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Asymptotics of the solitary waves for the generalised
Kadomtsev-Petviashvili equations

Philippe Gravejat !

Abstract

We investigate the asymptotic behaviour of the localised solitary waves for the generalised
Kadomtsev-Petviashvili equations. In particular, we compute their first order asymptotics
in any dimension N > 2.

1 Introduction

1.1 Motivation and main results

The present paper deals with the solitary waves for the generalised Kadomtsev-Petviashvili
equations

N
Oy + uPO u + 8f’u — > 0ju; =0,
j=2

(1)
Vj € {2,...,N},81u]' :8]'11,.

The exponent p = ™ is rational (where m and n are relatively prime, and n is odd). The

function v — uP is defined by the standard convention

Vu € R,uP = Sign(u)™|ulP.

Two cases at least are physically relevant. First, the case p = 1 corresponds to the standard
Kadomtsev-Petviashvili equation: a universal model for dispersive, weakly nonlinear long waves,
essentially unidimensional in the direction of propagation z; (see e.g. [I0]). Second, the case
p = 2 appears as a model for the evolution of sound waves in antiferromagnetics (see e.g. [f]).

The solitary waves for the generalised Kadomtsev-Petviashvili equations are the solutions u
of (fll) of the form
u(t,z) =v(xy —ct,x)), v; = (x2,...,2N),

which belong to the closure Y of the space 9;C§°(RY) for the norm

0o/ N 2 2 12 2
V6 € PR, lordly = <|rv¢uL2(RN) i \\al,l¢\\L2(RN))

They are (at least formally) critical points on Y of the action S defined by

Yo eY,S(v) = E(v) + g /]RN v? (z)de, (2)
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where E denotes the energy associated to the generalised Kadomtsev-Petviashvili equations

N
E(v) = % /RN (01?)(96)2 + j;vj(a:)2)da: - m /RN v(x)PT2dz. (3)

The parameter ¢ > 0 is the speed of the solitary wave, which moves in the direction z;. We
can always make the additional assumption ¢ = 1. Indeed, if v is a solitary wave with speed ¢,
the equation for v is written as

N
—cOv + VPO v + O — > 0jv; =0,
j=2 (4)
Vj € {2,... ,N},al?}j = 8]'?}.

Therefore, the function ¥, given by the scale changes,
- —1 T TL
vz 6RN7U($17xJ_) =cC pv<%77>7 (5)
is a solitary wave with speed 1. In order to simplify the notation, we will assume from now on

that c is equal to 1. We will recover the arbitrary case by the scale change (f). In particular,
with this additional hypothesis, the solitary wave v solves the equation

— Av+ 0t + —— (Pt =0, (6)

p+1
which is the starting point of our analysis.

A. de Bouard and J.-C. Saut first studied the existence and qualitative properties of the
solitary waves for the generalised Kadomtsev-Petviashvili equations. In [[], they completely

solved the issue of their existence in dimensions two and three: they proved that there exist
non-trivial solutions of equation ({]) in Y if and only if

O0<p<

2N — 3’
We believe that their proof extends to any dimension N > 4 [|. Therefore, we will only consider

the exponents p for which there presumably exist non-trivial solutions of equation () in Y, that
is,

O0<p<

2N — 3’

Moreover, A. de Bouard and J.-C. Saut [§] also addressed the issue of the dynamical stability
of the family of solitary waves. In dimension two, they proved their orbital stability for p < %,
and their instability for p > %. Likewise, J.L. Bona and Yue Liu [B] showed the instability of
the solitary waves in dimension three.

Finally, A. de Bouard and J.-C. Saut [[§] proved the axisymmetry around the axis z; of the
ground states (the solitary waves which minimise the action S on the space Y'), and computed
the algebraic decay of any solitary wave in dimensions two and three.

Theorem ([{]). In dimension two, any solitary wave v of equation ([l) satisfies
r?v € L®(R?),r? = 2% + 23.

In dimension three, any solitary wave v of equation ([l) satisfies

V0 <6 < g,r‘sv € L*(R3),r? = 2% + 2% + 23.

'In this article, we will derive from integral identities (which are of independent interest) that there are no
non-trivial solitary-wave solutions of equation (ﬂ) inYifp> ﬁ (see Corollary E) However, our goal is not to
obtain existence results, so we will not consider these existence problems any further.



Remark 1. Their theorem is sharp in dimension two for p = 1. Indeed, there exists an explicit
solution of equation @) in dimension two, the so-called lump solution v, given by

3 —cx? + *ad
(34 ca? + c2a2)?’

V(x1,x2) € R2,vc(x1,$2) = 24c

In particular, we cannot expect a decay rate better than 7—2 in dimension two for p = 1.

The goal of this paper is precisely to improve their description of the asymptotics of a solitary
wave in any dimension N > 2.

Theorem 1. Let v € Y be a solitary-wave solution of speed 1 of equation (). Assume that

0<p<72N_3,

and consider the function ve, € C®°(SN™1) given by
N
Vo = (01, 0n) € SN1 (o) = %(1 - Na%)/ o(z)P*da. (7)
RN

Then, the function x +— |xz|Nv(z) is bounded on RY, and

Vo € SV RNy(Ro) nll Voo (0). (8)

Moreover, if % <p< %_3, this convergence is uniform: it holds in L>(SN™1).

Remark 2. The function vy, is well-defined on S¥~!. Indeed, by Theorem B, the integral
Jp v(z)PTdr is finite.

Theorem [[] gives the sharp decay rate at infinity, which is exactly equal to 7~ of any non-
trivial solitary wave v in any dimension N > 2 for all the exponents p = 7 such that m is an
odd number. Indeed, let us consider some non-trivial solitary wave v in Y such that its decay
rate is strictly more than r~". Then, there exists some function d : R, — R, such that

Ve e RY, [u(z)| < d(|z]),

and
rNd(r) — 0.

r—-+00

By Theorem [l, the function v, is identically equal to 0 on SV~!, which gives

/ v(x)PTdz = 0.
RN

Then, v is trivial since m is odd, which leads to a contradiction. Thus, Theorem [| is optimal
for any non-trivial solitary wave when m is an odd number (which holds for the standard
Kadomtsev-Petviashvili equation).

On the other hand, Theorem [l may not be sharp if m is even. There may be non-trivial
solitary waves whose decay rate is higher than 7—». This may happen if the function vs, is

identically equal to 0, that is if
/ v(z)Pdx = 0.
RN



We do not actually know of any non-trivial solitary waves which verify such assumption, but
we believe that they may exist. Indeed, L. Paumond [IJ] proved their existence in dimension
N =5 for an equation very similar to equation ([ll), namely

5
Oy + uPou + 81711/ — Zaju]' =0,
7=2
Vj € {2, ce ,5},81Uj = aju.

More precisely, when m is even, he proved the existence of non-trivial solitary waves v for this
equation which verify

5
Vo € R°, v(x1, 22, 23, 24, x5) = —v(21, 4, T35, T2, T3).

In particular, such solutions satisfy the condition

/ v(x)PTldr =0
RS

above. Therefore, Theorem [l| is not necessarily sharp when m is even.

Before sketching the proof of Theorem [, we must notice another improvement for the stan-
dard Kadomtsev-Petviashvili equation.

Theorem 2. Let v € Y be a solitary-wave solution of speed 1 of equation (). Assume that

N =2o0r N=3, and p=1. Then, the function v is given for every o € SN~ by

%(1 - vot) 5 = T2 4 vt s) )

42

)= SN — oy

Theorem [ results from Pohozaev identities, which were already derived by A. de Bouard and
J.-C. Saut in [[]. It links the asymptotics of a solitary wave v to its energy E(v) or its action
S(v). In particular, there is only one possible asymptotics for all the solitary waves with the
same energy. This seems to be a further evidence of the uniqueness of non-trivial solitary waves
(up to translations) in the case of the standard Kadomtsev-Petviashvili equation: we believe
that this new evidence could be a useful step towards the resolution of this problem, which is
still open to our knowledge.

1.2 Sketch of the proof of Theorem [

The goal of Theorem [l| is to compute the algebraic decay at infinity of a solitary wave v, then
its first order asymptotics. Our proof is reminiscent of a series of articles by J.L. Bona and Yi
A. Li [fll, A. de Bouard and J.-C. Saut [§], M. Maris [, [Z], and [[d, . It relies on the use
of convolution equations, in particular on a precise analysis of the kernels they involve. The
analysis provides the improvements mentioned above. Moreover, it relies on general arguments
which could prove fruitful for other equations (with other kernels and nonlinearities) in any
dimension. That is the reason why we first explain the main arguments of the proof of Theorem
fl. We hope that it will also help to clarify this proof.

1.2.1 Convolution equations

By equation (f]), the solitary wave v satisfies, at least formally, both the convolution equations

v =1iHy * (vPO1v) (10)



and

1
v=——Ky*xvPTh 11
Ko (1)
Here, Hy and K| are the kernels whose Fourier transforms are
= &1
Ho(§) = 51 (12)
€2 + &
and
o) = (13
€2 + &

Equations ([[0)) and (1)) link the asymptotic properties of v to the behaviour of Hy and Ky at
infinity. This requires a careful analysis of such kernels, first for deriving equations ([[(J) and
(1)) rigorously, second for computing the asymptotics of v.

1.2.2 Main properties of the kernels

This section is devoted to the study of the kernels Hy, Ky and K} = —i0, Ky, given by

Vhe (1. N} Ru(e) = 2

= > 4
e 1)

In view of the comment above, we first describe their asymptotic properties and their singularities
near the origin in order to deduce the asymptotic properties of v later on.

Algebraic decay at infinity and singularities near the origin
Let us consider the spaces of functions M3°(€2) defined by
M2() = {u: Q= C,|Jullage (o) = sup{|z|*[u(z)],z € Q} < +oc},

for any o > 0 and any open subset  of RY. We say that a function f presents some algebraic
decay at infinity if it belongs to some space MS°(B(0,1)¢) for some o > 0. Likewise, f presents
some algebraic explosion near the origin if it belongs to some space M3°(B(0, 1)) for some a > 0.

One goal of Theorem [l| is to derive the algebraic decay of the solitary wave v at infinity.
The first step consists in studying the algebraic decay of Hy, Ky and K} at infinity and their
algebraic explosion near the origin. This study first provides their algebraic decay at infinity.

Theorem 3. Let k € {1,...,N}. The kernels Hy, Ky and K}, are continuous on B(0,1)¢, and
belong to Mg_,(B(0,1)¢), Mg (B(0,1)°) and Mg, ,(B(0,1)¢) respectively.

Remark 3. We believe that Theorem [ is sharp in the sense that the kernels Hy, Ko and Kj,
do not belong to M3° (B(0,1)¢), MS°(B(0,1)¢) and MZS,(B(0,1)¢) for any o > N.
This study also yields a description of their singularities near the origin.
Theorem 4. Let 1 <k < N. There exists some A > 0 such that for every x € B(0,1),
(z] + \MDN_Z [Ho(x)| < A(L + dn,2|In(|z])]),
(@ + oo}V 4 |Ko(o)] < 4,
(23 + o )N Ky (o)) < A.



Remark 4. By Theorem [], Hy, K, and K}, are respectively in M$S_,(B(0,1)), MSS_4(B(0,1))
and Mfl.if—l—ék,l(B (0,1)) in any dimension N > 2. However, such spaces are not suitable to
describe their singularities near the origin. Indeed, their singularities are anisotropic because of
the anisotropy of their Fourier transforms given by formulae ([9), ([J) and ([4).

Remark 5. We believe that Theorem [i] is sharp in the sense that it provides the right exponents
of the singularities of Hy, Ky and K} near the origin.

This description is also available in terms of L94-spaces.

Corollary 1. Let 1 < j,k < N and q € [1,+00[. The functions Hy, Ky and le-_ék'lKk respec-

tively belong to LY(B(0,1)) if ¢ < g%:}l, q< g%:é and q < %

The proofs of Theorems [} and [f] rely on the form of the Fourier transforms of Hy, Ky and
K. By formulae (1), (I3) and ([(4), they are rational fractions given by

vseRN\wLR@>=E§%%? (15)

where P is some polynomial function on RY of the form
N N a4
vs e RV, P() = IL¢}. (16)

Theorems B and fI, and Corollary [l] follow from more general results for tempered distributions
f whose Fourier transforms f = R are rational fractions of the form ([[3)-([[§). Indeed, we can
compute explicitly the algebraic decay of such distributions.

Proposition 1. Let f be a tempered distribution on R whose Fourier transform is of the form

(13)-([1d), and denote

N
d:Zdj:dl—i-dJ_. (17)
j=1

Assume moreover that d # 0 if N = 2 and dy + 2d; < 4. Then, f belongs to the space
MR 44(B(0,1)°).

Likewise, we can describe their singularities near the origin.

Proposition 2. Let f be a tempered distribution on R whose Fourier transform is of the form
(03)-([1d). Assume moreover that d # 0 if N = 2, and dy +2d, < 4 where d and d, are defined
by ([(A). Then, there exists some A > 0 such that for every x € B(0,1)\ {0},

d
(@3 + oL YN TEFF L f(2)] < A(L+ Ow,20a, 104, ol In(|2])]). (18)
In particular, if dy +2d; < 4, f belongs to L1(B(0,1)) for every

2N -1

. 1
<2N—5—|—d1—|—2dJ_ (9)

1<g¢q

Likewise, if (di,d1) = (2,1) or (di,d 1) = (4,0), the functions x — x; f(x) belong to L4(5B(0,1))
for every
2N —1
1<

SUSON—6+dit2d,

(20)



Remark 6. When (di,d; ) = (2,1) or (dy,d1) = (4,0), the distribution f is not a function in
L} .(B(0,1)). The singularities of f near the origin can present some principal values at the
origin or some Dirac masses (see Lemma [J). However, the distributions z; f are in L, .(B(0, 1)),
so we can study their L%-integrability.

