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FAST TRANSPORT OPTIMIZATION ON THE CIRCLE

JULIE DELON, JULIEN SALOMON, AND ANDREI SOBOLEVSKII

ABSTRACT. Consider the problem of optimally matching two measures on
the circle, or equivalently two periodic measures on R, and suppose the cost
c(z,y) of matching two points z, y satisfies the Monge condition: ¢(z1,y1) +
c(z2,y2) < c(z1,y2) + c(z2,y1) whenever z1 < z2 and y1 < y2. We intro-
duce a notion of locally optimal transport plan, motivated by the weak KAM
(Aubry—Mather) theory, and show that all locally optimal transport plans are
conjugate to shifts.

This theory is applied to a transportation problem arising in image pro-
cessing: for two sets of point masses, both of which have the same total mass,
find an optimal transport plan with respect to a given cost function c¢ that
satisfies the Monge condition. For the case of N real-valued point masses we
present an O(N loge) algorithm that approximates the optimal cost within e;
when all masses are integer multiples of 1/M, the algorithm gives an exact
solution in O(N log M) operations.

1. INTRODUCTION

This work is motivated by a transport optimization problem arising in image
processing [@] A grayscale photograph may be characterized locally by the distri-
bution of directions of brightness gradient. If two angular distributions of gradient
for two different photographs match particularly well, this may indicate that the
photographs feature the same object, even if it is slightly distorted or appears under
different light conditions.

An effective measure of the quality of matching is provided by an optimal value of
the transport cost. For two probability measures fig, fi1 on the unit circle T =R/Z
and a given cost ¢(Z,¢) of transporting a unit mass from Z to g in T, it is defined
as the inf of the quantity

1) i) = / / i) 7(de x 4.

over the set of all couplings « of the probability measures [ig, fi1 (i.e., all measures
on T x T with marginals fig, fi1). These couplings are usually called transport plans.

Transport optimization on the circle appears in a number of applications and
has long been studied from theoretic as well as algorithmic points of view (see, e.g.,
, E, , H]) In this paper we propose an efficient algorithm for minimizing (EI)
when the marginal measures are discrete, which is based on an analogy with the
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weak KAM (Aubry-Mather) theory. The rest of this introduction contains an
informal overview of our results; their relations to previous work are discussed in
more detail in Section E

Suppose that the cost function é(-,-) on T x T is determined via the relation
é(2,9) = inf ¢(z,y) by a function c(-,-) on R x R satisfying the condition c(z +
Ly+1) = c(z,y) for all z, y; here inf is taken over all x, y whose projections to
the unit circle coincide with z, §. We lift the measures fip and i1 to R, obtaining
periodic locally finite measures g, 11, and redefine v to be their coupling on R x R.
It is then convenient to replace the problem of minimizing the integral (m) with
“minimization” of an integral

(2) I(y) = / / clany)7(de x dy)

Although the latter integral is infinite, it still makes sense to look for transport
plans v minimizing I with respect to local modifications, i.e., to require that for
any compactly supported signed measure ¢ of zero mass and finite total variation,
the difference I(y+ d) — I(vy), which is defined by a finite integral, be nonnegative.
These locally optimal transport plans are the main object of this paper.

Assume that the cost function c¢(x, y) satisfies the Monge condition:

(3) c(w1,y1) + c(w2,y2) < c(x1,y2) + c(z2, Y1)

for all 2; < x5 and y; < y2. An example of such a cost function is |z — y|*,
where A > 1; in this case the quantity MKy (fi, 1) = (inf., I(y))"/* turns out
to be a metric on the set of measures on the circle, referred to as the Monge—
Kantorovich distance of order A\. The particular case A = 1 is sometimes called
the Kantorovich—Rubinshtein metric or, in image processing literature, the Earth
Mover’s distance [14].

The Monge condition () implies that whenever a transport plan reverses the
mutual order of any two elements of mass, the transport cost can be strictly reduced
by exchanging their destinations. It follows that a locally minimal transport plan
must move elements of mass monotonically, preserving their spatial order.

The whole set of locally optimal transport plans for a given pair of marginals
o, p1 can be conveniently described using the following construction (fig. 1). Let
Fy, F1 be cumulative distribution functions of the measures g, ©; normalized so
that Fy(0) = F1(0) = 0. We shall regard graphs of Fy, F} as continuous curves
including, where necessary, the vertical segments corresponding to jumps of these
functions (or, equivalently, to atoms of ug, p1). Each of these curves specifies a
correspondence, F(j1 or Ffl, between points of the vertical axis Ov, represent-
ing elements of mass, and points of the horizontal axis Ou, representing spatial
locations, and induces the relative measure (g or p1) on the Ou axis. This corre-
spondence is monotone and defined everywhere except on an (at most countable)
set of v values that correspond to vacua of the measure in the Ou axis.

Define now Ff(u) = Fy(u) — 6. Then (F{)~! represents a shift of the Ov axis
by 6 followed by an application of the correspondence Ffl, and still induces on the
Ou axis the same measure pp as Fy. A transport plan vy that takes an element of
mass represented by v from Fo_l(v) to (F¥)~1(v) is, by construction, a monotone
coupling of pg and pp, and thus a locally optimal transport plan. Moreover, it is
shown in Section E that all locally optimal transport plans can be obtained using
this construction for different values of the parameter 6.
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FiGURE 1. Construction of the locally optimal transport plan ~g.

Finally define the average cost Cig, r,1(0) of the plan 7, per unit period:

Ciry ) (60) = / e(Fy (), (F9) ™} (v) do.

It is shown in Section @ that the Monge condition implies convexity of Cg, r(6)
and that its global minimum in # coincides with the minimum value of the transport
cost on the unit circle ([l).

