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CONSISTENT ESTIMATION OF A CONVEX
DENSITY AT THE ORIGIN !

Fadoua Balabdaoui?

Centre de Recherche en Mathématiques de la Décision
Université Paris-Dauphine, Paris, France

Abstract: Motivated by Hampel’s birds migration problem, GROENEBOOM, JONG-
BLOED, AND WELLNER (2001B) established the asymptotic distribution theory
for the nonparametric Least Squares and Maximum Likelihood estimators of a con-
vex and decreasing density, go, at a fixed point to > 0. However, estimation of the
distribution function of the birds’ resting times involves estimation of gj at 0, a
boundary point at which the estimators are not consistent.

In this paper, we focus on the Least Squares estimator, g,. Our goal is to
show that consistent estimators of both go(0) and g((0) can be based solely on gs,.
Following the idea of KULIKOV AND LOPUHAA (2006) in monotone estimation,
we show that it suffices to take §,(n~%) and §,(n~%), with a € (0,1/3). We
establish their joint asymptotic distributions and show that o = 1/5 should be

taken as it yields the fastest rates of convergence.

Key words and phrases: Asymptotic distribution, Brownian motion, Convex den-
sity, Hampel’s birds problem, Inconsistency at the boundaries, Least Squares es-

timation.

1 Introduction

Suppose that we are interested in estimating the distribution function of resting
periods of migrating birds in a certain habitat area. We denote the true distri-
bution by Fy. The birds are marked individually so that they can be identified,
and some of them are captured in mist nets with a certain probability.

HaMmpEL (1987) assumed that the birds are caught according to a Poisson
process with a rate A small enough that the probability of catching the same

bird three times or more is negligible, and that Fy has a density, fo, such that
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lim;—,o fo(t) = 0. Those birds that are caught exactly twice yield a distribution
of observed (minimum) resting periods.

The question is: What is the relationship between the observed resting period
distribution to the true one? Assuming that fy admits a finite second moment,
and if gg is the density of the observed spans between two capture dates, HAMPEL
(1987) showed that this relationship is given by

2 o
go(s) = / (t— 8)s fo(t)dt, s> 0 (1.1)
M2 Jo
where po = fooo t2 fo(t)dt. Inverting (1.1) yields at any continuity point ¢ > 0 of
Fo

9o0(t)
ol =1= g0y
where g((0) denotes here the right derivative of go at 0. See also ANEVSKI (2003)
for an explicit derivation.

GROENEBOOM, JONGBLOED, AND WELLNER (2001B) considered two nonpara-
metric estimators of gg: The Least Squares and Maximum Likelihood estimators,
denoted thereafter by LSE and MLE. Under the assumption that g; is continuous
in the neighborhood of a fixed point to with g{(to) # 0, they showed that these

estimators are piecewise linear, and
ns (gn(to) — go(to)) ( Co(to) H® (0) >
1 —d
n’ (7a(to) — gh(to)) ci(to) H® (0)
where g,, denotes either one of the estimators, H is the “invelope” of the process

Y1) = JyW(s)ds +t4, t>0
[P W(s)ds+t* t <0

(1.2)

(1.3)

in the following sense: H is an almost surely unique random process satisfying;:
(i) H® is convex (H is 4-convex) on R
(i) H(t)>Y(t), teR

(i) H(t) = Y (t), if H® changes slope at t. In view of (ii), the condition (iii)

can be also rewritten as

/ h (H(t) =Y )dH® () =0

—0o0



(see GROENEBOOM, JONGBLOED, AND WELLNER (2001A)). Here, W is a standard
two-sided Brownian motion starting at 0. The constants cy(tg) and c;(to) are
given by

1

5

o) = (o)) . 0

co(to) = <1(90(750))296/(t0)> 24

24

The asymptotic result in (1.2) does not apply anymore when ¢y is replaced
by 0. To study the behavior of the estimators near this boundary point, we focus
in this paper on the LSE. The MLE can be handled very similarly, but it involves
much more cumbersome calculations, due mainly to the nonlinear nature of the
characterization of this estimator.

The LSE enjoys the property of preserving the shape restrictions of the es-
timated density go, and any consistent estimator of g((0) will yield an estimator
of Fy, that is a genuine distribution function (—g, is nondecreasing) and point-
wise consistent if gg is differentiable on (0, 00). This follows from Lemma 3.1 of
GROENEBOOM, JONGBLOED, AND WELLNER (2001B).

To achieve consistency at 0, methods based on boundary corrections of kernel
density estimators have been suggested (see e.g. JONEs (1993) and the references
therein). On the other hand, CHENG (1997) showed how local linear density esti-
mators adjust automatically for boundary effects without requiring any further
correction. Consistent estimation of higher derivatives can be achieved using lo-
cal polynomial density estimators as it was shown by CHENG, FAN AND MARRON
(1997). For estimating g(,(0), where g is a compactly supported density on [0, 1]
assumed to be twice differentiable, their Theorem 1 implies that n=!/® is the
optimal rate of convergence, and is achieved by their local quadratic smoother
provided that the kernel function and its derivative are bounded on [0, 1].

In this paper, the goal is to answer the following question: Would it be pos-
sible, using only the already computed LSE, to construct a consistent estimator
of g;(0)? This is possible by following the same idea of KULIKOV AND LOPUHAA
(2006) of “staying away of 0” which they used to achieve consistency at 0 in
monotone estimation. More precisely, we show that for a € (0,1/3), gn(n=%)
and g,,(n”®) are consistent estimators of 0, and that o = 1/5 yields the fastest
rates of convergence.

The paper will be structured as follows: We recall in the next section that



the LSE fails to be consistent at 0, and show that its first derivative is not
even bounded in probability. In Section 3, we review the characterization of the
LSE, give preliminary results that we will use in the main proof and explain via
heuristic arguments where the main difficulty lies. In Section 4, we present the
three joint asymptotic regimes of g,(n~%) and g},(n~%) depending on whether
o€ (0,1/5), a =1/5or a € (1/5,1/3). The optimal rates of convergence, n~2/5

and n~1/5

, are attained by our modified LSE estimator, which is obtained by
replacing the original LSE, on the shrinking neighborhood [0, n~/%], by tangen-
tial extrapolation from the point n~5 to the left. To illustrate the theory, we
present in Section 5 numerical results based on simulations, and finish off with
conclusions and some open questions. The proof of our main result is given in
Section 6. As the cases o = 1/5 and o € (1/5,1/3) share many similarities in
the proof, we show the result only for & = 1/5 and indicate at the end of Section
6 how the proof can be readapted in the other case. We also give heuristic argu-
ments for « € (0,1/5), for which the limiting distribution depends on the same
process in the estimation problem considered by GROENEBOOM, JONGBLOED, AND
WELLNER (2001B) at an interior point.