The first step of the proof of Propositions ] and [ consists in inductively describing the
derivatives of f = R, in particular their singularities near the origin and their integrability at
infinity. Then, by standard integral expressions, we deduce the behaviour of f near the origin

and at infinity. More precisely, we first derive the form of the derivatives of R.
Proposition 3. Let 1 < j < N and p € N. Let us consider a rational fraction R on RN which
satisfies formulae (1) and ([L8). Then, the partial derivative 8;7 R is given by
Pip(€)
Ve e RV\ {0}, PR(E) = —=LP>2 21
MO OE) = g g .

where P, is a polynomial function on RN, Moreover, there exist some Ap > 0 such that the
function Py, satisfies

V&€ B(0,1)%|Pp() <Ay > max{|g], 1}BTI e PR (22)
0k AT
VE € B(0,1),|P,(8)] < AplgPrartis, (23)

where d is defined by (7). Likewise, if j > 2, the function P;, verifies

Vé. € B(07 1)07 |PJ7P(£)| S1410 Z maX{|£J_|7 1}dL+p_2k max{|£1|, 1}d1+4k7 (24)
0k StE
VE € B(0,1), | Py (&) SAp[éptatas. (25)

Remark 7. By linearity, similar estimates hold for any rational fractions of the form ([[§) (where
P is any polynomial function on RY). However, all the rational fractions considered here will
satisfy ([H) and ([[@), so, in order to simplify some computations, we will not investigate this
point any further.

The analysis of Proposition [] is sufficient to describe the singularities of the derivatives of R
near the origin and their integrability at infinity.

Proposition 4. Let 1 < j < N, p € N and q € [1,+00]. Let us consider a rational fraction
N
R on RY which is of the form ([3)-(L), and denote d = >.d; = di + d . Then, the partial

derivative afR belongs to My, ,(B(0,1)). Moreover, if -
p>dy+2d; —4, (26)
the partial derivative OY R belongs to L1(B(0,1)¢) for
q>p+f§£i&h’ 27)
while it belongs to L>°(B(0,1)¢) for
p>di+2d, —4. (28)



Likewise, if j > 2 and

d
p>71—|—dl—2, (29)

the partial derivative 8§’R belongs to LY(B(0,1)¢) for

2N —1
2p—|—4—d1—2dJ_7

q>
while it belongs to L>(B(0,1)°) for
d
pBia (31)

Remark 8. By linearity, similar estimates hold for any rational fractions of the form ([[§) (where
P is any polynomial function on R).

Remark 9. We believe that Proposition [ sharply describes the singularities of 8p R near
the origin and its integrability at infinity. We believe that this function does not belong to

Mg (B(0, 1)) for any @ > p+2 —d, while 9y R and 97 R do not belong to [FF (B(0,1)°)
2N—
and L2P+4*d1*2‘ﬂ (B(0,1)°) (except for p = di + 2d | — 4, respectively p = d—21 +d; —2).

Then, our argument links the behaviour of the tempered distribution f to the behaviour of
the derivatives of its Fourier transform R given by Propositions f] and [ This relies on explicit
integral expressions which already appeared in [[{] and [{], and which are described in the next
lemma.

Lemma 1. Let f be a tempered distribution on RN such that its Fourier transform belongs to
C>®(RN\ {0}). Let us assume moreover that there are some 1 < j < N and p € N* such that

(i) f € L'(B(0,1)°),
(i) &' f € LY(B(0,1)),
(iii) |10 f € L1 (B(0,1)).

Then, the function x +— :E?f(l‘) is continuous on RN and satisfies for every \ > 0,

Vo € RY, 27 S < o Fle)enEde + + L f()d
rerValiw) = g ([ afgetier g [ gor fiou "
+ PVf(E) (e — 1>ds>.

B(0,)\)

Lemma [] links the algebraic decay of a distribution f at infinity, or its algebraic explosion
near the origin, to the integrability of some derivatives of its Fourier transform f. Indeed, it
is sufficient to prove that the right-hand side of equation (B2) is uniformly bounded on B(0,1)
(or B(0,1)¢) to infer that f belongs to MJ°(B(0,1)) (or M°(B(0,1)¢)). In particular, Lemma
seems relevant to study the algebraic decay of the tempered distributions f whose Fourier
transforms R satisfy ([[J)-([[d), or their singularity near the origin. Indeed, Proposition [ yields
a lot of information on their integrability. However, some derivatives of R are not sufficiently
integrable at infinity to satisfy the assumptions of Lemmal [l In order to overcome this difficulty,
we prove the next alternative of Lemma [l



Lemma 2. Let 1 < j < N, A\ > 0, and let f be a tempered distribution on RN such that its
Fourier transform belongs to C*°(RN \ {0}). Assume moreover that there exist some 1 < p <m
and A > 0 such that

(i) Y& € RN\ {0}, |F(&)] < A(lg] " + [¢]*),
(ii) V(k,€) €{0,...,p} x B(0,1),[¢|N"PT*[0F f(¢)] < 4,

(iii) 07 f € LY(B(0,1)°),
() Yk €{0,...,m —1},05f € Lim—x(B(0,1)°),

where r < N, s > 0, 1<qk<% if1<k<N-1,and 1l < q, < +oo if k > N. Then, the
function x — x?f(m) is continuous on Q; = {x € RN x; # 0}, and satisfies for every x € §Q;,

DT (Y Y PR =l
.Z'] f(.’,l') (27T)N ( Zx]) /B(Q)\)c j f(§)e € + kZ:p 5 /S(O’)\) é.] (33)
1

ey [ g fiows |

OV f() (e — 1)d§>.
B(0,))

)

The assumptions of Lemma [ are tailored for tempered distributions whose Fourier transforms
are rational fractions of the form ([L§)-([Lf). However, the proof of Lemma [}, which results from
Lemma [I| and some integrations by parts, can be adapted to other distributions which do not
necessarily satisfy all the hypothesis of Lemma [

By Proposition f], we now apply Lemma [ to some tempered distributions f whose Fourier
transforms are rational fractions of the form ([[5)-([L6).

Proposition 5. Let j € {1,...,N}, A > 0, Q; = {z € RN, z; # 0}, and let f be a tempered
distribution on RN whose Fourier transform R is of the form ([§)-([§). Assume moreover that
d#0if N =2, and dy +2d; < 4, where d and d, are defined by ([(7). Then, the function
T a;?jf(a:) is continuous on §);, and is given for every x € €); by

m;—1
) P ) . s . J (—ix-)pj_k_l
2P f(z) = <—zx- P mJ/ D7 R(€)etCde + E ~—
i f( ) (27T)N ( ]) B(O,)\)c 7 (5) 5 k:pj )\

| ar@gertacs [ T r@ass [ ame 49
5(0,0)

A Jso.n) B(0,\)
(e — 1>ds>,

where pj = N —2+4+d, my =2N —4+dy +2d,, and if j > 2, mj = N —2+d.

Remark 10. Here, we make two additional assumptions. Indeed, if d = 0 and N = 2, all the
derivatives of R are not integrable near the origin. Therefore, we cannot expect to prove some
formula like (B4) for f. On the other hand, the assumption d; + 2d; < 4 is only technical.
Lemma P requires some integrability at infinity for the derivatives of R. This is not possible
for the derivatives of low order if di + 2d; > 4. However, we believe that Lemma P can be
improved to compute a formula like (B4) even in the case d; +2d; > 4. Since it is not useful in
our context, we will not investigate this point any further.



Formula (B4) links the algebraic decay of f at infinity (or its algebraic explosion near the
origin) to the integrability properties of R. Indeed, it suffices to choose A = ﬁ, and to bound
the right-hand side of formula (B4) by Proposition | to obtain the algebraic decay of f stated
by Proposition [l Likewise, we choose A = W, and bound the right-hand side of formula
(B4) by Proposition [] to establish the algebrajic explosion of f near the origin. Thus, the main
interest of formula (B4)) is the possibility of choosing A in the most fruitful way. In particular,
we can adapt the value of A to the anisotropy of our problem to obtain the anisotropic estimates

(1§) of Proposition B.

Finally, Theorems ] and |, and Corollary [I] are direct consequences of Propositions [] and f.
They correspond to the cases (dy,dy) = (1,0) for Hy, (di,d1) = (2,0) for Ky and (d1,d)) =
(2 + 6k,17 1-— 5k,1) for Kk.

Pointwise limit of the kernel K, at infinity

The integral expressions of Lemmas [l and [ have another important application: the compu-
tation of the pointwise limit at infinity of Ky, that is the limit when R tends to +oo of the
function

R~ RYKoy(Ro —y),

for every o € SV "1 and y € RV,
Theorem 5. Let 0 € S¥~! and y € RY. Then,

w2,

r
RNKy(Ro —y) — (

1— No?). 35
Rotoo or ( o) (35)

N
2

Theorem [] results from formula (B4). Indeed, by Proposition ], the kernel K satisfies for
every j € {1,...,N} and x € Q; = {z € R z; # 0},

mj;—1

N ; N—-k—-1
N 2 i \N—m; m; 7 ir.£ (_ij)
2} Kale) =gy () Jy & Tt APV
— . 1 — —
K, ir€ge 4 — ONLK(6)d ONEK, (36)
[ R @0t 5 [ o) R [ o) Eate

(e 1>ds>,

where m; = 2N — 2 and m; = N if j > 2. By applying the dominated convergence theorem to
this formula, we obtain for any j € {1,..., N} such that o; # 0,
N N i N+17 Q0. i Q0.
RNKo(Ro — ) — 9; T R (e dE + — e
B(0,1)¢ SN-1

R—t)i-oo(27TO")N o; o
j j j

R [ g B [ oNRL© 67

(el — 1)d§>.
Here, the distribution R ; is the so-called composed Riesz kernel given by

_ &

I35
To complete the proof of Theorem [, it now remains to prove that the right-hand sides of
equations (BY) and (B7) are equal.

Ri,(€) (38)

10



Theorem 6. Let 1 < j < N, y € RY and 0 € SN~ such that oj #0. Then,

% ! (27TO'j)N 04 B(0,1)c J ’ 05 JgN-1 J

OF R+ [ o Rn@ds+ [ oNE(e (69

N B(0,1)

(el7€ — 1)d§>.

Theorem [ follows once more from Lemma ], and from an explicit formula for Ry 1. Indeed,
by standard Riesz operator theory, the composed Riesz kernel Ry 1 is equal to

F(%) |z|? — Na? |z|? — Na? do
Ria(z) = N (PV< |2 |N+2 13(071)> + |x|N+2 13(071)c> + N’ (40)
212

2 AT2
where §g is the Dirac mass at the origin, and PV <%1 B(0,1)> is the principal value of the

2 AT2
function x — %1 B(o,1)(7) at the origin, which is defined by

2 N 2 2 N 2
w0 e ), (PV (E i ) o) = [ Eomgow oo an

Then, formula (BY) is a consequence of expression ({().

The main interest of Theorem [ lies in the computation of the first order term v, of the
asymptotics of v. Indeed, the computation of vy, will result in subsection 2.5 from the compu-
tation of the pointwise limit of K. However, formulae ([]) and (B) already emphasise the link
between the pointwise limit of Ky and vs.

Rigorous formulation of equations ([[(J) and ([[1)

We conclude our study of Hy, Ky and K}, by giving a rigorous sense to the convolution equations
(L) and (LT).

Indeed, let us consider equation ([[(J). By Theorem [J and Corollary [[, the kernel Hy belongs
to L4 (}RN ) for every % <qg< g%:}l. However, we will prove in Theorem  that the functions
v and Vv belong to LI(RY) for every 1 < ¢ < 4oo. Therefore, the function v?9,v belongs
to LY(RY). Thus, by Young’s inequalities, equation ([[() makes sense in L9(R™) for every
% <qg< g%:}l. In particular, it makes sense almost everywhere, which will be sufficient in

the following.

Likewise, by Theorem [] and Corollary [l, the kernel Ky belongs to LI(RY) for every 1 < q <

g%:;}, and by Theorem [, the function vP*! belongs to L'(RY). Thus, equation (1) makes

sense in LI(RN) for every 1 < ¢ < g%:;}, and consequently, almost everywhere.

However, we will also consider the gradient of v. In particular, we will take the gradient of
equation (@), which leads to another difficulty. Indeed, by Theorem [, the first order derivatives
of Ky, given up to a multiplicative coefficient by K}, have non-integrable singularities near the
origin. We are not allowed to differentiate the convolution equation ([[I]) without additional

care: we cannot write 1

O Ko x vPTL.
+1 kLo % U

Opv =
p
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Our method to overcome this difficulty is reminiscent of some classical arguments in distribution
theory, using integral formulae. Indeed, by Theorem ] and Corollary [l, the kernel Ky has first
order partial derivatives in the sense of distributions, which are equal to

O Ko =i Kle(O,l)C +1 PV(Kle(Ql)) + </§N1 Ko(y)ykdy> do,

where PV (K;1p(,1)) denotes (as above for the composed Riesz kernels) the principal value at
the origin of Kj,

v € C(B(0,1)), < PV(Kilpom), ¢ >= /B oy K@) 60

Thus, provided we know sufficient smoothness for vP7!, we will be able to take the derivative of
equation ([[1]) and to obtain an explicit integral expression for its derivative.

Lemma 3. Let us consider a function f € C°(RN) such that

(i) feL®RN)n M]??(p-]—l)(RN))

(ii) Vf € L®RV)V,

and let g = Ko * f. Then, g is of class C* on RY. Moreover, its partial derivative Og is given
for every z € RN by

Bpg(x) =i / Ky(y)f(x — y)dy + i / Ko@) (f(z — ) — f(2))dy
B(0,1)¢ B(0,1) (42)

+ < - Ko(y)ykdy>f(w)-

The function vP*! will satisfy the assumptions of Lemma [J, so we will be able to give a sense
to the gradient of equation ([I]) and to complete our asymptotic analysis of v.

1.2.3 Decay properties of the solitary waves

In this section, we establish the algebraic decay of a solitary wave v and of its gradient. In
particular, we extend to any dimension N > 2 the decay properties stated by A. de Bouard and
J.-C. Saut [f]] in dimension N = 2.

