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Existence and properties of travelling waves for the
Gross-Pitaevskii equation

Fabrice Béthuel ! Philippe Gravejat 2 Jean-Claude Saut 3

Abstract

This paper presents recent results concerning the existence and qualitative properties of
travelling wave solutions to the Gross-Pitaevskii equation posed on the whole space RY.
Unlike the defocusing nonlinear Schrodinger equations with null condition at infinity, the
presence of non-zero conditions at infinity yields a rather rich and delicate dynamics. We
focus on the case N = 2 and N = 3, and also briefly review some classical results on the
one-dimensional case. The works we survey provide rigorous justifications to the impressive
series of results which Jones, Putterman and Roberts [@, @] established by formal and
numerical arguments.

1 Introduction

The Gross-Pitaevskii equation
i0¥ = AW + U(1 — [¥%) on RN xR, (GP)

appears as a relevant model in various areas of physics: nonlinear optics, fluid mechanics, Bose-
Einstein condensation... (see, for instance, [f7, E0, (4, {4, 5, [, [[]). It corresponds to a version
of the defocusing nonlinear Schrodinger equations. If one considers finite energy solutions, as
suggested by the formal conservation of the energy (see ([L.I]) below), then ¥ should not vanish
at infinity, but instead |¥(z, )| should in some sense tend to 1 when |x| — +00. As a matter of
fact, this condition ensures that ([GF) has a non-trivial dynamics, contrary to the case of null
condition at infinity, where the dynamics is expected to be trivial (dispersion, scattering...).

In nonlinear optics, ([GH) classically appears in the context of optical dark solitons, that is
localized nonlinear waves (or "holes”) which exist on a stable continuous wave background (see
the review paper by Kivshar and Luther-Davies [[i§] or paper [ig], where different scenarios for
the transverse instability of one-dimensional black solitons are proposed in the context of (GP)).
The boundary condition |¥(z,-)| — 1 is due to this non-zero background.

The Gross-Pitaevskii equation has also been intensively used as a model for superfluid Helium
IT and for Bose-Einstein condensation. We refer to [i{, RI], and to the survey by Berloff [f.

At least on a formal level, the Gross-Pitaevskii equation is hamiltonian. The conserved
Hamiltonian is a Ginzburg-Landau energy, namely

B(T) = %/RN V[ 4+ i /RN@ o) = /RN e(1). (1.1)
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Similarly, the momentum

Plw) = % /RN (VW — 1) (1.2)

is formally conserved. We will denote by p, the first component of 15, which is hence a scalar.
Another quantity which is formally conserved by the flow is

m(T) = %/RN (jup 7).

If ¥ does not vanish, one may write
U = /pexpiyp.
This leads to the hydrodynamic form of the equation

{ Op + div(pv) =0,

2
(00 +v.V0) + Vg2 = pv (22 - 1%

(1.3)

where
v=—2Vo.

If one neglects the right-hand side of the second equation, which is often referred to as the
quantum pressure, system ([[.3) is similar to the Euler equation for a compressible fluid, with
pressure law p(p) = p?. In particular, the speed of sound waves near the constant solution
VU =1, that is p =1 and v = 0, is given by

cs = V2.

When N = 1, ([GD) is integrable by the inverse scattering method, and it has been formally
analyzed (with the non-trivial boundary condition at infinity) in [fI]. The (local and global)
Cauchy problem associated to (JGH) with non-zero condition at infinity has been recently thor-
oughly investigated (see the survey by Gérard [B(Q in this volume). The possible existence
of non-trivial travelling wave solutions highly suggests that the long time behaviour of global
unsteady solutions should be non-trivial (as it would be in the presence of zero condition at
infinity).

Travelling waves are solutions to ([GH) of the form
U(z,t) =u(ry —ct,xy), v = (x2,...,ZN).

Here, the parameter ¢ € R corresponds to the speed of the travelling waves (we may restrict to
the case ¢ > 0 using complex conjugation). The equation for the profile u is given by

icoyu 4 Au + u(l — |ul?) = 0. (TWc)

Travelling waves of finite energy play an important role in the dynamics of the Gross-
Pitaevskii equation. Whereas the one-dimensional case can be integrated explicitly, solutions
are not explicitly known in higher dimensions.

The first attempts to prove existence of travelling waves and to study their properties were
based on formal expansions and numerics. They were mostly performed by physicists. The three-
dimensional case was considered by Iordanskii and Smirnov [I4], whereas Jones, Putterman and
Roberts [if, ] developed a thorough analysis in dimensions two and three: they found a branch



of solutions with speeds ¢ covering the full subsonic range (0, v/2), and they conjectured the non-
existence of travelling waves for supersonic speeds. Moreover, they showed the connections with
solitary waves for the Kadomtsev-Petviashvili equation ([KP 1]).

More recently, the program of Jones, Putterman and Roberts [[f§, [f]] has been provided with
rigorous mathematical proofs. One of the purposes of these notes is to review some of these
mathematical progresses and to stress a number of open problems.

The next section provides a rather extensive survey of the one-dimensional case. We review
classical results and also prove some new ones. Sections ] and [ are devoted to recent progresses
on the rigorous mathematical proofs of the program of Jones, Putterman and Roberts [[id, [£3]:
qualitative properties and existence of travelling waves in higher dimensions. Section [] presents
some related problems. In particular, we establish new results on the nonlinear Schrédinger flow
around an obstacle, modelled by a potential.

2 The one-dimensional case

2.1 The integration of equation (TWJ{)

In the one-dimensional case, equation (W) is entirely integrable using standard arguments
from ordinary differential equation theory. Hence, it is possible to classify all the travelling
waves with finite energy according to their speed c.

Theorem 1 ([B4, B4, B4, 9, B3, []). Assume N =1 and ¢ > 0, and let v be a solution of finite
energy to ([TW().

i) If ¢ > \/2, v is a constant of modulus one.

i) If 0 < ¢ < V2, up to a multiplication by a constant of modulus one and a translation, v is
either identically equal to 1, or to

v(a:):UC(x)E\/2_2€2th<v22_C2a:> —i%. (2.4)

Moreover, v. may be written as

ve(r) = |1— iexpi<arctan <mth<m$>> - z), (2.5)
2ch? (@x) ¢ 2 2
if 0 < c< V2.
For sake of completeness, we briefly recall the proof of Theorem .
Proof. Denoting v = v + ivg, equation (TWJ) becomes
v — evh + v (1 —v? —v3) =0, (2.6)
vy 4 cv] 4+ va(1 — v} —v3) = 0. 2.7
Multiplying (R.§) by vo and (R.7) by v yields
(010 —vn}) = 5o (28)



where 7 = 1 — |v]2. Since v is a finite energy solution to (TWd), it is smooth and bounded on R.
Moreover, v'(z) and n(z) tend to 0, as 2 — =+oco. In particular, the integration of (R.§) leads to

c
V1l — vou] = 37 (2.9)

Multiplying (P-) by v}, and (R.7) by v4, and integrating the resulting equation, we also deduce
that

2
W2 =1 (2.10)
2
Computing
0" = =20v'|? = 2(v10] + vavh) = =20'[* = 2e(v1vh — vav}) + 21 — 2077,

where we invoke ([TW{) for the second identity, we finally obtain from (£.9) and (R.10),

0+ (2 —2)n+3n> =0. (2.11)
Multiplying (B-11) by 1’ and integrating, it follows that

0+ (& = 2)n? + 21 = 0. (2.12)

As previously mentioned, 7 is a smooth, bounded function on R, such that n(z) — 0, as z — +oo.
In case it is not identically equal to 0 on R, we can assume, up to a translation, that

In(0)| = max{]n(m)\,x € R} >0, (2.13)
so that
1'(0) = 0. (2.14)
Using (R.19), we are led to
n(0) = 2 _202. (2.15)

In particular, if ¢ = v/2, n(0) = 0, which gives a contradiction with (B.13). Hence, , is identically
equal to 0 if ¢ = v/2. On the other hand, if ¢ > /2, then, by (:12),

(@ —242mn? = —n* <0.
so that, by (R.13) and the continuity of 7,

2—¢2

n(x) < <0, Yz e R.

This gives a contradiction with the fact that n € L?(R). Therefore, 7 is identically equal to 0 if
¢ > /2. Finally, if 0 < ¢ < v/2, it follows from (P.14), (B.17), and Cauchy-Lipschitz’s theorem
that there exists a unique local solution 7 to (R.11)-([.14)-(B.13) on some neighbourhood of the
point 0. One can check that this solution is given by

7) = 2= (2.16)
2ch? (—V22_62w> ’

so that it can be extended to be the unique, up to some translation, non-constant solution to
(B11) in L3(R). In conclusion, either 7 is identically equal to 0 (in particular, when ¢ > v/2),
either it is given, up to a translation, by (R.14).



When ¢ # 0, it follows that |v| = /T — 7 does not vanish on R, so that we can construct a
lifting ¢ of v, that is a smooth function ¢ such that

v = |v]expip = /1 — nexpigp.

Invoking (P.9), we are led to

/ C1)
_ 2.17
YT gy (217)

so that ¢ = g is identically constant when n = 0, whereas ¢ is given by

p(x) = o + arctan <\/2 — C2th(\/22_ C2ﬂ:>>,

C

(]

when 7 is given by (B.16). This completes the proofs of assertion i), and of identity (R.5).
Identity (2.4) follows from standard trigonometric identities, in particular, from the fact that
1 . T
cos (arctan(z)) = ——=—, and sin (arctan(z)) =

NI NI

When ¢ = 0, either 7 is identically equal to 0, so that, by (2-10), v is a constant of modulus
one, or 7 is given, up to some translation, by

1

o) =Sy
(%)
In this case, v(0) = 0, so that, by (R.10), we may assume, up to the multiplication by a constant
of modulus one, that

/
v (0) = —.
0)=—
Hence, by Cauchy-Lipschitz’s theorem, there exists a unique local solution to (TW{), with ¢ = 0,
on some neighbourhood of the point 0. One can check that this solution is given by

vo(z) = th(%),

so that, up to the invariances,

o(x) = vo(z) = th(%).

This completes the proof of Theorem []. O

Let us next draw some remarks concerning qualitative properties of non-constant finite energy
travelling waves, which we deduce from formulae (P.4) and (R.5).

The first observation is that the one-dimensional non-constant travelling waves form a smooth
branch of subsonic solutions to ([LWd). As seen in Theorem l, there exist neither sonic, nor
supersonic non-constant travelling waves. Moreover, formula (.4) yields the spatial asymptotics
of the non-constant solutions to (TW{). Notice in particular that

2
UC(:E)—>U::°OE:|:\/1—%—Z'%, as r — +00.

Hence, v.() converges to a constant v7>° of modulus one, as x — +oo. This constant is different
for the limit x — —oo, and the limit x — +oo. In contrast, the solution we will find in the
higher dimensional case will have a limit at infinity which is independent on the direction (see



Theorem ). Notice also that the function v, — v has exponential decay, whereas the decay
is algebraic in higher dimensions (see also Theorem [). This fact is related to the properties of
the kernel of the linear part of the equation. The Fourier transform of the kernel K associated

to (TW{) (more precisely, to (.I1))) is given by

~ 1
K¢ =———
hence has some exponential decay, when 0 < ¢ < /2.

A second observation is, in view of identity (2.3), that v.(z) does not vanish, unless ¢ = 0. In
the case ¢ = 0, the non-constant solution of finite energy to (TWJ) is given, up to the invariances,
by

vo(2) = th(%),

which vanishes at x = 0. This stationary solution, which is real-valued, is often termed a kink
solution. In contrast with the one-dimensional case, it can be shown in higher dimensions, using
Pohozaev’s identity, that the only finite energy solutions with ¢ = 0 are constants (see [[L1]]).
The energy of the kink solution is given by

_ 22

E(vo) 3

The kink solution has the following remarkable minimization property.
Lemma 1. We have
E(vg) = inf {E(v),v c HL (R), nellf&‘fu(a;)‘ = O}.
In particular, if E(v) < %, then,
inf [v(z)| > 0.
zeR

Proof. We consider a minimizing sequence (v, )pen for the minimization problem

£ = inf { /0+°° e(v),v € HL. ([0, +00)), v(0) = 0},

which is well-defined by Sobolev’s embedding theorem. We notice that the functions v}, are uni-
formly bounded in L?(]0, +00)), and that v,(0) = 0. Hence, by Rellich’s compactness theorem,
there exists some function u € H{ ([0, +00)), with u(0) = 0, such that, up to a subsequence,

v, — o' in L*([0,400)), and v, — u in L2.([0, +00)), as n — +oo.