Throughout the paper, we assume that the true convex density gg is twice

continuously differentiable at 0, and that g (0) > 0.

2 Inconsistency of the Least Squares estimator

Given X1, -, X, n ii.d. observations from a convex and nonincreasing density
go and G,, their corresponding empirical distribution, the LSE g, is defined as
the unique minimizer of the quadratic criterion

bi(o) =3 | a0t [ gas. 0 (25)

over the class of square integrable convex and nonincreasing functions on (0, co).

GROENEBOOM, JONGBLOED, AND WELLNER (2001B) established that the LSE
exists, is piecewise linear, and that it is a density although the minimization is
not restricted to the space of densities. Furthermore, if H,(t) = fot (t—s)gn(s)ds

and Y, (t) = fg (t — 5)dGy(s), then the nonincreasing and convex piecewise linear



function g, is the LSE of gq if and only if

. { > Y,(t), forallt>0 26

=Y,(t), iftisa jump point of g,.

By the inequality condition in (2.6), any jump location 7 is a point where H,-Y,
reaches its minimum. Therefore, the derivatives of fIn and Y,, at 7 have to be

equal, that is
7 is a jump point = H, (1) = Y, (7) and G, (1) = G, (1) (2.7)
where G, is the cumulative distribution function corresponding to gy.

We show now that g/,(0) is not a consistent estimator of g{,(0). This is a

consequence of the following proposition.
Proposition 2.1 §,(0) is not bounded in probability.

To prove Proposition 2.1, we recall the following result due to GROENEBOOM,

JONGBLOED, AND WELLNER (2001B) (see page 1673).

Lemma 2.1 If Y] and Ys are two independent standard Exponentials, then

. Y1
liminf P(3,(0) > 290(0) > P [ ——L _ >1) >0
mint P(5,(0) > 200(0) > P (gt pms 2 1) >

Hence, §,(0) is not consistent.

Proof of Proposition 2.1: By convexity of g,,, we have §,,(0) < g,(t)—tg.,(0) =
Jn(t) +t|g},(0)| for all ¢ > 0. Hence,

P(a0=2)=r (05 22) (W0 = 2)

By consistency of g, (t), the middle term converges to 0 as n — oo. Using the

previous inequality and Lemma 2.1, we conclude that for all M > 0
liminf P (|g;,(0)| > M) >0
n—oo

and that g/,(0) is unbounded in probability. 0



3 Local behavior of g,

3.1 Local perturbation functions

The characterization of g, given in (2.6) follows from taking the directional deriv-
ative of the quadratic functional ®,, defined in (2.5) in the direction of the per-
turbation function s — (¢t — s)4, where z; is the usual notation of the positive
part of a z. To make sure that the resulting function g, (s) + €(t — s)+ for small
€ belongs to class of convex functions, € is only allowed to take positive values
when t is not necessarily a knot of g,. This leads to the inequality part of the
characterization in (2.6). When ¢ is a knot, then small negative values of ¢ are al-
lowed and the directional derivative is equal to 0. This in turn yields the equality
condition in (2.6).

The knots of g,, or equivalently the jump points of g, are defined only
implicitly in the sense that there exists no explicit formula which pins down
their locations exactly. However, these knots can be obtained numerically as
limits of an iterative algorithmic procedure (see GROENEBOOM, JONGBLOED, AND
WELLNER (2003) and also MAMMEN AND VAN DE GEER (1997) in the context
of nonparametric regression). To establish the limiting theory, it is necessary to
exploit the characterization of the LSE and make use of appropriate perturbation
functions to be able to track down the asymptotic behavior of these knots and
hence that of the estimator.

Consider 71 < 72 to be two jump points of g/,. Here we omit the subscript
n baring in mind dependence of these points on the sample size. We can always

write

() = Ho(m1) + (m2 — 7) T (1) + / "y — On(t)dt.

Using (2.7), this yields
/ (T2 = 1) Gn(t)dt = Yp(12) = Yy (11) = (12 = T1)Gp (1) = / (12 — 1)dGy, (1),
or equivalently

" (12— 0@n(0) — 900t = [ (12— Dd(Ga(®) — Go(®): (39

T1 T1



On the other hand, since our estimation problem is local, most interesting pertur-
bation functions are those that vanish except on an interval of the form [ry, 7).
Such a function, p say, must satisfy that g, + ep is convex and nonincreasing for
€ > 0 small enough. As e N\, 0, nonnegativity of the corresponding directional

derivative implies that

T2

/ " D) Ga(t) — go(t))dt > / p(H)d(Gn(t) — Golt)) (3.9)

1
and this inequality remains valid if we add an arbitrary constant to p, using again
the fact that Gy, (1;) = Gy (75),j = 1,2.

The choice of perturbation functions in this problem is actually limited, and
the simplest ones to take are of the form of a “reversed hat”; i.e., a convex
triangular function on a compact set. Let s € (71, 72) and 7 be the mid-point of

[T1, T2]. Consider the following choices of local perturbation functions

_Tl—t t— Ty 1
pl,s(t) T e Tl 1[7-1,3] (t) + — 1(5,7’2](t) =+ 21[7'1,72](t)
T — 1 t—mo 1
s(t) = L (2 Lism) (¢ 7 1m ) (
p2,s(t) P [1,]()+72_S (5m] (1) + 31[r,m] ()
and
1 — 1 t— Ty 1
- T :717'7" 717"7' 717’ T: .
po(t) =prs(t) = ——Ln ) (8) + Ll (O + 51 m) (1)

It can be easily checked that these functions satisfy

[ mewar=o, " - sa = E=EoEEIE 60

—71)3 + (12 — 5)3
12

/ ()t — s)2dt =

T2 1 To
/ p2,s(t)dt = _6(72 —7), / p2,s(t)(t — s)dt =0,

[ pratoe sy = En o)

and

[ wtoie =0, [" e - =0, [" i e = 2

7



If 71 and 75 are successive jump points, then g/, is constant on (71, 72), and
Gn is linear on [11,72]. On the other hand, using Taylor expansion and the
assumption that gg is twice continuously differentiable to the right of 0, the true
density go can be decomposed into a quadratic polynomial plus a lower order
remainder. Thus combining this with the inequality in (3.9) and the properties

of po, p1,s and pa ¢ (in this order) yields

g0 (7)

3
To — T <
96 (2 —m)” <

| po()d(Ente) - Go(t))\ + op((rs — 7))

1

(3.11)

Zi(s) (Gn(s) — g(s)) > -

[ p1ad(Gn(6) = Go(®)] + Opl( = m)?)
(3.12)

i) =005 < | [T 2 0d(Ea0) = Go®)] + Opl(m — 7))

" (3.13)

The above identity in (3.8) and the inequalities in (3.11), (3.12) and (3.13)
will prove to be very useful for deriving the main result. They will be exploited
for different purposes, but note that they share the common feature of linking the
LSE to some empirical process term. Lemma 6.1 will give us a way to bound the
corresponding rates of convergence of these empirical processes, which is essential
for establishing the uniform tightness result of Proposition 6.1. This is explained
in more detail in the next subsection, where we also point to the main difficulty

encountered in establishing the main result.