Theorem 7. Let v € Y be a solitary-wave solution of speed 1 of equation ([l). Assume that 0 <

p < ﬁ. Then, v belongs to M (RYN), while its gradient Vv belongs to Mr?l?n{(p—l—l)N,N—l—l}(RN)'

Theorem [ relies on a standard argument which is reminiscent of a series of papers by J.L.
Bona and Yi A. Li [fl], A. de Bouard and J.-C. Saut [{], and M. Maris [L] [ (see also [f]

[]). This argument links the algebraic decay of the solitary waves to the algebraic decay of the
kernels of the convolution equations they satisfy. These algebraic decays are identical, because
the nonlinearity vP*! is superlinear.

To get a feeling for this claim, let us consider the simplified model

f=Kxf,

12



where we assume that ¢ > 1, f and K are smooth functions such that f belongs to LI(R") for
every 1 < ¢ < 400, and the kernel K belongs to L'(R") and to Mg (RY) for some ax > 0. In
order to study the algebraic decay of f, we write for every z € RY and a > 0,

el <a( [ o=l K - il + [ 1R -l )

(43)
<A N vrge @y 1 £ 1 vy + 1K o ey £ 1 g0 vy ) -
q
The function f now belongs to LY(R”), while the kernel K belongs to L'(R") and to MZ°(RY),
provided 0 < o < ak. Therefore, if 0 < a < a, equation () reduces to

1 aggeany < A+ AIFl e vy (44)
q

Equation ([f4) links the algebraic decay with exponent « of f to its algebraic decay with exponent
%. In particular, if we know some algebraic decay with a small exponent ag > 0, a bootstrap
argument yields that f belongs to MS°(RY) for a = qag, a = ¢?ag, ..., that is for every
a € [0, ak]. This provides a striking optimal decay property for superlinear equations. Indeed,
assuming f possesses some algebraic decay, then, f decays as fast as the kernel. However, some
decay of f must be established first in order to initiate the inductive argument.

The situation is more involved for the function v and for the kernels Hy, Ko and K. The
main difficulties come from the singularities near the origin of the kernels. In particular, in the
case of Kj, we must adapt our argument to equation (@), which is no longer a convolution
equation.

However, in order to perform the argument above, we first need to determine some integra-
bility and initial decay for v. Indeed, we already know the integrability and the algebraic decay
of Hy, Ko and K}, by Theorems [J and [, and Corollary []. The integrability properties of v follow
from the following theorem due to A. de Bouard and J.-C. Saut [§f, fj] in dimensions N = 2 and
N =38

Theorem 8 ([, {]). Let v € Y be a solitary-wave solution of speed 1 of equation ([l). Assume
that 0 < p < ﬁ. Then, v is bounded and continuous on RN . Moreover, the functions v, Vv

and O3v belong to LI(RY) for every q €)1, +00.

Remark 11. Another interest of Theorem [ is to give a rigorous sense to equations ([[0), (1)
and () (which was already mentioned in subsection 1.2.2).

It now only remains to compute some initial decay for v. We deduce it from the next
proposition due to A. de Bouard and J.-C. Saut [§] [}

Proposition 6 ([fl]). Let v € Y be a solitary-wave solution of speed 1 of equation (). Assume
that 0 < p< %_3 Then,

/RN (22 Vo(@) 2 + [020(x) [2)dz < +oo. (45)

Proposition [ gives very weak decay for the gradient of v and its second order partial deriva-
tive 92v. In particular, it does not provide local algebraic decay, but integral algebraic decay.
However, it is sufficient to apply the inductive argument above and to prove Theorem [j.

2The proof of A. de Bouard and J.-C. Saut is still relevant in any dimension N > 4. Therefore, we will omit
the proof of Theorem E, and refer to [E] for a detailed proof in any dimension N > 4.

3A. de Bouard and J.-C. Saut [B] proved Proposition E in dimensions two and three. However, their proof is
still relevant in any dimension N > 4. Therefore, we will omit the proof of Proposition H, and refer to [ﬂ] for more
details.
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1.2.4 Asymptotics of the solitary waves

Theorem [] establishes the decay properties of a solitary wave v and of its gradient. In order
to complete the proof of Theorem [, we now compute the first order asymptotics of v, i.e. the
limit when |z| tends to +oc of the function z + |2|Vv(z). Our argument is reminiscent of [f]
and relies once more on the convolution equation ([LT).

Indeed, by equation ([[1]), this computation reduces to compute the limit when R tends to
+o00 of the functions vy defined by
RN

Vo € SV ug(o) = RNv(Ro) = —— [ Ko(Ro —y)o" ™ (y)dy, (46)
p+1 /gy

and to prove that this convergence is uniform on the sphere S¥=1, provided p > % Here, we

first invoke the dominated convergence theorem for formula () to compute the pointwise limit
of vg.

Proposition 7. Let v € Y be a solitary-wave solution of speed 1 of equation (). Assume that
0<p< %_3. Then,

o N=l or(o) — wvelo —7“%) — No? an
o €5V (o) 1y velo) = x B NaD) [ o a7

Indeed, by Theorem [, the integrand of formula (ff§) satisfies for every y € RY and o € SV—1,

(X
RNEKo(Ro —y)**(y) — 7N( 2) (1= Nof)o"*(y).
R—4o0 271-7(1)_‘_ 1)

Then, it remains to dominate this integrand by means of Theorems [, i and f to obtain Propo-
sition [].

Then, we apply Ascoli-Arzela’s theorem to prove the uniformity of the convergence.

Proposition 8. Let v € Y be a solitary-wave solution of speed 1 of equation ([). Assume that
% < p < %_3 Then,
llvr — UOOHLoo(SNﬂ) n 0. (48)

—4-00
Indeed, we already know the existence of a pointwise limit at infinity, so Ascoli-Arzela’s theo-
rem gives the uniformity of the convergence. However, this theorem requires some compactness:
we deduce it from the algebraic decay of the gradient of v. Provided p > %, this gradient
belongs to M]?,OH(]RN ) by Theorem []. Therefore, the gradients on the sphere S¥~—! of the func-

tions vg are uniformly bounded on S™V~1. This yields the compactness result necessary to apply
Ascoli-Arzela’s theorem, and to prove assertion ({g).

Remark 12. Our argument based on Ascoli-Arzela’s theorem fails to prove the uniformity of
the convergence when 0 < p < % However, the nonlinearity vPT! is less and less smooth at the
origin when p tends to 0. Therefore, the convergence may be no longer uniform when p is too
small.

This concludes the proof of Theorem [, which is a direct consequence of Theorem [f, and
Propositions [{ and §.
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1.3 Plan of the paper

The paper splits into two parts. The first part is devoted to the analysis of Hy, Ko and Kj.
In the first section, we establish some properties of the rational fractions of the form ([[§)-([L§)
stated in Propositions f and [l In the second one, we prove Lemmas [] and | to obtain the
integral formula (B4): it is the starting point of the proofs of Propositions [l and B. The third
section deals with the algebraic decay of Hy, Ky and K}, at infinity, and their explosion near the
origin, stated in Theorems | and ], and Corollary [|. The fourth section is concerned with the
pointwise limit of K obtained by Theorems [| and [f, while in the last section, we prove Lemma

f to give a rigorous sense to the derivative of the convolution equation ([L1]).

The proof of Theorem [|| forms the core of the second part. The first section is devoted to
the proof of Theorem [f, which gives the optimal algebraic decay of a solitary wave and of its
gradient. In the second one, we conclude the proof of Theorem [[| by computing the asymptotics
of a solitary wave in Propositions [| and §. In the last section, we focus on the standard
Kadomtsev-Petviashvili equation. We link the asymptotics of a solitary wave to its energy and
its action by proving Theorem . As mentioned above, Theorem [ follows from the standard
Pohozaev identities derived by A. de Bouard and J.-C. Saut in [ [].

Lemma 4 ([]). Let us consider some positive real number p and a solitary-wave solution v € Y
of speed 1 of equation ([l]). Then, the following identities hold for every k € {2,...,N}:

9 , N
/]RN < — v(x)2 + p—2v(:17) - 3811)(:17)2 + ;:2 vj(:n)2>dx =0, (49)
vx2——2 vxp+2+8vx2—vx2+ENv-x2 T =

N
/]RN (v(a;)2 — Iﬁv(m)}ﬂr2 + Oyv(z)? + j;vj(a;)2)da: = 0. (51)

Finally, we mention another consequence of Lemma [|: the non-existence of non-trivial solu-
tions of equation (f]) in Y when p > #4_3 in any dimension N > 4 [

Corollary 2. Let us consider a solitary-wave solution v € Y of speed 1 of equation () and,
assume that N > 4 and p > #4_3. Then, v is constant.

2 Main properties of the kernels Hy, Ky and K;

In this part, we state some properties of Hy, Ky and K. We first study their algebraic decay
at infinity and their explosion near the origin. These follow from the integrability properties of
their Fourier transforms using some integral expressions. Then, we compute the pointwise limit
at infinity of Ko, before deriving rigorously equations ([L(), ([L1) and ([2).

2.1 Properties of the Fourier transforms of the kernels H,, K, and K}

This first section is devoted to the analysis of Hy, Ko and Kj. By formulae (12), (i) and (4),
they are rational fractions of the form ([[§)-([L6). In Proposition B, we describe the derivatives of

1A. de Bouard and J.-C. Saut [E] actually proved Lemma E in dimensions two and three. However, their proof
is still relevant in dimensions N > 4, so we refer to [E] for the proof of Lemma E
®A. de Bouard and J.-C. Saut [E] already proved their non-existence in dimensions two and three.
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all the rational fractions of this form. Here, the main difficulty comes from their anisotropy in
the direction &;: we must distinguish the terms including the variable £ and the other terms.
More precisely, Proposition ] results from the next inductive argument.

Proof of Proposition [}. By induction, the derivatives 8;7 R satisfy equation (RI)). Here, P;,
are polynomial functions on RV given by

N ds
PJ,O(g) :P(S) = j];[lfj]7

Pip41(€) =€ + €1)9; Pjp(€) — 2(p + 1)(& + 28j,167) Py (€).

In particular, the inductive definitions of P; ), are different according to j = 1 or j > 2. Thus,
we split our analysis into two cases depending on the value of j.

(52)

Case j = 1. The polynomial function P, is given by

+o0 N _
Pry(8) = kZ arp(E0) L TLES, (53)
=0

where the functions ay , are polynomial functions on R. Indeed, by formulae (J), if the function
Py ), is of the form above, the function P ;41 is given by

“+oo

N 4
Prp(€) = Y (1€ + & + €h)at,(€) — 200+ 1) (&1 +26D)ar (61)) €0 I €5

k=0

Therefore, with the usual convention a_y , = 0, the functions ay, j, are inductively given on & € N
by

ar,0(&1) =6k06%,

akpr1(€1) =04y (€1) + (6 + €D p(E1) — 2(p + 1)& (1 + 26])ap (&)

Thus, they are polynomial functions on R. Moreover, letting dy, , = deg(ay ) € NU {—oc0} be
their degree (with the usual convention deg(0) = —00), we obtain

dk,p—i—l < max{dk—l,p -1, dk,p + 3}'

It follows by induction that
dip < dy + 3p — 4k.

Therefore, we deduce from equation (53) that

vf S B(07 1)67 ’PLP(g)‘ < Ap Z max{\ﬁll, 1}d1+3p_4k’§l’2k+dL7

0<k< d1t3p
SRS

which leads to inequality (R2).

On the other hand, by equations (F9) and a straightforward inductive argument, either the
function P ,, is identically equal to 0, or its terms of lowest degree are of degree v1 ), > di+d | +p.
In particular, it follows that

VE € B(0,1), [Pp(€)] < Aplee < Aylehtist,

which is exactly inequality (RJ).
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Case j > 2. The polynomial function P, is given by

+00
Pip(€) =) brp(60)6M, (54)
k=0

where the functions by, are polynomial functions on RY=1. Indeed, by formulae (2), if the
function P; ) is of the form above, the function P;,4 is given by

—+00

Pipi(§) = (ébbk,p(m (e + €2 +16l) — 200+ 1>gjbk,p<m> 2hedy

k=0

Hence, with the usual convention b_; ;, = 0, the functions by , are inductively given on k € N by

N4
be,o(€1) =5k,0j1;[2€j ;
brepr1(61) =jbr—2,p(E1) + 0jbr—1,p(€1) + |E120jbrp(€1) — 2(p + 1)E;brep(E1)-

Thus, they are polynomial functions on RY~1. Moreover, letting dﬁf’p = deg(bgp) € NU {—o0}
be their degree, we obtain

d;c,p—l—l S max{d;f—Zp - 17 d;f—l,p - 17 d;{,p + 1}
It follows by induction that
;g’pédl +p_k_y(k)7
where v(k) = 0 if k is even, and v(k) = 1 if k is odd. Therefore, equation (54) leads to

1Py €) SAP( S max{ley ], 1)k

0<2k<d, +p

Py |51|4’f+2+d1maxﬂsﬂ,l}dfp-%-?)

0<2k+1<d | +p

<4, > max{ler|, 1} P max{|g |, 1}
0<h< Sy

for every & € B(0,1)¢, which is inequality (4).

On the other hand, by equations (F9) and a straightforward inductive argument, either the
function P; ), is identically equal to 0, or its terms of lowest degree are of degree v;;, > di+d | +p.
In particular, it follows that

Ve € B0, 1),|Pyp(€)] < Aplel < Aplg i,

which completes the proof of Proposition .

Proposition f yields estimates of the derivatives of the rational fraction R, which are suffi-
ciently sharp to describe the singularities of its derivatives near the origin, and their integrability
at infinity in Proposition f

Proof of Proposition[]. Let us first consider the behaviour of 8;’ R near the origin. By equation
(BT), and estimates (2J) and (PJ) of Proposition [J, we have

€+ Ap

RO Ay g g = g

J
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for every £ € B(0,1). Therefore, the function 97 R belongs to My, ,;(B(0,1)).