By Fatou’s lemma, we are led to

oo I Y R PRT T Y S 2\ 2 o oo
[ ew =5 [T [ im0 1)) < it ([ eton),

so that the infimum & is achieved by the function w. In particular, the solution u is critical for
the Ginzburg-Landau energy, i.e. solves

u” +u(l —|ul*) = 0.



Integrating this equation yields u(z) = vg(x) = th(%) (see the proof of Theorem [), so that

&= /0+OO 6(00) = @

Next consider a map v € Hlloc(R), with finite Ginzburg-Landau energy, and which vanishes at
some point xg. In view of the invariance by translation, we may assume that zo = 0, whereas

the minimality of vy yields
400 2
/ e(v) > i,
0 3

and the same inequality holds for the energy on (—oc, 0], so that
S W2
- 3
The proof of Lemma, [i] follows. O

E(v) E(vo).

Remark 1. When E(v) < %ﬁ, v has no zero, so that we may write

v = 0exp ip.

In particular, the energy density of v can be expressed as
1 1 2
e(v) = 5 (&) + ) + 7 (1- ) (2.18)

whereas, for the scalar momentum, we have

(v, v) = —0?y. (2.19)

2.2 Energy and momentum of travelling wave solutions

A general principle states that travelling wave solutions are critical points of the energy, keeping
the momentum fixed. A natural question is therefore to determine whether this principle applies
to the solutions v.. However, the precise definition of the momentum raises a serious difficulty.

In the context of nonlinear Schrodinger equations, the momentum of solutions should be
defined as

P(w) = %/Rm',m.

This quantity has a physical meaning and at least formally, describes the evolution center of
mass in the ((GH) dynamics. This fact is shown for instance by the relation

d (1 9
= (5 /Ra:<|\lf(:n,t)| - 1>d:r> — 2P(T(t)). (2.20)
The momentum P(v.) is well-defined in view of the exponential decay of the quantity (iv’., v.),

and is equal to
V2 —c?
P(v.) = -

Notice that, if ¢ # 0, then we may write v, = 9. exp ip., so that we have

1
P(UC) = _g/Rgch/c'



In the variational context we have in mind, we need to extend this definition to a larger class of
maps v. S We restrict ourselves to the case the case E(v) < %, since we wish to establish a
minimality property for the solution v, which is known to have an energy satisfying E(v.) < %ﬁ .

Assuming E(v) < %, it follows from Lemma [ that v has no zero and the continuity of v
combined with the finiteness of its energy yield

d = inf|v(x)| > 0,
Tz€R

so that we may write v = pexpiw. However, the quantity

1 1 1
P _ _ 2.0 = 1_2 /__/ /
(v) 2/RQSD 2/R( 0%)p 3 /. ¢

is only well-defined if we are able to give a meaning to the last integral fR ¢/, since the first one
may be bounded by Cauchy-Schwarz’s inequality,

‘/R(l—gz)sﬁ’ < %/R(l—gz)%r%/]&@z(d)z-

The integral [, ¢’ is well-defined in particular if the limits p(+00) = 11111 o(x) do exist, in
T—00

which case we have [, ¢’ = p(+00) — ¢(—00). This leads us to consider the set

22
Z(R) = {v € HE .(R), st. BE(v) < Tf, and vis = li]grtl v(x) exist}.

T— 100

In view of the above discussion, the momentum P(v) is well-defined for any v € Zy(R). However,
we have

Lemma 2. Let p > 0. We have

inf {E(v),v € Zy(R), s.t. P(v) = p} = 0.

Proof. Let n > 1, and consider the map v,, = exp i, € Hlloc(R) defined by

0, if x < —n,
UYn(z) = —pZ2 if —n<az<n,
—2p, if z > n.
Since
2
E(v,) = % — 0, as n — 400, (2.21)

vp(z) — 1, as x — —o0, and vy, (r) — exp(—2ip), as * — +00, the map v, belongs to Z5(R), for
any n sufficiently large. Moreover, we compute

P(Un) = p?
so that Lemma [l follows from (R.21)) taking the limit n — +oo. O

We do not actually know if the space Zp(R), and the limits at infinity for maps in that space
are preserved by the (GI]) flow. However, this is the case if one imposes more regularity on the
initial condition. Consider, for instance, the space

ZQ(R) = {1) € Z()(]R), S.t. V)(0,400) € {U:I:oo} + H2(O, :]:OO)}

We have



Lemma 3. Assume Vg € Z5(R), and let ¥ be the solution to (GH) with initial datum ¥.
Then, U(t) belongs to Z2(R) for any t € R, and Wio(t) = Yo +00-

We will not provide a proof of Lemma [ in this survey.

Lemmas P and B lead us to introduce a notion of renormalized momentum p, whose physical
meaning seems less obvious, but whose variational properties are more relevant for our study.
We set, for any function v € Hl _(R) such that E(v) < %,

1
p(v) = 5/(1 -y, (2.22)
R
where we use the polar form v = pexpiyp of v. Notice that, by construction,
1
P(v) = p(v) = 5 (p(+00) = ¢(=00) )

when the limits ¢(+00) exist. We next compute the values of the energy and renormalized
momentum.

Proposition 1. Assume N = 1 and 0 < ¢ < /2, and let v. be the non-constant solution of
equation (TW(J) given by B4). Then, the energy of v, is equal to

(2-c):

E(UC) = 3 )

(2.23)

whereas its renormalized momentum is given by

V2= (2.24)

7r
p(ve) = 5 arctan (

=)

Remark 2. It should also be noticed that

|U |2 1= 62—_2 <0
‘ 2ch2(—V22_02x) 7

and that this quantity is integrable, so that the mass of v. is equal to

m(v.) = —V2 — 2,

whereas its mass center is given by
1 2

= | z(|ve(z)]* — 1)dz = 0.

2 Jr

Remark 3. In view of identity (R.24), it is tempting to pass to the limit ¢ — 0, and state that

™

ploo) = 2. (2.25)

As a matter of fact, this identity might be recovered using the singular lifting
x T
vo(z :‘th<—>‘ex <z’sin3:—1—>,

so that the derivative of the phase g is equal to mdp, and formula (R.29), in the sense of measures,

yields (B.29).



Proof. Tt follows from (P.4) and (R1() that

2

200l () = (1~ o) = (1- ) <1 (¥ ‘%)2)2,

so that

(V[
(V[

E(v.) = (Q—TC) /+OO (1 - th(u)2>2du = (Q—TC)

— 00

Using definition (2.29) and identity (B.17), we next compute

e =5 [ 25 =5 L [25)

where . = 1 — |v.|?. By (£:4), we are led to

p(ve) _o2-d < - /+oo (1= th(u)?)du + 2/+oo L— th(w)? du>

4 oo oo 4 (2= ?)th(u)?
cV2—c2 V22 /1 dv V2 — 2 <\/2—C2>
— + +—dv = ———— + arctan ,
2 c 0 1+ M 2 c
which gives formula (£:29). O

Invoking formula (R.24)), we notice that the function ¢ +— p(v.) is smooth, decreasing, and

satisfies
L (b)) = —v2- . (2.26)

de

Hence, it performs a diffeomorphism from (0,+/2) on (0, 5), so that we can express E(v.) =

E(p(v.)) as a function of p(v.) to obtain the following graph.

K

22l T

(aw]
SR
s

The curve E = &(p) is smooth, increasing and strictly concave, and lies below the line
E = /2p. Each point of the curve represents a non-constant solution v. to ([TW{) of energy
E(v.) and scalar momentum p(v.). The speed of the solution v, (and as a result, its position
on the curve) is given by the slope of the curve. Indeed, it follows from (R.23) and (R.24) that

1

o) = 5 (B00) (3 (p0) ) =

10



2.3 The variational interpretation of equation (I'W{)

It is a rather general principle that travelling waves could be obtained minimizing the Ginzburg-
Landau energy keeping the momentum fixed. In view of Lemma [, the appropriate notion of
momentum is given by formula (R.29). In this context, we consider the set

2v/2
X, = {v € HE (R),s.t. B(v) < Tf and p(v) = p}7
for any p > 0, and the minimization problem

Emin(p) = inf {E(v),v € Xp}. (Py)

For any 0 < p < §, let ¢ = ¢(p) be the only speed c such that

V2 — 2.

_7'(' t C C
p=g arc an(ﬁ) 2
We have

Theorem 2. Let 0 < p < 5. Then, X, is not empty, and we have

E(v,(y) = inf {E(v),v € Xp},
that is (E) is achieved, and the only minimizer, up to invariances, is vp).

Remark 4. For p = 0, the solutions to the minimization problem (P]) are the constants of

modulus one, for which
Enin(0) = 0.

Remark 5. Notice that the set X, is empty when p > 5. It is formally tempting to assert that

Emin (p) =

o
oo%
o

for any p > 5. Indeed, any map which vanishes at some point has an energy larger than %ﬁ,

and we can construct minimizing sequences with the appropriate limiting energy. For instance,
we may consider the functions v, defined by

vp(z) = ‘th(%) ‘ exp ity (x),

where
0, ifz>1

with n > 1 and ¢, = P ) , and compute

\/inth(L

2n

E(v,) = \/7+2\/_2 2<ﬁ_th(ﬁ)>—>¥’ as n — 400,

whereas

p(vn):%/ﬂg<l—th(%>2>w ( )dw—\/_qnnth(\/_n) p.

11



In order to prove Theorem B, we need to analyse minimizing sequences for ([Pd). More
generally, for given 0 < p < F, we consider a sequence (uy)pen verifying

Pn = p(upn) — p, and E(u,) — Enin(p), as n — +oo. (2.27)
Minimizing sequences for Epi,(p) are a special example of sequences satisfying (R.27). We have

Theorem 3. Let 0 < p < 5 be given, and let (up)nen be a sequence of maps satisfying e27).
Then, there exist a subsequence (Uq(n))nen, @ sequence of points (an)nen, and a real number ¢
such that

ua(n)( : +a0(n)) — expif v (), as n — +0oo,

uniformly on any compact subset of R. Moreover,
1- |ua(n)( ’ +aa(n))|2 —1- |Uc(p)(')|2 in L2(R)7 as n — +00,

and
“:;(n)( Fy(n)) — expif ué(p)(.) in LA(R), as n — +o0.

The proof of Theorem [ relies on several mostly uncorrelated observations, which we next
present as separate lemmas. The first elementary observation emphasizes the role of the sonic

speed V2.

Lemma 4. Let o and ¢ be real-valued, smooth functions on some interval of R, such that ¢ is
positive. Set v = pexpiw. Then, we have the pointwise bound

V2
?e(v).

(ﬂ—gad <

Proof. Notice that we have by (B-13),

o) = 3 (0 + ) +3(1-2) 2 S (2P + 50 - 27).

The conclusion follows from the inequality |ab| < %(a? 4 b?) applied to a = 12(1 — 0%) and

b= oy O

Sl

As a consequence, we have

Corollary 1. Let 0 <p < 5, and v € Xp. Then,

: E(v)
g@%@lévﬁﬁ

In particular, if 6(v) = 1 — 6%2 > 0, then, given any 0 < § < 0(v), there exists some point

xs € R such that

1 —|v(zs)| > 0.

Proof. Set o9 = inlfé |v(z)|. It follows from Lemma [§ that we have the pointwise bound
re

((1 — %)y’

< —e(v),

and the conclusion follows by integration. O

12



The next observation shows that the size of regions where |v| is away from 1 can be bounded
in terms of the energy.