3.2 The crucial role of the distance between jump points

To give some insight into the proof of Theorem 4.1 and to describe the main
difficulty of the problem, we focus here on o = 1/5 for which our proof is given
in detail. The key argument in proving the weak convergence is to show the
following uniform tightness result:

sup n?®|Gn(t) = go(t)] = Op(1)
t€[Myn=1/5 Myn—1/5]



and

B n'/|g1,(t) — go(t)] = Op(1)
for all 0 < My < Ms. Actually, we prove a stronger result where the supremum
is taken over the bigger interval [r—, Mon~15 and 7~ is the last jump point of an
located before Myn=1/5 (see Proposition 6.1). In estimating the convex density
at an interior point ty > 0, GROENEBOOM, JONGBLOED, AND WELLNER (2001B)
did not need to consider this stronger version; it is anyway implied by the n!/®—
order of the distance between two jump points 7= and 7" in the neighborhood

of tg > 0 as n — o0; i.e.,
T 1T = 0,(n"P) (3.14)

(see their Lemma 4.2). Uniform tightness is the key argument in showing con-
vergence of the second and third derivatives of the “empirical invelope” to the
corresponding derivative of the limit invelope, denoted in this manuscript by H .
The “empirical invelope” is the scaled version of the local process I:IffC which we
define in Section 6.

The difficulty in establishing the uniform tightness result in our boundary
problem is that it is not known how the jump points cluster to the right of
the origin. For example, for a fixed Ko > 0, we do not know whether the
probability that a jump point is found in a neighborhood [K;n~1/5, Kyn=1/5] for
some 0 < K; < Ky increases to 1 as n — oo. In the interior point problem
considered by GROENEBOOM, JONGBLOED, AND WELLNER (2001B), the event that
g1, will have a jump between tg +Mn=5 and to — Mn~Y® for some M > 0 large
enough occurs with an increasing probability as n — oco. This fact follows again
from (3.14) and was used by GROENEBOOM, JONGBLOED, AND WELLNER (2001B)
as a very useful “trick”. Indeed, this offered some flexibility in choosing jump
points, 7 and 77 that are far enough to show that

it m*13a(8) = 900 = Op(1) (3.15)
By far enough, we mean that the distance 7+ — 7= > rn'/?, where r > 0 does

not depend on n. Of course, this distance stays bounded with large probability



by Mn'/® for some M > 0. The result in (3.15) states that with increasing
probability, we can find at least a point in [7~, 7] such that the estimation error

2/5 This turned out to be enough to show the uniform n2/5—

is of the order n
and n'/®— tightness of the LSE and its derivative on an arbitrary neighborhood
[to—M n=Y5 to+Mn—1/ ®]. This might seem surprising but it was indeed possible
using convexity of the estimator and the true density.

Unfortunately, the “trick” cannot be directly used here, and some new idea
was needed. Our approach to go around the problem is to consider both the
situations: (1) a jump point can be found in a given interval, [Kn /%, Kon=1/%]
say, and (2) no jump point can be found. In our proof of uniform tightness, A.
Case 2 and C. Case 2 describe exactly the second situation. There, we make use
of the inequalities in (3.12) and (3.13) and the empirical process argument of
Lemma 6.1.

Localizing and scaling appropriately the processes Hy,(t) = fg (t — s)gn(s)ds
and Y, (t) = fg Gn(s)ds, as it is done in Subsection 6.2, yield H: and Y!,. Uniform
tightness is then used to show convergence of .FIT,Z1 to a limiting process, which
has to be necessarily equal almost surely to the invelope of the limit of Y/, as
n — oo.

In the next section, we give the three regimes of the joint asymptotic dis-
tributions of the consistent estimators g,(n~%) and g,,(n~%) depending on the
value of a. This result can be compared directly with Theorem 4.1 of KuLikov
AND LOPUHAA (2006) in the case where the first derivative of the true monotone
density does not vanish (k = 1 in their notation). A corollary follows, where we

give the asymptotic distribution of our modified LSE.

4 Consistency at 0 and limiting distributions

Let W be a standard two-sided Brownian motion on R starting from 0, and Y

the Gaussian drifting process defined on R in (1.3). For all ¢ > 0, let

Yg(t):/o W(s)ds and Yi(t) =Y (t).

We consider H, and Hg the invelopes of Y, and Yj, defined in the same sense as

the invelope H (see Section 1). Finally, let ¢o(0) and ¢;(0) the resulting constants

10



when we replace tg by 0 in (1.4), ¢3(0) = 1/g0(0) and

1
5

(0 _ (24ng<o><gg<o>>—2) | (4.16)

C1 (0)

Our main result is stated in the following theorem:

2 =

Theorem 4.1 Let a € (0,1/3).

1. If a € (1/5,1/3) and t > 0, then

11—«

n's ({z;n(na t) — go(n= t))) N ( e5(0) HP (1) )
'S (G £) = gh(n== 1) '

2. Ifa=1/5 andt > 0, then

1 (Gn(n”s kat) = go(n™> kat) ) + 3k31%5(0) co(0) HP(¢)
1 1 1 —d .
ns ( gy (n=s kat) — go(n™s kat) ) 4 katgg (0)

3. If a« € (0,1/5), then

n (Gn(n*) = go(n=®) ~ (co(O) H<2>(0)>
nt (g, () —ghn=)) |\ er(0) HO(0) )

To keep the manuscript to a reasonable length, we do not present the details of
the proof of existence and almost surely uniqueness of the processes H; and Hy
. However, we would like to mention that the proof can be constructed along the
lines of GROENEBOOM, JONGBLOED, AND WELLNER (20014A) by defining a stochastic
Least Squares problem in the class of convex functions on finite intervals [0, c|
and let the intervals grow as ¢ — oo. For example, the invelope H can be shown
to be the limit, in an appropriate sense, of the processes H, . as ¢ — oo. Here,