Then, let us consider the integrability properties of 8p R at infinity. By equation (R1)), and
inequalities (R2) and (R4) of Proposition [, we can estlmate the L%-norm of &R for every

€ [1,+o0]. However, estimates (R2) and (P4) differ because of the anisotropy of R Thus, we
split our study into two cases depending on the value of j.

Case j = 1. We first assume that ¢ < +oco. Then, from Proposition fi,

/B ICCCTEEDY / a3t @i, )i (P, (55)

0<k< Dt

where we denote for every A € [1, +oo[ and (o, 8,7) € (R%)3,

max{|&], 1}* max{1, ¢, [}
Japa) = | dé. (56)
P s (Il + &)
However, by using spherical coordinates x = (r 008(91) .,rsin(fy)...sin(y_1)), and the suc-

cessive changes of variables v = tan(f;) and v = ﬁ’ we compute

do,

z 01), 1}
<A N—1+a+6—2'y/2 max{cos(61), 5
Jop4(A) <AX o (14 A2cos(6y)%)”

<A)\N—1+ﬁ—2'y </ del Y /+OO (1 + U2)2’y_%_1 du)
N cos(01)< % 0 ((1 + u2)2 + )‘2)ﬁ{
1 du a4l too pdy—a—2
< A\N-28-27 ({4 \l+o / _atl .
<AN + A ; 7(1+)\2) +A 5 7(U4+1)7dv

Thus, for every A > 1 and (o, 8,7) € (R%)3,

Ja,ﬁ,'y()\) < A<AN—2+5—2’Y _|_)\N—1+0c+5—4'y _’_)\N_S.g.g_;_g_}y). (57)
Hence, by equations @) and (@),
/ |07 R(§)|"dg < A/ (rN_1+q(d1+dJ‘—p—4) 4 pN=3+a(GF -5 -2 )>dr.
B(0,1)¢

In particular, if N — 1+ ¢(dy +d*+ —p —4) < —1 andN———Fq(d1 +dl———2) —1, the
derivative &) R belongs to LI(B(0,1)¢). However, by assumption (26), this system of inequalities

reduces to
2N —1

p+ 4 — dl —2d 1 ’
which completes the proof of assertion (7).

q >

Let us now consider the case ¢ = +o0c. It follows from Proposition f] that

max{|¢; |, 1} 3=k |¢ | |2hrds
(JJ? + &f)rtt

PR <A )

0<k< Ut

<A max(eh, g 42 g b,
for any ¢ € RY. Hence, the function 07 R belongs to L>(B(0,1)¢) if assumption (B§) holds.
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Case j > 2. We first assume ¢ < +o0. Then, from Proposition [J and definition (f@),
[ r@me<a X [ s 0
B(0,1) Lo
0<k<

so, by formula (p7),

400 3 N N .
/ 0P R(€)|%de < A/ oN-3 <T2+q(d1+2d ~2p—4) | (% +d —p—2)>dr'
B’ Y

In particular, if assumption (R9) holds, the function 8? R belongs to L4(B(0,1)¢) for

N IN —1
17 o fa—d, —2d,°

which completes the proof of assertion (BJ).
Let us finally consider the case ¢ = +o0o. We deduce from Proposition ] that for every
¢ e RV \ {0},
max{[¢1 [, 1}~ 2F max{|¢ |, 1}
(161> + &)t

PR <A )

0<ks gt
d
<A(mas{gl, [} 72 1 maxc{Je. ], 1) 2
+ max{Jg |, 1},

Hence, the function 0% R belongs to L>(B(0,1)¢) if assumption (B1]) holds, which concludes the
proof of Proposition

2.2 Integral representations of some classes of tempered distributions

In this section, we derive the integral expressions of Lemmas [[] and fl, and Proposition . They
link the properties of a tempered distribution f with the properties of the derivatives of its
Fourier transform (in particular, when this Fourier transform is a rational fraction R of the form
(13)-([Ld)). For the sake of completeness, we first show Lemma [ (which is probably well-known
to the experts and which already appeared in a slightly dlfferent form in [[i] and [[]). Indeed,
though it cannot be applied to our kernels, Lemma [] is the key ingredient of the proof of Lemma

28

Proof of Lemma []. Let us consider A > 0, and 1 € C2°(R", [0,1]) such that

supp(v) C B(0,2)),
{ prg B(0,\),¢(z) = 1. (58)

By standard duality, we have for every g € S(RY),
<alf,g>= <a:§f,171\g> + <x§-’f,(1/—?)g>
=" (= < 7' T 05(9) > + < AT, (1= v)g > ).
However, by assumptions (7) and (¢7), and the smoothness of f, the tempered distributions 8;3 f

and 8f_1f belong to L1(B(0,A)¢) and L*(B(0,2))). Hence, by assumption (5g),

Pro>=i — P_lA . .A — .
<arg=e(- [ o & OO W €1+ [ afeu-veued). 9

B(0O,\)e
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However, by assumptions (iii) and (B§), and integrations by parts,

[ o Foowe©i=— [ @feue -gonie- L2 [ g
B(0,2)) B(0,)\) S(0,))

o F(g)de — O F(&)w(€)g(&)de,
A<|€|<2X
while by assumptions (Fg),
/ P FE)(1 — p(€)g(E)de = P FE1 — p(€)g(€)de
B(0,\)¢ A<[€]<2A

wf o FFOeee
B(0,2))¢
Hence, equation (Bg) becomes

<a:jf,g>_zp< / oy 2TEO — g0ae + 73 /S AR IGET:

+f . 8§f(§)g(§)d§>-

However, since g is in S(RV), it satisfies

Ve e RY(6) = o [ Gle)e

which yields
Proa_ M g < DLV (€ — 1)d 1 9P LF(6)d
a5 [I@( [ #foe e [ g fa
D F(€)e™Ede ) da.
+ /B . AC s) v

Therefore, by standard duality, the tempered distribution x? f is equal to the tempered distri-
bution ® defined for every z € RY by

~ -~

_ e 1 ~1 '
00 =g ( [, 2FO€E s [ o e

- / 7
B(0,\)¢

Indeed, by assumptions (i) and (iii), ® belongs to L} (R™) and satisfies

loc

Vo € RN, |®(x)] < A(1+ |z)).

(60)

-~

()es d£> |

Therefore, ® is well-defined on RN and is a tempered distribution. Moreover, it is continuous
on RY by assumptions (i) and (iii) once more, and a standard application of the dominated
convergence theorem. Thus, the function x +— :171;.’ f(x) is continuous on RY and verifies formula

(B2) by equation (B0).
Then, Lemma E follows from Lemma .

Proof of Lemma [} Let us consider ¢ > 0, and let f. denote the tempered distribution defined
by

~

ve e RY, f.(€) = f(&)e=I. (61)
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The functions f€ decay much faster than f at infinity. In particular, we can apply Lemma [ to
them, which is not always possible for f Thus, Lemma [ results from applying Lemma [] to
fe, and after several integrations by parts, taking the limit ¢ — 0. In order to do so, we ﬁrst
establish some properties of f;.

Step 1. Let (j,p) € {1,...,N} x N. The function f- belongs to C*°(RN \ {0}) and satisfies
P
ve € RY\ {0}, 1 1:(6) = 3 Crer o FlOSu(vEg e T (62)
k=0

Here, the functions Sy are polynomial functions on R of degree less or equal to k. In particular,

So is identically equal to the constant function 1.

Indeed, let us consider the function ¥ given by
Ve e R, U(x) = e’
By induction, there exist polynomial functions (Sk)xen on R such that
5[72

V(z, k) € R x N, ¥R (2) = Sy (x)e”

Moreover, the degree of Sy is less or equal to k, and Sy is identically equal to 1.
However, the function f. is in C*® (RV\ {0}) and satisfies by formula (F1)),

ve € BV, 1.(6) = i) T w(vz60)

It follows from Leibniz’ formula that for every j € {1,..., N} and p € N,

m\;v-

e € RN\ {0}, 00 f(6) = > Chezd?* F(&)Sk(Veg e,
k=0

which completes the proof of Step [l.
We now apply Lemma [l] to f-.

Step 2. Let j € {1,...,N} and X > 0. The function x + z}f.(x) is continuous on RV,
Moreover, it is equal to

RN, 22 f. :L< 07 ()i tde 4 L P
Vo € RY.al1.(0) = oy / GRS /S IR A AGL

(63)
'3 eix.§ _ )
+ /B 2201 1>ds>

Indeed, by formula (FI)), f- is a tempered distribution on R whose Fourier transform is in
C>(RN \ {0}). Moreover,

V¢ € B(0,1)°, 07 f-(6)] < A- Z|s| |07 * F(€)]eeIer,

by formula (f3), and the functions 8ff belong to LIm—+(B(0,1)¢) for every k € {0,...,p} by
assumption (iv), so, the function 8;3 7- belongs to LY(B(0,1)¢). On the other hand, by formula

£,

p—1

V¢ € B(0,1), 10 F(&)] < A |2 RF(),

k=0
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so, by assumption (7),

p—1
V¢ € B(0,1), ]85’_1]?5(5)\ < A Z K,l—N—i—k < ‘g’f]l\fa—l'
k=0

Hence, 8;’ ~'f.is in LY(B(0,1)). Likewise, by formula () and assumption (i),

Ae
[§IN =

Ve € B(0,1),1€]10 £-(€)| <

S0 H(‘}f J- also belongs to L1(B(0,1)). Finally, f. satisfies all the assumptions of Lemma []. Thus,

the function x ~— a7 fc(z) is continuous on RN and satisfies equation (63).

We now integrate equation (B3) by parts in order to compute formula (BJ) for f..
Step 3. Let Q; = {x € RN x; # 0}. Then, for every x € Q;,
iP

p k—1
=" (~izy)m / oM f(&)eEde + m’ / »
(2m)N <( i) BONC Jeté ¢ Z S(0,)) “

k7 ix.£
Argeaery [ 6 f<£>d5+/

RO~ 1)

B(0,2)

Indeed, let us consider the integrals defined for every x € Q; and k € {p,...,m} by
Ia) = (i) [ o
B(0,\)e

By formula (f3), we compute

k
VE € B(0,1)° |9F fo(€)] < A= IeOf T F(©)le7IeF.
=0

(65)

Since the functions Z?;f are in C*°(RY \ {0}) and L%~t(B(0,1)¢) for any [ € {0,...,m} (with
gm = 1) by assumptions (4i7) and (iv), the derivative Gfﬁ belongs to L!(B(0,1)¢). Thus, the

integral Ij(x) is well-defined for every x € §;.

Moreover, an integration by parts of I(x) leads to

ims) k1 R '
Ve (b — 1) = () + T [ ok fggensae,
S(0,\)

S0, by summing this identity for any k between p and m — 1,

S (i)t | o R©ges
S(0,\)

k=p

I(z) =

>/|>—‘

which gives by definition (fj),

PE (o ATE Je (o \p—m m7 -
/B(O’A)Cajfe(f)e d§ =(—ix;) / O f-(€)e™ 4 de
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Then, equation (p4) follows by replacing the first term in the right-hand side of equation (3)
by the expression just above.

In order to derive formula (BJ), it only remains to study the convergences when ¢ tends to 0
of both sides of equation (64). We begin by the convergence of the left-hand side.

Step 4. Let j € {1,...,N}. Then,
2% fe — ajfin D'(RY). (66)
Indeed, by standard duality, we have
Vo e CX(RNY), < alf., ¢ >=iF < ﬁ,a§?$> .
Moreover, by assumption (i) and formula (fJ), f-is in LY(RY), so
<ﬁﬂ¢>=ﬁ/iﬁ@m%kwszw F©o(&)e 1 de.

j RN J RN J

On the other hand, it follows from assumption (7) that

ve € RY, [ F(©)00h(€)e "] < Ajg| |0 a(&)].

Therefore, by the dominated convergence theorem,

Mf@x&aaw%sa Mf@%&@%

e—0

However, by assumption (i), the function fbelongs to L}OC(RN ), so, by standard duality,

ANﬂ©$&®%=c4v<ﬁﬁ¢>.
Finally,
<@jfed> = <wif, 6>,

and the distribution :171;-’ fe converges towards x? f in D'(RM).

Then, we consider the convergence of the right-hand side of equation (£4).

Step 5. Let g : Q2 — R be the function defined for every x € §1; by

P . p o) € T (i
__ 7 i \p—m m ixT. + N P .
g(x) (2m)N <( Z:EJ) /B(O’A)C i f(&)e 3 kzzp h\ /S(O)\) &; o
o 1 PN ~ .
oifeercis s [ o flodes [ oo - ).
5(0,)) B(0,7)
Then, g is continuous on §; and satisfies
:171;")"€ 9 in Ly, (§2;). (68)

Indeed, by assumptions (ii) and (éii), the functions a;”f and ||8§’ f respectively belong to
LY(B(0,))¢) and L'(B(0,\)). Moreover, the function f is in C*(RN \ {0}). Therefore, by
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equation (f7) and a standard application of the dominated convergence theorem, g is well-
defined and continuous on RV,

Moreover, equations (62), (64) and (67) lead to

T N k 2

2o (@ @) = iy [ Zok SO lE)Su(vEg e

eix.§d§+m_lﬂ/ ch&;zak lf( )S1(VEE e —el¢f? e EE; d§+—
pt A SO 1= (69)

-1

’E

~

kb Fle) SV e 552d5+/ . Zc ok fle

/S(O bY

Su(VEg))e I (e € — 1),
for every x € Q;. Then, assumption (iv) and Step [l| give for the first term in the right-hand side

615G;I_kf(f)sk(\/Efj)e_df'zﬂx'fd{‘

B(0,\)¢

e
SAZEiHaT " Fllzo 800 </
k:1 B(7

n E__N ’ ’ qi/
<A>2e ([ Isugrte i)
— RN

where ¢} = k— Moreover, we know that

2=

1Sk(VEE )| Tk e eanlél ds)

1 <qr <

N
N —k
ifl1<k<N-1 and 1 < ¢q; < +00, otherwise. Therefore, there is some § > 0 such that for
every k € {1,...,m},

E_N s
2 2
Hence, we obtain
/ cgaéay—kf(g)sk(ﬁgj)e—fﬁ2+ix-€d5‘ < Ae°, (70)
=1 /BON

Then, by Step [l| and the smoothness of fon S(0, ), the second term in the right-hand side of
equation (p9) satisfies

m—1 . \p—k—
27(_”6];]) : / @ZOM‘C FIGEIVEALE *“*”%'

k=p

(71)

m—1

<Aez Y |ay PRl

k=p

Likewise, by Step [l and the smoothness of f on S(0,\), the third term in the right-hand side
of equation (f9) verifies

1 ko cgphe1g lef? .
A/S(O’A) ZC 1200 (€ Sk(VEE eI de| < A (72)

‘ -1
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Finally, by Step [] and assumption (i), the last term in the right-hand side of equation (f9)
verifies

/4

M\R‘

(6)Sk(VEE ) e P (€€ — 1)ag

) k=

§A|x|e% / S eV e < Ack o],
BON) =,
Thus, equations (p9), (FQ), (1), (F2) and () give

Ve € Q|8 fo(x) — ()] < A(s‘ue% (1+la] + Z gl 1))
=p
Therefore, the functions x — «; f6 converge towards g in Ly (£2;) when e tends to 0.

