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Abstract

We investigate Gevrey order and 1-summability properties of the formal solution
of a general heat equation in two variables. In particular, we give necessary and
sufficient conditions for the 1-summability of the solution in a given direction. When
restricted to the case of constants coefficients, these conditions coincide with those
given by D.A. Lutz, M. Miyake, R. Schéfke in a 1999 article ([LMS99]), and we thus
provide a new proof of their result.
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1 The problem

A formal solution of the classical heat initial conditions problem

{ Ou—02u=0

1
W u(0, 2) = ¢(2)

in one dimensional spatial variable z reads in the form

U(t,z) = exp (t92t)p(2)

= Z tj—],W(Qj)(Z)
j20"
provided that all derivatives p(2/) exist’. When ¢ € O(D,) is holomorphic in a disc
D, with center 0 and radius p and hence satisfies, for any r < p, estimates of the
form
¢ (2)] < CK¥T(1+2)),

for all j > 0 and positive constants C and K, on D, then, u(t,z) € O(D,)[[t]] is a
series of Gevrey type of order 1 in ¢ for all z € D, (in short, a 1-Gevrey series). The

Gevrey estimates are locally uniform with respect to z in D,. These conditions are

1
optimal as shown by the following example: Let consider p(z) = T, Z Z" s0
n>0

that ©(27)(0) = (24)!. The corresponding solution 4(t, z) is of exact Gevrey order

1 and, in particular, is divergent. It turns out that it is actually 1-summable in
all direction but R* in the sense of Definition 3.1 below, that is, 1-summable in ¢
uniformally with respect to z near 0.

In 1999, D. Lutz, M. Miyake and R. Schifke ([LMS99]) gave necessary and
sufficient conditions on ¢ for @ to be l-summable in a given direction argt = 6.
Various works have been done towards the summability of divergent solutions of
partial differential equations with constant coefficients ( [Bal99], [Miy99], [BM99],
[Bal04],...) or variable coefficients ([H99], [Ou02], [PZ97], [MkO08], [Mk09],...)

'We denote @, with a hat, to emphasize the possible divergence of the series 4.
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in two variables. In [MkO05], S. Malek has investigated the case of linear partial

differential equations with constant coefficients in more variables.

In this article we are interested in the very general heat initial conditions problem

with inhomogeneous thermal conductivity and internal heat generation

u—a(z) 0?u = z a(z
) { O (2) 07w = q(t, 2) () € O(D)

u(0,2) = ¢(z) € O(D,).

The heat equation describes heat propagation under thermodynamics and Fourier

laws. The coefficient a(z), named thermal diffusivity, is related to the thermal

K
conductivity £ by the formula a =

where ¢ is the capacity and p the density
of the medium. We assume that a(z) and ¢(z) are analytic on a neighborhood
of z = 0. The internal heat input ¢ may be smooth or not. An important case
is the case with no internal heat generation corresponding to a homogeneous heat

equation:
; Opu—a(z)0?u =0 a(z) € O(D,)

(3) { u(0,2) = p(z) € O(D,).

In case of an isotropic and homogeneous medium, &, ¢, p and hence a are constants.
An adequate choice of units allows then to assume a = 1 and the equation reduces

to the reference heat equation dyu — 92u = 0.

Actually, for notational convenience, we consider the problem in the form

~ ~

@) | (1-al=)9 ') u=ft=2) » a(z) € O(Dy) and f(t,2) € O(D,)[[t]]

where 9, ! i stands for the anti-derivative fot u(s, z)ds of u with respect to ¢ which
vanishes at ¢ = 0.

Problem (4) is equivalent to

~

{ Oy — a(z) 0%U = 0y f(t, 2)
u(0,z) = f(0,2).

~ ~

and hence to Problem (2) by choosing ¢(t,z) = 0;f (¢, 2) and ¢(z) = f(0, 2).
Moreover, Problem (4) reduces to the homogeneous case (3) if and only if the

inhomogenuity ]?does not depend on t.



2 GEVREY PROPERTIES

From now, we denote D = 1 — a(z) 9, '9? and, given a series 4 € O(D,)|[[t]], we

u(t,z) = Z F“j’*(Z) = Z“*’"(t)m = Z “j’"ﬁﬁ'

§20"" n>0 A
Since (O(D,)|[[t]], 8, 0.) is a differential algebra and a(z) € O(D,) the operator
D acts inside O(D,)][[t]]. More precisely, we can state:

denote

Proposition 1.1 The map
D2 O(D)[[t]] — O(D,)[[t]

18 a linear isomorphism.

