial differential equations for functions defined on
[0, T] x H and optimal stochastic control. In [13] the fully coupled case is addressed,
i.e. when F and G may depend on the unknown processes Y and Z.

In this paper we prove the existence of a solution to BSDE (1.1) assuming that v is
only continuous with respect to (y, z).

Our starting point is the result in [ 15], where all the processes W, X, Y, Z take values
in finite-dimensional vector spaces. In that paper ¥ is assumed to have linear growth
with respect to (y, z); this allows one to prove the existence result for the BSDE and to
prove the existence of a Nash equilibrium in an N-player stochastic differential game. A
crucial assumption in that paper is a condition on the densities of transition probabilities
of the process X with respect to the Lebesgue measure. This condition is fulfilled in the
case when G is uniformly nondegenerate. The result of [15] was generalized in [16] to
the case of discrete-functional-type drivers.

In our paper we also impose conditions on the transition probabilities of the pro-
cess X. However, due to the infinite-dimensional nature of the state space H, we need
completely different assumptions.

In Section 3 we consider the case when X is an Ornstein—Uhlenbeck process, i.e. it
solves (1.2) with ' = 0 and G constant. In this case explicit conditions are known to
ensure equivalence of transition probabilities. We prove a formula for mutual densities,
generalizing a result in [4], and use it to prove the existence of a solution to (1.1)
assuming that i has linear growth with respect to (y, z). Generalizations of this result
to more general processes X seem to be possible, for instance using the formulae for
transition densities introduced in [22]-[24]. The present result is however sufficient for
the applications to stochastic games that we present.

In Section 6 we apply the existence result for the BSDE to prove the existence
of a Nash equilibrium in a stochastic game. The underlying controlled process has a
nonlinear drift and constant diffusion coefficient: see (6.1). This time, using the infinite-
dimensionality of the process Y, we are able to study a stochastic game with infinitely
many players. Stochastic games with an infinite number of players are a mathematical
model used to describe a variety of economical and financial markets, but so far a
dynamical setting with continuous time was not considered to our knowledge, perhaps
due to the complexity of the techniques involved.

In Sections 4 and 5 we only assume that X is a Markov process with values in
a metric space, and we prove the existence of a solution to the BSDE assuming that



Y 1s bounded. We impose two kinds of conditions. First, in Section 4, we require the
transition probabilities of X to be equivalent to each other (but no condition is im-
posed on the corresponding densities). An application is given in Section 4.1, again in
the case of a process solution of an evolution equation of the form (1.2). Second, in
Section 5, we address a case where transition probabilities can be even singular, and
we require a continuity condition with respect to the variation norm: see (5.2). This
kind of property is customary in the theory of stochastic evolution equations in infinite-
dimensional spaces: it has been deeply investigated in connection with the so-called
strong Feller property and several conditions are known which guarantee thatitis verified:
see [6]. One example is given below, see Section 5.1, to show applicability of the general
result.

In Section 2 we introduce notation, we state a general approximation lemma and
recall some facts about the Ornstein—Uhlenbeck process in a Hilbert space.

Some results of this paper have been announced at the Fourth International Con-
ference on Backward Stochastic Differential Equations and Applications, Shanghai,
May 30th to June 1st, 2005. The first author thanks the Université de Rennes 1 for his
stay during which this article was begun.

2. Preliminaries

In this section we collect material that will be used in what follows. First we recall
some notation, then we define the Ornstein—Uhlenbeck semigroup that is used in Sec-
tions 3 and 6, finally we state and prove an approximation lemma that is frequently used
afterwards.

2.1. Notation

In this paper the letters H, K, 2 denote Hilbert spaces. All Hilbert spaces are assumed
to be real and separable. The norm is denoted | - | and the scalar product (-, -), with
a subscript to indicate the space, if necessary. L(H, K) denotes the space of linear
bounded operators from H to K, with its usual norm. We shorten L(H, H) to L(H).
L,(H, K) denotes the space of Hilbert—Schmidt operators from H to K, with the
Hilbert—Schmidt norm. Operator norms are also denoted by | - |, with a subscript if
necessary.

Let (2, F,P) be a complete probability space. A cylindrical Wiener process
{W;, t > 0} in a Hilbert space Z is a family of linear mappings & — Wf, defined
for £ € E with values in L?(2, F, IP), such that {W,E, t > 0} 1s a real Wiener process
and E [Wf Wil = (t As){(E,n) foré, n € Eandt, s > 0. By F; we denote the o-algebra
generated by the random variables {Wf, s € [0,1], & € E} and by the P-null sets of F.
We call (F;);>0 the Brownian filtration of W.

Stochastic integration theory can be defined with respect to W: we refer to [S] for
details. If {¥,, ¢t € [0, T']} is an (F;)-predictable process with values in L,(E, H),
satisfying P-a.s. fOT W17,z < ©© then the stochastic integral { [y W dw,, t e
[0, T]} is an (F;)-local martingale with values in H admitting a continuous
version.



2.2.  The Ornstein—Uhlenbeck Process

Let H, E be Hilbert spaces. We are given two linear operators A: D(A) C H — H and
G € L(E, H) such that

Hypothesis 1.

(1) The operator A: D(A) C H — H is the infinitesimal generator of a strongly
continuous semigroup {€'*,t > 0} of bounded linear operators in H.
(11) G: E — H is a bounded linear operator.
(ii1)) The operators

1
Q;x = / SAGG e x ds, x € H,
0

are of trace class for all t > 0.
(iv) e'A(H) c Q;*(H), forallt > 0.

We define the Ornstein—Uhlenbeck process as the solution of the following stochastic
equation:

dXt :AXtdt—l‘Gth, X():.x, (21)

=)

where x € H is given and W is a cylindrical Wiener process in E. Equation (2.1) is
understood in the so-called mild sense: the solution is by definition the process

t
X, =ex + f IAG AW, t>0. (2.2)
0

It is well known (see, e.g. [5]) that under assumptions (i)—(iii) in Hypothesis 1 the
Ito integral is well defined and X, is a random variable with values in H with law
N(e'4x, Q,), i.e. the Gaussian measure with mean e’4x and covariance operator Q;.
Moreover, condition (iv) ensures that the measures {\'(e’“x, Q;), t > 0,x € H} are
all equivalent. In the following we fix 0 < ¢ < T, x € H and we denote by k7 (x, -) the
density of N (e x, Q,) with respect to A (0, Q7).

Lemma 2. Assume that Hypothesis 1 holds, and let 0 <t < T and x € H be given.
Define

O = 07 e Qr_ (07 e ). (2.3)

Then 1 — ®,7 is a positive operator with bounded inverse and we have, for N (0, Qr)-
almost every y € H,

kir (x, y) = det(1 — 7)™ exp{—3((1 — O,7) "' Q7 % x, 07 e x)
+((1—0,)7'0; %k, 07'%y)
—HOr(1—0,n7107 %y, 077y 24)



We also have the following estimates:
(1= 07" < 14107110, e (2.5)
and

det(1 — O,7) " < exp{(1 + [Qr_|1Q; 24 %) 1Q; ?e' > Trace Q7).  (2.6)

By 1 we also denote the identity operator. These formulae need some explanations.
First we note that as a consequence of Hypothesis 1, one can prove that the operators
O, 12614 and Q ; A are everywhere defined and bounded and that ®,7 is a symmetric
trace class operator satlsfylng 0 < ®;r < 1. Next, the determinant occurring in (2.4)
and (2.6) is understood as the infinite product of eigenvalues. It is well defined, since
O, 1s trace class. Finally, for arbitrary b € H and trace class symmetric operator M the

functions (b, Q;l/z ) and (MQTl/zy, QTI/2 ), y € H, are defined by the formulae
1/2 o 12
(b. Q7' %y) = 372 b ey ¢p) 2.7)
j=1
and
MOy, 07y =Y aT A P Mer, ) (v, ) (v, en).

jok=1

where (e;), (Ar) are the eigenvectors and eigenvalues of O, the eigenvalues are strictly
positive. The series converge in L2(H, N (0, Q7)) so that formula (2.4) defines a function
k:7(x, -) up to a set of N'(0, Q) measure 0. In particular, the function y — (b, Q;l/zy)
defined in (2.7) has centered gaussian law with covariance |b|? on the probability space
(H, N (0, Q7)) and it follows that

/H expl(b, 07> y)IN(0, Qr)(dy) = exp{L1|b]?)}. (2.8)

Lemma 2 is similar to Proposition 4.2 in [4], where densities with respect to the
invariant measure of the process X were considered instead of densities with respect
to N(0, Or). Here we do not assume that X has an invariant measure. The proof of
Lemma 2 is postponed to the Appendix.

2.3.  An Approximation Procedure

Lemma 3. Let M be a metric space, let H and K be Hilbert spaces and let yr: M X
H — K be a Borel measurable function satisfying

[¥(m, h)| = C(|h] + g(m)), meM, heH,

for some constant C > 0 and some function g: M — [0, 00). Lety(m, -): H — K bea
continuous function for every m € M. Then there exists a sequence of Borel measurable



functions ¥,,: M x H — K satisfying the following conditions:
(i) There exists a constant C' > 0 such that, for every n,
[V (m, h)| < C'(|h| + g(m) + 1), meM, heH.

(i) Foreverym € M, y,(m, -): H — K is infinitely Fréchet differentiable.
(iii) There exist constants C,, > 0 such that, for every n,

Y (m, h) — Y, (m, k)| < Cylh — kI, meM, hkeH.
(iv) If h, — hin H then ¥r,(m, h,)) — ¥ (m, h) in K, for everym € M.