Finally, by assertions (66) and (pg), and the uniqueness of the limit of the functions z — :Ep fe
the function = — 2 f is identically equal to g on Q;. In particular, by Step B, it is contmuous
on ; and satisfies equation (B3), which concludes the proof of Lemma .

Then, Lemma [] yields the integral expression (B4) of Proposition [ for the tempered distri-
butions f whose Fourier transforms are rational fractions R of the form ([[3)-([Ld).

Proof of Proposition [ Let pj =N —-2+4d, mi =2N —4+dy +2d; and mj = N —2+4d if
j > 2. In order to prove formula (B4), we apply Lemma i to f with p = p; and m = m;.

Indeed, by Proposition [, the tempered distribution f satisfies all the assumptions of Lemma
f. By formulae ([[§)-(1q), its Fourier transform R belongs to C*°(R™ \ {0}) and satisfies

ve € BV \ {0, |R(€)| < A(md T |s|d-2>.

Thus, since d # 0 if N = 2, assumption (i) is satisfied by f.

Moreover, by Proposition [, there is some positive real number A such that
¥(k,€) €{0,...,N — 1} x B(0,1), [¢]**~|aF R(€)| < A.

Therefore, f verifies assumption (i7) with p; = N — 2 4 d.

On the other hand, by Proposition [, the function 8;-an belongs to L'(B(0,1))¢. Moreover,

since dy +2d,; < 4, the function 8;?]% belongs to L4(B(0,1)¢) for every k € {0,...,m; —1}, when

J _ 2N—1 :
q> Ty —k = T8, DRt d—di—2d. - In particular, we compute

N — N
Vke{l,...,N—l},q;_ZN k s

while for every j € {2,...,N},

2N -1 < N
2N —2k+d;  N-—k

Vke{l,...,N—1},¢. =

Therefore, the distribution f also verifies assumptions (i74) and (iv) of Lemma [}, and we can
apply it with p = p; and m = m;. Thus, the function z :E?j f(x) is continuous on €, and
formula (B4) holds by equation (B3J).
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2.3 Algebraic decay and explosion near the origin of the kernels H,, K, and
Ky,

This section deals with the proofs of Propositions [[] and f (which immediately yield Theorems fj
and [, and Corollary [[). Their proofs follow from expression (B4) of Proposition [j. We estimate
it for any value of A before choosing it either to compute the algebraic decay at infinity or the
explosion near the origin of the considered distribution. Let us begin by the algebraic decay
properties of Proposition [ and Theorem .

Proof of Proposition []. By Proposition [, the functions z — x;)j f(z) are continuous on €;
for every j € {1,...,N}. Therefore, the restriction of f to RV \ {0} is continuous. Moreover,
by choosing x € B(0,1)¢, j € {1,...,N} such that |z;| > %, and \ = |71|, we infer from
Proposition f] and formula (B4) that

N—24+d <A "T‘N_2+d . N—2+d—mj 8m3 T d
ol )] <Al (1o o F(e)lde
B(0,1)°
mj—1

|z
dg > N—3+d—k/ d§

"’/ Tmar—a ) T |5 TFhro—d

<lel<a ¢ k—NE:2+d ’ s(0,4) [§1FF2

/ \£!N1+||/ Wl)

Hence, since |z;| > % and m; > N —2+d,

|| Y HH f(2)] < An(J2[VTHET 1) < Ay

Thus, the distribution f belongs to MF_,, ;(B(0,1)°).
Then, we deduce Theorem f.

Proof of Theorem [§. Theorem [ is a direct application of Proposition [] with (dy,d,) = (1,0)
for HQ, (dl,dJ_) = (2,0) for KO and (dl,dl) = (2 + 6k,17 1-— 5k,1) for Kk.

We now turn to the study of the singularities of f near the origin.

Proof of Proposition [}. We first derive the local estimates ([[§) for f. Then, we describe its
singularities in terms of L%-spaces.

The proof relies on expression (B4). Indeed, the distribution f satisfies the assumptions of
Proposition [J. Therefore, by the same argument as in the proof of Proposition [l, its restriction
to B(0,1) \ {0} is continuous. Moreover, its restriction satisfies equation (B4). Thus, it remains
to bound the second term of equation (B4) independently of 2 to obtain the local estimates ([[g).
However, there are at least two difficulties. The first one results from the form of equation (B4).
Indeed, this equation is suitable to give the optimal algebraic decay of f, but not its optimal
algebraic explosion near the origin. More precisely, an ingenuous way to estimate the last term
of equation (B4) consists in writing by Proposition [,

o fie) (e - 1>ds' <alal [ o BRI+ 4 RIS

B(0,\) 1<IgI<A

§A|JE| -+ A)\.

By this argument, we cannot expect to prove (for any choice of \) that this term is bounded by
A|:L'j|d for some A > 0 and d € N, which is actually the goal of Proposition J. Thus, in order
to precisely describe the singularities of f near the origin, we integrate by parts the last term

of equation (B4).
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Indeed, consider j € {1,...,N}, A > 1 and = € B(0,1) N ;. By Proposition [], the functions
8]"?]" belong to L'(B(0,\)) for every 0 < k < pj. Therefore, by integrating by parts the integral
above, we deduce for any integer 1 < ¢; < pj,

T A L

8fj_1f(£)d£ + (i) [ e fleds

B(0,)\)

B(0,\)

Hence, equation (B4) becomes

mj—1

b =iy () i E M
Ly f(x) _(27T)N <( Z-Z'])p /B(())\)c 8]. f(g)e d¢ + Z J)\

k=p;

8k wv Sd Z.Z'] ,aﬁl"j_k ny zmﬁd (74)
/ms] 5+Z /SM@] Fleyei=<a

+(—iz;) /B L f(§>d§>.

In particular, the argument used above to bound the integral on B(0, \) now gives by Proposition

n
i\ . GPi45 T,
i [ ecop e

Al |9 ;i —4j 7, iy A |95
<Ala;| ( / CACrS /lgwwg’ f(£)|d£>§ NI

)

Therefore, by choosing ¢; and A appropriately, we can now sharply describe the singularities of
f near the origin.

However, the anisotropy of the considered distributions is a second difficulty. Their explosion
near the origin is not the same in every direction, so we split our analysis into two steps: first,
the case of the direction x1, second, the case of the directions x; with j # 1. In particular, we
choose different values of ¢; and A according to the value of j.

Step 1. Estimates of f near the origin in the direction x1.

Let us consider € B(0,1) N Q; and A > 1. By Proposition f|, the restriction of f to
B(0,1) N €y is continuous and satisfies by equation ([74),

i<l [ R+ N et [ kfeae
' B BON: o A SO ' (75)

oot [ |af1‘q1f<£>|ds>,
B(O,))

)

where we denote as above p; = N—2+d and my = 2N —4+d; +2d , and choose ¢; = min{py, 2}
. Then, the first term in the right-hand side of equation ([fg) verifies by Proposition fj and
equation (pq),

400
/B(O)\) ’ainlf( )‘df <A Z / Jd1+3m1 4k2k+dL,m1+1( )d

0<k<dtim

SIndeed, since d # 0 if N = 2, ¢, satisfies in any case 1 < ¢q1 < p1.
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so, by equation (57),

[ mfemesa a2 (76)
B(0,\)¢ \/X '
Likewise, Proposition [}, and equations (56) and (57) lead to
~ d
/ o GOFFE)IdE <A Y Tirdesteazied kn(A) < ANTIEFHLE (77
S(0,A

o<i<htsk

for every p1 — q1 < k < mj — 1. Finally, by Propositions f| and [, and equation (ff), the last
term in the right-hand side of equation (/) satisfies

/ 9 (o)) de < / 0 ()| de + / 7 Fe) | de
B(0,)\) B(0,1) 1<]€]<A

S A+A Z / Jd1+3p1 3(]1 —4k 2k+dJ_7p1 Q1+1( )d

0<k<@tip1=391

which gives
—3td tay

[ ool < AL+ - oa" T 4 smoy), (78)
B(O,))

)

by equation (b7) (with § = dn 204,104, 0)- Then, it follows from equations (73), (f4), ([7) and

(79) that
1;k >

g [V-2 <1 LT (5ln()\)>>.

mi1—1

‘xllmllf(x)’SA<)\_;+ Z (’x1‘2N—5+d1+2dL

k=p1—q1

However, since |z| < 1, we can set \ = x% > 1 to obtain
1

7@ < Aol + a4 4200 (1) )
and to deduce the estimate of f near the origin in the direction x1:
g PN ()] < AT+ 280,100, 0/ (1)), (79)
Step 2. Estimates of f near the origin in the directions x;, j # 1.

Now, we consider the singularity of f near the origin in every direction z; with j € {2,...,N}.
In order to do so, let z € B(0,1) N €, and A > 1. Then, equation ([4) yields

k—1
\Pj A apj d |:Ej| . @Pj_k/\ d
2,1 ()] < ( / - |s+§j / INCICARICI .

| /B " |a§j‘qu<s>|d5),

)

where we let p; = N — 2 + d and choose ¢; = min{k € N,k > %} — 6 with 6 = 6N 204,104, 0
as above []. On one hand, by Proposition [ and equation (F§),

/B(OA I FEldE <A > / Jaktdyd, +p;—2k,p;+1(r)dr,

d
’ 0<k< L IPI

"Indeed, since d # 0 if N = 2, q; satisfies in any case 1 < ¢; < pj.
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so, by equation (57),

+oo dr A
/ 0% F(€)lde < A / o < T (81)
B(0,\)¢ 2

On the other hand, Proposition B, and equations (p@) and (@) yield

/ 15110577 F(©)]dg <A Z Jayvatd, +14p;—k—20p;—k+1(A)
SON o<i<ZiTirhL (82)

d1+1 Tk

<A™

for every 1 < k < ¢;. Finally, we deduce from Proposition f and equation (54),

T4 i F =45 7
/B(OA) 07 F(©)ldg S/B(OJ) s f({)!d§+/<|€| 05 F(©)ldg

SA<1+ Z / Jaktdyd +p;—q;—2k,p;—q;+1(T )d>

0§k<m
which yields by equation (b7),

|l < a(i+ a-on
B(0,\

)

Then, it follows from equations (§0), (BY)), (B3) and (B) that

45 51n()\)). (83)

95

! +Z<|$j _

k=1

1) <4\ ) 4o (14 (- 5

+5ln()\)>>.

However, since |z| < 1, we can set A = ﬁ > 1 to obtain the estimate of f near the origin in
the direction x;:

5, d
2y VR f ()] < A(1 4 Ov,200 100 0l (). (84)
Step 3. Proof of the local estimate ([L).

Estimate ([§) follows from Steps [] and f. Indeed, assume first that N = 2, d; = 1 and
dy = 0. Since the restriction of f to B(0,1) \ {0} is continuous, equations (f9) and (B4) yield
for every x € B(0,1) \ {0},

[ (@)] < Amin{[In([z1[)], [In(fz2])[} < A[In([z])],

which is exactly estimate ([[§). Likewise, if N # 2, dy # 1 or d; # 0, the restriction of f to
B(0,1) \ {0} is also continuous, and equations (f9) and (§4) give for every x € B(0,1) \ {0},

N-3+% 44 N 5
)T @) S A P 3 g N L) ()

=2

(% + o1

<A,

which concludes the proof of estimate ([[§).
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Step 4. Li-integrability of f near the origin.

We now turn to the integral estimates of f near the origin. They follow from the local
estimates ([[§) by a standard argument of distribution theory. Indeed, let j € {1,..., N} and
let f; and g; denote the tempered distributions defined on RY and RY \ {0} by

5/

, (85)
g =2 Jir™M\ {0}

Here, ¢’ is equal to 1 if (d1,d,) = (2,1) or (di,d1) = (4,0), and 0, otherwise, while fign (0}
denotes the restriction of f to R™ \ {0}. As mentioned above, JIr\{oy Is actually continuous
on RN\ {0}, so g; is also continuous on RY \ {0}. Moreover, equation ([[§) gives

(1 + 8| In(|2])])|=|*
(Jz1]* + |z L])®

|g;(x)| < A (86)

for every z € RN \ {0} (with § = dn204,,164, 0 and s = N — 2 + % +dy). Thus, if N = 2,
di =1 and d; =0, we compute for every ¢ > 1,

/ |gj(z)|%dz < A/ |In(|z])|%dz < +o0,
B(0,1) B(0,1)

so the distribution g; belongs to LY(B(0, 1)) for every g > 1, which is the desired result.
On the other hand, if N # 2, dy # 1 or d; # 0, equation (Bf) leads to

|2

gi(x)|%dx < A ———duz,
/3(0,1)| (@) B(o,1) ([z1[* + |21 ])e

for every ¢ > 1, which gives

1 ' 3 sin(@l)N_2d01
(2)|%dz <A/ pN—1+4( —8></ i )dr
/B<o,1> gy (@)f'de <A | | Treos?(6:) 7 sm (6"

1 +o00 , N—2 2. 2\gs—X
SA/ 7’2N_2+q(5,_2s)</ u (1 + reu )‘1 2 du)dr.
0 0

(14 uv14r2u?)es
by using the spherical coordinates and the change of variables u = tan(01) However, we compute

T

for every r €]0, 1],

— _N 1
0 (1 _I_ U 1 _I_ r2u2)qs 1 uqs_ + % U

A if gs> N —1,

400 El 2 2qs—ﬁd
[ e S i) i =N L
0 (1—|—u 1+7’"LL)qS Aras—N+1 ¢ gs < N — 1.

SO

Thus, we deduce

fol p2N=2+¢8"~2sqr  if gs> N — 1,
/ lgj @)%z < AJ [Ir® | In(r)ldr if gs=N -1,
B(0,1) fol pN+ad' —gs=1 . if qgs < N — 1.