Lemma 5. Let E > 0 and 0 < g < 1 be given. There exists an integer by = lo(E,dy), depending
only on E and gy, such that the following property holds: given any map v € HIIOC(]R) satisfying
E(v) < E, either

|1 = |v(2)]| < do, Vo €R,

or there exists £ points x1, xo, ..., and xy satisfying £ < {,
|1 — |v(z)]| = b, V1 <i <4,

and ,
‘1— \U(m)H < g, Yz € R\ yl[a:, —1,x; +1].

Proof. Set
A={z€eR, st |1 —|v(z)]| >},
and assume that A is not empty. Considering the covering R = iéJNIZ-, where I; = [i — %,z’ + %],
we claim that, if I; N A # (), then
/I~ e(v) > po, (2.28)
where I; = [i — 1,4+ 1], and po is some positive constant. To prove the claim, we first notice

that
1 1 1
(@) — o) < 1V r2w)lz — yl2 < V2EZ|z —y)2, (2.29)

for any (z,y) € R2. Therefore, if z € A, then,

)
|1— ]v(y)H > 50, Yy €lz—rz+7],

52 . . 1
where 7 = g&. Choosing 7o = min{r, 5}, we are led to

z+ro 1 z+T0 7,,052
[ Tewrzg [z =00
z—rQ 4 z—rg 8

In particular, if z € I; N A for some i € N, then [z — rg, 2z + 9] C I;, and claim (B2§) follows.
To conclude the proof, we notice that

ieN 7 1i
so that, in view of (£.2§),
EMO < 2E7
where ¢ = Card{i € N, s.t. I; N A # (}. The conclusion follows setting ¢y = i—f = 12?{’32, and
0
choosing some point x; € I; N A, for any i € N such that I; N A # () (relabelling if necessary, the
points ;). O

We will also need the following construction.
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Lemma 6. Let 0 < |q| < % and 0 < p < i. There exists some number £ > 1, and a map
w = |w|exp iy € H([0,4]), such that

w(0) = w(l), 0< [1—|w0)|| < pu, (2.30)
l
a=3 [ =Py, (231)
and
E(w) < 14]q]. (2.32)

Proof. Consider the functions f; and v defined on the interval [0,2] by

fi(s) = s on [O, %], fi(s)=1—son [%,1}, and fi1(s) =0 on [1,2},

and
P1(s) = s on [0,1], and ¥1(s) =2 — s on [0,1].

For a given positive number A > 0, we consider the functions defined on [0, 2\] by
1 /s s
1) = 3(3): and da(s) = (3)

so that [fa] < 55, [UAl = 5, f2(0) = f2(2X) = 0, A(0) = ¥A(2A) = 0, and
22 1

2\ 1 2\ ) 1 2\ ) 1 2\ 5 2
/ / /
— —_— - — - — = —_— :—' 2‘
/0 fwx—@\, ; I R Ix 12A,/0 (f3) FER and/o (V) 3 (2.33)

0

We then choose A = ﬁ, so that, % < %, introduce a new parameter § > 0 to be determined
later, and consider the function
prs =V 1—=0— f
so that 1 — pi s = [a+0. It follows from our choice of parameter A that
1 12 1 2\ 1 2 )
/ / /
=3 [ foh=g [ Grows=g [ 0= g (234

We finally choose ¢ = 2\ and
w = { P,s €XP iq/})w if q> 07
pxs exp(—iy), if q <O.

Condition (R.31) is fullfilled with this choice of w in view of (R.34). Moreover, by construction,
w(0) = w(f) = prs = /1 — 0, so that conditions (R-30) are satisfied for any § < p?. We finally
compute

P A O
E<“’>—/O (M*(“é—h) > +f*7+z>=
so that, since

1
<_7
-2

| =

1
0 frtd< o<+
it follows from (R.33) that

(2 (W2 fE Sf 62 1 1 1 & &)
- (65 QI Vs .Y - S W S S S
E(w)_/o (4 M +4+2+4>_4/\3+/\+48/\+8+2

Inequality (P:39) follows choosing § = min{yu?, +}. O
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We are now in position to undertake the study of sequences satisfying (R.27). We set

_ 1 E(un)
Op = 0(up) =1 7\/§p(un)7

so that, by (R-27), 6, — op=1-— E%;‘ép), as n — 400. Moreover, it follows from the properties

of the curve p — E(p) (see Subsection P.2) that

op > 0, (2.35)
for any 0 < p < 7, so that
0.
On > Ep (2.36)

for n sufficiently large. We first have

Lemma 7. Let 0 < p < 5, and let (un)nen be a sequence of maps satisfying (B:27). Then, there
exists a subsequence (Uq(n) Jnen, some numbers 0 and &, and a solution v. to (TWA) such that

Ug(n) — expifl v.(- + T) weakly in HY([-A, A]), as n — +o0,

for any A > 0. In particular, we have

A A A A
/ e(v.) < lim inf(/ e(un)>, and / (1—02)¢. = lim (/ (1- gi)@%), (2.37)

where we have written u, = 0y, €Xp Yy, and V. = 0 €XP iPc.

Proof. Since (E(uy,))nen is bounded by assumption (R-27), it follows from standard compactness
results that there exists a subsequence (Uq(y))nen, and a map u € H{ (R) such that

Ug(n) — U in HY([-A, 4]), as n — +00,

for any A > 0. Assertions (R.37) follow using Rellich’s compactness theorem, and the lower
semi-continuity of E. Hence, it remains to prove that the limiting map u solves ([LWd) on
(—A, A). For that purpose, we consider a smooth map £, with compact support in (—A, A),
such that

/ (iu, &) = 0. (2.38)
R

We claim that, for any ¢ sufficiently small,
A A
[ clto +9) 2 [ elug) + 06 + o). (2:39)
—A —A n—0o0

To establish the claim, we first observe that, in view of (R.27), we may assume without loss of

generality that E(u,) < %, so that u, has no zero. Expandind p(u, + t£), we obtain

p(un +t&) = p(un) + t/ (i, &) + O(t?)
R
=pn +O(t?) = p +O(t%) + o(1)

n—oo

so that, setting qy,; = p — p(uy, + t£), we are led to

G = O(t2) + o(1).

n—oo

15



We next construct a comparison map vy, ¢ for Enin(p) applying several modifications to the map
u, + t&. For that purpose, we invoke Lemma [f with q = Ant, and p = fipy = inf{%,l/mt},
where v, ; = sup{|1l — |un(x)||,x & [-A, A]}. This yields a positive number ¢, ; > 1, and a map
Wnt = |wy| exp i1y, defined on [0, £, ()] such that

wn(o) = wn(en,t)a and |1 - ’wn,t(O)H < lnt,
and such that

1 [t 2.1
In,t = 5 (1 - ’wn,t’) wn,
0
and
E(wn,) < 14]gni| = O(t*) + o(1). (2.40)
n—oo

In view of the mean value theorem, there exists some point z,, in [A, +00) such that |u,(z,)| =
|wy,+(0)]. Multiplying possibly wy,; by a constant complex number of modulus one, we may
therefore assume, without loss of generality, that u,(z,) = w,(0). We define the comparison
map vp as follows

Un () = un(z) +t§(x), Yo < zy,,
Un () = Wn (T — Tp), Von <2 <2y + by g, (2.41)
Unt(2) = up(x — b t) + t&(x — lpt), YT > 2y + Up 1.
We verify that
E(Un,t) - E(un + tf) + E(wn,t)y and p(vn,t) - p(un + tf) + qn,t = P7 (242)

so that v, ¢ is a comparison map for Fi,, and therefore

E('Un,t) > Emln(p) (243)
On the other hand, we have in view of assumption (£.27),
E(un) = Emin(p) + o(1), (2.44)
whereas, since ¢ has compact support in (—A, A),
A
E(up +t&) — E(uy) = / (e(un +t8) — e(un)>. (2.45)
—A

Combining (R.45) with (2.44), (R.43) and (R.40), we establish claim (R.39).
To complete the proof of Lemma [], we expand the integral in (2.39) so that

t/:: <u;§’ + Eup (1 — ]un]2)) > O(t*) + o(1).

n—oo

We then let n tend to +oc. This yields, in view of the compact embedding of H'(|—A, A]) in
CO([-4, 4]),

A
t/ (€ + €ult — [uP)) > 0.
—A
Letting ¢ tend to 0™ and 0™, we deduce
A
/ W+ Eu(l — [uf2) = 0.
—A
Since ¢ is any arbitrary function with compact support verifying (R-3§), this shows that there

exists some constant ¢ such that u solves ([LWd), and hence is of the form u = expif v.(- + Z),
for some ¢ > 0. O
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Remark 6. At this stage, we might only consider maps v, with positive speed ¢, using the
convention that, for any ¢ < 0, v.(z) = v_.(—x).

It might happen that the limit map provided by Lemma [] is a constant one. To capture the
possible losses at infinity, we need to implement a concentration-compactness argument. The
first step in this argument is to invoke Lemma [, and Corollary [] to assert

Proposition 2. Let 0 < p < T be given, and let (u,)nen be a sequence of maps satisfying R27).
There exists an integer £y, depending only on p, such that there exists £, points x7, xy, ..., and
xy  satisfying €, < Ly, and

)
|1 fun (@)l = 7, V1< < b, (2.46)
and 5 .
11— Jun(2)]| < Zp’ VmER\gl[x?—l,x?—Fl]. (2.47)

Passing possibly to a subsequence, we may assume that the number ¢,, does not depend on
n, and set £ = ¢,. A standard compactness argument shows, that passing again possibly to a
further subsequence, and relabelling possibly the points z}', we may find some integer 1 < [ < L,
and some number R > 0 such that

|27 — x| — 400, as n — 400, VI < i # j </, (2.48)

and _
i _
xy € 'le(x?,R), Ve <i</. (2.49)

Going back to Proposition B, we deduce

11— Jun(2)]| < %, Vr € ]R\iélB(a:?,R +1), (2.50)
so that, invoking Lemma [], we have on R\ iélB(:Eln’ R+1),
L unl? - 1)l | < —2Lun)

2| S B 5Y

We are now in position to provide the proof to Theorem fJ.

(2.51)

Proof of Theorem [}. We divide the proof into several steps.
Step 1. For any 1 <1< 57, there exists numbers ¢; # 0, T; and 0; such that
un (- + i) — exp(ib;)ve, (- + T;).
Applying Lemma [] to the sequence uy, (- + 21 )nen yields the existence of the limiting solution

to (CWY), exp(if;)v., (-+z;). It remains to prove that the function v, is not a constant function.
This is a consequence of the fact that

1)
fun ()] < 1=,
4
so that, since by compact embedding, we have uniform convergence on compact sets, we obtain
. 0
jor ()] <1 F.

Hence, v, is not a constant map.
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Step 2. Given any
n > ng, then

and

where p; = p(ve,).

number (1 > 0, there exists a number A, > 0, and n, € N, such that, if

‘
/Z e(un) 2 ZE(UQ) - M

Zng(mZL7AI»L) =1

To prove Step [, we choose A > R + 1 so that, for any 1 <i < ?, we have

and

A 1
e(ve;) = E(ve;) — ==,
[ o) = By - &2

1

A
5| [ (e =gt~

—-A

The conclusion follows from the convergences stated in (R.37).

Step 3. We have
1

2

R\ing(m?,A)

2 < ;/ . e(up).
T V2(1- %) Jr b Bara

To establish this inequality, it is sufficient to integrate (R.57)).

Passing possibly to a further subsequence, we may assume that there exist some numbers p,,

and E), such that
1

2 /IR\_élB(m?,A)

(02 — 1)¢), — p,, and / ; e(un) = E,, as n — —+o0.
’\ 0 B, )

Going back to Step [, and letting n — +o00, we are led to the estimates

V4
‘p—Zpi—pu

7
< p, and E(p) > Y E(pi) + Eu — i,
i=1 =1

whereas Step [ yields

(- <5

Letting p — 0, we may assume that for some subsequence (ft,)men tending to 0, we have

p#m - ﬁ) and E,um - E, as m — +0oQ.

Our previous inequalities then yield

with

7
=1

4
E(p) =) Emi) + E,

i=1

(2.52)

\/5(1 - %)ﬁ < B (2.53)



Step 4. We have E=p =0, and { = 1.