H, . is equal to the second integral of the unique minimizer of

;/O ()t — /ch(t)d[W(t) a4t

over the class of convex functions ¢ on [0, ¢] such that ¢g(0) = 0 and g(c) = 12¢2,
and H . satisfies the four boundary conditions H .(0) = Y, (0) =0, H; .(c) =
Yy(c), H, .(0) = Y{(0) = 0 and H, .(c) = Y{(c) = W(c) +4c>. It can be shown
that

11



(i) Hf)c is convex on [0, ]
(11) HJr,C(t) > Y+(t)7 Vite [Oa C]

(i) fiy (Hc(t) = Yo (0)dHL(E) = 0,

and that these conditions are necessary and sufficient for Hf)c to be the solution
of the above LS problem. The conditions constitute in essence a finite version of
the characterization of the limiting process H defined on [0, c0). For large ¢ > 0,
H, .is an approximation of H and we can compute it using the Haar construc-
tion (see ROGERS AND WILLIAMS (1994)) and the iterative cubic spline algorithm
as described in GROENEBOOM, JONGBLOED, AND WELLNER (2003). In Figure 1, we
present an example where the plots in dotted lines show the restriction on the
interval [0, 1] of % (computed on [0,8]) for j =0,1,2,3 .

Figure 1: The solid curves in the top left and top right show plots of an approx-
imation of Yy and Y] while the dotted lines represent H, g and H! g on [0,1].
The solid curves in the bottom left and bottom right show plots of 12t? and 24t
while the dotted lines represent HY g and H(f)g on [0,1].

In the top left and top right panels, one can see how the invelope Hy g and

12



its first derivative H!, g try to follow closely the processes fg W (s)ds + t* and
W (t) + 4t3 on [0,1]. On the other hand, we see in the bottom left and bottom
right panels how the convex parabola, 12t?, and the increasing straight line, 24t,
are approximated by the piecewise convex function H 178 and the nondecreasing

stepwise function Hfé respectively.

Corollary 4.1 The fastest rates of convergence of gn(n~%) and g,,(n=%) to the
true values go(0) and g{,(0) are attained for o = 1/5 . Furthermore, if we define

the estimator

1

i (t) _{ Gn(n )+ (t—n"3)g,(n"5) iftel0,n s

" G ift €ln"s,00)
then
w7 o) (B (L) - a© 2O (L)
n (@y o -a) | er0) 11 (1)

We will refer to this estimator as the modified LSE estimator.

Proof. If a € (1/5,1/3), the rates n(1=®)/2 and n(1=30)/2 gre clearly slower than
n?/% and n'/> respectively. If o < 1/5, the rates n?/> and n'/> are optimal for
estimating go(n~=*) and g,(n™%), but not for estimating go(0) and g;(0): n™* >>
n~Y5 is too far from 0. The joint limiting distribution of (G7(0), () (0)) follows

immediately from Theorem /.1. O

5 Illustrations, conclusions and some open questions

5.1 Simulation results

We simulated n = 500 independent random variables from the standard expo-
nential distribution Exp(1l) and computed g, using the support reduction al-
gorithm, as described by GROENEBOOM, JONGBLOED, AND WELLNER (2003) for
Least Squares problems. Inconsistency of the estimator and its first deriva-
tive at 0 can be clearly seen on the left panels of Figure 2, whereas the right
panels illustrate consistency of the modified estimator and its first derivative.
For these simulations we obtained g,(0) = 1.757, g7 (0) = 0.966, and —g,,(0) =

13
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Figure 2: The solid curves in the top left and top right plots depict g, and g)*
while the dashed curves represent go(z) = exp(—z),x > 0. The solid curves in
the bottom left and bottom right plots depict —g/, and —(g/™*)’ while the dashed

curves represent —g,(x) = exp(—z),z > 0.

74.073, —(g™)'(0) = 0.655. The fact that the modified estimators converge to the
truth with a negative bias is not due to chance. To investigate this more precisely,
we generated 100 independent invelopes Hy on [0, 8], and the results indicate
that the random variables coHiQ)(l/krg) — cle’)(l/kQ) and —cle’)(l/kQ) are
both negative with large probability: The empirical estimates of this probability
based on the random sample were found to be 0.94 and 0.97 respectively (here,
1/ky = (1/24)%/5 ~ 0.280, co = (1/24)Y/° ~ 0.041, ¢; = (1/24)%/° ~ 0.148). The
kernel density estimators shown in Figure 3 indicate clearly that both variables

are mainly concentrated on the negative half-line.

5.2 Conclusions and some open questions

Based solely on the LSE g, of a convex density go on (0, c0) with g continuous
to the right of 0 and ¢{(0) # 0, we found that consistent estimation of g{(0) is
achieved by taking g/, (n~%) with « € (0,1/3), and that & = 1/5 should be chosen

14
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Figure 3: Plots of kernel density estimators of CQH_(E)(].//'{ZQ) - cle’)(l/k‘g) (left)
and —cle’)(l /k2) (right). The estimation is based on 100 independent replica-
tions of Hy on [0,8]. Here, ¢g =~ 0.041, ¢; ~ 0.148 and 1/ks ~ 0.280.

—1/5 The limiting distribution involves a process

as it yields the fastest rate n
H , which is the invelope of the Gaussian process Y, (t) = fg W(s)ds+t4 ¢t > 0.

Our idea was inspired by the work of KuLikov AND LOPUHAA (2006) who
found that taking the Grenander estimator at n=% with a € (0,1) ensures con-
sistency in the monotone estimation problem, and that o = 1/3 yields the op-
timal rate n=/3. It is interesting to note that the penalization approach of
WOODROOFE AND SUN (1993) forces rather the data to stay away from 0 with
a distance >> n~!: Their estimator can be viewed as the Grenander estimator
for the transformed data A, + 4, X, with 4,, —, 1 and )\, is the penalization
parameter which must satisfy A, n — oo, and hence A\, >> n~!. For the harder
problem of estimating the slope g((0), an alternative approach based on shifting
the data (suggested to us by JONGBLOED (2006)) would probably require to have
even bigger shift to the right of 0. A second approach is to penalize the derivative
of the LSE; i.e., to minimize

where ¢ is convex and A, is the penalizing parameter. This gives rise to the
following open questions: How big A, should be chosen to achieve consistency

of the first derivative of the estimator? Would A, have the same order as the
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shift in the approach suggested by JoNGBLOED (2006)7 Could we choose A, such
that the estimator is a density? How do the rates of convergence and limiting
distributions depend on A7

In the monotone problem, the proofs of KuLikov AND LOPUHAA (2006) make
use of the so-called switching relationship introduced the first time by GROENE-
BOoOM (1985) as a nice geometric interpretation of the Grenander estimator: If
fn(x) is the value of this estimator at a point x, and Uy (a) is the location of the

maximum of Gy, (t) — at over [0, 00), then
ful@) < a=Uy(a) < z.