~ t . :
PROOF. The operator D is linear. A series u(t,z) = Z —j«(2) is a solution of
>0 7"
Problem (4) if and only if

(5)  wj(z) = E’*(z) +a(z) W 4 ,(z) forall j >0 starting from @ .(2) = 0.

~

Consequently, to any f(t,z) € O(D,[[t]] there is a unique solution u(t, z) € O(D,[[t]],
which proves that D is bijective. O

In Section 2 we show that the inhomogenuity f(t,z) and the unique solution
u(t, z) are together 1-Gevrey.

In Section 3 we prove necessary and sufficient conditions for u to be 1-summable
in a given direction argt = 6. The conditions are valid in the case when either
a(0) # 0 or a’(0) # 0. When a(z) = O(z?) an easy counter-example shows that
even the rationality of ]?(t, z) is insufficient.

In Section 4 we discuss the accessibility of our necessary and sufficient conditions.
Indeed, the conditions are given not only in terms of the data fbut also in terms
of the first two terms @, o and u,; of the solution u itself.

In the particular case a = 1 our conditions coincide with those of [LMS99]. We thus

provide a new proof of the result of [LMS99].

2 Gevrey properties

In this article, we consider ¢ as the variable and z as a parameter. The classical

notion of a series of Gevrey type of order 1 is extended to z-families as follows.
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tJ

Definition 2.1 (1-Gevrey series) A series u(t,z) = Z —j«(2) € O(D,)[[t] is
7207

of Gevrey type of order 1 if there exist 0 < r < p, C > 0, K > 0 such that for all

j >0 and |z| <1 we have
[@j.(2)] < CKIT(1 +2j).

In other words, u(t,z) is 1-Gevrey in ¢, uniformally in z on a neighbourhood of
z=0.

We denote O(D,)[[t]]: the subset of O(D,)[[t]] made of the series which are of
Gevrey type of order 1.

Proposition 2.2 (O(D,)[[t]]1,0;,8,) is a differential algebra stable under 9, ' and
o,

PRrROOF. The proof is similar to the one without parameter. Stability under 0, is
proved using the Cauchy Integral Formula and is guaranted by the condition “there

exist 7 < p ...” in Definition 2.1. O

It results from this Proposition that the operator D = 1 —a(z)d; ' 9? acts inside
the space O(D,)[[t]]1-

Because the main result of this section (Theorem 2.5) is set up using Nagumo
norms on O(D,) we begin with a recall of their definition and main properties and
we refer to [N42] or to [CRSS00] for more details.

Definition 2.3 (Nagumo norms)
Let f € O(D,), p >0, 0<r <pandletd.(z) = |z| —r denote the euclidian
distance of z to the boundary of the disc D,.

The Nagumo norm ||f|,, of f is defined by

1 £llp,r = sup | f(2)dy(2)"]

|z|<r

Proposition 2.4 (Properties of Nagumo norms)

(i) ||-|lp,r is @ norm on O(D,);

(ii) For all z € Dy, |f(2)] < [|fllprd(2)"F;
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(111) || fllor = sup.ep,|f(2)| is the usual sup-norm on D,;

(1) 11 9llp+ar < N fllprllgllg.rs

(v) (most important) || f'llp4+1r < e(p+ D) fllp.r-

Note that the same index r occurs on both sides of the inequality (v). One gets thus
an estimate of the derivative f' in terms of f without having to shrink the domain
D,.

Theorem 2.5 The map

.. { oWl — oD,

~

u(t, z) —  f(t,z) = Dul(t, 2)

18 a linear isomorphism.

PROOF. It results from Proposition 2.2 that D(O(D,)[[t]];) C O(D,)[[t]]: and
from Proposition 1.1 that D is linear and injective. We are left to prove that D is

also surjective. .
. 4o .
Let f(t,2) =Y = fix(2) € O(D)[[t]]1. The coefficients f;.(z) satisfy
>0 7"
Of;-,*(z) € O(D,) for all j > 0.
e There exist 0 < r < p, C > 0, K > 0 such that for all j > 0 and |z| <r

|fix(2)] < CKIT(1 + 25)!

and we look forward to similar conditions on the coefficients u;.(z) of u(t,z) =
t

g — Uj(2).