This statement is a consequence of properties of the curve p — £(p), and the definition of J,.
Assume first that p < 0. Then, it follows from (R.53) that

P> |pil, (2.54)

Pﬂm

s
Il
—_

and

Tﬁw

s
Il
—_

Ep) = ) E(lpil)- (2.55)

On the other hand, as observed before, the function £ is concave on RT, non-decreasing, and
£(0) = 0, so that & is subadditive, and hence in view of (R.59),

;
Z (Inil)

so that (R.55) becomes an equality. However, since € is strictly concave, this is possible if and
only if £ = 1, and (2.54) is an equality. Step [ therefore follows in the case considered.

It remains to handle the case p > 0. In view of the definition on J,, we have
& 0.
%zx/i(l—ap) <v2(1-2), (2.56)

so that by concavity, we have for any 0 < s < p,

E(s) > 5@ =5v2(1 - 4p). (2.57)

7
Setting p = p — p = Y.&(pi), we obtain using (E53), (€53), (E50) and (57,

) 2 55 — ) - 522 — o) - Va1 - ,)
> E(p) — V2p(1 — %) >E(p)— E (2.58)

We then conclude following the first case, replacing p by p, and using the subadditivity of the
function £.

Step 5. Proof of Theorem B completed.

At this stage, we have shown that there exist some § = 6;, and some solution v. = v., such
that

Un (- + apn) — expif v,
weakly in H'(R), as n — +o0, where a, = a2 — 21, and that we have the convergence of the

energy E(u,) — E(v.,). In particular,

ul, (- + ay) — expif vl

c1)

strongly in L?(R) as n — +o00, and the conclusion follows by compact embedding. O
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2.4 Orbital stability

We recall first the classical notion of orbital stability (see, for instance, [fi]). A solution v, to
(TW{) is said to be orbitally stable in a metric space X (R), if and only if given any ¢ > 0, there
exists some ¢ > 0 such that for any solution ¥ to (GP)) in X (R), if

dx (\If(, 0), UC) <9,

then

inf dy (¥(-,t),expif ve(- — e
18 (Lt Ot =) =

As a preliminary step, this definition requires of course to prove first that the Cauchy problem
for ([GH)) is globally well-posed in X (R) (see [BJ]). A natural choice is the energy space
XY (R) = {w € L(R), s.t. w' € L*(R),1 — |w|* € L*(R)}. (2.59)

Given any vy € X1(R), Zhidkov [f7] (see also [B{]) established that ([GH) has a global solution
W with initial datum vy. Moreover, the Ginzburg-Landau energy is conserved,

E(U(-,t)) = E(vy), Vt € R. (2.60)

Notice that E is a continuous function on X!(R). If we assume moreover that

using (R.60), we are led to

E(U(-,1)) < ¥ Vt € R,

so that, by Remark [, we may write \I/( t) = g( t)expip(-,t) for any ¢ € R. We may therefore
define the scalar momentum p(W(-,t)) using ( . It is shown in [B(] that the scalar momentum
p is then a conserved quantity, i.e.

Given any A > 0, we consider on X! (R) the distance d4 1 defined by

d a1 (v1,02) = [Jvr — 2| pee(ma,a + v — vall 2@y + 1] = [v2[ll L2 (r)- (2.62)

Following ideas from Grillakis-Shatah-Strauss [BY], Zhiwu Lin [50] proved the orbital stability
of the solutions v, to (TWJ), for any 0 < ¢ < /2, when the perturbations w are taken in the
space X(R).

Using our study of the minimization problem ([P]), we would like to give a short proof of the
result of Zhiwu Lin [p(0] which follows the classical compactness argument of [[L7]. We first recall

Theorem 4 ([f()]). For vy € X1(R), consider the global in time solution ¥ having initial datum
vo. Let 0 < ¢ < /2 be given. For any numbers e > 0 and A > 0, there exists some positive
number §, such that, if

d g x1(vo,0.) <6, (2.63)

then, we have

sup ( inf dy y19(-,t),expif v.(- — a))) <e. (2.64)
teR \ (a,0)€R?
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Proof. We assume by contradiction that v, is not orbitally stable for the distance d4 y1. In
this case, we may find a positive number ey, sequences of numbers (d,)nen and (¢, )nen, and a
sequence of functions (v )nen such that §,, — 0, as n — 400,

dA,Xl(fug,UC) < Op, (2.65)
and

(a7i9I)1£R2 dax1 (V" (-, tn), expif v.(- — an)) > eo, (2.66)

where W™ denotes the solution to (GH) with initial datum v§. Denoting w, = ¥"(-,t,), the
conservation of the Ginzburg-Landau energy and of the scalar momentum implies that

E(wn) = E(vg), and p(wn) = p(vg), (2.67)
for any n € N. Moreover, the energy is continuous on X! (R), so that, invoking (2-69),
E(vy) — E(v.) = Enin(p), as n — 400,
where p = p(v.) is given by formula (R.24). Therefore, by (R.67),
E(wy) — Emin(p), as n — +oo. (2.68)

In view of (R.23), the scalar momentum may be written as

v|? —
)= [t (2.69)

for any function v € X1 (R). By (R.67), we have
(ivg,vp") — (ive, 0l) in L*(R), as n — +oo0. (2.70)

On the other hand, in view of (R.4), the modulus of v, has a minimum value equal to % on R

which is achieved at the origin. Since (|vf|)nen uniformly converges to |v.| on R as n — 400 by
(B-63), we may assume that

C
;IEIR’/UO (‘T)’ - 2\/57

for n sufficiently large, so that

|U(T)L|2—1 o] — 1 4 2 2
|U6L|2 - |U%| < 6_4“@8‘ _‘Uc‘ .
By (2.63), it follows that
n|2 2
—1 v.°—1
‘U0’n2 [oc] 5 in L?(R), as n — +o0,
o] |vZ|

so that by (.69), and (R.70),
p(vg) — p(be) =p, as n — +oo.

By (2:67), we are led to
p(wy) — p, as n — +00, (2.71)

so that, by (R.6§), the sequence (wy,)nen verifies assumptions (R.27). Hence, by Theorem J,
there exist some points (a,)nen, and some real number 6 such that, up to some subsequence,

wn( . +an) — expif v (), as n — +oo, (2.72)
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uniformly on any compact set of R, and
wg( . —I—an) — expif U'c(p)(-) in L?(R), as n — +oo. (2.73)
In view of (R.6§) and (R.73), we have
2\ 2 2\ 2
/(1—]wn] ) —>/ (1—TJo.[*)", as n — o0,
R R

whereas, by (P.69) and (£.72), up to some subsequence, we have

1— ‘wn( . +an)|2 —~1- |Uc(p)(-)|2 in L?(R), as n — +oo.

This yields
1— ‘wn( . +an)|2 —1- |Uc(p)(-)|2 in L*(R), as n — +oo.

Hence, by (R.72) and (R.79),
wn (- +an) — expif vy () in X1(R), as n — 400,
which gives a contradiction with (2:6q), and completes the proof of Theorem [ O

Remark 7. Di Menza and Gallo [RJ] proved the linear stability of vy submitted to small per-
turbations in {vg} + H'(R) (see also [B()).

2.5 Relating (TW{J) to the Korteweg-de Vries equation

Travelling wave solutions to (TW{) are related to the soliton of the Korteweg-de Vries equation
as follows. Set ¢ = /2 — ¢2, and consider the scaled function

Ne(z) = én(g) (2.74)

where 7. = 1 — |v.|?. Invoking (R.16), we are led to

1
2ch? (%)

N:(xz) = N(z) =

A remarkable property of IV is that it represents the classical soliton to the Korteweg-de-Vries
equation
Oyw + 03w + 6wd,w = 0. (KdV)

Concerning the phase ¢, of v., we consider the scale change

2 (9), 2.75)

Oc(r) = ?(ﬂc -

so that we similarly obtain from (R.17),

/ 2 x
Oc(z) =1/1— %% — N(z), ase — 0.

It is also of interest to compute the corresponding energies. Using scale changes (R.74) and

(B79), we are led to
5 (N)?2 3 2 N2 3
FE c) = — _<1__) - _/]\[27
(vc) 8/]1&1—52N+4 2) o1=2N T Jy

22




and
(0,) = g3 €2 N?
NG 2 Jp1- 2N’
so that the quantity v/2p(v.) — E(v.) is governed, at the limit ¢ — 0, by
5

V2p(v.) = B(v) ~ = Excav (N),

where Ex gy (N) is the energy of the soliton to (KdV]), namely

EKdv(N)E%/R(N/)z—/RN?’-

3 Qualitative properties of travelling waves in higher dimen-
sions

We next turn to finite energy travelling waves in higher dimensions, and describe a number of
qualitative properties, which have been rigorously established so far. Many of the results in this
section were already guessed in the quoted seminal papers of Jones, Putterman and Roberts
[, ). Some mathematical proofs turn out to be quite different from the physical intuition.

3.1 Range of speeds and energies

The following results are proved in [B4, B]. They describe the possible spectrum of speeds c,
excluding in particular the possibility of non-constant supersonic travelling waves.

Theorem 5 (B4, Bd]). i) Let N > 2. Any travelling wave of finite energy and of supersonic
speed ¢ > V2 is constant.
ii) Let N = 2. Any travelling wave of finite energy and of sonic speed ¢ = /2 is constant.

We briefly sketch the proof of Theorem [ in the supersonic case. The proof is similar in the
sonic case.

Proof. Let v be a finite energy solution to (TWJ) of speed ¢ > V2. In order to prove that v
is a constant function, we compute some integral identities (relating the energy and the scalar
momentum), so that the energy of v is necessarily equal to 0, i.e. v is a constant function
of modulus one. The first identities are the so-called Pohozaev’s identities [bg], obtained by
multiplying (TW{) by the test function (z, Vo(x)), and integrating by parts.

Lemma 8. Let N > 1 and ¢ > 0, and consider a finite energy solution v to ((LWdJ). Then,

B(v) = /RN 102, (3.1)

and for any 2 < j < N,
E(v) = / 00| + cp(v). (3.2)
RN

Identities (B.1]) and (B.J) are not sufficient to ensure that the energy of v is equal to 0[] , so
that another integral relation is required.

'Notice that ) and @) are sufficient to ensure that any travelling wave of finite energy and of speed ¢ = 0
is constant (see [Y ,@])
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Lemma 9. Let N > 2 and ¢ > /2, and consider a finite energy solution v to (TW{). Then,

Vo2 + (1 - \0\2)2 =2c(1-— % p(v). (3.3)
RN c

Identity (B.J) is obtained using the singularities of the kernels associated to ([TW{) in case
¢ > /2. Indeed, assuming that v does not vanish on RY (in order to simplify the proof), v may
be written as

v = Qexp iy,
where ¢ = |v], and ¢ are smooth, real-valued functions. By (TW4d), the function n = 1 — ¢? is

solution to

An—2An+ 207 \n = —AF + 2¢0,div(G), (3.4)
where

F =2|Vo|]? + 21? — 2endy @, and G = —nVep. (3.5)

Notice in particular that the nonlinearities /' and G are related to the density of energy and
momentum (equal to —G in view of (£.29)). Taking the Fourier transform of (B.4), we are led
to

N
() = Ko(F(€) —2¢ ) K;(©)G(©), (3.6)
=1
— 2 - . .
where Ky(&) = m, and K;(§) = W, for any 1 < j < N. The singular

nature of the kernels Ky and K; now gives some relation between F(0) and G(0). This in turn
yields a relation between the energy and the scalar momentum. Indeed, since v is of finite
energy, the function 7 in the left-hand side of (B.6) belongs to L? (RN ), whereas the functions
F and G in the right-hand side are continuous. When 0 < ¢ < f K(] and K are Sufﬁcuently
smooth, so that (B.6) can hold without additional assumption. In contrast, when ¢ > /2, K(]
and I/(\J have singularities on the set

I ={¢eRY, ¢ +20¢]* - € = 0}.

Since (B-4) holds, this leads to a relation between F(¢) and G(€) on the set I'. Taking some
limit £ — 0, this yields identity (B.d). Combining (B.1)), (B.9) and (B.J), it may be shown that
the energy of v is equal to 0, so that v is a constant of modulus one. This completes the proof
of Theorem [j. O

In the three-dimensional subsonic case, small energy solutions are also excluded in view of
the following theorem (see [{]).