Proof. We use the construction in [21]. Let (e;) denote a basis of H and define the
projection P,: H — R" setting P,h = ({¢;, h));_,, h € H. Then for y = (y;)’_, € R"
we have Py = Z?Zl vie;. Let p,: R" — [0, co0) be infinitely differentiable functions
such that fRn pn(y) dy = 1 with support contained in {y € R": |y|r» < 1/n}. Define

U,m,h) = | Y(m, P (P.h+y)p.(y)dy, heH, meM.
Rn

It is easy to show that v, (m,-): H — K is infinitely Fréchet differentiable, that
v, (m, h,) — ¥ (m, h) whenever h,, — hin H, and to prove the estimate |$n (m, h)| <
C'(Jh|+g(m)—+1), for some constant C'. Next we take n,, € C*°(R) such thatn,(x) = 1
for x < n, n,(x) =0 forx > n+1,and |n,(x)| + |n,(x)| < c for some constant c.
Then setting

Yu(m, h) = n,(V 1+ k> = 14 g(m) ¥, (m, ), heH, meM,

it is easy to show that the gradient of v, is bounded by some constant (depending on n)
and that all the conclusions of the lemma are satisfied. O

3. BSDE with a Linear Growth Continuous Driver

In this section we consider a BSDE of the form
dYt :_BYtdt—w(t, Xt,Yt,Zt>dt+thWt, YT =§0(XT), (31)

for ¢ varying on a bounded time interval [0, T']. W 1is a cylindrical Wiener process in a
Hilbert space E and we denote by (F;) its Brownian filtration. The unknown processes Y
and Z take values in a Hilbert space K and in the Hilbert space L,(ZE, K), respectively.
X is a given (F;)-predictable process in another Hilbert space H. On the drivers B and
Y and the final datum ¢ we assume the following.

Hypothesis 4.

(1) The operator B: D(B) C K — K is the infinitesimal generator of a strongly
continuous dissipative semigroup {e'®,t > 0} of linear bounded operators
on K.



(1) ¢o: H—> Kand{: [0,T] x Hx K x L,(E, K) — K are Borel measurable
functions, and there exist two constants C > 0 and p > 1 such that

lp(x)] < C(1 + |x]P), x €H,
Yt x,y,2)| < C+ |x|” + |yl + |z,
tel0, T], xeH, yeK, ze€l)E&,K).

(iii)) Foreveryt € [0, Tlandx € H,the function y(t, x,-,-): K XL,(E, K) > K
IS continuous.

Let us suppose that sup, o 7 E|X; |?P < oco. We say that an (F;)-predictable process
(Y, Z) with values in K x L,(&, K) is a mild solution of (3.1) if

T
sup ]E|Y,|2-|—]Ef 1Z,1>dt < oo (3.2)
tel0,T] 0

and for every ¢ € [0, T] the following equality holds:
T
Y + f e B Z AW,
t

T
— T8y (x,) +/ e DBy (s, Xy, Yy, Zy) ds, P-a.s. (3.3)
t

The result of [17] states that there exists a unique mild solution if, in addition to the
previous assumptions, one supposes that the function ¥ (¢, x, -, -) is Lipschitz continuous.
In the following we drop the Lipschitz condition and prove some existence results. We
first need some preliminary estimates.

Lemma 5. Assume that Hypothesis 4 holds and let X be an (F;)-predictable process
satisfying sup, 0.7y ElX; 1>P < 00. Let (Y, Z) be a mild solution to (3.1). Then

T
sup ]E|Y,|2+]E/ 1Z,>dt < C sup E(1 + |X;|*P). (3.4)
t€[0,T] 0 t€l0,T]

If ¥', ¢' are functions satisfying Hypothesis 4 and (Y', Z') is a corresponding mild
solution then

T
Ef Z, — Z;1>dt <Elp(Xr) — ¢'(X7)|*
0
172 T 1/2
+C| sup E(1+]|X,|*") (E/ |Y,—Y,’|2dt). (3.5)
1€[0,T] 0

In (3.4) and (3.5) the constant C depends only on T and on the constants C, p in
Hypothesis 4.



Proof. We introduce the operators J; = k(k - 1 — B)~!, k > 0. A direct computation
shows that BJ; = k*(k-1— B)~! —k -1, so in particular the operators B J; are bounded
(they are called the Yosida approximations of B). We set Ytk = JiY;, Zf = JiZ;. We

now verify that Y* admits the It6 differential
dY¥ = —BY*dt — Sy (t, X, Yy, Z,) dt + ZFdW,.
In fact applying Ji to both sides of (3.3) we have

T
Yk + / eSIE ZE W,
t

T
= e(T_t)BJkQD(XT) + / e(s_t)Bka(S’ XS’ YS’ ZS) ds.
t

Applying B to both sides and integrating we obtain, for every r € [0, T],

T T T
f BYtkdt—l—/ f e EBZ N aw, dt
r r t

T
— / eT=DBB Jio(X7) dt

r

T T
+/ / e BB I (s, Xy, Yy, Zy) ds dt.
r 1

We have

T
/ "B Ip(Xr)dt = " Jip(X1) — Jgp(X7)

r

and, applying the stochastic Fubini theorem (see, e.g. [5])

T T T s
/ / S EBZY AW, dt = / / "B BZR dr dw,
r t r r

T
— f (e BZE — 75 aw,.

Substituting in (3.8) and comparing with (3.7) gives

T T T
/ Bdez:Yr’Urf zdes—ka(XT)—/ T (s, X,, Yy, Zy) ds,

which proves (3.6).
Applying the It6 formula to |Y*|> we obtain

T
|Y,k|2+f | Z¥2ds
t
T
= | i (X7)|* + 2f (YE, BY*y + (YK, By (s, X, Yy, Zo))) ds
t

T
— 2f (YK, Zkawy).
t

(3.6)

(3.7)

(3.8)



We have

T 1/2 T 1/2
E (/ |(Z§)*Yf|2ds) <E| sup |YF| (/ |z§|2ds) < 00, (3.9)
0 s€[0,T] 0

since it follows from (3.6) and Burkholder’s inequality that E sup, . 71 |Y/1* < oo.
Inequality (3.9) ensures that we can take expectation in the previous equality and obtain

T
E|YF? +IE/ 1 Z512 ds

t
T
= Elio(X7)|* + 21E/ (YE, BY*) + (YK, I (s, Xy, Yy, Zy))) ds.
t

Now we use the dissipativity of B and we obtain

T T
E|Y,k|2+Ef |Z§|2dssE|Jk¢<XT>|2+2Ef (Y, T (s, Xo, Yo, Z0)) dis.
t

t

It is well known that |Ji| (x)y < 1 and Jyh — h for every h € K. By the growth
condition on ¥, the hypothesis sup, (o 71 E|X :|?? < oo and by (3.2) we can apply the
dominated convergence theorem and we arrive at

T T
E|Yt|2+Ef |Z, 7 ds < EI(/)(XT)|2+2Ef (Ys, ¥ (s, X5, Y5, Zy))ds.  (3.10)
t

t

Next we have, for every ¢ > 0 and for some constant C,,
(Yo, ¥ (s, X5, Yy, Zs)) < ClY|(1 + [ X]P + Y] + | Zs])
< el Z,* + Co(1 + | X, P + Y, [?).

Choosing ¢ sufficiently small we obtain, for some C, ¢ > 0,

T T
E|Y;|2+cEf |zs|2dssE|<p<XT>|2+2Ef (U + X1 + Y, 2) ds
t

t

T
< C sup (1—|—E|X,|2”)—|—CEf Y| ds,
t€l0,T] t

and (3.4) follows from Gronwall’s lemma.
In order to prove (3.5) we write the equation satisfied by (Y — Y’, Z — Z’) and,
introducing the operators J; and proceeding as before, instead of (3.10) we arrive at

T
E|Y, — Y/ —|—E/ \Zy — Z/*ds
t
<Elp(X7) — ¢'(X7)I?

T
+ 2]E/ (YS - Ys/a W(S, Xs’ YSa ZS) - w/(S, XS9 Yq/? Z;)>ds
t



We set f; = v (s, X;, Yy, Zy) — ¥'(s, Xy, Y], Z;) and note that
| fil < CAL+ X7 + Y| + | Zo| + Y| + | Zg)).

From estimate (3.4) we deduce

T
E/ |fs]*ds < C sup E(1+ |X,]*")
0 tel0,T]

and we obtain
T
ME—KF+E/|A—sz
1t

1/2

T 12
(E f IfslzdS>

1/2
< Elp(X7) — ¢'(X7)I* + C( sup K (1 + IXtIZ”))
tel0,T]

T 1/2
@/|n—mwg .
t

Inequality (3.5) follows immediately. O

T
< Elo(X7) —¢'(X7)|* +2 (E/ Y, — Y;|2ds)
t

We are now able to state and prove the main result of this section, where for the
process X we take the Ornstein—Uhlenbeck process introduced in Section 2.2: given
xo € H we define

t
X, :etAxo—i—f e"IAG dw;. (3.11)
0

Theorem 6. Assume that Hypotheses 1 and 4 hold and suppose that the operators e'8

are compact for t > 0. Let X be the Ornstein—-Uhlenbeck process defined by (3.11).
Then there exists a mild solution (Y, Z) to (3.1). Moreover there exist Borel measurable
functionsu: [0, T x H— K,v: [0,T] x H— L>(E, K) such that, P-a.s.,

Y, =u(t, X,), forall te€]0,T];
Z, =v(t, X;), foralmostall t € [0, T].
Proof.  First Step. Approximation. We apply Lemma 3 to the metric space [0, T'] x H

and the Hilbert space K x L,(E, K) and obtain a sequence of functions ¢": [0, T] x
H x K x L,(8, K) — K such that, forany n > 1,

[V (@t x, y, D) < C(L+ |x|P + [y + |z, (3.12)

and for fixed n, ¥" is Lipschitz with respect to (y, z) uniformly with respect to (¢, x).