207"
From the recurrence relation (5) the relation

Uja(2)  [ia(2) ul . (2)

L(1+25) TIT(1+25) (1 +29)

starting from @w_; ,(z) = 0 holds for all j > 0. Applying the Nagumo norms of
indices (27, r) and properties (iv) and (v) of Proposition 2.4 we get

16, (2) |2, 1.4 (2) |25, 17251 4 (2)ll2j,r
= < =+ la(@) o —r755
F(1+2]) F(1+2]) F(1+2])
< " + ||G(Z)||0 2 ||ﬂj717*(2)||2j72,r
S e

L(14 (25 —2))
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_ fix (224

Denote g; = Ta+2)) and « = ||a(z) o, ¢* and consider the numerical sequence

V-1 =0
vj = gj +awvj_y for all 7 > 0.

[, (2) | 2.r

By construction, :
Y (1 +2j)

< wj for all 7 > 0.

CKID(142§) o o
—— N ALY (K2
r(1+25) C(Kr)

for all j and the series g(X) = >, g; X7 is convergent. Due to the recurrence
relation defining the v;’s the series v(X) = 3,5 v; X7 satisfy (1—aX)v(X) = g(X).
It is then convergent and there exist constants C' > 0, K’ > 0 such that v; < C' K"

Let us bound v; as follows. By assumption, 0 < g; <

for all 5. Hence,
[, (2)[2jr < C" K"T(1 +24) for all j > 0.

We deduce a similar estimate on the sup-norm by shrinking the domain D,.. Indeed,

let 0 <7’ <r. Forallj >0and z € D,,

o1
—~ ~ 2
) = [0 (P
1 R .
<y e () )
Hence,
o~ 1 -~
Zséqu ;. (2)] < m”“]ﬁ*”%ﬂ“
K’ J .
< O (=) Ta+2)

3 1-summability

Still considering ¢ as the variable and z as a parameter, one extends the classical
notions of summability to families parameterized by z in requiring similar conditions,
the estimates being however uniform with respect to the parameter z. For a general
study of series with coefficients in a Banach space we refer to [Bal00]. Among the

many equivalent definitions of 1-summability in a given direction argt =6 at ¢t = 0
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we choose here a generalization of Ramis definition which states that a series fis
1-summable in the direction @ if there exists a holomorphic function f which is 1-
Gevrey asymptotic to ]/”\ on an open sector ¥y - bisected by 6 with opening larger
than 7w (¢f. [R80] Déf 3.1). There are various equivalent ways of expressing the
1-Gevrey asymptoticity. We choose to extend the one which sets conditions on the
successive derivatives of f (see [Mal95] p. 171 or [R80] Thm 2.4, for instance).

Definition 3.1 (1-summability) A series u(t,z) € O(D,)[[t]] ¢s 1-summable in
the direction argt = 6 if there ewist a sector Xg s, a radius 0 < r < p and a

function u(t, z) called 1-sum of u(t, z) in the direction 6 such that

1. w is defined and holomorphic on X~ X D;;

- t
2. For any z € D, the map t — u(t,z) has u(t,z) = Z,—'ij*(z) as Taylor
j>07"
series at 0 on Yo >x;

3. For any proper? subsector ¥ CC Y9 > there exist constants C' > 0, K > 0
such that for all £ >0, allt € X and z € D,

0f u(t,z)| < CK'T(1 + 2¢)

We denote O(D,){{t}}1, the subset of O(D,)[[t]] made of all 1-summable series in
the direction argt = 6. Actually, O(D,){{t}}1, is included in O(D,)[[t]]:.

For any fixed z € D,, the l-summabilty of the series u(t, z) is the classical

1-summability and Watson Lemma implies the unicity of its 1-sum, if any.

Proposition 3.2 (O(D,){{t}}14.0:,0.) is a differential C-algebra stable under
o, and 0.

PROOF. Let u(t, z) and v(¢, z) be two 1-summable series in direction §. In Definition

3.1 we can choose the same constants r, C, K both for z and v. The product w(t, z) =

2Tn this context a subsector ¥ of a sector ¥/ is said a proper subsector and one denotes ¥ CcC X' if
its closure in C is contained in X' U {0}.
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u(t, z)v(t, z) satisfies conditions 7 and 2 of Definition 3.1. Moreover,

|0bu(t, 2)| = Z()aputz Pyt 2)

ﬁ:r +0) T(1+2p) T(1+2(¢ - p))
L(1+20) T(1+p) T(1+ (£ p))

< C*’K'r(+20)

p=0

< C?KY(L+1)T(1+20)
< C'K'"T(1+2¢) for adequate C', K' > 0.