Theorem 6 ([fl]). Let N =3 and 0 < ¢ < \/2. There exists some positive universal constant &
such that any non-constant finite energy solution to (TWJ) on R? satisfies

E(?}) > 50.

Theorem [f] improves an earlier result by Tarquini (see [6]), which states that any solutions
of sufficiently small energy, with respect to their speed, are excluded in any dimension N > 2.

Theorem 7 ([BH]). Let N > 2 and 0 < ¢ < v/2. There exists some positive constant £(c, N),
depending only on ¢ and N, such that any non-constant finite energy solution to (TWJ) on R3
satisfies
E(v) > &(e, N).
Moreover,
E(e,N) =0, as ¢ — V2.
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Theorem [ leaves some hope for a complete scattering theory for solutions with small energy
in the three-dimensional case. Such a theory has been established in any dimension N > 4 by
Gustafson, Nakanishi and Tsai (see [i]], or [fg] in the present volume). In dimension three,
they were able to establish the existence of global dispersive solutions to (GP) (see 3] or [b4]
in the present volume). On the other hand, two-dimensional travelling waves of small energy
are known to exist (see Theorem [[J), excluding scattering in the energy space.

For sake of completeness, we briefly sketch the proof of Theorem fi.

Proof. The proof relies on equation (B.), using the next elementary observation. If some quan-
tity E satisfies
E < KE?, (3.7)

where K is some positive constant, then F is either equal to 0, or

1
E> =
K’
Taking the L2-norm of (B.6), we are led to an inequality of the form (B.7), where the energy
E(v) plays the role of the quantity E, whereas K is equal to some linear combination of the
L?-integrals of the kernels Ky and K e

Indeed, first notice that the nonlinearities F' and G in the right-hand side of (B.6) are (al-
most) quadratic quantities with respect to n and V¢, related to the densities of energy and
of momentum. In particular, their L'-norms are bounded by the energy up to some positive

universal constant K, so that R R
|F|+ |G| < KE(v).

Taking the L2mnorm of (B.§), we are led to

Il 2@y = 17l 2@y < KE ()| Kollp2mny-

On the other hand, it is proved in [fJ] that any finite energy solution v to (TWJ), with the
additional assumption |v| > % (which holds in case E(v) is sufficiently small (see [{])), satisfies

E(v) < 7¢{nl22 gm0,
so that, by the above elementary observation,
1

E(v) > . (3.8)
762K2||KO||L2(RN

A direct computation now gives

2
— ™ c
HK0||%2(R3) = — arcsin <7>

so that /2
1 2
. > & = 5375

T2 K2carcsin (%) T3 K

E(v) >

This completes the proof of Theorem [. O

Remark 8. The proof above cannot be performed in the two-dimensional case. Indeed, a direct

computation gives
s

=9 .
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so that (B.§) now becomes
2(2 —¢?)
TnK2c2 7
where £(c) — 0, as ¢ — /2. In particular, (B.9) does not prevent the existence of solutions with
energy as small as possible (see Theorem [[J).

E(v) > &(c) = (3.9)

3.2 Regularity and decay at infinity

The following results were proved in [2q] and [{] (see also [[1], BH, 63, f4]). They describe the
regularity of subsonic travelling waves (in particular their real-analyticity).

Theorem 8 (|26, f]). Let N > 2 and 0 < ¢ < /2, and consider a finite energy solution v to
(CWA). Then, v is a real-analytic, bounded function on RY such that

2
v < \/1+CZ. (3.10)

For sake of completeness, we briefly sketch the proof of Theorem f.

Proof. The smoothness of v follows from a standard bootstrap argument using the finiteness of
the energy, and the elliptic nature of (TW{). Bound (B.10) essentially results from the maximum
principle for the function |v|?, which verifies

2 2
Alo]? + 2[vf? (1 n CZ - |v|2) — 2|Vo|? — 2c(idv ,v) + %|v|2 >0,

by (TWY) (see [BE, 3, f4] for more details).

Real-analyticity is established following an argument of Bona and Li [[3, [4] (see also [,
b3, B]). The idea is to prove the uniform convergence of Taylor’s series of v,

Tv,x(z) _ Z aav(x) (Z _ x)a’

|
aeNN o

on a complex neighbourhood of any arbitrary point z € RY. The required estimates for the
derivatives are provided by ([LWd), using standard L¢-multiplier theory, Sobolev’s embedding
theorem, Gagliardo-Nirenberg’s inequality, and the superlinear nature of the nonlinearities.

Indeed, denoting v1 = Re(v) — 1 and vy = Im(v), equation (TW{) may be recast as

ajz»kvl = Hj,k * Fl(vl, Ug) — iCHl,j,k * FQ(Ul, 1)2), (3.11)
0w = icHy jj, * Fi(v1,v2) + K % Fa(v1, v2), (3.12)

where the nonlinearities ; and F; are defined from C? to C by
Fi(z1,20) = 328 4+ 25 + 23 4+ 2123, and Fy(21,23) = 22120 + 2320 + 25,
and the kernels Hj j, Hy ;; and Kjj are given by

T~ &i€klé)? T £1€;&k — . &2+
H]J{,‘(&) - |£|4+2|£|2 _026%, Hl,]Ji‘(é) - |£|4+2|£|2 _625%7 ],k(&) - |£|4+2|£|2 _625%7

for any 1 < j,k < N. By a result from Lizorkin [f1], the kernels Hj ., Hy i and Kjj are
L%-multipliers for any 1 < ¢ < +o00. Coupled to (B.11) and (B.13), this provides Li-estimates of
any derivatives of v and vs.
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Lemma 10. Let 1 < j,k < N, a € NVY and 1 < q < +oo. There exists some positive number
Ki(q), possibly depending on q, but not on o, such that

10001 oy + 10° 030l oy < K@) (107 Fi (01, v2) | ageny + 19 Fa(wr, v2) | o) )-
(3.13)

The second step is to transform Li-estimates (B.13) into uniform ones. This follows from
Sobolev’s embedding theorem and Gagliardo-Nirenberg’s inequality.

Lemma 11. Let 1 < j < N, a € NV and % < q < +o0. There exist some positive numbers
Ks(q) and K3(q), possibly depending on q, but not on «, such that

10700y + 107 val o) <Kala) ). -
107001 o, + 100y la) <Eala)Fyfa),

where we have set

Fy(a) = max ([10°Fy(v1,2) o) + [0° Falon, v2)] age) )

In view of (B.14), the convergence of Taylor’s series Ty, .(2) and Ty, »(2) reduces to the

convergence of the series
Fy(a)
Sprnle) = Y T oy

a€NN

for z sufficiently close to xg, and ¢ suitably chosen. Combining the superlinear nature of £} and
Fy with estimates (B.13) and (B.14)), an inductive argument based on Abel’s identity as in [5J],
yields

Lemma 12. Let o € NV and % < q < +00. There exists some positive number Ky(q), possibly
depending on q, but not on «, such that

Fy(a) < Ki(q)*la®, (3.15)

where we have set & = (max{ay — 1,0},..., max{ay — 1,0}).

In view of (B.15), choosing ¢ = N, the series S, (%) is convergent for any z such that
|z — xo] < m Taylor’s series Ty, z,(2) and Ty, »,(2) converge the same way, so that v is a

real-analytic function on RV, O

Jones, Putterman and Roberts [[if], [ investigated the decay properties of subsonic travelling
waves in dimensions two and three. They computed some formal asymptotics of axisymmetric
solutions to ([TWJ) in [if, fg]. Their formal derivation was confirmed, and somewhat extended,

in (B3, B9, B7, BY-
Theorem 9 (B3, B3, B4, BY]). Let N > 2 and 0 < ¢ < /2, and consider a finite energy solution

v to (TWJ). There exist a complex number Ao, such that |Aoo| = 1, and a smooth, real-valued
function vag : SN71 — R, such that

||V 1 (v(az) — )\oo) - Moo%o(ﬁ) — 0 in L®°(SN7Y), as |z — +oo. (3.16)
x
Moreover, there exist some real constants «, Bs, ..., and By such that the function vy is equal
t
’ o N o;
Voo (0) = @ ! =+ B J — Vo e sV, (3.17)
7 7

2 c20? 9 2 c2o?
(_?4' 2 J —3 1t
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The constants o and 3; are given by

INES) AN (4- N N-3
= 1-< B(v) + (2 2 1
a - ( 2) < 5 ¢ (v) +(2+ 5 ¢ )p(v)), (3.18)
T ﬂ) C2 N-1
=—20(1- =) % Pi(v), 3.19
si=—3%(1-3) 7T A (3.19)
where Pj(v) = 5 [z (id;v,0 — 1). The constants [3; are equal to 0, when v is azisymmetric

around aris Tq.

Notice that a finite energy solution v tends to some constant A, at infinity. Since multipli-
cation by a constant of modulus 1 keeps (TW() invariant, we may, without loss of generality,
assume that Ao, = 1. Notice also that the decay of the function v—1 is algebraic. More precisely,
v(x) — 1 decays as M%, as |z| — 4o0. This yields the following corollary of Theorem .

Corollary 2 ([BF, 7). Let N > 2 and 0 < ¢ < /2, and consider a finite energy solution v to
(9.

i) The function v — 1 belongs to LY(RYN) for any q > %, and its gradient Vv is in LI(RY) for
any q > 1. Moreover, any higher order derivative v belongs to LY(RN) for any ¢ > 1.

it) Assume N = 2, and v is non-constant and azisymmetric around axis x1. Then, the function
v —1 does not belong to L*(R?). In particular, it does not belong to H'(R?).

Corollaryg has some significant consequences. It first leads to a rigorous definition of the
momentum P(v) of a finite energy solution v to ([LWd). Indeed, formula ([l.3) makes sense,
in any dimension, for ¥ = v, since v — 1 and Vv respectively belong to L*(R") and L%(RN )
Actually, it makes sense for any w € W(RY) = {1} + V(RY), where V(R") is defined by

VRY) = {v:RY > C, s.t. (Vo, Re(v)) € L2(RV)2, Im(v) € L*RY) and VRe(v) € L3 (RV)}.
(3.20)
Notice that
W(R"Y) C ERY),

where
S(RN) ={ve Hﬁ)C(RN), s.t. E(v) < 400},

denotes the energy space. This last observation plays an important role in the variational
argument of [[]] for the construction of finite energy solutions to (TW{) (see Section [] below).
Our choice of the variational space is indeed W (RY) = {1} + V(RY).

Statement ii) of Corollary f| has to be considered in connection with the stability problem
of two-dimensional travelling waves v. This analysis requires to find some functional space, on
which the Gross-Pitaevskii equation is known to be globally well-posed, which preserves both the
energy and the momentum, and which contains the travelling waves. As a matter of fact, there
are several functional spaces where the two-dimensional Gross-Pitaevskii equation is known to
be globally well-posed: for instance in {1} + H'(R?) (see [, BJ]), in the energy space £(RY)
(see [BT], B0)), and also in the space {w} + HY(RYN) (see 9, B{]), for any w in the energy space
E(RYN). Taking w = v, the space {v} + H'(R?) seems appropriate to address the question of
stability near a travelling wave v. Two important advantages of the space {v} + H'(R?) are
that v belongs to this space (in contrast with {1} 4+ H'(R?), in view of Corollary [), and that
the momentum is well-defined (in contrast with the energy space).

For sake of completeness, we briefly sketch the proof of Theorem f].
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Proof. The proof is reminiscent of a series of articles by Bona and Li [[[J], De Bouard and Saut
[@], and Maris [@, @] It relies on the use of convolution equations, in particular on a careful
analysis of the kernels they involve. Indeed, assuming that v does not vanish on RY (in order
to simplify the proof), v may be written as v = pexp iy, where g and ¢ are smooth, real-valued
functions. By ([TWJ), the functions 7 = 1 — ¢? and V¢ are solutions to (B-4), and

A¢:§&n+mway (3.21)

where F' and G are the nonlinearities given by (B.§). Taking the Fourier transform of (8.4) and
(B:21), equation (W) reduces to the convolution equations

N

n =Ky >|<F+2CZKj * Gy,
j=1
. N N
8]'(,0 :§KJ « F + c? ZLj7k * G + ZRj’k * G,
k=1 k=1
where Ko, Kj, L; and R; . are the kernels given by
= e €[ N T T
KO(&) KJ(&) — Rl,](g)K0(£)7

e+ 20€? — e

G
R; 1 (§) :ﬁ’ et Lj(§) = R (§)R1k(§)Ko(§)-
Both the decay properties and the asymptotics of v follow from the decay properties and the
asymptotics of the kernels given by (B.23). The first step is to derive them. In view of (B.29),
this reduces to the analysis of Ky and R .