30



Hence, the distribution g; belongs to L(B(0,1)) for

1 < <2N—1
_q 28—5/7

which is exactly condition ([9) if ¢’ = 0, and condition (PQ) if ¢’ = 1.

We now deduce the same result for f;. Indeed, g; is continuous on RY \ {0}, and belongs
to L'(B(0,1)). Therefore, it defines a distribution on the whole space RY (and not only on
the subset R \ {0}). Then, it follows from definition (85) that the support of the distribution
fj — gj is included in the singleton {0}. By Schwartz’ theorem, there exist some integer M and
some real numbers A, such that

fi—gi= Y. 20%. (87)

o] <M

However, by Proposition [l, definition (BF) and the proof above, the distribution g; belongs to

L1(B(0,1)) for every 1 < ¢ < 2N_5f£l\;12dL_5,, and to LY(B(0,1)¢) for every q > %.

Therefore, it belongs to LI(RY) provided

N e IN — 1
N—2+d—0o 1SoN"s5+d +2d, —o"

In particular, if N > 4 — 2d, g; belongs to some space LI(R™) with 1 < ¢ < 2. Therefore, its
Fourier transform g belongs to LY (RY) (where ¢/ = %). Then, since equation (87) gives for
almost every £ € RV,

d;

I
z'a@’(_l:lgl_) =G+ > Aaillen
TR+ & ’ ’

|| <M
the distribution g; belongs to LY (R™) if and only if all the real numbers A, vanish. Finally, by

equation (B7), the distribution f; is equal to g; if N > 4 — 2d. Thus, f; belongs to L(B(0,1))
when condition ([Ig) (if &' = 0) or condition (R0) (if & = 1) holds.
Assume now that N < 4 — 2d. In this case, the coefficient ¢’ is necessarily equal to 0, and

we can simplify our notation by letting g denote the distributions g; above. Moreover, let f’
denote the tempered distribution whose Fourier transform is

N g
~ PIYY
f1(&) = GEEYzE (88)

where d; = d;j + 29, for every j € {1,..., N}, and ¢, the restriction of f’ to the set RN\ {0}.
On one hand, since d; > 2 and N < 4 — 2d, we obtain that d' # 0 if N =2, d} +2d'| <4 and
N >4 —2d’ (with the usual notation d’ = d} +... +d)y = d} +d/|). Hence, by the argument
above, the distribution f’ is equal to ¢’. On the other hand, by equation (B§), the distribution
f!is equal to —03 f. Likewise, by definition (BF), ¢’ is equal to —d7g. Thus, equation (§7) leads
to
O=f—g = > A0i0%.,.
la|<M

It follows that all the real numbers A, vanish. Therefore, the distribution f is equal to g¢:
it belongs to LI(B(0,1)) when condition ([[9) holds, which completes the analysis of the L%-
integrability of f near the origin and the proof of Proposition P
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Finally, Theorem [ and Corollary [[] follow from Proposition [.

Proof of Theorem []. Theorem [} is a direct consequence of equation ([[§) with (di,d ) = (1,0)
for HQ, (dl,dJ_) = (2,0) for KQ, and (dl,dj_) = (2 + 5k,17 1-— 6k,1) for Kk.

Proof of Corollary []. Likewise, Corollary [] follows from conditions ([[) and (2(Q) with
(dl,dl) = (1,0) for Hy, (dl,dj_) = (2,0) for Ko, and (dl,dj_) = (2 + 5]@71, 1-— 5k,1) for K.

2.4 Pointwise limit at infinity of the kernel K,

This section is devoted to the proofs of Theorems [| and fj. Since the proof of Theorem [
requires formula (B9) of Theorem [, we first show Theorem [§. However, their proofs follow from
the same argument: the use of explicit integral expressions. Indeed, we apply Proposition fj
to Ky to compute formula (Bf), while we apply Lemma B to Ry1 to get formula @) Then,
we make use of the dominated convergence theorem to compute the limits at infinity of such
expressions, and to prove that they are equal. Finally, we obtain an explicit expression of this

limit by formulae ({0) and (f§1).

Proof of Theorem [f. As mentioned above, our argument relies on expression (B3). Indeed,
the kernel R; ; satisfies all the assumptions of Lemma fl. By formula (Bg), its Fourier transform
is bounded on R¥ \ {0} and belongs to C°(R¥ \ {0}). Therefore, assumption (i) holds with

r = s = 0. Moreover, we compute for every j € {1,..., N} and n € N,
N npo A
VSER \{0}7’ajR1,1(§)’ < W

Hence, assumptions (i) and (iii) hold with p = N and m = N + 1. Moreover, the function
07 R1,1 belongs to L%(B(0,1)¢) for any ¢ > qn41-n = % In particular, we notice that

N < N
N+1—-n N-—-n’

Vne{l,...,.N —1},q, =

Thus, the kernel R 1 also verifies assumption (iv) and we can write by Lemma [ for every A > 0
and z € Q; = {z € RN z; £ 0},

.N . .
N Ry 1 (z) = Z—<i/ ONtIR feix'gdﬁ-l-i/ f'aNﬁ\ §
y Fia(o) 2m)N \z; Jpone L1(6) Azj Json Y 11(8) (29)

. 1 —_— —_— .
e + < / &N Ry (§)dg + / ON Ry (€)(e™ — 1>ds>-
S(0,)\) B(0,M\)

On the other hand, by formulae (£0) and (i), the restriction of Ry to RY \ {0} is given by

L(Y) [¢)* = Na?
N _ 2 1
Vo € RY\ {0}, Ri1(z) = oy Jz[NF2

so equation (BY) becomes for every x € €25,

L(%) |z|* — Nat N ( i / NHLR (£)e ‘ '
= — YRy 1(§)e™ 0 de + / gt
orz  |eNT o 2ma)N Nz S Y . Azj Json
— 1 15 D i
N+ [ g En@de+ [ o Fn(een - )
S(0,)) B(O,))
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In particular, if we consider y € RY, o € S¥71, with o; # 0), and R > 0 (with R|o;| > 2|y;|),

we compute for x = Ro —y and A = }% after the change of variables u = RE,

L(5)lo— 41> = N(or — %) N ( i 9 R (f)
22 o — &2 @2m(o; = FDV \oj — F Jpoae  RYT!

. ON IRy (% ; ONRi1(%) |
e’((’_%)'“du+/ ]—Ll(R)ujdu+ 7 / Ll(}z)el(a_%)'uujdu (90)
SN-1 SN-1

RN-1 o — & RN
ONRiI(%) .,
B0y  RY ( )

In order to get formula (Bg), it now remains to compute the limit when R tends to +oo of all
the terms of equation (P(]). Here, we make use of the homogeneity of }?1\1 Indeed, by formula
(BY), the function El\l is a homogeneous rational fraction of degree 0. Therefore, the partial
derivative Ofﬁl\l is a homogeneous rational fraction of degree —k. Thus, equation (90) becomes

() |o — 42— N(oy — 4)? iN i —
(2N) | Al Yy EViZ 1) = Y N( Yj / 8JN+1R1,1(U)
oD lo — £l (2m(oj — FNY \oj = F JBo1)e
ez(a—%) Uy, + /SNl 8]]V—1R1 1(u)ujdu 4 p— 7 / 8JNR1 1(u)ei(0—%)-“ujdu (91)

We now invoke the dominated convergence theorem to compute the limit of the right-hand side
of equation (PI)). Indeed, by homogeneity of the partial derivatives of R; 1, we compute for the
first term in the right-hand side,

c D i(o—L).u A
Yu € B(0,1)%, |0V Ry 1 (u)e'Om R < izt
Likewise, the third term in the right-hand side satisfies
vu € SV ujajz-vﬁl\,l(u)ei(”_%)'“ <A,
while the fourth term verifies
_— . A A
N i(o—L)u Y
Yu € B(0,1), |0N Ry 1 (u) (e~ R — 1)‘ < W“" E‘ = [u[ V-1

provided R > 2|y|. Therefore, by taking the limit R — +oc in equation (P1l), the dominated
convergence theorem yields

LG oty = (1 [ Rt [ o)
2 VT o)V oy \ o 1 sy d

ew'“ujdu> —I—/ ujaj-v_lél\,l(u)du—l—/
SN-1 B

which is exactly formula (Bd).
Then, we deduce the pointwise limit of K given by Theorem .

Proof of Theorem [. Let o € SN¥=1 and y € RY, and consider some j € {1,..., N} such that
2ly;l
lo]

O R )™ ~ 1) ).
(0,1)

oj # 0 and some R > max{2|y|, }. The kernel K fulfils all the assumptions of Proposition
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f with d; = 2 and d; = 0. Therefore, by equation (B4), formula (Bg) holds with m; = 2N — 2
and m; = N if j > 2. In particular, after the change of variables u = R¢, this formula becomes
for:E:RJ—yand)\:%,

N N\ Ny 97 Ko( %)
N 7 . Yj J J 0\R
K, —y)=——|( - == ~ pm;
R O(RU y) (27_[.(0.] _ %))N << Z<U] R>> /3(071)‘: ij
' m;—1 N\ N—k—1 OFKo(%) |
k=N
O Ko () NEo(3) i
—l—/ R u-du+/ 2R gilo—R)u g du>.
SN-1 RN-1 ! B(0,1) RN ( )
Then, denoting N; = max{N + 1,m;}, we claim that
. L\ N-N, 9,7 Ko(%)
RVKo(Ro — ) = —— (i, Y / G 20w
N %>>N<< (GRS D A
' N;—1 \\ N—k—1 FKo(%)
et Y (<i(o - ) [ e B (98)
k=N
N K o(%) INEo($)
g R/ J R i(o—%L)u 1
+/SN1 BT e u]du+/B(0’1) RN (e & )du>.

Indeed, by Proposition f| (with d; = 2 and d; = 0), the function 8;‘?]/(\0 belongs to L'(B(0,1))
for every k > mj. Thus, equation (D3) results from equation (P2) by several integrations by
parts of the integral on B(0,1)c.

In order to get formula (BH), it now remains to compute the limit when R tends to +oo
of equation (P3). In particular, we must compute the limit when R — +oo of the functions
u — R_kﬁfKo(%) for any k € {N —1,...,N;}. Thus, we must describe more precisely afKo.
Indeed, the Fourier transform K satisfies all the assumptions of Proposition ith d; = 2 and
dy = 0. Therefore, by equations (1), (3) and (BJ), the partial derivative 8% Ky is equal to

Vk € N,VéE € R\ {0}, 08 Ko () = % (94)
where P; . is a polynomial function on RN which satisfies,
W& € B(0,1), | P (€)] < Axle[* 2. (95)
Moreover, denoting ;
v € BN, Pale) = 3 0u(6). (96)
i=0

where @); is a homogeneous polynomial function either equal to 0 or of degree i, we claim that
the non-vanishing function @Q);, of lowest degree is equal to

Ve € RN, Qi () = [¢1+20F Ry 1 (€). (97)

Indeed, the partial derivative 8;?}?17\1(5 ) satisfies by induction,

vE € RN\ {0}, 05 Fu (€) = ,Z’;%
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where the functions S are polynomial functions given by

SO(&) :é.%)
Sk41(8) =[€170;Sk(€) — 2(k + 1)&;Sk(€).

In particular, the polynomial function Sy is of degree k 4 2. Likewise, by equations (pJ), the
functions P;, are given by

PJ,O(&) :£%7
Py (&) =€ + €1)0; P (€) — 2(k + 1) (& + 26;167) Py i (€)-

Therefore, the homogeneous term of lowest degree @;, of P;, satisfies exactly the same equation
as Sy. Hence, the function Q;, is equal to Sy, which leads to formula (P7). In particular, the
degree ig of Q;, is equal to k + 2.