This proves condition 3 of Definition 3.1 for w(t, z), that is, stability of O(D,){{t}}1 ¢
under multiplication.

Stability under 0y, 0, ' or 0, ! is straightforward. Stability under 0, is obtained
using the Integral Cauchy Formula on a disc D, with v’ < r. O

We may notice that the 1-sum u(t, z) of a 1-summable series u(¢, z) € O(D,){{t}}1,
may be analytic with respect to z on a disc D, smaller than the common disc D,
- _ . :
of analyticity of the coefficients u;,(2) of u(t,z) = Z —j«(2). With respect to

§>0""
t, the 1-sum u(t, z) is analytic on a sector supposedly open and containing a closed

sector ig,ﬂ bisected by 6 with opening 7; there is no control on the angular opening
except that it must be larger than m and no control on the radius of this sector
except that it must be positive. Thus, the 1-sum wu(¢, z) is well defined as a section
of the sheaf of analytic functions in (¢,z) on a germ of closed sector of opening 7
(i.e., a closed interval Iy, of length 7 on the circle S* of directions issuing from 0,
cf- [MalR92] 1.1 or [L-R94] 1.2) times {0} C C,. We denote Or,..x{0y the space of

such sections.

Corollary 3.3 The operator of 1-summation
Ottt — Or w0
u(t, z) = u(t, 2)

is a homomorphism of differential C-algebras for the derivations 0y and 0, and it

commutes with 8, ' and 07"
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Theorem 3.4

~

Let a direction argt = 6 issuing from 0 and a series f(t,z) € O(D,)[[t]] be given.
Recall D = 1—a(2)9; 102 and assume that either a(0) # 0 or a(0) = 0 and a'(0) # 0.
Then, the unique solution G(t,z) of DU = f in O(D,)[[t]] is 1-summable in the

~

direction 0 if and only if U, o(t),u.1(t) and f(t,z) are 1-summable in the direction
6.
Moreover, the 1-sum u(t,z), if any, satisfies equation (4) in which f(t,z) is

~

replaced by the 1-sum f(t,z) of f(t,z) in direction 6.

PROOF. We first place ourselves in the case a(0) # 0.
Denote a(z) = Z anz".

n>0
As a preliminary remark we notice that, by identification of equal powers of z in

Equation
a9 R P N P
(4) (1 —a(z) 9, az) Zu*,n(t) o Z fen(t) ok
n>0 n>0
we get

Tao(t) — ag 0; Yiwa(t) = frolt)
ﬂ*,l(t) — a1 8{16*72(15) — Qo 8{1ﬂ*73(t) = f*,l(t)

and soon...

so that each @, ,(t) is uniquely and linearly determined from w, ¢(t), u.1(t) and

-~

f(t,2)
e The condition is necessary by Proposition 3.2. Indeed, if @ is 1-summable then

1 ~
mme@ﬂﬂzﬂ@@,mﬂﬂ:—@md—ﬂwuw Jand f = Du.
z z=

~

e Prove that the condition is sufficient. Assume that u, o(t), Us1(t) and f(t, 2)
are l-summable in direction 6.
Set U(t, z) = Uuo(t) + 28y 1(t) + 0, %0(t, 2) and @ = 9, ' D.
With these notations Equation (4) becomes

b
a(z)

and it suffices to prove that @ is 1-summable in direction # when g is. To this

00, ) @(t,2) = §(t,2) where §= ——(@oo + 210 — f)

(6) (1 a,(lz)

end, we proceed through a fixed point method as follows.

10
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Setting @(t,z) = Y @,(t,2) Equation (6) reads
p>0
_ 1,9 .
wy — ——0i0, "Wy =g

a(z)

~ 1 9
+wy — —8,582 211)1

a(z)

. 1 _9 ~
+wy — @@az Wy

and we choose the solution given by the system
(W = g

1
W = —0,0,° @

[ ...

We can check that, for all p > 0, the formal series @, (¢, z) are of order O(2%)
in z and consequently, the series w(t,2) = >_ -, Wp(t, 2) itself makes sense as

a formal series in ¢ and z.