(3.22)

The kernels R;; are directly related to Riesz’s operators R;, given by
= &
R(g) = 75,
’ €]

since they may be written as
Rj,k = —Rj * Rk

The properties of Riesz’s operators are well-known (see [6J]), partly because of their explicit

expression
Rj(z) = — p.v.(mj\?H),

m 2
where p.v. stands for the principal value. There is a similar expression for the kernels R;,

r( 2
2 diklz|® — Nxjxy
Rjp(z) = <va<J N ) (3.23)
22 |z|

so that their asymptotics are straightforward.

In view of its non-homogeneity, the analysis of K is more involved. However, we have

Lemma 13 (BJ]). Let N > 2 and N —2 < o < N. There exists some positive constant K,
such that

|K0(33‘)| < Ol’ Vz € RN

’ «

<%

N
_1<q<N 5-

In particular, Ky belongs to LY(RYN) for any

=
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Lemma |13 results from some integrability estimates of the derivatives of I/(\o. They provide
the algebraic decay of Ky by the inverse Fourier transform formula. Notice that this formula,
coupled with some stationary phase estimates, states that the asymptotic properties of K, are
mainly given by the behaviour of Ky close to the origin. In view of (B:22), this behaviour is
given by

Ko(§) ~ i - LB (\/ 2 - %, \/5&) + % ZRj,j (\/ 2 — %, \/5&)-
=1

2-c)+20)> 2-

Up to some scale changes, the asymptotics of K are therefore the same as the asymptotics of
R; ;. This gives for instance,

Lemma 14 ([B7]). Assume N > 2 and consider a smooth function f such that

K K N
|f(z)] < T+ 22V and |V f(z)] < T+ gV Vo € RY, (3.24)
where K 1is some positive constant. Then,
N-3
P(F)e2-e) 7 (2-E+ (2 -2N)o})
N
R Ko * f(Ro) — R </ f>, as R — 4o00. (3.25)
N+2 RN

023 (2 —c?+ c%%) :

The asymptotics of a travelling wave v given by formulae (B.16), (B.17), (B.1§) and (B.19) are
derived using formulae like (B.2§) for the kernels Ky, Kj, L;; and R, and the nonlinearities
F and G. Notice in particular that the presence of the energy and the scalar momentum in
formulae (B.1§) and (B.19) is due to the presence of the integrals of F' and G in formula (B.25)
above (see the proof of Theorem [ above).

Notice also that the proof of (B.2]) first requires to establish (B.24), that is some algebraic
decay for the function f convoluted to Ky, and its gradient Vf. This is the second step of
the proof. As in earlier papers , P4, B3, @], this relies on some inductive argument using
the superlinear nature of the nonlinearities ' and G, which are almost quadratic functions of
the variables n and Vg in view of (B.§). When the nonlinearities are superlinear, the algebraic
decay of a solution is identical to the algebraic decay of the kernels of the convolution equations
it satisfies.

To get a feeling for this claim, let us consider the simplified model
f=Kxf", (3.26)
for which we have

Lemma 15 (BY]). Assume r > 1, and consider smooth solutions f and K to (B.2q), such that
f belongs to L™(RN), and K is in L*(RY), and satisfies

A

K < —.
IK(@)] <€ T omr

If there exists some positive constant 0 < ag < ap such that

then,
A

]

|f(@)] <

where A denotes some positive, possibly different, constants.
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Lemma [[[ states that the algebraic decay of f is exactly the same as the algebraic decay of
K, if some small decay may be first established for f. Its assumptions are quite restrictive, but

may be extended to more involved equations with only additional technicalities. The proof is
by induction. Indeed, by (B.29),

z|*|f (z)] §A</RN |z —y|*| K (z —y)llf(y)l’"der/RN |K (@ —y)llylalf(y)lrdy>

(3.27)
<AL R e oy I e - 1 e )
Using the assumptions of Lemma [I§, equation (B.27) reduces to
1% F | ey € A+ ANl 17 o vy (3.28)

[,

if 0 < a < ag. Equation (B.2§) now links the algebraic decay with exponent a of f to its
algebraic decay with exponent %. In particular, if we know some algebraic decay with a small
exponent ag > 0, a bootstrap argument yields the algebraic decay of f for a = qog, a = ¢>ao,
..., that is for any « € [ag, ak]. This provides the optimal decay of f, which is the decay of the
kernel K.

However, in order to perform the inductive argument of Lemma [[§, and to get the decay of
a travelling wave v, we must establish some small decay for v. Multiplying equations (B.4) and
(B:21) by n and ¢, and integrating by parts on the complementary of a ball, we may establish
the following integral decay.

Lemma 16 ([[i0, BY)). Let N > 2 and 0 < ¢ < /2, and consider a finite energy solution v to
(CWJ). There exists some positive constant o such that

/ |z|*e(v)(x)dr < +o0.
RN

Lemma [[ gives the small decay required to use the inductive argument of Lemma [[§. Cou-
pled with the decay and integrability properties of the kernels (see Lemma and formula
(B23)), this first gives the decay of a travelling wave v, then its asymptotics, using formulae like
formula (B.2§) of Lemma [I4. This completes the proof of Theorem I O

4 The existence problem in higher dimensions

4.1 The variational approach

As mentioned in the introduction, the existence problem in dimensions two and three has been
widely investigated in the physical literature: rigorous mathematical proofs have been provided
more recently, using a variational approach.

It is a classical observation that one may obtain travelling waves by minimizing the energy
FE keeping the momentum p fixed. For a given p > 0, we therefore consider the minimization
problem
Enmin(p) = inf{E(v),v € W(RY),p(v) = p},

where the definition of the space W (R¥) is given by (B:20). In this approach, equation (TW4{) is
the Euler-Lagrange equation to this constrained minimization problem. The speed ¢ appears as
a Lagrange multiplier, and is therefore not fixed a priori. Instead of using minimization under
constraint, an alternate approach is to introduce, for given ¢, the Lagrangian

Fe(v) = E(v) = ep(v),
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whose critical points are solutions to (TW{). Solutions may then be found applying a mountain-
pass argument. As a matter of fact, both techniques have been used so far. The first existence
results were based on asymptotic Ginzburg-Landau’s theory: the solutions obtained in that
context had small speeds ¢ > 0 and possessed vorticity, i.e zeroes with non-trivial topological
degree. For instance, in dimension two, one may obtain, using the mountain-pass lemma, a
branch of solutions parametrized by the speed ¢ > 0.

Theorem 10 ([L1]]). Assume N = 2. There exists co > 0 such that there exists a non-constant
finite energy solution v to (TW{) for any 0 < ¢ < ¢g. Moreover, v exactly has two vortices with
degree £1 located at a distance ~ %, as ¢ — 0, whereas

2
E(v) ~27mln(c), and p(v) ~ %T, as ¢ — 0.

b+

0 T

-1

In dimension three, the constrained minimization approach provides the following theorem
for large momentums.

Theorem 11 ([[(]). Assume N = 3. There exists poo > 0 such that, for any p > poo, there
exists a solution uy to (['Wd), with ¢ = c(uy), verifying p(up) = p,

7 In(p)
2/p

. . . 2
Moreover, v presents a vortex ring whose diameter is ~ %, as p — +00.

E(up) ~ m/pIn(p), and c(up) ~

as p — +oo.

T3

As a matter of fact, the mountain-pass lemma can also be used in dimension three to assert
the existence of a branch parametrized by the speed.
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Theorem 12 ([[[§]). Assume N = 3. There exists co > 0 such that there exists a non-constant

finite energy solution u. to () for any 0 < ¢ < ¢g. Moreover, v presents a vortex ring whose
2[In(c)|

diameter is ~ ===, as ¢ — 0, and
27121 2 2] 2
E(uc) ~ My and p(uc) ~ %7 as ¢ — 0
c c

Remark 9. One may conjecture that both approaches exactly yield the same solutions.

In [H], we revisit the minimization under constraint method, and are able to construct the
full branch of minimizers parametrized by p in both dimensions.

Theorem 13 ([fl]). Assume N =2 andp > 0. There exists a non-constant finite energy solution
up € W(R?) to equation ([TWJ), with ¢ = c(uy), and p(uy) = p, such that uy is solution to the
minimization problem

E(up) = Eumin(p) = inf{E(v),v € W(R?), p(v) = p}.

Remark 10. In particular, Theorem [[J shows that there exist travelling wave solutions of
arbitrary small energy. This suggests that scattering in the energy space is not likely to hold.

In dimension three, the existence result is somewhat different.

Theorem 14 ([{]]). Assume N = 3. There exists some constant py > 0 such that
i) For any 0 < p < po,

Ewin(p) = inf{E(v),v € W(R®),p(v) = p} = V2p,

and the infimum is not achieved in W (IR3).
ii) For any p > po, there exists a non-constant finite energy solution u, € W(Rg) to equation
([CWJ), with ¢ = c(uy) and p(uy) = p. Moreover, E(up,) = Emin(po) = V2po, and for any
P > Po,

E(up) = Enin(p) = inf{E(v),v € W(R?),p(v) = p} < v2p.

Besides the existence of minimizers, our analysis yields also properties of the curve En;, as
well as of the speed c(up). More precisely, we have

Theorem 15 ([fl]). i) Let N =2 or N = 3. For any p,q > 0, we have the inequality
| Enin(p) — Emin(q)] < \/§|p —ql,

i.e. the real-valued function p +— Ewnin(p) is Lipschitz, with Lipschitz’s constant \/2. Moreover,
it 15 positive and non-decreasing on R .
it) Assume N = 2. Then, the function p — Epin(p) is strictly concave.
i11) Assume N = 3. Then,
Emin(p) = \/§p7 V0 < p < Po,

whereas Fyiy is strictly concave on (po, +00).
In particular, the function F,.;, is differentiable except possibly for a countable set of values.
Its derivative at the points of differentiability is given by the speed c(uy), which satisfies for any

p>0,
0 < cup) < V2.
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It remains an open problem to determine whether the curve E;, is differentiable or not. This
question is related to the problem of uniqueness, up to symmetries, for the minimizer uy,, which
is completely open as well. As a matter of fact, uniqueness for any p > 0 of the minimizer
would lead to the differentiability of the full curve. We believe that, if at some point Fy,;, were
not differentiable, then there are at least two different minimizers with different speeds. In that
case, the function p +— c(uyp) is not single valued. However, we can prove that it is a decreasing
(possibly multivalued) function.

In dimension two, the function E, has the following graph:

E B

- E = Enin(p)

In dimension three, the graph of E.,;, has the following form:

E /_/

E = Eup(p) /'/

/'//
e
A B= Vo
'/.//
/// E = Enin(p)
Blup, -5

0 Po p

Our results are in full agreement with the corresponding figure given in [[Iff]. In dimension
three, the numerical value found in [[i] for pg is close to 80. Jones and Roberts have also shown
in [If], mainly by numerical means, that in dimension three, the branch of solutions can be
extended past the curve E = v/2p. Its representation in the E-p diagram bifurcates at some
point, then is asymptotic to the curve E = v/2p (see the curve E,p on the diagram above).
At this stage, there is no mathematical proof of the existence of the upper branch of solutions.
However, it is proved in [[] that the slope of the curve at the point (po, \/ipo) is strictly less
than /2. This leaves some hope to use an implicit function theorem to construct the curve Eyp,

at least near (po, v/2po).