We now compute the limit of the function u — R‘k(?;‘?l/(\o(%) when R tends to 4+-o00. Indeed,
by equations (P4) and (9§), we compute for every k € N and u € RV \ {0},

% Rk+2_iQi(u)

R_kak[/{\ 2 :i:k+2
J O<R> (Ju]? + R—2uf)k+1’

which gives by equation (p7),

—kak7e (Y Qr2(v) o™

Finally, we invoke the dominated convergence theorem to compute the limit of the right-hand
side of equation (P3)). Indeed, the first term in the right-hand side of equation (P3)) becomes by
the change of variables u = RE,

R—Njaj,vjf(\ u ei(a—}’?)-udu:/ R—Nja{VjI’(\ u ei(a_%)'udu
/B(o,l)c J O(R) I <Jul<R J 0<R>
+/ RN—Njaij[/(\O(g)ei(Ra—y).gdé
B(0,1)°

On one hand, by Proposition [f], the function 8]]-ij/('\0 belongs to L!(B(0,1)¢), so

/ RN—Nja;VjI/{\O(g)ei(Ra—ﬁ).udu < RN-N; /
B(0,1)¢

0,7 Ko(&)lde — 0.
B(0,1)¢ R

— 400

On the other hand, by equations (P4) and (P3),

V1 < |u| < R,

R—Nfajvjfi)(%)e“ﬁ%)“

so, since N; > N + 1, by the dominated convergence theorem and assertion (Pg),

/1<|u<R i 0 R> R—+oo Jp01)e 11(w)

Hence, we deduce

R0 Ky () e R du — oM Ry 1 (w)e du. 99
/B(O,l)c J O(R) R—+00 Jp(0.1)e J 171() ( )
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Likewise, equations (P4) and (D) give

Vu e SV

RO R () el

for every k € {N,...,N; — 1}, and

vu e SV

SRS R3] <4
while the last term in the right-hand side of equation (D3) verifies
A

R (e 0] < ikl B

A

VueB(O,l), W’

provided R > 2|y|. Hence, by assertion (Pg), and the dominated convergence theorem,

N;—1 e
‘ Y N—k—l/ 97 Ko(5) i(o— )
A A ———e" 7T’ du
I;V ( ( J R)) sv-1 RF j
OV Ko (%) ONEKp(%)
J R J R i(c—L)u
+/SN1 W“J’d“/mm)w(e( © —1)du
N;—1
. N—-k—1 k1 io.u Nel7
Rj—oo];\[(_laj) /le 05 R,1(u)e Ujdu+/SN18j Ry (w)ujdu

+ / ON Ry 1 (u) (e — 1)du.
B(0,1)

Thus, it follows from equations () and (9) that

i N —
RNK R _ s . N—Nj/ aJR Zo.ud
olfo 1) Rtoo (210N <( 3) BO1)" 7 et
Nj—1
. \N—k-1 kp iowu
. R d 100
+ k:EN( ioj) /SNl PRy (u)e'” ujdu (100)

+/ ajjv_la(u)u]du +/ 8JN§1\71 (u)(elau - 1)du
SN=1 B(0,1)

Then, in order to obtain assertion (BF), we integrate by parts the first term in the right-hand
side of equation ([[00). Indeed, the partial derivative 8]]“?R1,1 belongs to L'(B(0,1)¢) for every
k> N +1, so, after several integrations by parts, equation ([[0) becomes

N

RNKy(Ro — — | — ONTIR 1(w)e du + — e u;
0( 4 y) R—ti)-oo (27T0j)N <0j /3(071)c J 171( ) 0j JsN-1 J

ON Ry 1 (u)du + /

SN-1

ON Ry 1 (u)ujdu + / ON Ry (u)
B(0,1)

(el — 1)du>.

Then, assertion (BH) holds by formula (BY), which completes the proof of Theorem f.
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2.5 Rigorous derivation of the convolution equations

We now aim at rigorously deriving the convolution equations ([[0), (1) and (). Indeed, our
analysis of the asymptotics of the solitary waves relies on these equations.

In the introduction, we already proved that equations ([[(]) and ([(1]) hold almost everywhere.
However, we will also consider the gradient of equation ([[I]), whose derivation is rather more
difficult. In order to give it a rigorous sense, we establish equation ({3), which holds for smooth
functions f with sufficient decay at infinity. In particular, the function vP*! satisfy such as-
sumptions by Theorems [] and f, which gives a rigorous sense to the gradient of equation ([1]).

Let us now establish Lemma B,
Proof of Lemma [}. Let k € {1,..., N} and let us consider the function hy given by

Ve e RN hi(x) :i/
B(0,1)¢

+( [, Kotnmay) )

Ki(9)f(z — y)dy +i /B o KOG =)~ 1@y
’ (101)

Our proof splits into two steps. The first one states the continuity of g, h1, ..., hy on RY, while
the second one establishes that the partial derivative drg of ¢ in the sense of distributions is
equal to hy. Then, we conclude that the function g is of class C' on RN and that its first order
partial derivatives are given by formula ([2).

Step 1. Continuity of the functions g, h1, ..., hy.

The function f is continuous on R¥, so, by assumption (i), it belongs to LI(RY) for every

q > 1. It follows from Young’s inequalities that the function g is well-defined in LI(R%) for

every 1 < g < % In particular, it is given for almost every z € R by

g(z) = ox Ko(y) f(x — y)dy. (102)

Moreover, the kernel K belongs to L'(B(0,1)) by Corollary [ Therefore, by continuity of f,
assumption (7) and a standard application of the dominated convergence theorem, the func-
tion g1 : = — fB(O 3 Ko(y)f(z — y)dy is continuous on RY. Likewise, the function gy : =
fB(O,l)C Ko(y)f(z — y)dy is continuous on RY. Indeed, consider zg € RY and compute by
assumption (i) and Theorem fj,

A
< .
S AT e =y e)

V€ B(xo,1),Yy € B(0,1), |Ko(y)f(z —y)

This gives

and

A
| < .
IV (1 + (Jy] = |zo| — 1)N@HY)
Thus, by a standard application of the dominated convergence theorem, g is continuous at the
point zg. Hence, it is continuous on RY, as well as the function g = g1 + ¢o.

On the other hand, by Theorem [J, the kernel K} belongs to L'(B(0,1)¢). Thus, by continuity
of f, assumption (¢) and a standard application of the dominated convergence theorem, the
function A} : z — ifB(O 1)e Ki(y)f(x — y)dy is continuous on RY. Likewise, by Proposition

Yy € B(0, [zo] + 1), [Ko(y) f(z —y)
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B, the kernel Ky belongs to CO(RN \ {0}), so, by continuity of f, the function hi : z
(fsnv—1 Ko(y)yrdy) f(z) is continuous on RY. Finally, assumption (i) yields

N
Wy € B(0,1), [K(y)(f(z —y) = F@)| < IV Fllze@y) Y 19K ).
j=1

Since the functions y — y;K(y) belong to L'(B(0,1) by Corollary [l, the function hj : z +—
ifB(o 1 Ki(y)(f(z—y)— f(z))dy is also continuous on RY. Hence, the function hy = hi+h3+h}

is continuous on R,

Step 2. First order partial derivatives of g in the sense of distributions.

Let us now consider some test function ¢ € C°(RY). By definition ([[0F), we compute

N (103)

where

v RV Aol) = [ Kol — p)0ro(a)da (104)

Then, let us fix y € RY. Since ¢ belongs to C°(RY), there is some R > |y| + 2 such that

Agly) = / Ko(x — 3)0(6(x) — d(y))dz + / Ko(x — y)0k(x)dx
B(y,1) B

(0,R)\B(y,1)

However, the kernels K and K}, belong to C°(RY \ {0}) by Proposition . Therefore, since the
kernel K}, is equal to —id), Ky, the kernel Ky is of class C' on RY \ {0} such that

Vz e RV {0}, 0, Ko(2) = iKy(2).

Hence, by integrating by parts,

Agly) = /B L Kol = D0 — o) — i / iy K@ D9

(105)
- [ Kofe = ) - o
S(y,1)
Moreover, by Corollary [ll, the kernel Ky belongs to L'(B(0,1)), so
| Kol = p)oulote) - 6(w)do = lin Fo(w — y)0k(6(x) — o(y))de. (106)
B(y,1) eV Je<|lz—y|<1

Hence, since K is of class C! on R \ {0}, we compute for every ¢ €]0, 1],

/E<| <1 Ko(z —y)(6(z) — ¢(y))dz

—i Kila = 9)(6(@) ~ o)z + [ EKolo—n)lole) ~6w)  (107)
e<|z—y|<1 S(

y,1)

(2, — yi)dz — / Koz — 4)(6(z) — 6() 2= ar.

S(y.e) €

On one hand, ¢ belongs to C2°(RY), which gives

Va € B(y, 1),

(2= 9)(6(2) = 9(y))| < A I(@ = y)Ki(w =)l

||Mz
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s0, since the functions z +— z; K} (x) belong to L'(B(0,1)) by Corollary [,

/ e Ki(z —y)(o(x) — ¢(y))dz — Ki(z —y)(o(z) — o(y))dz. (108)
e<|z—y|<

=0 JB(y,1)

On the other hand, the kernel K belongs to L'(B(0,1)). Therefore, there exists a sequence of
positive real numbers d,, which tends to 0 when n — 400, and which satisfies

Vn € N, 3 €]0, 5[, 6 /

Ko(2)|dz < / Ko(2)d=.
S(0,en)

B(0,0n)
Thus, since Ky and ¢ belong respectively to L'(B(0,1)) and C(RY),

L / Ko(z — y) (@ — yi) (6(x) — ¢(y))da
S(y,en)

€n €n

gA/ Ko(2)|dz — .
B(0,6,) n—+oo

A
<2 [ oyl - oo
S(y,en)

Therefore, by equations ([[06), (107) and ([L0F),

/ Koo — 9)0(6(x) — 6(u))dz = — i / Kz — 9)(6(z) — 6(y))da
B(y,1)

B(y,1)

+/ KO(I' —y)(xg — yk)(¢(x) — ¢(y))dz,
S(y,1)

which gives by equation ([L0F),

Aly) =i [ | Ealz =) (0te) o) — ( / | Folr =)o - yk>dx)

vl (109)
P(y) —i / Ki(x —y)o(x)dz.
B(0,R)\B(y,1)

On the other hand, by definition ([[04), A, belongs to LI(RY) for 1 < ¢ < +oo. Indeed, if the

distance between y and the support of ¢ is more than 1, we compute by Theorem [,

[9(2)] A
Ay(y) < A dz < LN,
| ¢(y)| N /Supp(qb) ‘.’L’ - y‘N v d(y,supp(¢))N quHL &%)

while if this distance is less than 1,

1A ()] < All9l Loo V) 1 K0l 11 (Supp(e)) s

by Corollary fl. Thus, since the support of ¢ is compact, A4 does belong to L4 (RN) for 1 < ¢ <
+00. However, the function f belongs to LI(R™) for 1 < ¢ < +oco by assumption (7). Therefore,
it follows from equations ([[03), ([04) and ([[09), and Fubini’s theorem that

< Org, ¢ >:/]RN fy) (z /B(y,l) Ki(z — y)(¢(x) — ¢(y))da
i ( /S(y,l)(xk ~ YKol y)dx) $y) +1 /B(y,1)c Ky (2 — y)¢(x)dx> dy.
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It now remains to make the changes of variables z = x — y and t = y + 2z to get
< Okg, ¢ >:/ <z/ Ki(z)(f(t —2) — f(t))dz + (/ Ko(z)zkdz>f(t)
RN B(0,1) S(0,1)
—H'/ Ki(2)f(t — z)dz) o(t)dx,
B(0,1)¢

by Fubini’s theorem, which gives
< akg7¢ >=< hk7¢ >,

by definition ([[01)). Therefore, the partial derivative dxg of g in the sense of distributions is
equal to hy. Since g, h1, ..., hxy are continuous functions by Step [l, g is of class C' on RV with

)

partial derivatives given by formula (§9). This completes the proof of Lemma

3 Asymptotics of the solitary waves

This second part is mainly devoted to the proof of Theorem [[. We first compute the optimal
algebraic decay of the solitary waves stated in Theorem [] by the standard argument mentioned
in the introduction. In the second section, we complete the proof of Theorem [I| by deducing the
asymptotics of a solitary wave from Propositions [| and . Finally, the last section is devoted
to the proof of Theorem P which links the asymptotics of a solitary wave to its energy and its
action in the case of the standard Kadomtsev-Petviashvili equation. In particular, the proof of
Theorem [ relies on Lemma [, which also implies the non-existence of non-trivial solitary waves
when p > ﬁ (see Corollary P for more details).

3.1 Algebraic decay of the solitary waves

In this section, we derive the algebraic decay of the solitary waves stated in Theorem []. As
mentioned in the introduction, Theorem [] follows from a standard inductive argument which
links the algebraic decay of the solitary waves to the algebraic decay of the associated kernels.
We first determine some small algebraic decay for the solitary waves. It follows from Proposition
f which gives some integral algebraic decay for Vv and 0?v. Then, we inductively improve the
algebraic decay of v and Vv by using the superlinearity of equations (1) and (). This is
possible as long as the rate of decay is less important than the rate of decay of Ky and Kj.
Thus, the solitary waves decay at least as fast as K, while their gradient decays at least as fast
as Kj. This leads to Theorem [f] whose proof follows below.

Proof of Theorem [}. We split the proof into five steps. In the first one, we use Proposition fi
to infer some small algebraic decay for v and V.

Step 1. There exists some ag > 0 such that v and Vv belong to MEO(RN) for B € [0, ap].