When the marginals pg, @1 are purely atomic with finite numbers ng and n,
of atoms in each period, the function C' becomes piecewise affine. In Section E
we present an algorithm to approximate its minimum value to accuracy €, using
a binary search that takes O((ng + m1)log(1/€)) operations in the real number
computing model. When masses of all atoms are rational numbers with the least
common denominator M, this approximate solution turns out to be exact provided
that € < 1/M. This gives an O((ng + n1)log M) exact transport optimization
algorithm on the circle.

2. PRELIMINARIES

Let T = R/Z be the unit circle, i.e., the segment [0, 1] with identified endpoints.
By m: R — T denote the projection that takes points of the universal cover R to
points of T.

2.1. The cost function. A cost function is a real-valued function c(,-) defined
on the universal cover R of the circle T. We assume that it satisfies the Monge
condition: for any x1 < xs and y; < ya,

(4) c(z1,y1) + c(@2,y2) — c(w1,y2) — c(w2,91) <0.

Additionally c is assumed to be lower semicontinuous, to be invariant with respect
to integer shifts, i.e.,

(5) clr+1,y+1) =c(z,y)
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for all z, y, and to grow uniformly as |z — y| — oo: for any P there exists a
finite R(P) > 0 such that

(6) c(z,y) > P whenever |x — y| > R(P).

Note that the latter condition implies that the lower semicontinuous function c is
bounded from below (and guarantees that the minima in a number of formulas
below are attained).

Note that the Monge condition (E) holds for any twice continuously differentiable
function ¢ such that 02c(x,y)/0zdy < 0. If the cost function depends only on
x — 1y, this reduces to a convexity condition: —9?c(x—y)/0zdy = ' (z—y) > 0. In
particular, all the above conditions are satisfied for the function c(z,y) = |z — y|*,
which appears in the definition of the Monge-Kantorovich distance (m), and, more
generally, for any function of the form c¢(z — y) + f(x) 4+ g(y) with convex ¢ and
periodic f and g.

For a cost function c satisfying all the above conditions, the cost of transporting
a unit mass from & to g on the circle is defined as é(z, ) = inf ¢(z, y), where Z, §
are points of T and inf is taken over all , y in R such that 7o = & and 7y = 9.
Using the integer shift invariance, this definition can be written on the universal
cover as é(x,y) = infiez c(z,y + k).

Condition (E) is all that is needed in Section E, which is concerned with gen-
eral locally optimal transport plans on R. Conditions (ﬂ), (E) come into play in
Section E, which deals with transport optimization on the circle.

2.2. Distribution functions. For a given locally finite measure y on R define its
distribution function F), by

(1)  F,0)=0, F,(x)=pu(0,z])foraxz>0, F,(x)=—p((z,0])forz<0.

Then p((z1,x2]) = Fu(x2) — Fj(x1) whenever z1 < 2, and this identity also holds
for any function that differs from F), by an additive constant (the normalization
F,(0) = 0 is arbitrary). When p is periodic with unit mass in each period, the
equality

(8) Fuz+1)=F,(z)+1

holds for all x in R.
The inverse of a distribution function F), is defined by

(9) F M y) = inf{z: y < Fu(2)} = sup{z: y > F,(x)}.

Definitions ([]) and () mean that F,, F, ! are right-continuous. Discontinuities of
F,, correspond to atoms of ;1 and discontinuities of its inverse, to “vacua” of p, i.e.,
to intervals of zero y measure.

For a distribution function F), define its complete graph to be the continuous
curve formed by the union of the graph of F), and the vertical segments correspond-
ing to jumps of F},. Accordingly, by a slight abuse of notation let F,({z}) denote the
set [, (x—0), F,(x)] (warning: F,({z}) 2 {Fy.(z)}) andlet F,(A) = U,ca Fu({z})
for any set A.

2.3. Local properties of transport plans. Let g, i1 be two finite positive
measures of unit total mass on T and g, p1 their liftings to the universal cover R,
i.e., periodic measures such that u;(A4) = ;(7A), i = 0, 1, for any Borel set A that



FAST TRANSPORT OPTIMIZATION ON THE CIRCLE 5

fits inside one period. Periodicity of measures here means that pu(A +n) = p(A4)
for any integer n and any Borel A, where A+n = {x +n: z € A}.

Definition 1. A (locally finite)f] transport plan with marginals po and py is a
locally finite measure v on R X R such that

(i) for any x in R the supports of measures y((—oo, z] X -) and y(- x (—o0, x]) are

bounded from above and the supports of measures y((z,00) x -), (- x (x,00))

are bounded from below;
(i) v(A X R) = puo(A) and v(R x B) = p1(B) for any Borel sets A, B.

The quantity v(A x B) is the amount of mass transferred from A to B under the
transport plan «. Condition (ﬂ) implies that the mass supported on any bounded
interval gets redistributed over a bounded set (indeed, a bounded interval is the
intersection of two half-lines), but is somewhat stronger.

Definition 2. A local modification of the locally finite transport plan =y is a trans-
port plan v such that v and v have the same marginals and ~' — ~y is a compactly
supported finite signed measure. A local modification is called cost-reducing if

// c(z,y) (7v'(dz x dy) — y(dz x dy)) < 0.

A locally finite transport plan 7 is said to be locally optimal with respect to the cost
function ¢ or c-locally optimal if it has no cost-reducing local modifications.

3. CONJUGATE TRANSPORT PLANS AND SHIFTS

Let Uy, Uy be two copies of R respectively equipped with positive periodic mea-
sures g, (1 whose distribution functions Fy, Fj satisfy (), so that all intervals
of unit length have unit mass. Let furthermore Vg, Vi be two other copies of R
equipped with the uniform (Lebesgue) measure.