Remark 11. Jones, Putterman and Roberts [[id, fl5] conjectured the existence of some momen-
tum p; such that the minimizer uy, has vortices for p > p;, and has no vortex otherwise. The
numerical value found in [Aq] for p; is close to 75 in dimension three. There is no evidence of
the existence of such a number p;. In particular, we do not know if p; > pg in dimension three.

34



Taking advantage of the analyticity property of finite energy solutions to ([TWJ), we may
derive the following additional property of the minimizing solutions we obtained in Theorems

3 and [(4.

Theorem 16 ([fl]). Let N =2 or N = 3, p > 0 and assume that Ewyin(p) is achieved by uy.
Then uyp is, up to a translation, avisymmetric around axis x1. More precisely, there exists a
function up : R x Ry such that

up(x) = up(z1, |z L), Vo = (z1,2,) € RV,

4.2 The (KP I) transonic limit in dimension two

In {4, [], it is formally shown that, if u. is a two-dimensional solution to (TWd), then, after a
suitable rescaling, the function 1 — |u.|? converges, as the speed ¢ converges to v/2, to a solitary
wave solution to the Kadomtsev-Petviashvili equation (KP_1), which writes

dpu + udyu + FRu — 07 (83u) = 0. (KP 1)

Notice that the first terms correspond to the Korteweg-de Vries equation, whereas the last term
is a transverse perturbation. As ([GP), equation (KP_I) is hamiltonian, with Hamiltonian given
by

1

Excp(u) = %/RZ(aluf +3 /RQ(a;l(c‘)zu))2 _ %/R w2,

and the L?-norm of u is conserved as well. Solitary wave solutions u(z,t) = w(x; — ot,z3)
may be obtained in dimension two minimizing the Hamiltonian, keeping the L?-norm fixed (see
[BZ, BJ]). The equation for the profile w of a solitary wave of speed o = 1 is given by

dw — wdw — dw + 07 (93w) = 0. (4.1)

In contrast with (TW{), the range of speeds is the positive axis. Indeed, for any given o > 0, a
solitary wave w, of speed o is deduced from a solution w to (f.]) by the scaling

we (71, 12) = ow(v/ox1,073).

We term ground state, a solitary wave w which minimizes the action S given by

1
S(v) = Exgp(v) + —/ v?,
2 R2
among all the solutions to (1)) (see 4] for more details). In dimension two, it is shown in 3]
that w is a ground state if and only if it minimizes the Hamiltonian Ex p keeping the L?-norm
fixed. We denote Sk p, the action S(w) of the ground states w.

The correspondence between (W) and ([.1)) is given as follows. Setting ¢ = v2 — ¢? and
ne = 1 — |uce|?, and performing the change of variables

9

e’ g2

Na(w) = S (12, Y202

it is shown that N, approximatively solves ([.1]) as ¢ converges to v/2. The minimizing branch

constructed in Theorem [L3 contains transonic solutions in the limit p — 0, as shown in the
following proposition.
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Proposition 3. Assume N = 2. There exist some constants p1 > 0, Ko and K such that we
have the asymptotic behaviours

482
S%r

Let uy be as in Theorem [[3. Then, there exist some constants py > 0, Ko > 0 and K3 such that

p3 — Kop® < V2p — Enin(p) < K1p®, V0 <p < p1. (4.2)

Kop* < V2 — c(up) < K3p®, VO < p < pa. (4.3)

We next consider the map
Ny = N,
where e, = e(uy) = /2 — c(up)?. In [§], we prove
Theorem 17 ([{]). There exists a subsequence (pn)nen tending to 0, as n — +oo, a ground
state w of (KPJ), and a universal constant ~o > 0 such that, for any 0 <~ < o, we have
N,, — w in C%7(R?), as n — +o0.

Remark 12. There is an explicit solitary wave solution to (KP 1) of speed 1, namely the so-

called ”lump” solution, which is written as

3— a2+

we(zy,x0) = 24— L =72
(w1, 2) (3 + 22 + 432)2

It is usually conjectured that the ”lump” solution is a ground state. It is also conjectured that
the ground state solution is unique, up to the invariances of the problem. If this is the case,
then the full family (Ny)p>0 converges to wy, as p — 0.

Remark 13. If u,. is a solution to (TW{) in dimension three, then it is also formally shown in
[4, 4, ), that the function w,. defined by

we(x) = a%<1 -

o252 20

g2 7 g2

converges, as the parameter ¢ = v/2 — ¢2 converges to 0, to a solitary wave solution w to the
three-dimensional Kadomtsev-Petviashvili equation (KP 1), which writes

Opu + udyu + O3u — 07 H(93u + d3u) = 0.
In particular, the equation for the solitary wave w is now written as
w — wdw — Iw + 87 (3w + d3w) = 0.

So far, there is no rigorous proof of the existence of a branch of solutions in the transonic limit.
This branch of solution is conjectured in [[If, and represented on our graph above as the upper
branch Ey.

5 Related problems

5.1 Infinite energy solutions

So far, we have restricted ourselves to finite energy solutions. Solutions with infinite energy are
also of interest. In dimension two, a typical example is the stationary symmetric vortices for the
Ginzburg-Landau equation (see e.g [[f]). In dimension three, for small speeds, Chiron [[9, B{]
established the existence of solutions having vorticity concentrated on helices. Such solutions
are reminiscent to some flows for the incompressible Euler equation.
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5.2 Nonlinear Schrodinger flow past an obstacle

As mentioned in the introduction, the Gross-Pitaevskii equation provides a model describing
superfluidity in the Hartree approximation. When impurities or an obstacle are present in the
superfluid, one may model these new elements adding an external potential V' to the equation.
As done by Hakim [i]] in the one-dimensional case, the flow of a superfluid past an obstacle
moving with constant positive speed ¢ in direction x1, may be described by the Gross-Pitaevskii
equation with a coupling with an additional potential V', namely

i0,0 (z,t) = A\I/(x,t)+x1f(a;,t)(l—yqf(g;,t)P—V(xl—ct,m), (z = (z1,7.),t) € RVxR. (5.1)

As before, one adds the condition |¥(x)| — 1, as |z| — +o0, to describe a superfluid which is
at rest at infinity. In the frame of the moving obstacle, equation (p.I)) may be recast as

i8t<1>:ic81<I>+A<I>+<I><1— |q>|2—v), (5.2)

where we denote ®(z,t) = W(xy + ct,z,t). Stationary solutions v to (f.9) satisfy the elliptic
equation
icOlv + Av + v<1 — |v]? = V) = 0. (5.3)

Equation (f.9) formally remains hamiltonian. For a superfluid at rest at infinity, the conserved
Hamiltonian may be written as

1 1 1 c )
Y@=y [ vepeg [ a-pprog [ va-jep)-§ [ aee-n. 61
2 RN 4 RN 2 RN 2 RN
The previous variational formulation leads us to restrict ourselves to solutions v for which the
following modified Ginzburg-Landau energy is finite, that is

1 1 1
=g [ 19leg [ 0=l -g [ Ve <o

In [, a formal and numerical analysis of stationary solutions to (f.J) was initiated in the
one-dimensional case, whereas in [B4], still in dimension one, Maris established the existence
of solutions to (f-]) minimizing the Hamiltonian F)', assuming the potential V is a bounded
measure with small total variation compared to the speed ¢. Assuming additionally that V is
compactly supported, Maris [54] also exhibited excited states.

In higher dimensions, the flow of a superfluid past an obstacle has been widely investigated

both formally and numerically (see, for instance, R, £9, bd, i3, [, B, [d]). In [B4], Tarquini
proved that, under suitable assumptions on the localized potential V', there are no finite energy
supersonic solutions to (@), that is with speed ¢ > /2. He also computed an explicit bound
for the solutions to (f.d), and described their regularity and convergence at infinity.

To our knowledge, the existence problem of finite energy solutions to (f.J) has not been
addressed yet for a general class of potentials, although some special cases have been considered
in [, Bl. Therefore, we would like to provide in this paper an existence result in dimension two.

Theorem 18. Let 0 < ¢ < /2 and V € L?(R?). There exists a constant K(c) > 0 depending
only on ¢, such that, if

JRLGERCY (55

then equation (p.3) has at least one finite energy solution u,.
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The solutions u. provided by Theorem [[§ are constructed minimizing the Hamiltonian FY
given by (5.4) locally near the constant solutions to (TWd). As a matter of fact, in the case
the potential is 0, the solutions we construct correspond to the constant solutions to (TWJ). So
far, we have not tried to construct excited states (as done in the one-dimensional case by Maris
[64]). For a zero potential, these solutions would correspond to the non-constant two-dimensional
solutions to (TW{) we have discussed before.

Remark 14. Though we did not address this question here, we believe that the solutions u.
provided by Theorem [[§ are local minimizers of FY" on suitable variational spaces (see [f]], where
a similar question is addressed for the equation without potential, and [64] for the choice of the
suitable variational space, in case V has compact support). In particular, the argument used to
prove Theorem [[§ does not establish that either F,” (u.) or p(u.) are finite.

As mentioned above, we construct the solutions u. by locally minimizing the Hamiltonian
FY given by (54). When the potential V belongs to L?(R?), FY is well-defined and of class
C' on the space {1} + H'(R?). However, the construction of minimizers for F)" presents some
difficulty in view of the lack of compactness. To circumvent this difficulty, we introduce, as in
[0, f], minimizing problems on expanding tori, for which the existence of minimizers presents
no major difficulty, and then pass to the limit when the size of the torus tends to infinity. More
precisely, we introduce the flat torus defined by

T, ~ Q, = [-7n, )%,
for any n € N* (with opposite faces identified), and the space
Xp = Hl(Tm(C) = Héor(Qm(C)

of 2n-periodic H'-functions. We define the energy EY and the momentum p, on X,, by

B =g [ g [ a-ptr-g [ v, (56)

and
1

pn(v) = 5/ (i0hv,v — 1),

so that the Hamiltonian FXn on X, is given by
Fc‘,/n(v) = EX(U) - Cpn(v)' (57)

Notice that the function V in (F.f) and (5.7) denotes the 27n -periodic restriction of V to Q.
For given A > 0, we introduce the open set &,(A) defined by

1 1
£.(A) = {v € X, st. Ey(v) = _/ Vol? + —/ (1= [u2)? < A},
2 Ja, 4 Ja,
which is a neighbourhood of the set of constant functions, and consider the minimization problem

FL = it (V@) 5.8
L=t (FLw) (59)
Our purpose is to prove, that for a suitable choice of A = A(c) with respect to the speed c,
independent of n, the previous minimization is achieved. The main ingredient in the proof of
Theorem [[§, which allows in particular to prove that FCV is bounded from below on any set of
functions with sufficiently small energy, is the following estimate.
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Lemma 17. Let 69 > 0 and 61 > 0 such that

o= <y <& <1,

V2

and consider a function v € E,(A). Then, there exists some integer ng, and some positive
constant Ao, depending only on &y and 61, such that

) 0(51
V(1= 67)(61 — bo)

for any n > ng, and any A < Ag.

L 2v/2c E,(v)%, (5.9

Ep(v) (1 —62)(61 — 80)%d0 !

Proof. The proof of Lemma [ is reminiscent of the proof of Lemma [|. When E,(v) is small
enough, the modulus of v is close to 1. Assuming that we may construct a lifting v = pexpip
of v, we compute

) s [ ew) = suB (o
S\/E 0 o Oc o (v) = 0cEy (v). (5.10)

Lemma [[7 reduces to estimate any error terms in (f.1() to obtain (p.9).