A similar relationship is still lacking in the convex problem. In the latter, the
characterization of the estimator is at the level of its second integral. This makes
the geometric interpretation of the LSE less obvious. However, this does not
imply that one should not explore different ways of viewing this characterization
which might enable to simplify many of the arguments used in general in the
problem of adaptive estimation of a convex density.

Finally, we would like to note that our modified LSE estimator can be com-
pared to the simple estimator of KurLikov AND LoPUHAA (2006). Their adaptive
estimator is more efficient as it minimizes the mean square error. In our convex

problem, it follows from Theorem 4.1 that
03 (3,073 kat) = g4(0)) —a c1(OVH (1)

and an adaptive estimator of g{(0) can be given by gy, (n_l/‘r’l;:gt*), where t* is the
minimizer of £ [H_(FS) (t*)]?, and ky is a consistent estimator of ky. We would like
to investigate this in a future work as finding an approximate value for ¢* would
require a more efficient way to generate a sufficient number of invelopes H, on

a fine grid on (0, c0).

6 Proof of Theorem 4.1

We prove Theorem 4.1 for a« = 1/5, which yields the fastest rates of convergence.
For a € (1/5,1/3), the core of the proof remains exactly the same, except for
minor changes that will be indicated at the end of this section. We will also give

heuristic arguments for the claimed weak convergence for o € (0,1/5).
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6.1 Proof of uniform tightness

Proposition 6.1 For0 < My < Ma, let 7~ be the last jump point of g,, occurring
before Min=Y5. Then,
sup 31.(s) = go(s)| = Op(n™'7) (6.17)
s€[r—,n=1/5 M)
and
G (3) — = 0y(n~2/? 6.18
sup | gn(s) — go(s)| = Op(n~/?) (6.18)
s€lT—,n=1/5Mj,]
The following lemmas will provide the necessary pieces that will go into the proof

of Proposition 6.1.

Lemma 6.1 Let Gy denote the true cumulative distribution function, and fir
x > 0,7 > 0. Consider a VC-subgraph class of functions f., defined on [z,y],
r<y<zxT+r:

For =A{fay, v<y<az+r}

admitting an envelope F, , satisfying
EF?,.(X1) < CroFtl

for some real constant C > 0 and an integer k that are independent of x. Then,
for each € >0, we have
sup ‘ /fz,yd(Gn —Go) | <€y —x)**+0, <n_%> .
foy€EFu,r

Proof. The argument is very similar to that of Kim AND PoLLARD (1990) for prov-
ing their Lemma 4.1 (page 201) except that their grid mesh [(j—1)n~1/3, jn=1/3),
1 < j < [Ron'/?], is replaced here by [(j — 1)n="/%, jn=1/5),1 < j < |rn'/?|. To
see intuitively why we have the power (3 + k)/5 instead of their power 2/3, note
that their Maximal inequality 3.1 (i) (see also Theorem 2.14.2 of VAN DER VAART
AND WELLNER (1996)) implies that for a fixed € > 0 there exists some M > 0
independent of j and n such that

< Mn™= [Cjni

2k+6

= M(C])k'i_%n_ 10

o=

2k+1
sup }
fzwyefm,j7L71/5

JETy

34k

= MGt i

17



with probability greater than 1 —e. Summation over 1 < j < Lrnl/ %] yields the

result. See also GROENEBOOM, JONGBLOED, AND WELLNER (2001B), page 1677. O

Lemma 6.2 For arbitrary 0 < K1 < Ko < K3 < K4, consider the event
TK17K2’K37K4 = {El T_77—+ : [{171'_1/5 <7 < K2n_1/57 K3n_1/5 < T+ < K4n_1/5})

where 7~ and T are jump points of gl,. Then, for all € > 0, there exists ¢ > 0
such that

P( inf |Ga(t) — go(t)] < en” %3, TKI,K2,K3,K4> > P(Tk, Kk, 55,K,) — €

te[r— 7]

for n large enough.

Proof. Suppose that both the events 7y, r, k. x, and infyc— -+7[Gn(t) —go(t)| >

—2/5

cn occur. Then, we can write

p—

L/v*—w@aw—mw»ﬁw>;n”“ﬁ+—fv2>0“ﬁ‘*QVn4ﬁ.

2

Using now the identity (3.8) of Section 3 and Lemma 6.1 with 7, = {fz,(t) =
y—t,x <y < z+r} (VC-class with index < 3 by Lemma 2.6.15 of VAN DER

VAART AND WELLNER (1996)) and k = 1, we can write
—

[ 0@ - s
—

and hence O,(n~%/%). Thus, we can find ¢ > 0 large enough such that

]/’ <w—aamﬁ\
= op((Ky = EK1)'n ") + Oy (n™*/?),

P( it 1gu(t) = 90(t)] > en™%, T, res i, ) < e
tE[T ’T+]

which implies the claimed result. O

Lemma 6.3 Let € > 0. For any K1 > 0, there exist Ko > Ky such that, for n

large enough, the event

Ti, ), = {3 a jump point T : Kin~Y5 < 7 < KQn—1/5}
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occurs with probability greater than 1 — €. In particular, this implies that for a
given K1 > 0, there exist Ko and K4 such that Ky > K3 > Ko > K and

P(TKhKQ,KS,IQ) >1—e

Proof. Given K; > 0, let 7 and 7 be the last and first jump points occurring
before and after Kin~'/® respectively (7, can be equal to 0). Note that for
ro > 0 small enough such that g > 0 on (0, 7], the event 75 < 7y occurs with
probability — 1 since we know that there exists a jump point 7 < ry/2 such
that ro/2 —7 = O,(n~/%) with probability — 1 (by Lemma 4.2 of GROENEBOOM,
JONGBLOED, AND WELLNER (2001B)). Using now the inequality (3.11) in Section
3 and Lemma 6.1 (with k£ = 0), we have

96

B (e —m)®) + Oy
it (@ |77 7T F O

(ra — 1) <
which implies that
Ty — T = Op(n_1/5). (6.19)