Let wq(t,z) denote the 1-sum of @y = g in direction 6 and for all p > 0, let
wy(t, z) be determined as the solution of System (7) in which all w, are re-
placed by wj,. All w, are defined on a common domain g~ x D,.

We are willing to prove that the series pr(t, z) is convergent with sum

p>0
w(t, z), the 1-sum of w(¢, z) in direction 6.

The 1-summability of @y implies that there exists 0 < r’ < p’ and, for any
subsector ¥ CC Xy, there exist constants C' > 0, K' > 0 such that for all
¢>0and (t,z) € ¥ X Dy,

|0fwo(t, )| < C'K'* (1 + 2).

Denote B = max

1
zeD, la(z)
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1
From wy = —— at(?;?wg we deduce that
a(z)
‘8£11)1‘ = ‘Lﬁeﬂaﬂwg
t (I(Z) t 2

041 |2]2

S B max |0 wo| 5

1 1041 |Z‘2
< C'K'TT(1+2(0+41)) o

and, by recursion, that

2\p
(8) |0fwy (¢, 2)| < C'K'”pr(l +2(¢ +p))% for all p > 0.
p):

This implies

20 + 2
S |0fwy(t,2)| < C'K"r(1+2z)z< % p) (K' B|2|?)”

p>0 p>0
< C'(4K")'T(1+20))  (4K'B|z*)"
p>0

204-2p
s1nce< o )SZ( 2 =2 D
k=0
Denote L = 4K'Br? and choose r so small that L < 1.
Denote C'=C"3" 5 LP < oo and K = 4K'.
Then,

(9) Z ‘8f1l)p(t, z)‘ <CK'T(142¢) on X x D,.
p>0

In particular, for £ = 0, the series ) | w, (¢, z) is normally convergent on X x D,..
Consequently, its sum w(t, z) exists and is analytic on ¥ x D,. This proves
point 1 of Definition 3.1 if we choose as sector ¥ C Xy ~r a sector bisected by
# with opening larger than m .

For all £ > 1, the series 3" 0fw,(t,z) is also normally convergent on > x D,
so that the series ) wy(t, z) can be derivated termwise infinitely many times

with respect to t and the estimates (9) imply
(10) 0fw(t,z)| < CK'T(1+2() on ¥ x D,

which proves the condition 3 of Definition 3.1.
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Moreover, summing the Equations (7) for wp and the 1-sum g(¢, z) instead

of w, and g(t,z) we get w(t,z) = g(t, 2) Z@t 2wy (t, 2) = g(t, 2) +

B )8t8 2w (t,z). Hence, w(t,z) satisfies Equation (6) with right hand side
a
g(t,z) in place of g(t, z).

Finally, the fact that all derivatives of w(t, z) with respect to ¢ are bounded on

% implies the existence of lim dfw(t, z) for all z € D, and hence the existence of
tex
the Taylor series of w at 0 on X for all z € D,.. Since w(t, z) satisfies Equation

(6), so does its Taylor series. Since Equation (6) has a unique formal solution
w(t, z), we can conclude that the Taylor expansion of w(t, z) is w(t, z), which

proves part 2 of Definition 3.1.

This achieves the proof of the 1-summability of (¢, z) in direction 6 in the
case when a(0) # 0.

e The fact that the 1-sum (¢, z) of u(t, z) in direction € satisfies Equation (4)
with right hand side the 1-sum f(¢, z) of f(t, z) instead of f(t, z) is equivalent
to the fact that w(¢, z) satisfies Equation (6) with right hand side g(¢, z) instead

of g(t, z), which we proved above. It is also a consequence of Corollary 3.3.

In the case when a(0) = 0 and a/(0) # 0 the necessary condition again re-
sults from Proposition 3.2. The fact that u(t, z) satisfies Equation (4) results from
Corollary 3.3. We sketch the proof of the sufficient condition.

Denote a(z) = zA(z) with A(0) # 0.