10



Let (Y™, Z™"*) be the unique mild solution of

dY!"' = —BY! ' ds — " (s, XI¥, YIUE, 20 ds + 200 d W,

ntx P (3.13)
YTJ’ ZQO(XIT" )a

where X!* is the Ornstein—Uhlenbeck process starting from x at time ¢:

N
X!t = DAy +/ e GAW,,  0<t<s<T

t

(we define X!* = x fors < t).Itis easy to prove that SUP;c(0.7] E| XL~ 1P < C(1+|x|?P)
and (3.4) implies

T
sup E|YS””’x|2+]E/ | ZM 5 2 ds < C(1 + |x]P). (3.14)
set,T] 0

Moreover, there exist Borel measurable functions u”: [0, T] x H — K and v": [0, T'] x
H — L,(E, K), such that

Y = (s, X1Y), ZE =y (s, X1, 3.15)

The proof of (3.15) can be found in [8] (see also Proposition 3.2 of [9] for a direct proof
in the infinite-dimensional case).

Second Step. In this step we prove that there exists a subsequence of u" (¢, x) which
is convergent in K for every ¢, x. This is obvious for t = T, since u" (T, x) = ¢(x), so
we can assume t < T'.

We denote by 1, (x, dy) the gaussian measure N'(e’Ax, Q,)(dy) and by ju7(dy) the
measure N (0, Or)(dy), and we note that the law of X'* is s, (x,dy),0 <t <s <T.
Noting that u” (¢, x) = Y;""", taking expectation in the BSDE we have

T
un(l,x) — Ee(T_Z)BQD(X;:x) +E/ e(S—f)Bwn(S’ X;,x’ st,t,x’ Z?,I,X) ds
t
T
= Ee(T—I)B(p(X;:x) +E/ e(S—t)Bwn(S’ X;’x, un(s’ X;,X)’ Un(S, Xi,X)) ds
t

T
:Ee(T_t)BQD(X;:x)"i_/ e(s")Bf W (s, y) i (x,dy)ds,  (3.16)
t H

where V" (s, y) = ¥"(s, y,u"(s,y),v"(s,y)). Fort < T and § > 0 so small that
t + 6 < T we decompose u” (¢, x) as follows:

u(t,x) =q(t,x) +as(t, x) + bs(t, x), (3.17)
where g(t, x) = EeTDBp(X7"),

t+45
aj(t, x) =/ e(s")B/ W (s, y) s (x, dy) ds,
t H

T
b?(t,X)=/ e(H)B/ W (s, y) ps—i(x, dy) ds.
146 H

11



We note that the inequality

f \Ijn(s7 y) /»/Ls—[(.x, dy)‘ — |E wn(s’ X?-x’ st,t,x’ Z;’L[,x)|
H
< CE(+ X717+ Y+ 1Z0)

implies

146
@ (t, x)| < CEf (U X517 o Y] 41200 ds
t

t+46 1/2
< C81/2 (E/ (1 + |X§,X|2P + |st,t,xl2 + |Z;1,t,X|2) dS)
1

< C, 82,

by (3.14). Next we consider b (¢, x) that we rewrite

T
bfs’(t,X)=/ e“")B/ W (s, y)d™' (x, y) 11s(0, dy) ds,
146 H

(3.18)

(3.19)

where we have denoted d**'(x, y) the density of u,_,(x, -) with respect to (0, -). We
consider the Hilbert space of Borel measurable functions [0, 7] x H — K, square
summable with respect to the measure (0, dy)ds, equipped with the usual inner
product. It will be denoted L?([0, T] x H; us(0, dy)ds; K). Let us check that (¥")

is a bounded set in this space: Indeed, we have
T
f f (W" (s, V)17 1150, dy) ds
0o JH

T
=E / " (s, X0, Y00, Z00) ds
0

T
< CFE / (1 + |X?,O|2p + |st,0,0|2 + |Z;l,0,0|2) ds
0

<C,

by (3.14). The sequence (V") is therefore weakly compact and there exists a subsequence
(still denoted (W")) which is weakly convergent in L2([0, T] x H; us(0, dy) ds; K).

For fixed k € K define

0(s,y) = lpso.r1(9)d (x, y) "8k

and assume for a moment that ¢ (which of course depends also on ¢, x, §, k) belongs to

L?([0, T] x H; us(0, dy) ds; K). The function ¢ is chosen so that

T
(bi(t, x), k) = f / (eUTDBW (s, y), k)d* (x, y) wus(0,dy)ds
t+8 J H

= (V" 0) 1210, T1x H: s (0.dy) ds: K ) -
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It follows that, for integers n, m > 1,
(u"(t,x) —u™(t, x), k)
= (a5 (t,x) —ay (t,x), k) + (b5 (¢, x) — b§'(t, x), k)
= (ag(t,x) —ag (t,x), k) + (V" — V" ©) 120, T]x H: 11, (0,dy) ds: K)

From (3.19) it follows that
(" (t, x) — u" (£, x), k)| < C 82 lk| 4+ [{(¥" — U™, @) 121071 H: o, (0.dy) ds: K) |

and since (V") is weakly convergent we conclude that ((u" (¢, x), k)), is a Cauchy
sequence for every k € K, so that, for all ¢, x, (u"(¢, x)), 1s a weakly convergent
sequence in K.

It remains to check that ¢ € L?([0, T] x H; 5(0, dy) ds; K). From Lemma 2, the
density d*'(x, y) has the form

d*'(x, y)=det(1 — @)% exp{—

%(( @S,I)—l Qs_l/ze(s_t)Ax, Qs—l/ze(s—t)Ax>
+

( @S,t)—le—l/Ze(s—t)Ax’ Qs—l/Zy)
— He 1 -0y, 07y,

where ©%' = Qs_l/ze(s_t)A Q,(Qs_l/ze(s_’)A)*. So setting

hs,t,x =(1-— @”)_1 Qs—l/Ze(s—t)Ax,

weobtain0 < d*/(x, y) < det(1—©*")~1/2 exp((hy ,.x, Oy "/*y)) and recalling formula
(2.8) we find

T T
/ / 00, V)21 (0, dy) ds < C / / 1 (x, )22 (0, dy) ds
0 H t+86 J H

T
<C / det(1 — O Texp2lhy, > ds. (3.20)
t+48

By (2.6) we have
det(1 — @) ™" < expl(1 + 10,110, %" *1?) |Q;{?e" =4 Trace Q]
and, taking into account (2.5),

gl < 1(1—©")O7202010 2“4 x|
—1/2 2 —1/2
< (14 Q1024107202110 Pt =04 x).

Since Q5 > Q,_, it follows that |Qy 1 le/ 2| < 1. Using inequality (A.6) and noting
that s — f > 8 we obtain |Q, /2et—D4| < IQ(S_l/2 34| It follows that

det(1 — ©*) ™" < exp[(1 + [Q,]1Q; *e*1?) 1Q; *e’*|? Trace Q]
il < (14 10:1105 741205 2 1x).
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This shows that the right-hand side of (3.20) is finite and therefore ¢ belongs to
L*([0, T x H; us(0,dy) ds; K).

So far in Step 2 we have proved that, for all ¢, x, the sequence (u" (¢, x)), is weakly
convergent in K. We will now prove that the convergence takes place in the norm of
K. To this purpose it is enough to show that, for fixed ¢, x, the sequence (u"(z, x)), is
relatively compact in K or, equivalently, that it is totally bounded.

We fix (¢, x) and let ¢ > 0O be arbitrary. We consider again the decomposition (3.17).
By (3.19) we can choose § such that |aj (¢, x)| < ¢/2 for every n. Next note that

T

bi(t, x) = eSBf

e(s_’_‘”Bf W(s, y) s (x,dy)ds,
t+46 H

and from (3.18) it follows that

T
f e(s_’_‘”B/ W (s, y) ps—r(x, dy)ds
t H

+4

T
< CEf (1+ X052+ Y+ 1200 ds < C(t, x, 8)
0

by (3.14). Since €°8 is compact by our assumptions, the sequence (b} (¢, x)),, is relatively
compact, hence totally bounded. So there exists a finite set A C K such that for any n
there exists a € A satisfying |b§ (¢, x) — a| < &/2. So for every n there exists a € A
such that |u" (¢, x) — q(t, x) — a| < ¢. This proves that (u" (¢, x)), 1s totally bounded.
We have now proved that (1" (¢, x)), is a convergent sequence in K for every (7, x).

Third Step. Convergence of Y and Z".