3.1. Normal plans and conjugation. We introduce the following terminology:
Definition 3. A locally finite transport plan v on Vi x Vi with uniform marginals
is called normal.

Definition 4. For a normal transport plan v its conjugate transport plan v[Fo-F1]
is a transport plan on Uy x Uy such that for any Borel sets A, B

(10) vliFoFil( A % B) = v(Fy(A) x Fi(B)).

Lemma 5. For a normal transport plan v its conjugate v!Fo-F1]
transport plan on Uy x Uy with marginals po, p1.

is a locally finite

Proof. Since distribution functions Fp, F; and their inverses preserve boundedness,
condition (f) of Definition [] is fulfilled. Definition [{, condition (fj) of Definition [Il
and formula (7)) together imply that

VIO () ug] x Uy) = v(Fy((u1, ug]) x FL(U1)) = v([Fo(ur), Fo(uz)] x Vi)
= Fo(uz) — Fo(u1) = po((u1,uz]).

Similarly v F1(Uy x (uq, u2]) = p1((u1, u2]). Thus vIFo-F1l satisfies condition (f)
of Definition |Z_-l| on intervals and therefore on all Borel sets. O

1n what follows the words ‘locally finite’ defining a transport plan will often be dropped.
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Lemma 6. For any transport plan v on Uy x Uy with marginals po and p1 there
exists a normal transport plan v such that v is conjugate to v: v = p[Fo-Fl,

Proof. For non-atomic measures po and p; the required transport plan is given by
the formula v(A x B) = y(F; '(A) x F;'(B)), which is dual to ([I0). However if,
e.g., io has an atom, then the function FO_1 is constant over a certain interval and
maps any subset A of this interval into one point of fized positive measure in Uy,
so information on the true Lebesgue measure of A is lost. In this case extra care
has to be taken.

Recall that a locally finite measure has at most a countable set of atoms. Let
atoms of pg be located in (0, 1] at points uy, usg, ... with respective masses mq, ma,
... . Since y({u;} x Ur) = po({u;}) = m; > 0, there exists a conditional probability
measure p(- | u;) = y({u;} x-)/m;. For aset A C (0,1] define a “residue” transport
plan

'7(14 X B) = '7(14 X B) - Zl My Oy, (A) p(B | ui)v
where 0,, is the Dirac unit mass measure on Uy concentrated at u, and extend ¥ to
general A using periodicity. We thus remove from 7 the part of v whose projection
to the first factor is atomic. Define a transport plan x on Vy x Uy by

K(C x B) = 32, MO N Fo({ui}) p(B | wi) +3(Fy ' (C) x B),

where C'is a Borel set in Vj and A(-) denotes the Lebesgue measure in Vp. Clearly
k(Fo(A) x B) = v(A x B). Repeating this construction for the second factor,
with x in place of v, we get a normal transport plan v such that v(A x B) =
v(Fy(A) x F1(B)). O

Since we are ultimately interested in transport optimization with marginals
1o, (41 rather than with uniform marginals, two normal transport plans v, v will be
called equivalent if they have the same conjugate. Two different normal transport
plans can only be equivalent if one or both measures g or p; have atoms, causing
loss of information on the structure of v in segments corresponding to these atoms.
The proof of Lemmaﬂ gives a specific representative of this equivalence class of
normal plans.

3.2. Locally optimal normal transport plans are shifts. Fix a cost function
c¢: Up x Uy — R that satisfies the Monge condition (f]) and define

(11) C[F07F1](vovvl) = C(Fo_l(v())a Fl_l(vl))'

For non-atomic measures pug, p1, it satisfies the Monge condition

C[Fy,F1] (v/a w/) + C[F0>F1](’U”a w”) — C[Fy,Fy] (v/a w”) = C[Fy,Fy] (v/lv ’LU/) <0

whenever v/ < v and w’ < w”; this inequality can only turn into equality if
either v',v” or w’,w” correspond to an atom of the respective marginal (ug or p1)
of vlFo-Fl e if C[Fy,F,] 18 constant in either first or second argument. In spite
of this slight violation of definition of Section @, we will still call ¢(g, ] a cost
function.

Here and below, variables u, v/, ug, u1, ... are assumed to take values in Uy
or Uy and variables v, v/, vg, v1, ..., w, w’, ..., in Vj or V4.

Lemma 7. A transport plan v on Uy x Uy with marginals po, p1 is c-locally optimal
if and only if it is conjugate to a (g, r,)-locally optimal normal transport plan v. In
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particular, all normal transport plans with the same locally optimal conjugate are
locally optimal.

Proof. Note that v/ — v is compactly supported if and only if the difference of the
respective conjugates 7' — v is compactly supported. The rest of the proof follows
from the identity

] et mon, ) 7t ) s )
= // C(Ul, U2) ('7/((1’(1,1 X du2) — ’7(du1 X duQ))

established by the change of variables v; = Fy(u1), v2 = Fi(uz) (here jumps of
the distribution functions are harmless because c(p, ] is constant over respective
ranges of its variables). (]

Transport optimization with marginals pg, g1 is thus reduced to a conjugate
problem involving uniform marginals and the cost ¢p, p,). It turns out that any
C[Fy, Fy)-OPtimal normal transport plan must be supported on a graph of a monotone
function, and due to uniformity of marginals this function can only be a shift by a
suitable real increment 6. More precisely, the following holds:

Theorem 8. Let ug, p1 be two periodic positive measures defined respectively
on Uy, Uy with unit mass in each period and let F;: U; — V;, 1 = 0,1, be their distri-
bution functions. Then any c(g,, r,)-locally optimal normal transport plan on Vo x Vi
is equivalent to a normal transport plan vy with suppry = {(v,w): w = v+ 0}, and
conversely vy is c(r,, r,)-locally optimal for any real . All c-locally optimal transport
plans on Uy x Uy with marginals g, p1 are of the form ~g = (v)Fo-F1l,

The proof, divided into a series of lemmas, is based on the classical argument: a
nonoptimal transport plan can be modified by “swapping” pieces of mass to render
its support monotone while decreasing its cost. This argument, carried out for
plans with uniform marginals on V{ x Vi, is combined with the observation that
a monotonicaly supported plan with uniform marginals can only be a shift. Then
Lemmaﬁ is used to extend this result to transport plans on Uy x Uj.

Throughout the proof fix a normal transport plan v and define on V) x V the
functions

(12) ru(v,w) = v((—o00,v] X (w,00)), 1, (v,w)=rv((v,00) X (—o0,w]).

To explain the notation r,, I, observe that, e.g., r,(v,w) is the amount of mass
that is located initially to the left of v and goes to the right of w.

Lemma 9. The function r, (resp. l,) is continuous and monotonically increasing
in its first (second) argument and is continuous and monotonically decreasing in its
second (first) argument, while the other argument is kept fized.

Proof. Monotonicity is obvious from ([[2). To prove continuity observe that the
second marginal of v is uniform, which together with positivity of all involved
measures implies that in the decomposition

V(Vo x ) = v((=00,v] x ) + ((v,00) x -),
both measures in the right-hand side cannot have atoms. This implies continuity

of r,, I, with respect to the second argument. A similar proof holds for the first
argument. O



8 J. DELON, J. SALOMON, AND A. SOBOLEVSKII

Lemma 10. For any v there exist wy,(v) and m,(v) > 0 such that
(13) Ty (v wy (v) = 1y (v, wy (v) = My (v).
The correspondence v — w, (v) is monotone: wy,(v1) < wy,(ve) for vi < va.

Proof. Clearly 7, (v, —o0) = 00, r,(v,00) = 0, I,(v, —00) = 0, I, (v,00) = co. The
continuity of the functions 7, (v, ), I, (v, -) in the second argument for a fixed v im-
plies that their graphs intersect at some point (w, (v),m, (v)), which satisfies ([L3).
Should the equality 7, (v, w) = I, (v, w) hold on a segment [w’,w”], we set w,(v)
to its left endpoint w’; this situation, however, will be ruled out by the corol-
lary to Lemma @ below. Monotonicity of w,(v) follows from monotonicity of
ru (-, w), I,(-,w) in the first argument for a fixed w: indeed, for v > vy the equal-
ity r,(ve,w) = 1, (ve,w) is impossible for w < w,(v1) because for such w we have
ry(v2, w) > 1y (v, wy (V) = 1y (v1, wy (V) > 1, (v, w). O

Equalities (L) mean that the same amount of mass m,, (v) goes under the plan v
from the left of v to the right of w, (v) and from the right of v to the left of w, (v).
We are now in position to use the Monge condition and show that this amount can
be reduced to zero by modifying the transport plan locally without a cost increase.

Lemma 11. For any v there ezists a local modification v, of v such that w,, (v) =
w, (v) (with w, defined as in Lemma[Ld), m,, (v) = 0, and v, is either cost-reducing
in the sense of Definition E or is equivalent to v.

Proof. Let w = w,(v) and m = m, (v). If m = 0, there is nothing to prove. Suppose
that m > 0 and define

w™ = sup{w': I, (v,w') = 0}, wh =inf{w’: r,(v,w") = 0},
v~ =sup{v’: r, (v, w) = 0}, vt =inf{v": I, (v',w) = 0}.

By local finiteness of the transport plan v all these quantities are finite. Since
m > 0, continuity of r,,, [, implies that w™ < w < w™ and v~ < v < v*. Consider
the measures
P = v x ) on 670), PO
o' ()
Equalities (B) mean that all these measures have the same positive total mass m.
Note that the Lebesgue measures of intervals (v, v), (v,v"), (w™,w), and (w,w™)
may be greater than m, because some mass in these intervals may come from or go
to elsewhere.

The functions 7., (-) = 7,(-,w), l,(-) = I, (v, -) are monotonically increasing and
ry() = r(v,9), lw(-) = 1,(-,w) are monotonically decreasing, with their inverses
roty I rot 1Y defined everywhere except on an at most countable set of points.
These functions may be regarded as a kind of distribution functions for the measures
p~, 07, 0T, pT respectively, mapping them to the Lebesgue measure on (0, m).

Under the plan v, mass m is sent from (v~,v) to (w,w™) and from (v,v") to
(w™,w). We now construct a local modification v, of the transport plan v that
moves mass m from the interval (v—,v) to (w™,w) and from (v,v") to (w,w™),
and show that it is cost-reducing unless measures (g, p1 have atoms corresponding
to the intervals under consideration.

v(-x (w™,w)) on (v,v"),
).

o () =v((v,v") x ) on (w™,w), v((v™,v) x-) on (w,w
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Observe first that the normal plan v induces two transport plans 7., 7; that map
measures p~ to o and pt to o~ correspondingly:

(A x B) = v(AN (—o0,v) x BN (w,+00)) = v(AN (v ,v) x BN (w,w")),
(A x B) =v(AN (v,+00) x BN (—o0,w)) =v(AN (v,v") x BN (w™,w)),
where A C (v™,v"), B C (w™,w") are two arbitrary Borel sets and the N oper-
ation takes precedence over x. By an argument similar to the proof of Lemma ﬁ,

there exist two transport plans x, and x; mapping the Lebesgue measure on (0, m)
respectively to o7, 0~ and such that

7.(A x B) = Xr(rw(Aﬂ (v7,v)) x BN (w,er)),
T(A X B) =y (lw(A N (v,vt)) x BN (wf,w)).