In this case, identification of equal powers of z shows that u, o = ,}/”;,0 and that all
Uy for n > 1 are uniquely determined by %, ; and ]?
We set again u(t, z) = Uy + 2Us1 + 0:0, 2@ so that @ satisfies the equation

a>s<,[] _f)

z

(11) (1 - ZA( A0 )ﬂ?(t,z) —§(t, ) where = ﬁ(m,l +

Still, g is a formal series, assumed to be 1-summable in direction 6 and we look for @

% implies that WP = O(2P)

z

AN ey . ].
in the form w = g wp as previously. The operator —0
z
p>0

1
instead of O(2%). If we denote B = max ———, then, for all p and ¢,
zeD, |A(2)]’

B p
|0fwp| < C'K"™PD(1+ 2(€+p))( ;')

13
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and it follows that, for a convenient choice of r > 0,

0fw(t. z)| < CK'T(1+2¢)

with C = C') (4K Br)” < oo and K = 4K’ O
p>0
The case of a thermal diffusivity a(z) = O(2?) gives rise to the conditions

Uso(t) = ﬁ’[](t) and u,(t) = ﬁ,l(t) and we could hope of similar necessary and

sufficient conditions which apply to the inhomogenuity f(#,z) only. This is not the

case since the previous proof cannot be extended to that situation. Indeed, the
-2 -2
z

2
z
estimates (8) and we cannot guaranty the convergence of the estimate for ofw.

~

The counter-example below shows that even with f(¢,z) independent of ¢ and

: 9,7 . . .
appearance of instead of 8;2 or —=— implies that no power of z remains in the
z

rational the 1-summability of u(¢, z) may fail.

Counter-example 3.5

Consider the heat initial conditions problem (4) with f(t, z) = Zz” =
n>0

and a(z) = 1. The series f(t,z) is independent of ¢ and is convergent in z near 0
with rational sum. The problem is equivalent to the heat initial conditions problem

without internal heat generation
Btﬂ - 22 83?2 =0

(12) a(0,2) = 3 &

In this case, Guo(t) = fuo(t) =1, Gur(t) = fra(t) = 1 and for all n > 2, G, (t)
satisfies
a, () —n(n— D, (t) =0 and U, (0) =nl

*,7

Consequently, U, (t) = n! en(n—1)t,

Suppose u(t, z) is 1-summable in a direction 8 with sum w(¢, z).

Then, since U, (t) = 07u(t, 2) all @, ,(t) are 1-summable in direction § with

sum u, ,(t) = 07 u(t, 2)
z

. The Integral Cauchy Formula applied to 0Ju(t, z) at
z = 0 provides estimates of the form

n! u(t, C) n! C27R
== acl < - — Ck"n
'/c—zm ¢t C‘ S o it - OFT

14



4 INITIAL CONDITIONS

on a sector bisected by 6 with opening larger than 7. In our case, Uy ,,(t) = s (1) =
n!e™=Dt The functions ™"~ ! being unbounded on any sector larger than a half

plane such estimates are impossible. Hence, (%, z) is 1-summable in no direction. O

4 Initial conditions

We end this article with a discussion of how to apply the above result and we develop

the cases when a(z) =a € C* or a(z) = bz, be C".

The formal series ]?(t, z) is a data of the problem and although its 1-summability
may be not obvious we assume that it is known. f(t,z) is not itself the initial
conditions but is closely connected to (see Section 1).

The series 4, (t) and u, () can, at least theoretically, be computed in terms

~

of f(t,z) from the formula

at,z) =Y (a0, '0%) f(t, 2)

k>0

and an explicit computation can be achieved for simple a(z) such as a(z) = a
constant, a(z) = bz (b € C*) or a(z) = a + bz. However, an explicit computation of

Uy,0(t) and %, 1 () looks like hopeless for a general a(z).

4.1 Case a(z) =a € C*

When ¢ is a constant then the operators a,d; and 9, commute and (a@[lag)k =

ak9, ¥k, From the calculation of A(t, z) = 3,5, (a@;lag)kf(t, z) we obtain

k o~
Uep(t) = Z% Z a” fjon

k>0 j4n=k

N tk ~
fealt) = 3 g D ' Fine

k>0 j4n=k

(13)

Our aim is to characterize the 1-summability of these two series as a property of

the inhomogenuity ]?

~ ~ n
e We start with the case where f(t,2) = Zfo,nz_| is independent of ¢ which
= n!
corresponds to Problem (3). For simplicity, we denote f(z).

~

15



4 INITIAL CONDITIONS

The formula (13) become

N at)k ~
Uo(t) = Z (k') Jo,2k

k>0

(14) - ()"
s (t) = Z ] Jo2k+1
k>0
~ n |
Define the 2-Laplace transform of f(z) by £[2 Z OHC ™ where

I [n/2)!

[n/2] stands for the integer part of n/2. Then,
CEF((at)'/2) = Tuo(t) + (at) 201 (1)

and we may state

~

Proposition 4.1 Suppose a(z) = a € C* and f(t,z) = f(2).