Note that this is the same upper bound obtained by GROENEBOOM, JONGBLOED,
AND WELLNER (2001B) for the distance between jump points in the neighborhood
of an interior point ¢y > 0, as we have already mentioned in Subsection 3.2. Thus,
there exists M > 0 such that 7 < 7 + Mn~1/> < (K7 + ]\4)71_1/5 with large
probability, and hence we can take Ky = K7 + M. To show the second assertion
of the lemma it suffices, for any K3 > Kb, to consider 7’ to be the first jump
point after K3n~1/%. Then there exists K4 > K3 such that the probability of the
event n /2Ky < 7' <n Y5K, is greater than 1 — e. O

Proof of Proposition 6.1. In all what follows we denote B, = SUD¢e (0,r] 90
where (0, 7] is the biggest neighborhood of 0 on which g > 0 and continuous.
For convenience, we are going to assume without loss of generality that M; = 6/7
and Ms = 1. Of course, the same arguments can be used for any other values
0 < My < M> as long as they do not depend on n. Let 7= be the last jump point
occurring before 6/7n~1/% and fix € > 0.
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A. Uniform tightness of n!/ (gl — gp) from below: We show in the following
that there exists ¢ > 0 such that

P<Vt e lr,n V5] GL(t) — gh(t) > —c n—1/5) >1—e¢ (6.20)

for n large enough. If we divide [0, n~1/ °] into seven equally sized subintervals,

then there are only two cases.

Case 1. We can find a jump point in each of the subintervals [n~'/5 /7, 2n=1/5 /7],
[3n=1/5/7,4n=1/5/7] and [5n~/%/7,6n='/5/7]. Let 71, 7o and 73 denote these
points, and 79 = 0. Using the notation of Lemma 6.2, our assumption implies
that the event

T =To0,1/72/71 NV I3/7,4/75/7,6)7

occurs. We consider the points £&_o and £_1 such that

|9n(€~2) = go(€-2)| = inf [gn(t) = go(t)]
€[70,71]

and. [Gu(€1) ~go(61)| = it [3n(®) ~ ao(0).

By convexity of §,, we can write for all t € [r~,n~1/%] (note that t > £_1 > £_5)

gn(gfl) - gn(ng)

A\

n(t)

§1—&2
_ gnl€-1) —90(6-1) — (Gn(€-2) — g0(§-2)) n go(§-1) — g0(€-2)
§1—-&2 §1—&2
using convexity of gg. This implies that
infyeir, 1 10 (t) — go(t)| + infierr, 11 Gn(t) — go(t -
0 — a0y > e 500) — 90O+ e ) 190(0) 90D s

n=1/5/7
Hence, for ¢ > 0 large enough, we have
P(Vt el n M5 §(t) — gh(t) = —c n_1/5,T>
> P( it [gn(0) ~ go(t)] +inf13a(t) — go(6)] < S 070, T)

te€[0,71] LE[T2,75] 7

> P(T) — ¢, (6.21)
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by arguments that are very similar to those used in proving Lemma 6.2.

Case 2. One of the subintervals contains no jump point. If only one interval
contains no jump points, for example the subinterval [5n~/% /7, 6n~1/%/7], then
we denote by 71 and 7 the last jump point before 5n /5 /7 and the first jump
point after 6n~1/> /7 respectively. Otherwise, if two or more intervals contain
no jump points, then 71 and 7o will be the last and first jump points occurring
before and after the end points of the smallest interval (e.g. 71 and 75 will be
taken as the last and first jump points located before n='/5/7 and after 2n=1/5 /7
if there is no jump point in [n=1/5/7,2n=1/5/7] nor in [5n=1/°/7,6n=1/>/7)).

Let 7 = 37 /4 +12/4. Then, for all s € (71,7, Z1(s) > (172 — 71)?/24 (see the
expression of Z;(s) given in (3.10)). Thus, the inequality in (3.12) implies that
for all s € (71, 7] we can write

= , 24
Gn(8) = go(s) = NCETOE

/ P1,s(t)d(Gp(t) — Go(t))‘ + Op(m2 —11). (6.22)
On the other hand, applying Lemma 6.1, with
z—1 t—x

]:gc,r = {fr,y(t) 1[90,8] (t) + y—s

and k = 0, implies that we can find ¢ > 0 such that

/T2 p1,s(0)d(Gn(t) — Go(t))’ < op((r2 —11)%) + e ¥, TC)

1
T s—=x Lisy) (t) + 51[1‘,34] (t),x<y<z+ r}

P (Vs € [, 7]

> P(T¢) — ¢

for n large enough. Using now the stochastic upper bound 7 — 7 = Op(n_l/ %)
in (6.19), and noting that 7 — 7 > n~/%/7, it follows from the inequality in
(6.22) that we can find ¢ > 0 such that

P (Vs € [m,7] g,(s) —go(s) > = n_1/5,TC) > P(T° —¢ (6.23)

for n > 0 large enough.
To finish off, we only need to show that (6.23) is true for V s € [r—,n~/%].
We recall again that 7~ is the last jump point occurring before 5n~1/% /7.
If 7~ > 7, then by monotonicity of g/, we have g/, (s) > g, (7) for all s €
[7=,n~1/%], and this implies that
an(s) = go(s) > G,(7) —go(F) = Bun™'%, Vselr,n 1/

> 5B, s
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If 7~ < 7, then

Gl (s) — gh(s) > — n~1/5, Vs € [r, min(7,n" %) C [r, 7]
Gh(8) — gh(s) > = n~ > = B, n=Y% Vs & (min(F,n"1/5),n"1/5).

Thus, we conclude that there exists ¢ > 0
P (v telr,n Y5 ght) —gh(t) > —cn V5, TC> > P(T¢) —c.  (6.24)
Now, combining (6.21) and (6.24) yields (at the cost maybe of increasing ¢ > 0)
P (v telr,n Y5 ght) — gh(t) > —c n—1/5) >1- 2

for n sufficiently large.

Remark. The class

x—t t—x

S_:Cl[x,s]<t)+ y—s

1
For = { o) = Lot + 5ley (0.0 Sy < +r)

is a VC-class because the class of sets of between graphs
D= {(t, €):0<e< foy(t)or fry(t) <c< 0}

is a VC-class (VAN DER VAART AND WELLNER (1996), Section 2.6, problem 11).
The latter is true since D = Dy N Dy, where

Dy = {(t,c) 10 < e < fay()g(t) or fay()lpg(t) <c< 0}
and
Dz = {(t,c) : 0 S & S fw,y(t)l(syy](t) or fx,y(t)l(&y](t) S C S 0},

which are VC-classes. This follows from the fact that ¢ — fu,(t)1; () and
t = fry(t)1(sy(t) are polynomials of degree at most 1. Hence, D is a VC-class

by VAN DER VAART AND WELLNER (1996), Lemma 2.6.17 (iii).