Define now two transport plans 7;, 7 that send mass elements to the same desti-
nations but from interchanged origins:

7r(Ax B) = X (lw(AN (v,01)) x BN (w,w™)),
TI(Ax B) = Xl(rw(Aﬂ (v7,v)) x BN (w™,w)).
This enables us to define
vy(Ax B)=v(Ax B)—1.(AXx B) —1(A X B) +7.(A x B) + 7;(A x B).

Since 7.(A X R) = 7.(A x R) = p~(A) etc., the transport plan v, has the same
uniform marginals as v, i.e., it is a local modification of v. Observe furthermore
that by the construction of v, no mass is moved under this plan from the left-hand
side of v to the right-hand side of w and inversely, i.e., that m,, (v) = 0.

It remains to show that v, is either a cost-reducing modification of v or equivalent
to it. By the disintegration lemma (see, e.g., [f]) we can write x,(da x dw’) =
da dG,(w' | @) and x;(daxdw’) = da dG(w' | @), where G..(- | &) (resp. Gi(- | «))
are distribution functions of probability measures defined on [w, w™] (resp. [w™, w])
for almost all 0 < a < m. Denote their respective inverses by G- (- | a), G; (- | @)
and observe that w™ < G, (B | @) <w < G Y(B" | @) < wt for any #, B”. Thus

// c(v’,w') 7 (dv' x dw’) // " xr(da x dw’)
/ da/ NdG,(w' | a)
~ [ aa / a8 c(ry ' (0), G (8 | ),

where we write ¢ instead of ¢g, p,) to lighten notation, and similarly

/ / (v ) m(dv' x du') = /Om da/ol A3 e(ly," (@), G (B | ),
(v, w') 7 (dv” x dw') = mda 1 dg c(l; (o), G 1B | @),

0 0
//c(v’,w') 7i(dv" x dw') = /Omda/o1 dB c(ryt (o), Gy (B | a)).
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The integral in Definition E now takes the form
// c(v',w') (vp(dv' x dw') — v(dv" x dw’))

= // c(@',w') (=7 (dv’ x dw’) — 7(dv x dw’)
+ 7 (dv’ x dw') + 7 (dv x dw'))

m 1
- / da / 45 (—c(rzt(a), GIL(B | ) — iz (0), Gy 1 (B | @)
0 0

+c(ly (@), G N B | @) + c(ry (a), GTHB | a))).

Asrgt(a) < v <igzl(a) and G (B | ) <w < Gy Y(B | ) for all a, 3, the Monge
condition (ff) implies that either the value of this integral is negative or the function
c (i.e., ¢[p,, /) is constant in at least one of its arguments. In the former case the
transport plan v, is a cost-reducing local modification of v; in the latter case v, is
equivalent to v. ([

Lemma 12. For any v’ <v” there exists a local modification vy ,» of v such that
Wy, (v) = wy, (v) for v <wv <V, My, 0 (W) = My, 0 (v") =0, and in the strip
v’ < v <" the support of vy v coincides with the complete graph of the monotone
function wy,(+).

Proof. Let {v;} be a dense countable subset of [v,v”] including its endpoints. Set
o = v and define v; recursively to be the local modification of v;_1 given by the
previous lemma and such that w,,(v;) = w,(v;) and m,,(v;) = 0. Then all y;
are either cost-reducing or equivalent to v and w,, (v;) = w,(v;), My, (v;) = 0 for
all j > ¢. Indeed, denote w; = w,,(v;) and observe that if e.g. v; > v;, then,
as my, (v;) = ry, (vi,w;) = 0, mass from (—oo,v;] does not appear to the right
of w; and so does not contribute to the balance of mass around w;. Therefore
for any j the possible modification of v;_; is local to the interval (v;/,v;~), where
vy = max{v;: i < j,v; < v} and vy = min{v;: i < j,v; > v;} (with max
and min of empty set defined, as usual, as —oo and oo). Thus there is a well-defined
limit normal transport plan v, that is either a cost-reducing local modification or
equivalent to v and is such that, by continuity of the functions r,_ and [, in the
first argument, m,,__ (v) vanishes everywhere on [v/,v"].

Consider now the function w,__ (-), which coincides with w, (-) on a dense subset
of [v/,v"], so that their complete graphs coincide. For any quadrant of the form
(—o00,v9) X (wp,00) such that wy > w,_ (vg), monotonicity of r,__ in the second
argument implies that

0 < voo((—00,v9) X (wo,00)) = 7y (vo, wo) < 1y (Vo, Wy (v0)) =0,

ie., Voo((—00,v9) X (wp,00)) = 0. Similarly v ((vg, 00) X (—00,wp)) = 0 for any
quadrant with wg < w,,_ (vg). The union of all such quadrants is the complement
of the complete graph of the function v — w, (v); this implies that v, is supported
thereon. (]

Corollary 13. For any normal transport plan v there exists a real number 8, such
that w,(v) = v+ 6,.

Proof. It is enough to show that w,(v') — v = w,(v") —v” for all v/, v". Let
v' < v" and vy, be the local modification constructed in the previous lemma.
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Since it has uniform marginals and monotone support, we have w, (v") — w, (v') =
Vyr o (U, 0") X (wy (v'), w, (v"))) = v — o', which completes the proof. O

We call the parameter 6, the rotation number of the normal transport plan v.