A~ 5| [ (=)o

Therefore, we consider some function v € &,(A), assuming, up to a density argument, that
v is smooth on £2,. In order to estimate how the modulus of v is close to 1, and to construct a
lifting of v, we study the level sets

Q¢) = {:17 € Qy, s.t. |v(x)| = {},

for any given £ € R;. By Sard’s lemma, the sets ©2(§) are one-dimensional, smooth submanifolds,
for almost any & € R, so that their Hausdorff’s length

L(€) = H'(2(6)),

is finite for almost any ¢ € R,. Moreover, the coarea formula gives

01
/ (/ |Vv|>d£ g/ V() [2dz < 25, (v),
50 Q(ﬁ) 50<‘£B‘<51

o1 1 1
| e < / Vo(a)|dr < VEE, () [U(6)]E.
50 50<|IE|<51

and

where we denote U (&) = {z € Q,, s.t. [v(z)| <}, for any € € R, Since

4
U(61)] = mEn(U%

o1 21/2
[ mee < 22 pw),
do 1

The mean value inequality then provides the existence of dy < &y < &1 such that the length of
the one-dimensional submanifold §2(&p) verifies

2v/2 2v/2A
=600 ") = T=5D61 o)

we are led to

L(&) < (5.11)
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and

2 2A
Vo Ey(v) < . 5.12
f IS g ) < 57 (512)
We first deduce from (b.11) that, up to some new unfolding of the torus T,, (&) is, for
n > %, a collection of smooth, connected, closed curves (7;);er of €,. Moreover,
. 1
since

4 4\
_° E < =
a—ar = e
we may assume that the complementary of U({) contains the boundary of €, for any n >

2VA
m(1-63)"

It now follows from (f.17) that

v(x) v(y) ' 1 / 2A
< V'U i 5 v S 1y
o Jae) Vol < 50(0—00)” VT

v

so that, assuming that A < dg(d; — &), the topological degree of rp on each curve ~; is equal
to 0. This provides the existence of a smooth lifting v = gexp ip o% v on the complementary of
U(&), so that, using the periodicity of v, we can compute

1 . 1 ) 1
pn(v) = 5/ (101v,v) = 5/ (101v,v) — 5/ 0%01 0. (5.13)
n U(&o) 2 \U(%0)
The first term in the right-hand side of (5.13) can be estimated by
1

1

. o 1 2

5] tiow)| < ool = el [ k)’
U(&o) U(éo) U(&o)

so that, using the isoperimetric inequality

4r|U (€0)| < L(&)?,

U(&)] < |U(G) <

ren @)~ To(y)]

TEY:

ol

and (B.19), we are led to
51 3
< E,(v)z. (5.14)

[ o
= 1010,V

2 Ju(g) V(1 = 63)(d1 — do)

On the other hand, the second term in the right-hand side of (f.19) is written as

e, 213
- = 0°01p = = (1—0% 81@—— / © — @i, (5.15)
2 Jo,\U(&) 2 Ja\u(&) Z

el

where v denotes the first component of the outward normal to ~;, and

1
Pi =17

@Y.
"YZ‘ Yi

Using the result of Lemma [}, we obtain

‘ / (1- 92)5190‘ <V?2 elv)
Qnu\U (o) Q\U(&) @

Z/ P — @i _Z/i</ilvwl>SL(giO)/Q@O)IWI,

el i€l

IN

gEn(U),

whereas
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so that using (p.11), (F.12) and (F-17), we are led to

1 / E ‘ 2/2
5 O En(v) +
‘2 Qn\U (&) ' \/_50 ) 5o(1 — 82)(61 — do)?

Inequality (p.9) finally follows from (5.13), (b.14) and (5.16), provided that

2v/28) 2 50(51—50)}
m(1-67) 7w(1-47) J

En(v)*. (5.16)

A <Ay =60(01 — o), and n > ng = max{ (5.17)

O

As a consequence of Lemma [I], we have

Lemma 18. Let 0 < ¢ < /2 and n > ng, where ng is the integer of Lemma [I]. There exists
positive constants K(c), A(c) and r(c) < A(c) such that, if |V 2m2) < K(c), then

F,(v) = F)(k(c), (5.18)

for any function v € £,(A(c)). Moreover,

— Ae) < F(A(e) <0. (5.19)

Proof. The proof reduces to compute an upper and a lower bound for the function F V. given
by
1
Y (v) = Eq(v) — 5/ V(1 - [v]?) — epn(v), (5.20)
Ty

on the set &£,(A), which amounts to estimate the second and the third term of the right-hand
side of (f-20). We use Lemma [[7 to provide an upper bound for the scalar momentum p,(v).
Therefore, we consider numbers &g, 1, d2 and p such that

c Oc
Se=——=<0<8p <6 <1, and = < p <1, 5.21
c NG 2 0 1 5 K ( )
and assume that n > ng and A < Ag, where ng and Ag are provided by Lemma [[]. By Lemma

[7, we have

lepn (V)] < éEn(v)7
02

provided that F,(v) < Aji(c), where Aj(c) denotes some positive constant depending only on c.
On the other hand, we compute

5 va-ne| <

Oc 1 Oc 1
(= 5) o) = g [V @ < (14 §5)Bulo) + s [ V2 522

1
401 = p)

/ V24 (1— ) E(v),

so that

We now fix
A(c) = min{Ag,A1(c)} >0,

and choose some positive number K (c) and k(c) such that
(14 21)k(c) < A(c), and K (c)2 < 4(1 — p) (u - —c)/-i(c), (5.23)
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so that, assuming that ||V ;2g2) < K(c), and n > ng, (£.29) provides

FU0) = (1= 52)0(0) ~ s

for any function v € X, such that x(c) < E,(v) < A(c). Hence, we are led to (p.1§), that is

K(c)* > 0= F,(1) 2 F,(k(0)),

Fn(k(e)) = FY.(Ae) < 0. (5.24)
On the other hand, (f.29) also yields, using (f.23),
) 1
EYV (v)] < (1 =< —  K()?<(1+2 <A
FL @IS (1 a2 + g5 K0 < (1+20)(e) < AC),
for any function v € &,(k(c)), so that (f.19) follows from (f.24). O

We next have

Lemma 19. Let 0 < ¢ < v/2 and n > ng, where ng is the integer of Lemma [[1, and let K (c) and
A(c) be as in Lemma [[§ Assume moreover that condition (B.5) holds for K(c) and V. Then,
the minimization problem (B.§) for A = A(c) has a solution u} in E,(A(c)). In particular, ! is
solution to (5.J) on Q,, and verifies

E,(uy) < k(c) < Ae), and — A(c) < chn(u?) = fgn(A(c)) <0. (5.25)

Proof. Lemma [[q follows from standard variational arguments. For given n € N and A > 0,
FCV ., is bounded from below on &,(A). Indeed, there exists some constant K (n,A) such that

/|wﬁ+/|w3KmAx
Qn (929

for any function v € &,(A), so that
FY () 2 ~VA(IVllzaqr,) + cllo = Tizagr,)) = ~K(n,A),

Next, consider a minimizing sequence (wy,)men for FCVn on A(c), and assume n > ny. In view

of (£.1§), we have
FV (wm) Z fc‘{n(’%(c))’

so that we may assume, since 0 < x(c) < A(c), and hence &,(k(c)) C E,(A(c)), that w,, €
En(k(c)) for any m € N, or equivalently,

E,(wy) < k(e) < Ae).

Using Rellich’s compactness theorem, there exists, up to some subsequence, a function u € X,
such that
Vwm, — Vu in L*(Q,), and w,, — u in L*(2,), as m — +oo,

so that
FY (uf) < liminf (FY, (wn) ) = FL,(A),

m——+00
The same argument also provides

E,(u?) < liminf (En(wm)) < k(e) < A(e).

m— 00

when ||V 2(r2) < K(c). Hence, the minimization problem (£.§) for A = A(c) is attained by u{!

in the open set &,(A(c)). Since FCYn is of class C! on X,,, u® is a critical point of Fc‘fn, that is a

solution to (f.3) on Q,. O

42



Proof of Theorem [I§. Passing to the limit n — +oo requires to prove some compactness for the
sequence (u?),>n,. We first provide a uniform estimate for (u”),,>,, using (f.25), and standard

elliptic estimates. By (.25),

[ (1l ) < A,
B(SC(),Q)

where we denote B(z,2) = {x € Qp, |z — x| < 2} for any z( € ,,. Using Holder’s inequality,
we are led to

/ (‘u — |u? ‘ + ‘Vu"‘ + |icOuy |3 ) < A(e),
B(:C(),Q)

so that, by equation (p.3), and standard elliptic estimates, the sequence (u”),>y, is bounded in

W23 (B(z0,1)). Therefore, by Sobolev’s embedding theorem, there exists some positive constant
A(c) such that
g |,y < Alc), Vn > 1. (5.26)

Moreover, (b.23) also gives
IVl 20,y < Ale), ¥ > 1. (5.27)

Since any compact set K of R? is included in €, for n sufficiently large, we then construct,
using (), (), Rellich’s compactness theorem, and a diagonal argument, a function u. €

H (R?), such that, up to some subsequence,

Vu? — Vu, in L*(K), and u? — u, in LY(K), as n — +o0, (5.28)

for any compact set K of R?, and any 1 < ¢ < +o0. Since u? is solution to (p3) on Q,,
convergences (.2§) first yield that .. is solution to (5.J) on R2. Moreover, they also provide

1 1

5 [ vul e g [0 < it (5 [ va e [ - <

2 K 4 K n—-+00
so that by monotone convergence,

E(uc) < A(e).
Hence,
1
EY (ue) < E(ue) + |V 2(r2) B(uc)? < 400,

so that u, is a finite energy solution to (f.J) on R2. O
Remark 15. Notice that it follows from (B.17), (F.21) and (F.23) that the constant K(c) in

Theorem [[§ tends to 0, as ¢ — /2, so that the considered potential ¥V must be smaller and
smaller as ¢ — /2.

5.3 Nucleation by impurities

An interesting generalization of (JGP) (see [BJ)) concerns the modelling of vortex nucleation by
an impurity, e.g. an electron. In the Hartree approximation, the equations governing the one-
particle wave function of the condensate ¢, and the wave function of the impurity ¢, are a pair
of coupled equations

B2
ihO W = = AW + (Uo|®)? + Vo 9|2 — E)T,

2 (5.29)
ihoy® = —ﬂAcﬁ + (Uo|¥* - E.)®,
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where M and E are the mass and single-particle energy for the bosons, and p and E. are the
mass and energy of the impurity, while Uy (resp. V) denotes the mass of the Dirac interaction
potentials between bosons and impurity (resp. bosons).
In dimensionless variables, (f.29) is written as (see [B2])

1/1
i = AV + = ([0 + |92~ 1)w,
51 < (5.30)
00,® = — A0+ — (¥ - %2 @,
g

Here, 6 = % is the ratio of the mass of the impurity over the boson mass (§ < 1), ¢> = 5%8,
55772
k;OQ; % is a dimensionless measure of the single-particle impurity energy, and £ =
T
EM3Ug
Assuming that we are in a frame in which the condensate is at rest at infinity yields the formal
boundary conditions

is a dimensionless constant, which in applications is about 0.2.

[Y(z)| — 1, and ¢(x) — 0, as |z| — +oo.
Similarly to the Gross-Pitaevskii equation, (f.3() has a formally conserved Hamiltonian,

1 g2 g2 2 e2k?
E(T,®) = - HVUP + S| VP2 + = (1 — ¥ W2 — ——|®|? E/ T, D).
)= [ (v Swer s S (i- o) s lapier - o) = [ o)

It moreover conserves

m(®) = /RN |®|?.

The finite energy travelling waves of (f.3Q) have been formally investigated in [BJ]. No rigorous
existence results seem to be known so far in dimensions two and three, but Bouchel [[J], ex-
tending the analysis of [B4, B] for (GH), has proved decay estimates for finite energy travelling
waves of (p.30), together with the non-existence of supersonic travelling waves. On the other
hand, Maris [5J] has proved that one-dimensional travelling waves to (5.30) exist if and only if
their velocity is less than the sound velocity at infinity, and that in this case, the set of travelling
waves contains global subcontinua in appropriate Sobolev spaces.

6 Conclusion

Although travelling waves have been widely discussed in the physical literature, the field is
still widely open for mathematical investigation. In the course of our discussion, we already
mentioned a number of open problems and research directions: differentiability of the curve
FEonin, existence of solutions to (CW{) for all values of speeds 0 < ¢ < /2, uniqueness, up
to the invariances, of constrained minimizers as well as of ground states of (KP I)), existence
of the upper branch E,, in dimension three, and its possible transonic limit, non-existence of
sonic travelling waves in dimension three, similar questions for the related problems above... To
complete this survey, we wish to emphasize the question of stability: even the orbital stability
of constrained minimizers presents serious yet unsolved difficulties in dimensions two and three.
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