Then, the following three assertions are equivalent.
(i)  Uwo(t) and U, 1 (t) are 1-summable in direction 6;
(ii) E[;}f(z) is 2-summable in the directions %(0 + arga) mod m;

(iii) f(z) is analytic near 0 and it can be analytically continued to sectors neigh-
bouring the directions %(9 + arga) mod m with exponential growth of order 2

at infinity.

Assertion (7ii) with a = 1 (hence arga = 0) is how the conditions are formulated
in [LMS99] and proved via direct Borel-Laplace estimations. Our method provides

thus a new proof of this result.

e Consider now the case of a general f(t,z).

The interpretation of the 1-summability of @, ¢(¢) and @, ; () becomes more involved
and uses Borel and Laplace transforms of ,]/”\(t, z) in both variables.

We denote L, or B, and so on...the 1-Laplace or 1-Borel transform w.r.{. z and so
on.... These operators are defined here by £,2" = ("[n]! and B, = £, ! where [n]
denotes the integer part of n.

Consider L;L, f( 1/2 Z Z nynU + (ar 1/227 Z f]2n+1(1

k>0 j+n=k k>0 j+n=k

and

16



4 INITIAL CONDITIONS

-~ th ~ tk -~
B, LiL,f (7, (ar)?) (1) = ZE > Fiona" + (m)lﬂzy > fiansia” (the

k>0 7 j4n=k k>0 " j4n=k
terms in 7% are divided by k! and the terms in 75+1/2 by [k 4+ 1/2]! = k).
Denote F(t) = BTEtEZf(T, (a7)'/?)(?). Then,

F(£12) = () + (at) /T (1)
and we may state:

Proposition 4.2 Suppose a(z) = a € C* and ,]/”\(t,z) general.
Then, the series W, o(t) and w1 (t) are 1-summable in direction 6 if and only if the

series F' associated with f as above is 2-summable in the directions 0/2 mod .

The condition in Proposition 4.1 may be not easy to check but seems reasonnable.
In Proposition 4.2, the link between fand F' is more complicated and the question

remains of how to check the 2-summability of Fin practice.

4.2 Case a(z) =bz, be C*
In this case, (a(z)@[laf)k = %0, ¥ (202)F and

2k (n—1)!
2.2 =4 (n—k)! (n—k—1)!
K 0 if n<k.

if 0<k<n

From the calculation of u(t,2) =) ;< (bz@;laz)kf(t, z) we obtain

a\*,O(t) = Z fyO f*U )

]>0
(15) pitk
Uer(t) = 714
Uy, (1) Zf]k+1 G+ k)
7,k>0

Since Uy 0(t) = ﬁyo(t) is 1-summable when so is f(t, z), our aim is now to charac-

terize the 1-summability of the series @, ;(f) as a property of ]/”\

e Let us first again place ourselves in the situation of Problem (3) where the inho-

mogenuity f(t, z) =2 u>0 ﬁ)ni—rf is independent of ¢.

17
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Formula (15) become

Uo(t) = = foo;
(16) R .
U*’l(t) = ng’]H,lbktk.
k>0

Thus, Ezf(bt) = ﬁ),g + btu, 1 (t) and we may state

~

Proposition 4.3 Suppose a(z) = bz, b€ C* and f(t,z) = f(z)
Then, U, o(t) is a constant and the following three assertions are equivalent.

(i)  Us1(t) is 1-summable in direction 0;

~

(ii)) L.f(z) is 1-summable in the direction 6 + argb;

~

(iii) f(z) is analytic near 0 and it can be analytically continued to a sector neigh-

bouring the direction 6 + argb with exponential growth of order 1 at infinity.

~

e Consider the case of a general f(,z).

The Laplace transform of f w.r.t. z reads Ez,}/”\(t, z) = ,}/”;,o(t) +23 5 n>0 %ijnﬂz".
Consider the series g(t,z) = £t£z[%(£zf(t,z) - ﬁyo(t))], We can check that the
Borel transform of the series g(t, bt) is equal to U, (t) and we may state:

~

Proposition 4.4 Suppose a(z) = bz, b € C* and f(t,z) general.
Then, the series Uy 1(t) is 1-summable in direction 6 if and only if the Borel trans-

form of g(t,bt) is 1-summable in direction 6.

The comment following Propositions 4.1 and 4.2 keeps valid.
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