Definition 14. A normal transport plan consisting of a uniform measure supported
on the line {(v,w): w =v+ 0} is called a shift and denoted by vy.

Lemma 15. For any 0 the shift vg is c[p,, r-locally optimal.

Proof. Let v be a local modification of vy such that the signed measure vy — U is
supported in (v', v") x (w’, w"). Let 7, ,» be alocal modification of 7 constructed in
Lemma @; it coincides with vy over v/ < v < v”, and hence everywhere. Since it is
either cost-reducing or equivalent to 7, it follows that ¥ cannot be cost-reducing with
respect to vy, i.e., that vy is a cost minimizer with respect to local modifications. [

Lemma 16. Any c|g, r, -locally optimal normal transport v with rotation num-
ber 8 = 0, is equivalent to the shift vy.

Proof. Let v] = —v; =i for i = 1,2,... . All local modifications v; = v,/ ,» of v
constructed as in Lemma @ cannot be cost-reducing and are therefore equivalent
to v. On the other hand, this sequence stabilizes to the shift vy on any bounded
subset of V) x V; as soon as this set is covered by the segment (—i,7). Therefore
vy has the same conjugate as all v; and is equivalent to v. (I

Lemmas E, E, and ﬂ together imply Theorem E

4. TRANSPORT OPTIMIZATION FOR PERIODIC MEASURES

4.1. The average cost of locally optimal transport. Let now ¢ be a cost func-
tion that satisfies the Monge condition (), the integer shift invariance condition (E),
the growth condition (ﬁ), and is bounded from below. Suppose that vy is a locally
optimal transport plan on Uy x U; with marginals p, 1 conjugate to the shift vy.
Define c(p, ) as in ([]) and let FY(u) = Fi(u) — 0 as illustrated in fig. 1.

Definition 17. We call the quantity
1

1
(14) Ciry, ) (0) = /0 C[FU7F1](U', v+ 0)dv = /0 c(Fofl(v/), (Ff)_l(v/)) dv’

the average cost (per period) of the transport plan vg.

Observe that it is indifferent whether to integrate here from 0 to 1 or from v
to v + 1 for any real v.

The following lemma provides a “bracket” for the global minimum of Cig, r)
and estimates of its derivatives independent of pg, p1.

Lemma 18. The average cost Cip, r,] is a convex function that satisfies the in-
equalities

(15) inf e(z, ) < C(6) < Ciry 1) (6) < T(O)
ERY
with
(16) c(9) = 711315{32 c(ur,uz), C(0) = 711113122 c(ur, ug).

0—1<ux<6+2 0—1<us<6+2
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There exist constants © < © and L,L > 0 such that the global minimum of C is
achieved on the interval [©, O] and

(17) ~L<Clpp,(©-0)<0<Clp py(©+0) < T,

where C[/Fo,Fﬂ(') is the derivative of Cig, r,). These constants are independent on

to, f1 and are given explicitly by formulas (L), ([9) and (RQ) below.

The bounds given in the present lemma are rather loose. E.g., for c(z,y) =
|z — y|® with a > 1, they are C(6) = conv min(|# + 3|*, |0 — 3|*), C(6) = max(|0 +
3,10 —3]*), and —© = © = 6. For symmetric costs like this one it is often possible
to replace [©, ©] by the interval [—1,1] which may be tighter.

Proof. To prove convexity of C|g, p,) it is sufficient to show that Cip, (%(6" +
0")) < 3(Clro, 71 (0")+Clpy 1y (87)) for all ', 6”. Let 6 < 6, denote § = 3(6'+6")
and write

1 0—6'+1
Ciry,m(0) = / C1pe, ) (v, v+ 0)dv = /0 OC[FO)Fl](v/,’U/—Fo) dv’,
0 —fA’
0—0"+1 1
O[F07F1] (9/) = / C[F[,hFl] (1/, 1)/ =+ 9/) d’Ul, C[FO)Fl](G”) = / C[Fo,Fl](vv v+ 9”) d’U.
0—6' 0

Making the change of variables v' = v+6—6" and taking into account that 6—6'+60 =
20 — 0" = 0", we get

2C1ry,7,)(0) — Ciry, 1) (0") — Crpy, 1y (67)

1
= / (C[F[),Fl](vuv"i_e) +C[F01F1](’U+9 - 9/,U+9/1)
0

— iy, (0 +0— 0,0+ 0) — g, my (0,0 + ")) dv.

Since v +60 — ¢ > v and v + 6” > v + 0, the Monge condition for ¢ implies that
the integrand here is negative on a set of nonzero measure, yielding the desired
inequality for the function C|g, ). Note that convexity of C|p, ) implies its
continuity because C|r,, ) is finite everywhere.