We consider again the Ornstein—Uhlenbeck process X; = X% defined in (3.11)
and we denote Y/ = Y™"0%0 7" = 7m0.% Denoting by u(z, x) the limit of u" (¢, x) then
obviously Y!" = u" (s, X) converges to u(s, X;), which we denote by Y;. Setting s = ¢
in (3.14) we have |u"(t, x)| = E|Y,""*| < C(1 + |x|?) and consequently

Y12 = [u" (s, X,)I* < C(1 + | X, [*);

since EfOT |X,|?? dt < oo we conclude that Y” converges to Y in L>(Q x [0, T]; K).
From inequality (3.5) of Lemma 5 it follows that

T 1/2 T 1/2
IE/ 1Z" — Z"*dt < C ( sup E(1+ |X,|2P)) (Ef Y — Y;”|2dz)
0 0

te[0,7T]

1/2

T
< C, (Ef Y — Y;“|2dt) (3.21)
0

from which we conclude that (Z") is a Cauchy sequence in L2(Q2 x [0, T]; L»(E, K)).
We denote by Z its limit. Passing to a subsequence, we can assume that |Z! — Z;| — O,
[P-a.s. for almost every ¢t. We define a function v: [0, T] x H — L,(E, K) by setting
v(t, x) = lim,_, o, V" (¢, x) forall (¢, x) for which the limit exists, v(¢, x) = 0 elsewhere.
Then v is Borel measurable and we have Z;, = v(¢, X;), P-a.s. for almost every .
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Fourth Step. Existence of the solution. For every ¢t € [0, T'], (Y", Z") satisfies
P-a.s.:

T T
Y,”+/ e Bz qw, =e<T—f>B¢(XT)+/ eIy (s, X, Y] ZY) ds.
t

t

To prove that (Y, Z) is a solution to (3.3) it remains to check that
T
E/ V" (s, X5, Y{', Z) — ¥ (s, Xy, Yy, Z)|ds — 0.
0

From (iv) of Lemma 3 we obtain ¥" (s, x, y,, z,) — ¥ (s,x,y,z) in K, whenever
vy, > yinK and z, — zin L,(Z8, K), forevery s € [0, T], x € H. Taking into account
(3.12) and (3.14) we have

T T
Ef |w"<s,XS,YS”,Z?>|2dsscE/ (41X, PP + V"2 + |20 ds < C
0 0

which shows that (" (s, Xy, Y{', Z7)) is uniformly integrable on €2 x [0, T'] and the
required convergence follows immediately. O

4. BSDE with Bounded Continuous Generator

In this section and in the following one we adopt a more general approach and we consider
a process X with values in a metric space. We assume that X is a Markov process with
respect to a Brownian filtration. More precisely, in what follows we make the following
assumptions:

(1) (2, F,P) is a complete probability space and {W,, ¢ € [0, T']} is a cylindrical
Wiener process in a Hilbert space Z. For an arbitrary interval [s, t] C [0, T] we
denote by F, ;) the o -algebra generated by the random variables {Wf —WE, re
[s, t],& € E} and by the P-null sets of F.

2) X ={X!(w), we 2, 0<t <s <T, x € M} is a stochastic process
with values in a complete separable metric space M, measurable with respect
to F x B(A) x B(M) and B(M), respectively (here by A we denote the set
{(t,s), 0 <t <s < T} and by B(A) the Borel o-algebra of any topological
space A).

(3) Foreveryt € [0, T] and x € M, the process {X'*, s € [¢, T]} has continuous
paths and 1s adapted to the filtration {F; 5, s € [¢, T]}.

(4) ForO <t <s < T and x € M we have, P-a.s.,

X =x, XN =X rels, Tl (4.1)
We denote by

wot(A) = P(XE* € A), 0<t<s<T, xeM, AcBM),
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the transition probabilities. Standard arguments show that X is a Markov process, in the
sense that for every bounded Borel function ¢ on M and for0 <t <s <r < T and
x € M, we have

EF o(XLY) = / o) 1% (dy), P-as.
M

We need the following lemma, that has been proved in Proposition 3.2 of [9], in the
special case when M is a Hilbert space. Exactly the same arguments carry over to the
general case.

Lemma 7. Assume properties (1)—(4) above. Suppose that:

1) z ={z(w,s,t,x), w e L,0=<1t<s <T,x € M} is a stochastic process
with values in a Hilbert space V , measurable with respect to F x B(A) x B(M)
and B(V), respectively.

(11) For every t € [0, T] and x € M, the process {z(s,t,x), s € [t,T]} is
predictable with respect to the filtration {F; 51, s € [t, T]}.
(1) ForO <t <s < T and x € M we have, P-a.s.,

z(ry s, X0%) = z(r, t, x), for almostall r € [s, T]. 4.2)

Then there exists a Borel measurable function v: [0, T] x M — V such that, for
t € [0, T]and x € H, we have P-a.s.

z(s, 1, x) = v(s, X0Y), foralmost all s € [t, T]. (4.3)

We fix arbitrary x € M and consider the following BSDE:

dY, = —BY,dt — ¥ (t, XO*, Y,, Z,)dt + Z, dW,,  Yr = (X)), (4.4)
under the following assumptions.

Hypothesis 8.

(1) The process X satisfies properties (1)—(4) above.
(11) The operator B: D(B) C K — K is the infinitesimal generator of a strongly
continuous dissipative semigroup {e'®,t > 0} of bounded linear operators

in K.

(1) o: M — Kand y: [0, T] x M x K x L,(8, K) — K are Borel measurable
functions,
E |p(X59)* < o0, tel0,T], xeM,

and there exists a constant C > 0 such that
Y (t,x,y,2)| <C, tel0,T], xeM, yeK, ze€ly)(E, K).

(iv) Foreveryt € [0, Tland x € M the function ¥ (t, x, -,-): K X L,(E, K) - K
IS continuous.
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We say that an (F;)-predictable process (Y, Z) with values in K x L,(E, K) is a
mild solution of (4.4) if

T
sup ]E|Y,|2—|—]E/ |Z,|>dt < o0 (4.5)
tel0,T] 0

and for every ¢ € [0, T'] the following equality holds:

T
Y, + / e'=IBz7 aw,
t

T
=T DBp(x0") + f "By (s, X0 Yy, Z)ds,  P-as. (4.6)
t
Lemma 9. Assume that Hypothesis 8 holds and let (Y, Z) be a mild solution to (4.4).
Then
T
sup E|Y;[2 +E f Z2di < C (1 +Elp(X39)P). 4.7)
t€[0,T] 0

If ¥/, ¢ are functions satisfying Hypothesis 8 and (Y', Z') is a corresponding mild
solution then

T T
Ef 1Z, — Z/|*dt <Elp(X)") — ¢/ (X0 ]* 4 C Ef Y, — Y/|dt. (4.8)
0 0
In (4.7) and (4.8) the constant C depends only on T and on the constant C in Hypothesis 8.

Proof. Proceeding as in the proof of Lemma 5 we obtain (compare (3.10))

T T
E)Y, +E f \Z,12 ds < Elp(X%)2 + 2E / (Yo (s, X0 ¥y, Z0)) ds. (4.9)
t

t

Since ¥ is bounded we have

T T
E|Y,|2+Ef |zs|2dssE|go<X%’f>|2+c1a/ Y] ds
t

t
T
< Elp(X%*)? + CE / (1 + 1Y, ds,
t

and (4.7) follows from Gronwall’s lemma.
In order to prove (4.8) we write the equation satisfied by (Y — Y', Z — Z’) and
proceeding as before we arrive at

T
E|Y, — Y/? +E/ \Zy — Z!|* ds
t
< Elp(X¥) — ¢ (X))

T
+ 2]E/ (YS - Ys/’ W(S’ X?’x, YS9 ZS) - w/(sa Xg,xa Ysla Z:)) ds'
t
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By the boundedness assumptions on v, " we obtain
T
E|Y, — Y/ —HE/ \Z, — Z/*ds
t

T
< Blp(x)) = ¢/ (XPF + CE [ 1Y, - ¥jlds.
t
Inequality (4.8) follows immediately. O

Theorem 10. Assume that Hypothesis 8 holds, that the operators e'8

t > 0, and that the transition probabilities of the process X:

are compact for

wer, 0<t<s<T, xeM,

are all equivalent measures on M. Then there exists a mild solution to (4.4). Moreover,
there exist Borel measurable functionsu: [0, T xM — K,v: [0, T]|xM — L,(E, K)
such that, P-a.s.,

Y = u(t, X;), forall te€]0,T];
Z; = v(t, X;), for almostall t € [0, T].

Proof. First Step. Approximation. We apply Lemma 3 to the metric space [0, T] x M
and the Hilbert space K x L,(E, K) and obtain a sequence of functions ": [0, T'] X
M x K x L,(E, K) — K such that, forany n > 1,

[y (t, x,y,2)| < C, (4.10)

and, for fixed n, ¥" is Lipschitz with respect to (y, z) uniformly with respect to (¢, x).
Let (Y™~ Z™"*) be the unique mild solution of

dY!'¥ = —BY! ds — (s, X0¥, YO, 200 ds + 2005 d W,

411
Y;,I,X — g0(}(;—,‘)6)’ ( )
where we use the convention X!* = x for s < ¢. By (4.7)
T
sup E|Y™ | 4 E/ |Z" 12 ds < C(1 +Elp(X75)]?) < oo. 4.12)
s€elt,T] 0

Moreover, from the uniqueness of the solution to (4.11) it is easy to deduce the following
identities: for 0 <t <s < T and x € M, we have, P-a.s.,

SXOT oyt
yrods = ymnh forall r e[s, T],
Zms Xt = zmtx for almost all r € [s, T'].

Setting u” (t, x) = Y;""* it follows immediately that, for every ¢, x, P-a.s.,

Yt =u(s, X0, s et T].
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Applying Lemma 7 to the process z(s, ¢, x) = Z"'* we conclude that there exist Borel
measurable functions v"*: [0, T] x M — L,(&E, K), such that, for every ¢, x, P-a.s.,

ZrhE =" (s, X0, for almost all s € [¢, T].

Second Step. In this step we prove that there exists a subsequence of u” (¢, x) which
1s convergent in K for every ¢, x. This is obvious for t = T, since u" (T, x) = ¢(x), so
we can assume ¢t < T'.