B. Uniform tightness of n'/>(j, — gy) from above: We show now that there
exists ¢ > 0 such that

P(Vt el n M5 §(t) — gh(t) < ¢ n*l/f’) >1—¢ (6.25)
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for n large enough.

The proof relies mainly on the result of Lemma 6.3. Indeed, we can find
K > 0 such that the jump points 7'1+ occurring after n=1/5, 7'5L after 7'1+ +n /5,
T; after 7_2+ +n~Y5 and Tj after T;r + n~1/5 are all bounded by Kn~1/% with

probability greater than 1 — e. Using Lemma 6.2, we can find ¢ > 0 such that
P (1a(1) = 90(60)| < /%, g (€2) = go(&)| < n ) > 1

where |gn(&1) — go(&1)] = infyepr+ 51 1Gn(t) — go(t)] and [gn(&2) — g0(&2)| =

2
infyc+ +1|gn(t) — go(t)]. Now, by convexity, we can write for all ¢ € [T, n~1/9]

n(€2) = gn(&1)

) < S—&
_ 9n(&2) — 90(&2) — (Gn(&1) — 90(&1)) n go(&2) — g90(&1)
N &2 — 6:1 & —&1
< gn(&2) — 90(52)n—1(/95n(€1) —g0(61)) + (&),
— )+ gn(&2) — go(ﬁz)n_l(gn(fl) —90(&1)) 1 [oh(E) — gh(®)]

and therefore with probability greater than 1 — ¢
Gt —gh(t) <2dn Y+ BuKn VP =en™V? vie[r—,n 7
with ¢ = 2¢/ + B, K.

C. Uniform tightness of n?/5(j, — go) from above: We show now that there
exists ¢ > 0 such that

P(vt €m0 Ga(t) — golt) < cn*2/5) >1-—¢ (6.26)

for n large enough.

Case 1. By convexity, we can write for all ¢ € [r~,n~/7]

gn(fl) - gn(f—l)
§1—&1

Above, we used the same notation as before in A. Case 1 and in B: [g,(£-1) —

gn(t) < gn(6-1) + (t—¢&-1)

go(§-1)| = infye(r, 1) |Gn (t)—go(t)|, where 71 and 75 are jump points in [n_1/5/7, 2n_1/5/7]
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and [3n1/5 /7, 4n=1/5 /7] respectively, and [gn(1) — go(€1)] = infye(rr 11 1Gn(t) —

~1/5

go(t)| where ;" is the first jump point after n=1/5, and 7 is the first jump point

after 7" +n~1/5. Hence, for all t € [r~,n~ /], we have

gn (t) — 90 (t)

< lan(E-1) — go(E)] + [9n(€1) = 90(€1)] = [9n(€-1) — go(€-1)]

§1—&1

(t—¢&-1)

+ go(€-1) — go(t) +

But note that

g0(&1) — go(§-1) <
S

and hence

gn(t) - gO(t)
< [gn(€-1) — go(§-1)] +

+ [90(&1) — gp(&-1)] (= €-1)
s infi;, 7,1 [Gn(t) — go(t)| +inf + _+1[gn(t) —go(t)] _

+KB, n=2/5

[9n(€1) — 90(€1)] — [Gn(§=1) — go(€-1)]

§&1—& (t=¢6-1)

since 3 0 € [{-1,&] such that gy(&1) — g6(§-1) = (& — €-1)g5(0). Now, by using
Lemma 6.2, we can find ¢ > 0 such that

PV te[r ,n % gu(t) —go(t) < en™2/°,T) > P(T) — ¢ (6.27)
for n sufficiently large.

Case 2. As before, consider the case where one of the subintervals does not
contain any jump point, and let 7 and 7o be the last and first jump points
occurring before and after the end points of the smallest subinterval. Using
the inequality in (3.13), Lemma 6.1 and Lemma 6.3 combined with fact that
T — 711 >n"/%/7 (exactly as in A. Case 2), we can find ¢ > 0 such that

PVt e [r7,n %] Gul(t) — go(t) < en™2/°,T°) > P(T) —e. (6.28)
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Now, combining (6.27) and (6.28) gives the result.

D. Uniform tightness of n%°(§, — go) from below: We show finally that
there exists ¢ > 0 such that

P(Vt €l Y5 Gult) — golt) > —cn—2/5) >1—¢ (6.29)

for n large enough. With &; as above in C. Case 1; i.e., £ is the minimizer of

|Gn — go| in [r]",757], where 7, is the first jump after n='/®> and 7, is the first

5

jump after T1+ +n~1/5. we have by convexity

gn(t) > gn(fl) + g;(gl)(t - 51)
= g0(&1) + 90(&)(t = &) + [3a (&) — 90(61)] + [ (&) — 90(&1)] (t = &)

1
> go(t)—§(t—§1)2g6'(9t)—c’n_2/5—c’n_1/5n_1/5, 0, € [t,&1] (6.30)

1 1
> go(t) — §BUK2n_2/5 — 2025 = go(t) — <2BuK2 + 20’) n=2/%
with probability greater than 1—e. It suffices to take ¢ = 1 B, K?+2¢. In (6.30),

we used the fact that & is bounded with increasing probability by Mn=1/5 for

some M > 0 large enough (this follows from Lemma 6.3), and the uniform n'/>—

tightness of g/, established above. O

6.2 Proof of Theorem 4.1

For t > 0, we define the local processes Y/¢ and HY as
l 4/5 m
W) = ot

tn—1/5
_ n4/5/
0

tn
ﬁ}lloc(t) — 7,L4/5/
0

and their rescaled counterparts

1/5

<Gn(u) - /O ’ [go(O) +96(0)s] ds> du

([0~ Gotw] + [ [anls) = 90(0) ~ 650)s] s )

—~1/5

/Ou [gn(s) —g0(0) — g6(0)s} dsdu,

YL () = kiYY(kot), HL(t) = kyHYC(kot)
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where k2 is defined in (4.16) and

: ! s 4o a\E
" 1B00(0) K (0) (247265 0) (g6 (0))°) "

The scaling considered above is necessary to obtain limiting distributions that
are independent of the unknown values ¢o(0) and g((0), and is obtained by using
the well-known scaling property of Brownian motion W.

Now, from the definition of Y (¢) and H it follows that

(i) (HL)®) is convex on (0, 00)
(i) L () > Y4 (2), £ 0

(iit) H(t) = Y4 (¢) if (H.)® changes slope at the point ¢, or in view of (ii)
| - vienac) O ) <o
Indeed, we have
() 2(t) = k3 (G (katn™/%) = go(0) — g(0)katn ™)

which is convex since it is proportional to the sum of the convex function,

§n(/€2tn_1/5), and a straight line. On the other hand, we can write
Hy,(t) = Yo () = kan/ (f{n(k‘gtn_l/B) - Yn(kzm—lﬁ))

which, combined with the characterization in (2.6), implies (ii) and (iii).