Bounds ([1J) on Ciry, ) (0) follow from ([4) with v = 0 because v'—1 < Fy 1(v') <
VAL +0 -1 < (FH' ) <v +60+1,and 0 < v < 1. Furthermore, the
growth condition (f) implies that C() > P as soon as |6 > R(P) + 3. Indeed,
in this case |us — u1| > |§] — 3 > R(P) and right-hand sides of formulas (Ld) are
bounded by P from below. Therefore one can set

(18) ©@ =inf{f: C(0) = H;i/né(G/)} > —o0, © =sup{f: C(0) = H;i/né(@)} < 00,

where min is attained because C' is continuous. o
The set argming: Cig, r1(0') lies on the segment [0, 0]. (Indeed, if e.g. § < O,
then Cig, m1(0) > C(0) > ming C(0) > ming Clp, r,)(0), so 6 cannot belong
to argming C{g, 1(¢'); a similar conclusion holds if 6 > ©.) It follows that
C[’F[)’Fl](@—())SOSC[’F_O)FA(@+O). B B B
By convexity C{r, 7,1(©+0) < (Cr,,7,1(0) — Cir,,1,1(0))/(0 — ©) for all § > ©.
The right-hand side of the latter inequality can be estimated from above by
(9 - C(©)

(19) L = inf —
6>06 0—0©
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The ratio in the right-hand side ta_kes finite values, so L is finite. This establishes

the inequality Cfp (@ 4+ 0) < L. The rest of ([[7) is given by a symmetrical
argument; in partlcular

(20) L= it S

) —C(©)
= <6 ©-60 =

Definition 19. A locally optimal transport plan -y, is called globally optimal if
6o € argming Cip, r,)(0).

We can now reduce minimization of () on the unit circle to minimization of ()
on R, which involves the cost function ¢ rather than ¢é:

Theorem 20. The canonical projection m: R — T establishes a bijection between
globally optimal transport plans on R x R and transport plans on T x T that mini-

mize ([]).

Proof. A transport plan v on T X T minimizes (EI) if it is a projection of a transport
plan on R xR that locally minimizes the transport cost defined by the cost function
é(x,y) = mingez c(z,y + k) (see introduction; min here is attained because of the
integer shift invariance and growth conditions (ﬂ) @))

Denote S = {(z,y): c(x,y) = é(z,y)} and observe that the support of the glob-
ally optimal plan 7, lies within S: indeed, if it did not, there would exist a modi-
fication of vy, bringing some of the mass of each period to S and thus reducing the
average cost. Therefore 7y, is locally optimal with respect to the cost é(x,y) and
its projection to T x T minimizes (fl).

Conversely, a minimizing transport plan on T x T can be lifted to R x R in
such a way that its support lies inside S (translations of arbitrary pieces of support
by integer increments along x and y axes are allowed because they leave ¢(z,y)
invariant). Therefore its average cost per period cannot be less than that of a
globally optimal transport plan on R x R. O

4.2. Fast global transport optimization. In a typical application, such as the
image processing problem described in the introduction, measures o and p; come
in the form of histograms, i.e., discrete distributions supported on subsets X =
{z1,22,...,2n,} and Y = {y1,¥2,...,Yn, } of the unit circle. These two sets may
coincide. In what follows we replace X and Y with their lifts to the universal cover
and assume that the points are sorted and numbered in an increasing order:

LX) =Ty, — 1 <0< <+ <2y Sl <appr1 =21 +1< ...,
<Y =Yn, —1<0<y1 < <Y, K1 <ypr1=wvi+1<....
Denote masses of these points by po({z:}) = mj, u1({y;}) = m/; these are assumed
to be arbitrary positive real numbers satisfying Zlgz‘gno m; = Zl§j§n1 m;-’ =1.
Define j(f) as the index of min{y;: F{(y;) > 0} and denote y{ = y;«), ¥§ =
YiO0) 415 -+ - > yfh = Yj(6)+n,—1- All the values

(21) FO(xl)vFO(‘T2)7"'7F (‘Tno) Fl (yl) Ff(yg),,Ff(yfn)

belong to the segment (0, 1]. We now sort these values into an increasing sequence,
denote its elements by vy < vz) < -+ < V(ny4n,) and set vy = 0. Note that for
each v such that v,_1) < v < vy with 1 <k < ng + ny the values x,) = Fofl(v)
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v
F, .
c(X,yj41)
AG Fla
IR 2 AN
C(Xay])
O U
Fol(F(y;) =X Yj Yj+1
(Y : : v : .
— A | |
Ab I H FO V,F,O, ,,,,,,, F9
1 11
Fy - Af [} po+ae
1
ol u O
Fo ' (FP(y) w5y Fy H(FP (y;) = 0) Yi Yj+1

FIGURE 2. Derivation of expressions (29), (24) for Clpy (0 £0).

Thick lines show fragments of complete graphs of Fy, F{ corre-
sponding to jth terms in (@), (@) Top: 6 not exceptional. Bot-
tom: exceptional #; thin dashed line marks the common value of Fj
and FY, left and right panes illustrate the cases C[’ o] (0 —0) and

Clr,,ry) (0 +0). Note that X = Fy ' (F{(y;)) can be alternatively

written as inf{z: Fo(z) > F{(y;)}.

and y(,) = (F{)™(v) are uniquely defined and belong to X, Y. It is now easy to
write an expression for the function Cp,

(22) Clrr)(0) = > cl@m),vm) (V) — vE-1))-
1<k<no+ni

Observe that, as the parameter ¢ increases by Af, those v that correspond
to values FY decrease by the same increment. Let F{(y;,) be such a value. As it
appears in (@) twice, first as v(y) and then as —v(;_1) in the next term of the sum,
it will make two contributions to the derivative O[’F()’Fl] (0): —c(Fy " (FY (y50))s vjo)
and c(F5 (F¢ (y50)), Yo 11) (sce fig. 2, top).

Moreover, there are exceptional values of 6 for which two of the values in (R1])
coincide and their ordering in the sequence (v(y)) changes. For such values of ¢ the
derivative C’[’ Fo,Fi] has different right and left limits, as illustrated in fig. 2, bottom:

(23) Clpy,r (0= 0) = > (e(Fy H(FY (95)) ys+1) — e(Fy (FY (y3)):93)

1<j<n
(24) Cip (0 +0) = Z (c(Fy H(FY (y) = 0), yj41) — e(Fy ' (FY () = 0),95))-

If 6 is not exceptional, the value of C’[' o, 1] (0) 18 given by the first of these formulas.
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The function C|g, p,) is therefore piecewise linear; moreover, from the Monge
condition () it follows that Clry, (0 —0) < Clg, g, (0 +0) at exceptional points,
giving an alternative proof of convexity of Cig, r1(¢) in the discrete case.