Noting that u”(t, x) = Y;""", taking expectation in the BSDE we have

T
un(t’ x) — Ee(T_t)BgD(X;lx) + E/ e(s—t)Bwn(s’ X;,x, st,t,x’ Z;l,l,X) ds

t

T
=Ee" "Po(X7")+E / eIy (5, XPE U (5, X0, v (s, XE)) ds

t

T
=Ee" PoXy") + / 18 f W (s, y) uyt(dy)ds, (4.13)
t M

where W' (s, y) = ¥"(s, y,u" (s, y), v"(s, y)). We fix an arbitrary xo € M and note
that, from our assumptions, u'+* is absolutely continuous with respect to 1% for s > ¢
and x € M. We denote by d*’(x, y) the corresponding density. Then

T
() =BT + [ [ I s ) i ) s
t M

Since (W") is uniformly bounded, this family is a bounded set in L*°([0, T'] x M;
ud* (dy) ds; K), whence relatively compact in the weak* topology. Since, in addition,
the space L'([0, T] x M; /L?’XO (dy)ds; K) is separable, there exists a sequence (still
denoted ") and a function ¥° € L>([0, T] x M; ,u(s)’x‘) (dy)ds; K) such that for any
¢ € L'([0, T] x M; u%*(dy)ds; K) we have

N

T
lim /0 / (W (s, y) — WOs, ), o(s, Y)) g 1> (dy)ds = 0.
M

n—oo

For any fixed (¢, x) and for every k € K,

T
/ / Lyeprid® (6, ) €505 k| 10 (dy) ds
0 M

T
=[] 1k i as
t M

T
sc[ [ wranas=c.a-n,
r Jum
which shows that ¢(s,y) = lsep.rd* (x, y)e® 8k belongs to L'([0, T] x M;
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,u?’xo (dy)ds; K). We conclude that
lim (u" (1, x), k) = E (e®"Po(X7"), k)

n—oo

T
+ lim fo fM (W (s, ), s, 1))k 1O (dy) ds

=E (" "Po(X7). k)

T
+ f / WO(s, v, eI ) (x, y) 10 (dy) ds.
t M

and so that (" (¢, x)), is weakly convergent in K for every ¢, x.

To prove that (u" (¢, x)), is convergent in the norm of K we will show that, for every
(t, x), the sequence (u" (¢, x)), is totally bounded.

Fort < T and § > 0 so small that t + § < T we decompose u" (¢, x) as follows
(compare (4.13)):

u(t,x) =q(t,x)+as(t, x)+ b5t x), (4.14)
where g (t, x) = EeT"DB¢(X}"),

t+46
a?(t,X)zf e“_’)Bf W' (s, y) wy*(dy)ds,
t M

T
bg(t,x)zf e“‘”Bf W (s, y) uh*(dy)ds.
t+4 M

Let us fix (¢, x) and let ¢ > 0 be arbitrary. Since (V") is uniformly bounded, we
have UM W(s, y) ub*(dy) ds! < C, so it follows that |ag (¢, x)| < C4, and we can
choose § such that |ag (¢, x)| < /2 for every n. Next note that

T

by(t,x) = e‘SB/

o0 [ sy ) ds
t+4 M

and

T
/ e(H“”B/ W(s,y) Wt (dy)ds| < C.
t M

+4

Since ¢°# is compact by our assumptions, the sequence (b?(t, x)), is relatively compact,

hence totally bounded. So there exists a finite set A C K such that for any n there exists
a € A satisfying |b§ (¢, x) — a| < €/2. So for every n there exists a € A such that
lu"(t, x) —q(t, x) —al| < e.This shows that (u"(z, x)), is totally bounded and the claim
1s proved.

Third Step. Convergence of Y and Z".
We denote Y = ymOx zn — 7m0x0 Denoting by u®(t, x) the limit of u” (¢, x)
then obviously Y' = u"(s, X,) converges to u(s, X;), which we denote by Y. From
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(4.12) it follows that
T
supE/ |YS”|2ds < 00
n 0

and we deduce that Y” converges to Y in L'(Q x [0, T]; K). From inequality (4.8) of
Lemma 9 it follows that

T T
Ef |Z" — Z"*dt < CIE/ Y —Y"|dt,
0 0

from which we conclude that (Z") is a Cauchy sequence in L?(Q2 x [0, T]; L»(E, K)).
We denote by Z its limit. Passing to a subsequence, we can assume that |Z]' — Z;| — O,
P-a.s. for almost every . We define a function v: [0, 7] x H — L,(&, K) setting
v(t, x) = lim,_, o, V" (¢, x) for all (¢, x) for which the limit exists, v(¢, x) = 0 elsewhere.
Then v is Borel measurable and we have Z; = v(¢, X;), P-a.s. for almost every .

Fourth Step. Existence of solution. For every t € [0, T'], (Y", Z") satisfies [P-a.s.

T T
Ytn +f €(t_S)BZ;l dWS — e(T—t)Bw(Xg,XO) _|_/ e(t—s)Bwn(S, Xg,xo, st, Z;Z)dS
t

t

To prove that (Y, Z) is a solution to (3.3) it remains to check that
T
Ef 1" (s, X050, ¥, Z0) — ¥ (s, X0, Y, Z)| ds — 0.
0

From (iv) of Lemma 3 we obtain ¥" (s, x, y,, z,) — ¥ (s,x,y,z) in K, whenever
vy, = yinK and z, — zin L,(E, K), forevery s € [0, T], x € H. Taking into account
(4.10) the required convergence follows from the dominated convergence theorem. [

4.1. Example

Let W be a cylindrical Wiener process in a Hilbert space & with Brownian filtration (F;).
Consider the following equation on the time interval [0, T'] for an unknown process X
with values in a Hilbert space H:

dX; =AX,dt + F(t, X;,)dt + GdW,, Xo = x,

where x € H, the operators A and G satisfy Hypothesis 1, F: [0,7T] x H — H is a
Borel measurable mapping such that, for some constant C > 0,

|F(I,X) - F(tax/)l S Clx _xlla
|F(¢, x)| < C(1+ |[x]), te€[0,T], x,x' €H,
and there exists &« > 0 such that

T
Trace f sTYeAGGH e ds < 00
0

(this is a stronger assumption than Hypothesis 1(iii)).
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It is well known (see, e.g. [5]) that under these conditions there exists a unique mild
solution, i.e. an (F;)-adapted process X, with continuous paths in H, such that, P-a.s.,

t t
X, = e'x +/ e""IAF (s, X,) ds +/ "IAG AW,  t>0.
0 0
X 1is unique up to indistinguishability. We denote by ,u?’x the law of X;.
We assume further that the image of F' is contained in the image of G and there
exists C > 0 such that

IGT'F(t,x)]<C, tel0,T], xeH,

where G~! denotes the pseudo-inverse of G. We consider the Ornstein—Uhlenbeck pro-
cess X' solution of

dX, = AX.dt + GdW, X =x.

By the Girsanov theorem, setting

T 1 T
p = exp (f (G™'F(s, X{), dWy) — Ef G F (s, X;>|2ds),
0 0
we have Ep = 1 and the process W, = W, — fot G~ F(s, X)ds,t € [0,T], is a
cylindrical Wiener process with respect to the probability P’ admitting density p with
respect to [P. Then we have

dX, = AX,dt+ F(t, X;)dt + G dW,, Xo =x,

and it follows that the law of X’ under P’ is the same as the law of X under IP. Since
P and P’ are equivalent measures, it follows in particular that the ,u?’x is equivalent to
N(e'“x, Q,), and therefore that {,u?’x, t € (0,T],x € H} is a family of equivalent
measures. In the same way one proves that the process X!, a solution in the mild sense
to the equation

dXo' = AX{Yds + F(s, XY di + GdWs, X, =x,

on the interval [¢, T] C [0, T], satisfies all the requirements of Theorem 10. So if B,
¢ satisfy the assumptions in Hypothesis 8 and the operators e’? are compact for ¢ > 0,
then there exists a mild solution to (4.4).

5. BSDE with Bounded Continuous Generator: Second Case

In this section we still consider a Markov process X = {Xf;x, O0<tr<s<T,x €
M}, with values in a complete separable metric space M, satisfying properties (1)—
(4) of Section 4. We denote by u!* the transition probabilities of X. We suppose that
Hypothesis 8 holds and, in addition, that the function ¢ is bounded. In particular, the
conclusions of Lemma 9 still hold.

We fix arbitrary x € M and we consider the same BSDE as in formula (4.4):

dY, = —BY,dt — (¢, X", ¥,, Z,) dt + Z,dW,, Yr = @(X9Y). (5.1
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As before an (F;)-predictable process (Y, Z) with values in K x L,(E, K) is called a

mild solution of (5.1) if it satisfies (4.5) and (4.6).

In this section we replace the requirement of mutual absolute continuity of the
transition probabilities of X with a continuity assumption of the map x — ui* with
respect to the variation norm.

More precisely we assume that for every sequence x,, converging to x in M and for

0<t<s <T wehave
Var(,ug’x — M;,x,,) — 0, (5.2)
for n — oo, where Var denotes the total variation.

Theorem 11. Assume that Hypothesis 8 holds, that the operators e'® are compact for

t > 0, that the transition probabilities of the process X satisfy (5.2) and that |¢(x)| < C
for some constant C > 0 and every x € M. Then there exists a mild solution to (5.1).
Moreover, there exist Borel measurable functionsu: [0, T]xM — K,v: [0, T]xM —
L,(E, K) such that, P-a.s.,

Y. =u(t, X,;), forall te€]0,T];
Z, =v(t, X;), for almost all t € [0, T].

Proof. First Step. Approximation. Applying Lemma 3 we construct a sequence of
functions ¢¥": [0, T] x M x K x L,(E, K) — K such that, foranyn > 1,
", x,y,2)| < C (5.3)

and, for fixed n, ¥" is Lipschitz with respect to (y, z) uniformly with respect to (¢, x).
Let (Y™"*, Z™"*) be the unique mild solution of

dYX = —BY!ME ds — (s, XDF, YK 200 ds + 200 d W,

notox x (5.4)
YTJ’ = (p(X;: )’
where we define X!* = x for s < . By (4.7) and the boundedness of ¢,
T
sup E|Y"|> + ]E/ |ZM 12 ds < C(1 + Elp(X59]?) < C. (5.3)
selr,T] 0

Arguing as in the proof of Theorem 10 we deduce that there exist Borel measurable
functions u”: [0, T]x M — K,v": [0,T] x M — L,(E, K), such that, for every ¢, x,
P-a.s.,

Y =u(s, X7, selt,T],
Zrh =" (s, X0, for almost all s € [z, T].