Step [l] results from equations ([[d) and ([L1]). Indeed, equation ([I() gives for every 8 > 0, and
almost every x € RV,

ol ool <a(_ [ Vote — )l o) Plosoeldy
(110)

# [ b= oot~ )P ()l )
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2N—-1
2N—-4>

However, if 0 < 3 < N —1, by Theorem ] and Corollary [l], we compute for every 1 < ¢ <
/RN | — y|’|Ho (2 — y)llo(y)[P|01v(y)|dy

§A</B( ) ’x_y’B_N+1’U(y)’p’alv(y)’dy+/

B(z,1)

Holi =)o) Plosoo)ldy
<a( [, POy + 1 Holliso P00 e ey )
Therefore, by Theorem f, there exists some A > 0 such that
VOSB<N -1, /RN & = y|7|Ho(z — y)llo(y)P|drv(y)ldy < A. (111)

On the other hand, Theorem J and Corollary [[] yield for every 1 < ¢ < g%:}l and r > %,

/RN |Ho(z = y)lly|”[o(y)P[010(y)|dy

1
gA<( / \yr“-N)’“dy) ( / ry\ﬂr’wy)\pr’raw(yw’dy)
B(0,1)¢ B(z,1)¢

1
+\|Ho||Lq<B<o,1)>( /B ( |y|ﬁf’|v<y>|pq’|aw<y>|q’dy) )

)

However, by Theorem [, the function v is bounded on RY, so, by assertion (@), for every s > 1
and 0 < 8 < min{l,% ,

Bs

7 — S
/ |y|ﬁ8|v<y>|m|aw<y>|8dygA( / |y|2aw<y>2dy) low] 52, <A
RN RN L 2=8s (RN)

Therefore, by Theorem f in the case 8 = 0, we obtain for 0 < 3 < min{1, %, %},

/RN [Ho(x = y)lly|’o(y)P|810(y)|dy < A. (112)

Thus, by equations ([1(), ([11]) and (1), there is some a; > 0 such that the function v belongs
to MEO(RN) for every 0 < 8 < aj.
On the other hand, by Theorem fJ and Corollary [ll, the kernel Ky belongs to L4(RY) for

1<qg< g%:é, while the function v»Vov belongs to LI(RN ) by Theorem B. Therefore, we can
derive from equation ([[1]) the following equation,

Vv = Kqy * (vPVv),

which holds in L4(RN) for 1 < ¢ < g%:é In particular, it yields for every 8 > 0 and almost
every = € RV,

1o <A( [ | 1Kot~ )l o) PIVe()idy
® (113)
# [ b= oot~ )l To)lds ).
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2N—-1
2N-37

However, if 0 < 3 < N, Theorem ] and Corollary [[] give for every 1 < ¢ <
[ e =1t = )l 9oty
<a((f e P+ Lol 190l sy )
Hence, by Theorem E, there is some A > 0 such that
W<V, [ o=y lote - PVl < A (114)

On the other hand, Theorem f and Corollary [[] yield for every 1 < ¢ < g%:é and r > 1,

/RN [Ko(z = )lyl )P IVo(y)|dy

1
§A<< / ry\—N’“dy) ( / \yrﬁ"’wy)w’\W(y)v’dy)
B(0,1)¢ B(z,1)¢

1
/ ’ / q’
+||Ko||Lq(B(o,1)></B( X Y| o (y) [P [ Vo(y)|? dy> >

)

However, by Theorem [, the function v is bounded on R¥, so, by assertion ([i), for every s > 1
and 0 < 8 < min{l,% )

Bs

2 —p)s
/ \yrﬁﬂmy)\mrva)rwySA( / \yPrwmr?dy) Ivol 5, <A
RN ]RN LW(RN)

Hence, (by Theorem J in the case 8 = 0), we get for every 0 < # < min{1, %, %},

/RN [ Ko(x = y)llyl°[o(y)[P|Vo(y)ldy < A. (115)

Finally, by equations ([13), ([14) and ([[17), there is also some as > 0 such that Vv belongs to
MEO(]RN) for every 0 < 3 < ag. Then, it only remains to set ap = min{a, s} to complete the
proof of Step

Remark 13. By Step [, the function v is lipschitzian on RY. Indeed, Vv is bounded on RY.

We now improve the algebraic decay of v by applying the inductive argument mentioned in
the introduction to equation ([L1]).

Step 2. Let us consider o > 0 and assume that the function v belongs to MEO(RN) for every
B € 10,a]. Then, it belongs to MEO(RN) for every € [0,N]N[0,(p+ 1)al.

Indeed, equation ([L1]) yields
ool < A( [l P lote = s+ [ Kot oy (16)
for every 3 > 0 and for almost every x € RY. However, by Theorem [J and Corollary i,

[l =Pt = )l dy SA( / & — 5N o(y) P dy
RN B(z,1)°

n / rKo<x—y>Hv<y>\p“dy),
B(z,1)
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so that

/RN 2 =yl Ko(@ = y)lo@)P* dy <A(IIE5L gy + 1Kol 50,1y 012 ) )

<A,

(117)

for every 0 < 3 < N, by Theorem B. Likewise, Theorem [] and Corollary [l] give

1

, , q

/ rKo@:—y)uy\ﬁrv(y)rp“dy5A<< / ry\ﬂqrv<y>r<p+l>qdy)
RN B(z,1)¢

1
dz \4 +1
(o 7)ol o I, o))

pFI

for every ¢ > 1. However, by the assumption of Step [, there is some ¢ > 1 such that for every
B € [0,(p+ 1)al, the function y — |y[%v(y)P*! belongs to L7 (RY). Hence, we obtain

_ B +1 B, p+1 p+1
/R NEo(e =)l o) P dy < AP ey + 0I5L ry) <A (118)

m
Thus, by equations ([[19), ([17) and (T1§), the function v belongs to M i (RN) for B € [0, N]N
[0, (p + 1), which is the desired result.
Then, we deduce the rate of decay of v given by Theorem [f.

Step 3. The function v belongs to MSP(RY).

Since p+ 1 > 1, the geometric sequence given by ug = ap and u,+1 = (p+ 1)u, tends to +oo
when n tends to +00. Thus, by a straightforward inductive argument, it follows from Steps
and f that the function v belongs to M (RY).

We now turn to the algebraic decay of Vuv. In particular, we improve the rate of decay given
by Step [l by applying the inductive argument of the introduction to equation (fJ).

Step 4. Let us consider o > 0 and assume that the function Vv belongs to MEO(RN) for every
B €10,a]. Then, it belongs to MEO(RN) for every 8 € [0,min{N + 1, (p + 1)N,pN + a}].

Indeed, by Theorem [, the function vP*1 is bounded and continuous on RY. Moreover, by

Steps [l and B, it belongs to M(‘?_H)N(RN), and its gradient, to L>°(R"). Therefore, by Lemma

f, the following equality holds for every k € {1,..., N} and z € RV,
o) =i [ K-y [ Kl - g - oy
B(0,1)° B

(0,1)
—i—(/ ykKo(y)dy>v(a:)p+l.
SN-1

In particular, by Theorem [} and Corollary [ll, this yields for every 3 > 0,

|| |Bgo(x)) S\xlﬁ/ Kk ()llv(z — y) P dy + Alz||o(z) P+
BO.1) (119)
el [ (Rl - gt - vl dy.
B(0,1)
However, Step [ yields for every 8 € [0, (p + 1)N],

1
ol (@) < ol e

p+1

< A (120)
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On the other hand, by Theorem [,

ol | 1 rKk<y>uv<x—y>rp+ldy§A( / o ey

) )

4 / \yr—N—lrx—yrﬁwv<x—y>\p+ldy),
B(0,1)¢

S0,
| | / ) |l<k‘(y)||v(:l )| d:"/ < ‘1(HUHLP+1 RN HUHMOO (RN)) S 117 (121)
B(O7I)C pB

for every 3 € [0,min{N + 1, (p + 1)N}], by Theorem [§ and Step fJ. Finally, by Theorem § and
Step [, the function v is continuous on RY, while its gradient Vo is bounded on RY. Hence, we
compute for every (z,y) € (RV)?2,

1
ola = = 0@ <+ 1) [ lota =~ t)PVola ) gl

N 1 dt
<Ay / -
= _ +

- 0 1 + ‘.Z' ty’p «

A
SW Z |y,
=1

which gives by Theorem [, Step | and the assumption of Step [,

Alx
ol [ G- g oy < Lig / Zmnz«k Jldy.

B(0,1) 1+ [apNte

Then, Corollary [l yields

2? /B o et =y @y < 4, (122)

for every 8 € [0,pN + a]. Thus, by equations ([19), ([20), (I21) and ([23), the function Vv
belongs to Mg° (RY) for 0 < 8 < min{N + 1, (p + 1)N,pN + a}, which concludes the proof of

Step -

In conclusion, we infer the rate of decay of Vv given by Theorem [i.

Step 5. The function Vv belongs to the space M

min{N+1,(p+1)N} (RN) .

Indeed, the arithmetic sequence given by ug = o and up41 = u, + pN tends to 400 when n
tends to +oo. Thus, by Steps [[] and [, the function Vv belongs to Mmm{]\,Jrl (p+1)N}( N). This
concludes the proofs of Step f| and of Theorem [q.

3.2 Asymptotics of the solitary waves

In this section, we complete the proof of Theorem [l Indeed, in the previous section, we proved
Theorem [f] which describes the algebraic decay of the solitary waves and of their gradient. In
order to show Theorem [[, it remains to compute the first order asymptotics of any solitary
wave v, i.e. the limit of the function z — |z|Yv(z) when |z| tends to +oo. This is the goal
of Propositions [ and §. In Proposition [, we compute the pointwise limit when R tends to
+00 of the functions vg defined by formula ([f§). Our argument results from Theorems [, f
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and [f, Corollary [] and a standard application of the dominated convergence theorem. Then, in
Proposition f, we deduce from Theorem [ and a standard application of Ascoli-Arzela’s theorem
that this convergence is uniform in the case p > % Finally, Theorem [l] follows from Theorem
[1 and from Propositions [] and §. However, let us first write the proof of Proposition [q.

Proof of Proposition [} Let o € SN=1. By formula (), we compute for every R > 0,

1
— RN Ko(Ro — y)u(y)P+'d
51 (L gy T ot

g/
B(Ro

UR(O') =
(123)
RNKy(Ro — y)v(y)p“dy) :

I

)

However, Theorem [ gives

RNKo(Ro — y)u(y)P™  —

for every y € RY, while

RN A
N . p+1
‘R Ko(Ro = y)o)" Ly y> 0| < A(Ra—y)N(1+ INE) = T [N e

by Theorems [J and []. Therefore, the dominated convergence theorem yields

N +1 F(N)
/ RN Ko(Ro — y)o(y)" 'dy  —
B(Ro, %) R—+o00 27‘(‘2

(- Na) [yt (120

On the other hand,

RN
’y‘N(p-i-l

[ B Koo - y)v(y)f’“dy' <A / | Ko(Ro — y)ldy
B(Ro, &) B(Ro, &

A (/ dz
<A T (z)|dz—|—/ >
RNP\ Jp0,1) ’ 1<|z|< % n 2V

by Theorem [f, so that

A
N 1
\/ Koo ) dy\<R—N<1+1n<R>>R;OOo

by Theorem B and Corollary [l. Thus, equations ([23) and ([24)) lead to

N Lﬂ) _ p+1
o) 7 g (V) [ v

which is exactly assertion ({7).

Then, we establish the uniformity of the pointwise limit computed above in the case p > %
This follows from Proposition f§ whose proof is mentioned below.

Proof of Proposition [§. Let us assume by contradiction that (vg)pso does not converge
uniformly to v, when R tends to +oo. Then, there is some ¢ > 0 and a sequence of positive
real numbers (R, )nen tending to +oo, such that

Vn € N, ||URn - UooHLoo(SN—l) > €. (125)
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However, since p > %, we deduce from Theorem [ ﬁ,

VR, || oo sn-1) <A,
A (126)

N—-1
IV5" vR, [l poeenv-1) SARY V(R )| oo g1y < LN 1 <A

Therefore, by equation ([L2() and Ascoli-Arzela’s theorem, up to a subsequence, (vR, )nen con-
verges in LOO(SN ~1). By Proposition H, its limit is necessary equal to v, which leads to a
contradiction with assertion ([[2). Thus, (vg)r>o uniformly converges to vo, when R tends to
400, which is the desired result.

Finally, we end the proof of Theorem [[] by invoking Theorem [], and Propositions [f] and .

Proof of Theorem [l Indeed, the function x +— |z|Nv(z) is bounded on RY by Theorem [.
Moreover, by Proposition [f, assertion (E) holds for every o € SV¥~1, and by Proposition f, the
convergence given by assertion (f) is actually uniform when % <p< ﬁ. This concludes the
proof of Theorem .

3.3 Link between the asymptotics and the energy of the solitary waves for
the standard Kadomtsev-Petviashvili equation

This last section deals with the standard Kadomtsev-Petviashvili equation. Here, we link the
asymptotics of a solitary wave to its energy and its action. As mentioned in the introduction,
this link results from the standard Pohozaev identities of Lemma ], which were derived by A.
de Bouard and J.-C. Saut in [H].

Proof of Theorem [§. Let us consider k € {2,...,N} and 0 < p < ﬁ. We deduce from
formulae (f9), (50) and (F1)) after some algebraic computations that

(4 +p(3 — 2N)> /]RN v(2)PT2dx =2(p + 1)(p + 2) /]R v(z)%dr, (127)

N

(4 +p(3— 2N)> x ow(z)?dx =pN ox v(x)?dz, (128)

(4 +p(3— 2N)) / v () dx :p/ v(x)?dz. (129)
RN RN
Assume now that p =1, and N =2 or N = 3. Then, formula ([]) becomes
N-1 (%) 2 2
Vo € SN v (0) = 2 (1—No*1)/ o(z)2dz. (130)
RN

42

However, by formulae (f), ([27), ([2§) and ([29), the energy of v is equal to

E(v) = % /]RN v(z)?dz, (131)

8Here, the notation VSN?1 denotes the gradient on the sphere S¥ =1 immersed in RY. More precisely, if we
N —
consider some index i € {1,..., N} and some function f € C=(S¥~1,C), the notation &5 " is defined by

x+te;
Ve e SV 88 f(a) = gL Gre) — F@)

t—0 t ’

where (e1,...,en) is the canonical basis of RY. Then, the gradient VSN?lf is defined by VSN?lf =
SN71 SN71
O f,..0n )
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so, by equation ([13(),
Vo € SV (o) =

which is formula (). Likewise, by equations (f]) and ([31]), the action of v is given by

1

_ 2
S(v) = TN Jow v(x)“dx,
so, by equation ([13(]),
72N
Vo € SV (o) = ( 1\), (2)(1—NJ%)S(U),
42

which completes the proof of formula (g).

Finally, for the sake of completeness, we complete this subsection by another straightforward
consequence of the identities of Lemma [l the non-existence of non-trivial solitary-wave solutions
of equation (f]) in Y for p > 55+ in any dimension N > 4.

Proof of Corollary . Indeed, formula ([2§) gives for every p > 0,

<4 +p(3 — 2N)> ovwv(z)?dx = Np/ v(x)2de.

RN RN

. 4
Therefore, if p > 55—,

/ v(z)?dr < 0.
RN

Thus, v is identically equal to 0, which concludes the proof of Corollary B
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