If we can manage to show that Y! and .FNIfl converge weakly to Y, and
Hy;p, then the continuous mapping argument of GROENEBOOM, JONGBLOED, AND
WELLNER (2001B) and almost surely uniqueness of the invelope Hy can be used
to conclude that Hj, has to be necessarily equal a.s. to Hy. The continuous
mapping is a formal a way to show that the conditions (i), (ii) and (iii) satisfied
by ﬁ,ll and Y. carry over to the limit. Fix two constants 0 < M; < M. Then
the vector (Yﬁl,(Y%)(l),ﬁfl, (HL)D, (HLH), (ﬁ%)(3)> is tight in S[Mi, M| =
C[My, Ms] x D[My, M) x C3[My, M) x D[My, Ms], where Cla, b] and Dla, b] de-
note the space of continuous functions on [a, b] and that of right-continuous func-

tions on [a, b] with left limits, equipped with the uniform and Skorohod topologies
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respectively. Indeed, tightness of (Y4, (Y!)(M) follows from weak convergence of
(Yloe (YleeY(D)) in the space C[0, My] x D[O M), t

(m/gtW(s)ng . V90w (@) tg)

The Brownian motion part follows from very standard arguments, e.g. using
the Hungarian Embedding of KomLOs, MAJOR AND TUSNADY (1975) and the well
known representation of a Brownian Bridge U(¢) = W (t) — tW (1), whereas the

drift comes from writing

tn
4/5/
—-1/5
nt/? ( L oroy + 0(u3)>du - g"(O)ﬁ (6.31)
0 319 0841 '

as m — oo. To show tightness of (H)Y) or equivalently tightness of (H"¢)U) for

—~1/5

/ go(s (0) — s94(0))dsdu

Jj =0,1,2,3, consider again 7~ to be the last jump point of g, before Min=1/5.

We can write
1/

Hlo(t) = 4/5/m / 0)—g ()}dsdu
- #“A A %@wwwn—%@ﬂwm

et [ ) - 0(0) g0y s
_ fITZLOC(nl/gT—) 4 121/5(2571_1/5 _ T—)(f[TZLOC)/(n1/5T—)
+#ﬁf”w/w%@%®%mﬂww
o) (e — ) (HY (0155
+ n/5 / e / 9n(s) = 90(0) — gh(0)s] dsdu.

Above, we used the fact that (HY¢) (n'/°77) = (Y)Y (n!/>7=). This equality,
which is equivalent to Gy, (77) = G, (7~) where G,, = H! and G,, = Y’,, follows
from (2.7) since 7~ is a jump point of g,.

Now, by Proposition 6.1, we can find ¢ > 0 such that for all t € [M;, Ms],

the event

tn—1/5
[gn(s) —g0(0) — gé(O)s] dsdu| < ¢ (My — My)*> n"sn"s =cn~
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occurs with probability greater than 1 — e. By tightness of Yl,fc(nl/ 577) and
(YleeY (n1/57=) and the fact that 0 < n'/5(tn~'/®> — 77) < My, we conclude that
H'¢ and hence H! is tight in C[Mi, My]. Also, we have

tn71/5

(ﬁfwoc)/(t) _ (Yffc)/(nl/E)T_) + n3/5/

T

[Gn() = 90(0) — g(0)u du

which can be shown to be tight using similar arguments. Finally, tightness of
(HL)"” and (H.)®) in C[My, M) and D[Mjy, My] respectively follows directly
from the same proposition, and using for (FI,IL)(:)’) the fact that the subset of
DI[Mj, Ms] consisting of nondecreasing functions absolutely bounded by some
M < oo is compact in the Skorohod topology. We can then extracted subse-
quence (Yiw (YW a7, (HL)WD (HL)®), (ﬁfl,)(?’)) which converges weakly to

(Vo Y, Hig, HEL, HED HG) ) in S[My, Mo, and this is for all 0 < My < M.
Hence, Hiym =q.s. Hy, which is also the common limit of any extracted sub-
sequence of (Y%,(Y%)(l),ﬁé,(ﬁé)(l),(f[,ll)@),(f[k)(g’)). Then, it follows that
()

(HL)) converges weakly to HY, and we have

() D(t) = kik§ n? (Gu(n™F kat) = g0(0) — n ™ katg) (0))
1 2/, _1 1 1 _» _2
o 0) ns (gn(n 5 kot) — go(n™5 k‘zt)+§n Sk‘%thg(O)—i-op(n ))

—d H(+2) (t)7

() D(1) = ik n? (5, (nF kat) = 66(0))
1 1 ~/ _1 / _1 _1 " _1
= —_— 5 5 k t — 5 k t 5 k t 0 5
™ (7 Fat) — g k) 07 Rt (0) + op(n” 7))

—q H_(E) (t)

For o € (1/5,1/3), the arguments can be constructed very similarly. A detailed
proof can be found in BaraBpaour (2007). In Proposition 6.1, 7= should be
taken now as the last jump point before Min=, Mon=/% should be replaced
by Mon~%. In Lemma 6.1, if the same conditions hold true, then the power of
(y—x) should be replaced by (1+(2k+1)a)/2a and n~G+F)/5 by p=(1+@k+1)a)/2,
Also, n(1+30)/2 and n=@ are respectively the right rate and size of the shrinking

neighborhood around 0 to be considered in the definition of the localized processes
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Yloe and ﬁk’c. The scaled localized processes are given by k3Y!°¢ and kglflffc,
with k3 = g, 1/2 (0). Finally, we would like to note that the absence of the drift
in the limiting process Y follows from a similar calculation as in (6.31), where

—da 0 asn — oo.

in this case we have n(1T32)/2 . p

For 0 < a < 1/5, we are in the situation where the jump points are clustering
around n~%. Indeed, for any jump points 7~ and 7 in the neighborhood of 0, we
know that 7+ —77 = O,(n~1/%) (6.19), and we have in this case n=/> = o(n™®).

«

Hence, n™% is playing a very similar role to that of ¢y > 0 in the problem of

estimating a convex density at an interior point. Thus, the asymptotics in this

«

case can heuristically deduced by replacing tg in (1.2) by n~%, and the constants

co(to) and c1(to) by co(0) = limy, o0 co(n™%) and ¢1(0) = limy, oo c1(n™%). O
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