Second Step. In this step we prove that there exists a subsequence of u” (¢, x) which
is convergent in K for every ¢, x.
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We first claim that for fixed (7, x) there exists a subsequence (n;) (depending on
(t, x)) such that (u"(t, x)); is convergent in K. This is obvious for t+ = T, since
u"(T,x) = ¢(x), we can assume t < T. It is enough to show that, for fixed ¢, x, the
sequence (u" (¢, x)), isrelatively compact in K or, equivalently, that it is totally bounded.

From the definition of the mild solution to (5.4) we obtain, taking expectation,

T
I/ln([, ,X,') — Ytn,f,x = K e(T—I)B(p(XIY:X) + E/ e(S—l)Bwl’l(s, Xﬁ,x, st,t,x’ Z;Z,I,X)ds

t
T
—F €(T_Z>B§0(X;1x) +/ e(s—t)Bgn,t,x(S) ds,
t

where g""*(s) = Ey" (s, XL5, YW0r, Z0Y) satisfies [g""*(s)| < C. It follows that
lu"(t, x)| < C, 1.e. the sequence (u" (¢, x)), 1s uniformly bounded. For § > 0 so small
thatt + § < T we decompose u"(t, x) as follows:

u(t,x) = q(t,x) +ag(t, x) + by (t, x), 5:6)
where g (¢, x) = E e T DBp(X}"),

T

t+46
) = [P ds, b= [ sy ds,
t t+§

We fix (¢, x) and let ¢ > O be arbitrary. We have |aj (¢, x)| < C§, so that we can
choose § such that |ag (r, x)| < /2 for every n. Next note that

T
bg(t, X) — 663/ e(s—t—(S)Bgn,t,x(s) ds
t+4

and

T
/ e(s—t—(S)Bgn,t,X(s) ds < C.
t

+4

Since %8 is compact by our assumptions, the sequence (b%(t, x)), is relatively compact,
hence totally bounded. So there exists a finite set A C K such that for any n there exists
a € A satisfying |b§ (¢, x) — a| < €/2. So for every n there exists a € A such that
lu"(t, x) —q(t, x) —al < . This shows that (1" (z, x)), is totally bounded and the claim
is proved.

Next note that

T
un(t, x) — Ee(T_t)BQD(X;lx) + E/ e(S—l)Bwn(S’ X;,x’ st,t,x’ Z;’l,t,X)ds

t

T
= Ee" (X3 +E f eSTIB Y (s, XY " (5, X1 0" (5, X)) ds

t

T
= f " o(y) u (dy) + f 8 f W (s, )yt (dy) ds,
M t M

where V' (s, y) = ¢¥" (s, y, u" (s, y), v"(s, y)).
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Let us fix a dense sequence (7;) in [0, T'] and a dense sequence (x;) in M. By
the previous claim and a diagonal procedure we can find a subsequence (n;) such that
(u"*(t;, x;))r converges for every i, j. By a change of notation we can assume that the
original sequence (u"(f;, x;)), is convergent for every i, j.

Next we fix j and we prove that (u"(¢;, x)), is convergent for every x € M. The
assertion 18 trivial if 7; = T, so we assume ¢; < T'. We start from the inequality

" (t;, x) —u" (t;, x)| < |u"(t;, x) —u" (@, x;)| + [u" (t;, x) — u" (t;, x;)|
+ |u" (), x;) — u™ (t;, x;)]. (5.7)
We have

W' (4, x) —u"(t;, x;) = TP / 0() g (dy) — n3™ (dy)]
M

T
+ f et " / W(s, ) [ (dy) — pd ™ (dy)] ds,
t M

J

and since ¢ i1s bounded and W" is uniformly bounded we obtain

T
< Cf Var(u{™ —pd™) ds,
t.

]

T
f es~nB f W (s, y) (g (dy)—ud™ (dy)lds
tj M

and

1j,x;

< CVar(u3™ —

T8 f o(y) (3" (dy) — ni™ (dy)) ds
M

We note that by (5.2) for every sequence x, — x we have Var(,u? i ,ug’ "y 0 for
s > t;. Since Var(u?’x — M?’X”) < 2, by the dominated convergence theorem we obtain

T
/ Var(u?’x — /L?’X”) ds — 0.
t

J

Given ¢ > 0, from the previous inequalities it follows that we can choose x; so close to
x that

" (t;, x) —u"(t;, x;)| < e,

for every n. In a similar way one proves that x; can be chosen such that in addition
lu™ (t;, x)—u"(t;, x;)| < ¢foreverym,and since (u" (¢, x;)), 1s convergent we conclude
from (5.7) that (u" (¢;, x)), is a Cauchy sequence for every x € M.

Next we prove that (u"(z, x)), 1s convergent for every ¢t € [0, T] and x € M. We
can assume t < T, otherwise the assertion is trivial. We first claim that for t < r we
have

u"(t, x) — ‘/Mu"(r, Y) 1t dy)| < C-(r —1). (5.8)
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From (5.4) we obtain

r r
Ytn,t,x . Y;Lt,x — / e(s—t)Bwn(s’ X;,x’ st,t,x’ Z;t,t,x)ds . / e(s—t)BZ;z,t,x dWY

t t

Taking expectation we obtain
—1)B s Jt, Jt, _ 1, .t
E/ e(s 1) wn(s’ X;x’ sttx, Z;ltx)ds — E[Ytntx . Y;llX]
t
= E[u"(t, x) — u"(r, X;)]
=u"(t,x) — f u"(r,y) " (dy),
M

and since {" is uniformly bounded, (5.8) follows immediately.
Then we have, for ¢; > 1,

|un(t’x) - um(t’x)| =

u"(t, x) — / u(tj,y) ng(d)’)‘
M

+ lu"(t, x) — Aum(tj, y) ,Uv;x(d)’)'

+ f u" (t;, y) Mi;x(dy)—/ u" (t;, ) Mi;x(dy)‘-
M M

Given ¢ > 0, we choose j such that#; — ¢t < ¢. Forn, m > N we have

W) (10| = C e [ sup (a0 = . )] )

M n,m>N

Since the sequence (1" (%;, y)), is convergent for every y and it is uniformly bounded,
the last integral tends to O for N — o0. The proof of step 2 is finished.

The third and fourth steps are the same as in Theorem 10 and this concludes the
proof. O

5.1. Example

Let W be a cylindrical Wiener process in a Hilbert space E with Brownian filtration (F;).
We take H = E and consider the following equation on the time interval ¢, T'] C [0, T']
for an unknown process X with values in H:

dX; = AX;ds + F(X;)ds + G(X;) dWs, X, =x,

where x € H, the operator A: D(A) C H — H is the infinitesimal generator of
a strongly continuous semigroup {e’4, ¢ > 0} of bounded linear operators in H, and
F: H— H and G: H — L(H) are Borel measurable mappings such that, for some
constant C > 0,

[F(x) — F(x)] < Clx — x|,

G) = Gl < Clx —x|,  x,x' € H.
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We also assume that ¢’4 € L,(H, H) fort > 0 and that fOT e“"tle’A@z(H mydt < oo for
some o > 0. It is well known (see, e.g. [5]) that under these conditions there exists a
mild solution i.e. an (F;)-adapted process, with continuous paths in H, such that, [P-a.s.,

X, =" Dy + f e TIAFR(X,) dr + / eSTAG(X,) dW,, selt, Tl
t t
X is unique up to indistinguishability. The solution will be denoted X', to stress the
dependence on x and ¢. The process X constructed in this way satisfies conditions (1)—(4)
of Section 4. We denote by ! the law of X,
Assume now in addition that G (x) is invertible for every x € H and there exists
C > 0 such that |G(x) ™|z < C for all x € H. Then the following inequality has
been proved in [21] (see also Theorem 7.1.1 and Lemma 7.1.5 of [6]):

Var(u'* — p!) < lx — x|, O0<t<s<T, x,x e€H.

C
s —t
So under the previous assumptions, condition (5.2) clearly holds, and so if B, i/, ¢ satisty
the other requirements in Theorem 11 then there exists a mild solution to (5.1).

6. A Stochastic Game with Infinitely Many Players

Let W be a cylindrical Wiener process in a Hilbert space Z, defined on a complete
probability space (€2, F, P), and let (F;) be its Brownian filtration.

We consider the Ornstein—Uhlenbeck process in a Hilbert space H defined by the
equation d X, = AX, dt + G dW,, more precisely

t
X, = e'x +/ G AW,  tel0,T],
0
with A and G satisfying Hypothesis 1, and x € H.

Hypothesis 12.

(1) Let I be a finite or countable set.
(11) Foreveryi € I,ametric space U; is given. We denote U = X c; U; the product
space.
(i11) We assume that Borel measurable functions are given

R:[0,T]x Hx U — E, I [0,T] x Hx U — R, ¢ H— R,
for every i € I. Moreover, there exist constants cg > 0, ¢; > 0 such that
|R(t, x, )| < ck, (2, x, )+ 19" ()] < e (1+ |x]P),

tel|0,T], xeH, velU, iel.

Finally we assume that, for everyt € [0, T],x € H andi € I, the functions
R(t,x,): U— &, li(t,x, ):U—->R

are continuous.
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(iv) For everyi € I, a number A; > 0 is given. If I is infinite, identifying I with
the natural numbers, we assume that A; — +00 as i — oQ.

Each element i € I represents a player. U; represents the set of actions that player
i can take at any time. Coordinates of an element v € U are denoted v’ and we use the
notation v = (v');.

A; 1s a discount factor in the cost of player i, as defined below.

An (F;)-adapted process u = {u;, t € [0, T]}, with values in U, is called an
admissible decision process. Each component u = {ui, t €0, T]},i € I,1s then a
process with values in U;; u' represents the action taken by player i at time ¢.

For every admissible decision process u, a cost J* (u) for the player i € I is defined
as follows. By the Girsanov theorem the process

t
WIM = Wt _f R(SvXSa Ms)dsa IS [Oa T]v
0

1s a Wiener process under the probability measure P* admitting the density p* with
respect to [P given by

T 1 T
pu:exp (/ <R(S9XSauS),dWS)_§/ |R(S’ Xsaus)|2ds>'
0 0
We define
Ji(u) =E“ U e M1, Xy, uy) dt + e T ! (XT)} , iel.
0

Since R is bounded, the application of the Girsanov theorem is justified and we also
have E|p"|? < oo for every p € [1, o0). We note that X satisfies

t
X, =ex + / e""IAGR(s, X, uy) ds
0

t
+/ "NAGdw",  te]0,T]. (6.1)
0

Therefore, under P, X is the solution of a controlled stochastic equation with nonlinear
drift.

An admissible decision process u is called a Nash equilibrium if, for each i € I, the
equality

JH@) < J'(u)
takes place for arbitrary decision process u satisfying, for all j # i,
ul =7, [P-a.s. for almost every ¢ € [0, T].

The aim of this section is to show that a Nash equilibrium exists under appropri-
ate conditions. Our main assumption is Hypothesis 13 below. Before its statement we
introduce some notation.
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We fix numbers p; > O such that ) ,_, c?p; < oo, where ¢; are the constants
introduced in Hypothesis 12. In what follows we consider backward equations for pro-
cesses with values in the Hilbert space Ef) (I), the space of real sequences (y'); satisfying

Yoier | y'|?p; < 0o, endowed with the inner product

ovem = Y y=0D e, v=@) e ).

iel

Fori € I we denote by g; the element ofE%(I) defined by gl.j = 0ifi # j,g' = 1/p;. We
note that (y, g;)¢2(;) = y' forevery y = (y'); € €2 (I) and that the family {g; \/p;, i € I}
is a complete orthonormal basis of E%([ ). For every z € L,(E, ¢£2(I)) we can define
elements 7' € E* by the formula

Zié%:(ZS,gi)z%(j), Eeld, i€l
Since z is a Hilbert—Schmidt operator we have

Y 1Z R o < oo, (6.2)

iel

so that the sequence (z'); belongs to the Hilbert space E% (I, E*) consisting of E*-valued
sequences satisfying (6.2), endowed with the natural inner product. It is easy to check
that the mapping z — (z'); is a Hilbert space isomorphism between L, (&, E%(I )) and
€2(1, ). In what follows we make the identification z = (z');.

Hypothesis 13. There exists a Borel measurable functionu: [0, T]x H X L, (E, E% (1))
— U such that for everyt € [0,T],x € H, z = (Z'); € Lg(E,E%(I)),i € I the
inequality

R, x, ut,x,2) +1(t, x,u(t, x,z)) <7 R, x,v) +1'(t, x,v)

holds for every v € U satisfying v/ = u’/(t, x, z) for all j # i. Moreover, for every
t €[0,T),x € Handi €I the function u'(t, x,-): L,(E, £;(I)) — U is continuous.

Remark 14. Hypotheses 12 and 13 are easier to check in the special case

R(t,x, U) = Zjel Rj(t, X, vj)a

) . . 6.3
l’(t,x,v)=Zje,lj’-(t,x,vf), tel0,T], xe€eH, velU, (6.3)

i.e. when R and each /' are sums of functions depending only on one coordinate v/ € U;
of v € U. More precisely suppose that I, U;, ¢’ satisfy the assumptions of Hypothesis 12
(in particular, |¢’ (x)| < ¢;(1 + |x|?) for every x, i and for some constants ¢; > 0) and
that for every i, j € I there exist Borel measurable functions

Ri: [0,T1x HxU; — &,  [:[0,T]x HxU; —R,
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and constants cg;, ¢;; such that
|R;(t, x,a)| < cgj,

1, x, a)| < cij(1+ |x]P), tel0,T], xeH, aecl

and Zj CRrj < 00, Zj cij < ooforeveryi € I. We also assume that, forevery ¢ € [0, T'],
x € Hand i, j € I, the functions

Rj(t,x,): Uy~ 8,  [(t,x,): Uy >R

are continuous. If R and /' are defined by (6.3) then Hypothesis 12 is satisfied with
ci =), i Cij +¢;. Suppose now that there exist Borel measurable functions u': [0, T] x
H x B* - U;,i € I, such that

nRi(t, x,u' (t,x,n) + 1(t, x,u'(t, x,n) < nR;i(t,x,a) +1(t, x, a), (6.4)

foreveryi € I,t € [0,T],x € H,n € &%, a € U;. Moreover, assume that for every
t € [0,T],x € Handi € I the function u'(¢, x,-): " — U; is continuous. Then
setting

E(tvx’ Z) = (Zi(taxa Zi))i

it is easy to verify that Hypothesis 13 is satisfied.
Note that (6.4) can be expressed as

gi (t,x,n) € argmin [nR; (¢, x,a) + lf (t,x,a)].

aeU;

The existence of a function u' satisfying (6.4) and such that u' (¢, x, -) is continuous
can be effectively checked in particular cases. For instance, in addition to the previous
assumptions, suppose that all the metric spaces U; coincide with the ball B(0, r) of radius
r > 0 centered at the origin of another Hilbert space A. Furthermore, assume that R;
are defined by

Ri(t,x,a) = R;(t, x)a, tel0,T], xe€eH, acA,

where eachﬁj (¢, x) is alinear bounded operator from A to E,Ej (,)a: [0, T]xH — E
is Borel measurable for every a € A, and |Ej (t,x)| <cgrj,t €[0,T],x € H, for some
constants cg; > 0 satisfying Zj Crj < 00. Suppose finally that I! have the special form
lf(t, x,a) = |a|*>, a € B(0, r). Then a minimizer of a — nR; (¢, x,a) + ll’f(t,x, a) =
nR;(t, x)a + |a|?> over B(0, r) can be easily computed, and the required function u' can
be defined by

—s@Ri(t,x)*  if |nRi(t,x)| < 2r,
Ei(t’ X, n) = _ (TIEZ([,X))*

— if |nR;(t,x)| > 2r,
|an(t7-x)|
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f(Et € [0,T], x € H,n € E*, where by (nR;(t, x))* € A we denote the image of
nR;(t, x) € A* under the Riesz isometry A* — A.

Theorem 15. Under Hypotheses 1,12 and 13 there exists a Nash equilibrium u. More-
over, there exists a Borel measurable function v: [0, T] x H — L,(E, E%(I )) such that

u, = u(t, X, v(t, Xy)), P-a.s. for almost every t € [0, T]. (6.5)
Remark 16. By equality (6.5), u is called a closed-loop Nash equilibrium.

Proof. We define an operator B in E%(I) setting (By); = —A;y' for y € D(B) =
{ODir Dy )Ll.2|yi|2pi < oo}. B is a self-adjoint operator with eigenvectors g; and
eigenvalues —A;. It is the infinitesimal generator of the dissipative semigroup given by
the formula (e’®y); = e™*'y’. The condition A; — oo ensures that ¢’? is compact for
every t > 0.

We define ¢ (x) = (¢'(x)); and f(t, x,z) = (f'(¢t, x, 2));, where
[l x,2) =2 R(t, x,u(t, x, 2) +1'(1, x, u(t, x, 2)),

5 (6.6)
1€[0,T], xeH, zely(E, €,1)),
and we consider the backward equation
dY;, = —BY,;dt — f(t, X;, Z,)dt + Z, dW,, Yr =¢(Xr), (6.7)

where the unknown processes Y and Z take values in E%(l )and L, (&, Ef)(l )), respec-
tively.
Next we verify that the functions

110, TIx H x Ly(B, £5(1) — (1), @: H— ()

satisfy the assumptions of Theorem 6. By Hypothesis 12,

1/2
|f(t’-x’ Z)|E%(1) S <Z |Z1R(t’ X, Z(t’x3 Z))|2pl>
1/2
+ (Z 12, x, ut, x, z>)|2pl~)
1/2 1/2
< cr <Z |z"|é*p,~) + (Zc?pi> (1+ 1x|”)

1

1

1/2
= crlzlp,E.ea) T (Z Cizpi) (1 + |x[7),

1

12 12
o) ey = (Z |§0i(x)|2;0i> < <Z C?Pi) (I + 1x[7).

i

31



The functions f'(¢, x, -) are continuous since they are defined in terms of the con-
tinuous mappings R(z, x, -), I'(¢t, x, -) and u(t, x, -). To check continuity of f(z, x, -),
we consider a sequence z, converging to z in L, (&, E% (1)) and note that

|f(t x,20) — [Tt x,2)
< |z, R(t, x, u(t,x,2,)) — 2 R(t, x, u(t, x, 2))|
1 x,u(, x, 20)) = U, X, u(t, x, 2))
< crlzy, — '+ 2| [R(t, x, u(t, X, 2,)) — R(t, x, u(t, x, 2))|

+ |ll(t7 X, E(I’x’ Zn)) - li(ta X, Z(ta X, Z))'

It follows that

|f(t’x’ Zn) - f(t’x’ Z)'Z%(I)

1/2
- (Z |f1x, 20) = £, x, z>|2p,-)

< crlzn — Z|L2(s,zf,(1))

1/2
+ (Z 2P IR, x, u(t, x, 2)) — R(t, x, u(t, x, z)>|2pi>

1/2
+ (Z |ll(t9 X, E(ta X, Zn)) - li(ta X, E(t’xa Z))|2p1> .

Since Risbounded, Y, |z'[*0; < o0, [I'(t, x, u(t, x,z,))| < c;(1+|x|P)and Y, c?p; <
oo we conclude that | f (2, x, z,) — f(t, x, D)2y — 0.

Theorem 6 shows that (6.7) has a solution satisfying, in particular, [ fOT 1Zi2ds <
o0. Moreover, there exists a Borel measurable function v: [0, T] x H — L,(E, E%(I )
such that Z, = v(¢, X;), P-a.s. for almost every t € [0, T'].

We will show that the process u;, = u(t, X;, Z;) = u(t, X;,v(t, X;)), t € [0, T],
is a Nash equilibrium. Writing (6.7) in the form specified by definition (3.3) and taking
the scalar product with g; we obtain, for every i € I,

T T
Y! + / e HUTNZEAW, = e M T 00N (X7) + f e 07D fi(s, Xy, Zy) ds.
t t
For every admissible decision process u, by the definition of W* we obtain

T
Yo —e ol (Xr) = — / e ZidWY
0

T T
—/ €_AiSZ§Rs(S,Xs,us)ds+f e M fi(s, Xy, Zs) ds.
0 0
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We recall that W* is a Wiener process under P* and we note that

T 1/2 T 1/2
E(/ |z§|2ds> =E|:p”(/ |z§|2ds) }
0 0
T 1/2
< (Blp*P)"? (E/ |Z;’|2ds) < 0.
0

It follows that fot Z ; dWl,t € [0, T],is a P“-martingale. Taking expectation we obtain
. . T . .
Yy =e MTE"9' (X7) +E”/ e UL (s, Xsu Zs) — ZLR(s, Xy, uy)]ds
0

T
= Ji(u)—l-E”/ e Lf1 (5. X, Zo) = ZiR (s, Xgoug) —1' (s, Xs,ug)]ds.  (6.8)
0

By the definition of f' and Hypothesis 13, for every i € I,
fit,x,2) < 2Rt x,0) + 11, x,0),

t€[0,T], xe€H, zelLyE, 1),

for every v € U satisfying v/ = u/(t, x, z) for all j # i. It follows that
fi(t’ XtaZt)SZ;'R(taXl’ul)+li(tht’ut)’ (69)

for every decision process such that u{ = ZZ{ =u/(t,X,, Z,) forall j #1i.
On the other hand from (6.6) we obtain

[l X, Z0) = ZR(t, X, 1) +1(1, Xo, 0y). (6.10)
From (6.8) and (6.9) it follows that Yé < J'(u); from (6.8) and (6.10) it follows that

Y} = J'(u); we conclude that J'(@) < J'(u), which shows that u is a Nash equili-
brium. O
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Appendix
This appendix is devoted to the proof of Lemma 2. We follow closely the proof of

Proposition 4.2 of [4]. We keep the notation of Section 2.2; by Im we denote the image
of an operator. We first state a lemma on gaussian measures.
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Lemma 17. Suppose that Q, R are nonnegative, injective, trace class linear operators
on H satisfying

Im Q'? =ImR"?; (A.1)
suppose, moreover, that the operator

G = (R—I/ZQI/Z)*R—1/2Q1/2 -1 (Az)
is trace class. Then N (0, R) is equivalent to N'(0, Q) and, for N (0, Q)-a.e. x € H,

dN (0, R)

—dN(O 0) (x) = det(1 + G)'/? exp(—%(GQ‘l/zx, 0~'2x)). (A3)

The determinant is understood as the infinite product of eigenvalues. It is well
defined, since G is trace class. Equivalence of measures follows from the Feldman—Hajek
Theorem, while the formula for the density can be found in Section II.4.3, Remark 4.4
and formula (4.16) of [7]. A simple direct proof can be found in [4].

In the rest of this appendix we assume that Hypothesis 1 holds. We state two well-
known properties of the operators Q,, whose short proofs are reported for the reader’s
convenience.

(1) The operators Q;,t > 0, are injective.
Indeed, by a duality argument (see for instance Appendix B of [5]), Hypothe-
sis 1(iv) implies that for every ¢ > 0 there exists C; > 0 such that

* 1/2
eyl < C10/%yl,  yeH.

Soif Q;x = 0 for some t > 0, then Q;x = 0, s < ¢, and consequently
eAx =0, s <t;letting s — 0, we obtain x = 0.
(i) For every t > 0, Im Ql/2 = Im Ql/2 In particular, Q,
bounded operator on H.
We notice the equality Q7 = Q; + ¢4 Qr_;e'4", which is a consequence of
the definition of Q, and Q7. We obtain

Or = O +e0r e = 0,11+ (0, 0r_(0; ) 10,7,

which yields, for some constant C;7 > 0,

1/2 . )
2etA is a linear

1077x12 = |[1+ (Q; ™ 0r_ (07 e 120, x

< Crl0,”x)?, xeH. (A.4)
On the other hand,
10, x> = (Qux,x) < (Qrx,x) = |0y°x]>,  x€H. (A.5)

By aduality argument (see, e.g. Appendix B of [5]) we conclude thatIm Q 12—

Im Q,"*.
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(ii1) For0 < s <t we have
10, e < |07 (A.6)

We start from the easily verified identity Q;, = Q,_;+e" ™94 Q,e"~94" which
implies Q; > e"™940,e"94" and therefore |Q,*x|> > | Qs =94 x |2,
x € H. Bya duahty argument it follows that |Q; /%e(~ 0402 < 1 and
consequently |Q; eAx| = |Q; Pet4 020 ”ZesAx| < 105 PerAx|,
which proves the claim.

Proof of Lemma 2. The kernel k is the Radon—Nikodym density

dN (e'*x, Q,)

k) = N0, o)

We first prove the special case corresponding to x = 0, namely that
ki(0,) = det(1 — ©,1) " exp{=3(O,7(1 — ©:) 7' 07y, 0720} (AT)

1/2
Since Qr_; is a trace class operator and Q /214 §

trace class. MOI’GOVCI’ since

0, = 07 — e Qr_ e = 0 [1 — (07 7™ Qr_, (07210}
21— 0,0)0)?

1s linear bounded, the operator ®,7 is

we have
(1—6mx=07"70,07"x, xeImQ/’. (A.8)

Therefore, ((1 — ®;7)x,x) > 0 for x € Im QIT/Z, a dense subset of H; it follows
that (1 — ®,r) is nonnegative. Equality (A.8) also implies, by standard arguments, that
(1 — ®;7) 1s invertible and

(1-0,)"" =, "?0/»H* 0,70} (A.9)
Define G = (Q, ' 0}/**0;">0}/* — 1. Then
G=(1-0,)"-1=0,;(1-0,7)"", (A.10)

so G is trace class and formula (A.7) follows from Lemma 17.
To prove the general case, we use the equality

dN(ele, Qt) dN(O’ QZ) _ dN(etA-x’ Qt)
AN, Q) dN(©0,Qr)  dN(0, Q)

and we notice that, by the Cameron—Martin Theorem (see, e.g. [5]),

ki(x,-) = k: (0, -), (A.11)

dN (e'*x, Q,)

N0 0 ) = e e, 07 Py — 110, Pe A x P,
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for N'(0, Q)-ae. y € H.If m € Im Q,, then (A.9) implies (1 — ©,7)"' Q7" *m =

l/th m and we have, for y € H, a.e. with respect to N (0, Q7) and N (0, Q,),

(07"Pm, 07'7y) = (07 'm, y) = (07707 'm, 072 y)

= (1 —0,1)7 07" m, 0;'%y). (A.12)
Equation (A.9) also implies
10, Pm? =11 — ©,7) 20, Pm|%. (A.13)

The equalities (A.12) and (A.13) extend by continuity to every m € Im Q ,1 /2. So we can
set m = e'4x, and substituting into (A.11) and using (A.7), we prove the formula for k.
It remains to prove the inequalities (2.5) and (2.6).
The equality (A.9) shows that |(1 — ©,7)~!| = |Q; />0 2|2 The first equality in
(A.4) implies that

1072071 < 11 +(0 e 07— (072,
and since (Qt ’A)QT t(Q_l/ e'4)* > 0, we conclude that

(1 —O,) <14 1(Q; ™07 (07 ?e ™y
< 141071107 %P, (A.14)

which proves (2.5).
In what follows we denote for simplicity

—1/2
a =070, P

To prove (2.6) we first recall that ®,7 is a trace class nonnegative operator and we
denote by Ag, A1, ... its eigenvalues, arranged in decreasing order. Since 0 < ;7 < 1
wehave 0 < --- < A; < Ao = |®,7| < 1. It follows that (1 — Ao)~! = |(1 — ©,7)7 |
and by (A.14) we have (1 — Ao)~' < 1 4 a and we first conclude that 1o < a/(1 + a).

Next we compute

det(1 - 0,7) ' = [0 =20 =exp {— > log(l - xk)} .
k=0 k=0

Since the function x — (—1log(1 — x))/x is increasing in the interval (0, 1) we have, in
particular,

—log — Ay _ —log(l —29) _ —log(l —a/(1+a))
Ak - Ao B a/(l +a)

log(1
:M(l—i—a)fl—i—a,
a
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and we obtain

det(1 - ©,7) ' <exp|(I+a)) A |=exp[(l +a)Trace O;7].
k=0

Then we have

Trace ©,r = Trace((Q7 *e'*) Qr_,(Q7'%e'*)*) < (Trace Q7_)|Q7 e |?

—1/2 5172

and since inequality (A.5) implies that |Q, ;7] <1, we deduce that

—1/2 —1/2 ~A—1/2 —1/2 —1/2
107 % < 107770721107 < 10, 7.

Substituting, we obtain det(1 — ©,7)~! < exp[(1 + a)(Trace O7_,)|Q; *¢'4?] and

(2.6) is proved. [
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