Lemma 21. Values of C and its left and right derivatives can be computed for
any 6 using at most O(ng + ny1) comparisons and evaluations of c(x,y).

Proof. Sorting the ng+n; values (1) into an increasing sequence requires ng+n; —1
comparisons (one starts with comparing Fy(z1) and F{ (y{) to determine v(;), and
after this each of the remaining values is considered once until there remains only
one value, which is assigned to v(y,4n,) With no further comparison). At the same
time, pointers to ;) and y() should be stored. After this preliminary stage, to
find the values for C|p, ) and its one-sided derivatives it suffices to evaluate each of
the ng+ny terms in (@) and to take into account the corresponding contribution of
plus or minus ¢(x ), Yx)) to the value of C’fFO’Fl](G), paying attention to whether
the value of 6 is exceptional or not. All this can again be done in O(ng + n1)
operations. (|

Now fix € > 0 and set L = max{L, Z}. Recall that L, L, as well as the parameters
©, O that are used in the algorihtm below, are defined by explicit formulas in
Lemma @ and do not depend on measures o, 1. The minimum of Cjp, ,1(6) can
be found to accuracy e using the following binary search technique:

(A1) Initially set § := © and 0 := ©, where ©, © are defined in Lemma @
(A2) Set 6 := %(Q—i—?).
(A3) Compute C(p, r(0 = 0), C(p (0 +0).
(Ad) If Cfp, 5,1(0—0) <0 < Cfg, g(0+0), then 6 is the required minimum; stop.
(A5) If 0 — 6 < ¢/L, then:
(a) compute O[F07F1](Q)7 C[F07F1](9);
(b) set 6 equal to the solution of

(25)  Ciry.m)(8) + Clgy 1y (04 0)(0 = 8) = Cry, 1] (0) + Clpy 11 (0 = 0)(0 = 0);
(c) stop.
(A6) Otherwise set 0 := 6 if Cfr (0 +0) <0, or § := 0 if C (6 —0) > 0.
(A7) Go to step (AP).
It follows from inequalities (L) of Lemma [I§ that the minimizing value of 6
belongs to the segment [©, ©]. Therefore at all steps

(26) Clpy (@ +0) <0< Clpy (0 -0)

and the segment [0, §] contains the minimum of C.
Step (Aﬂ) requires some comments. By convexity, —L < C’[’FO A (0+0) <L for

all®@ < 0 < 0, ie, |C[’F0)F1](9 +0)] < L at all steps. When § — § < ¢/L, this

bound ensures that for any ¢ in [#, 6] the minimal value of C' is within e¢/L - L = ¢
from Cip,, r)(0"). If there is a single exceptional value of ¢ in that interval, then it
is located precisely at the solution of () and must be a minimum of C because
of (6), so the final value of § is the exact solution; otherwise it is an approximation
with guaranteed accuracy.

The final value of 8 will certainly be exact when masses of all atoms are rational
numbers having the least common denominator M and € < 1/M. Indeed, in this

case any interval [0, 0] of length e can contain at most one exceptional value of 6.
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Since at each iteration the interval [@, 8] is halved, step (AH) will be achieved in
O(log,((©—0)/(e/L))) iterations. By Lemma R1 each step (AH) (and (AFH)) takes
O(no + mn1) operations. Together these observations establish

Theorem 22. The above binary search algorithm takes O((ng+n1)log(1/e)) com-
parisons and evaluations of ¢(x,y) to terminate. The final value of 0 is within €/L
from the global minimum, and Cig, r1(0) < ming Cig, p,)(0) + €. When all masses
mh, m;-’ are rational with the least common denominator M, initializing the algo-
rithm with € = 1/2M leads to an exact solution in O((ng + n1)log M) operations.

5. RELATIONS TO THE PREVIOUS WORK

The problem of finding an optimal coupling between two measures is very well
understood when both marginals are finite measures supported on convex compacts
in the n-dimensional Euclidean space (see, e.g., [E] or the comprehensive recent
monograph [15] and references therein). In particular, when c¢(z,y) = |z — y|?,
there is a unique optimal transport plan which is essentially a map T from the
support of yg to that of u; such that pi(A) = puo(T~1A) for all A. Moreover this
map is the (sub)gradient of a suitable convex function, which satisfies a certain
Monge—Ampere equation in a weak sense.

Everything becomes especially simple in the one-dimensional case, when the
optimal coupling is monotone and can thus be established by sorting the elements of
the two measures left-to-right. In fact sorting works for any cost function satisfying
the Monge condition (alternatively known as the continuous Monge property, see [EI,
E]) If the data come in the form of discrete n-point histograms whose points are
already sorted, then the solution can be constructed in O(n) operations; if sorting
is needed, the operation count rises to O(nlogn).

When marginals live on a compact Riemannian manifold rather than in Eu-
clidean space, existence of the optimal coupling is also well-known [E] For the
specific case of T™ and a quadratic cost it has been established almost a decade
ago by Cordero-Erausquin [ﬂ] Again, the optimal coupling here is realized by a
gradient of a suitable function. This characterization becomes particularly trans-
parent if one lifts the problem to the universal cover R™ of the torus T", where
this function is convex and its gradient is monotone and satisfies an integer shift
invariance condition similar to (E)

However in the simplest one-dimensional case the fundamental set T is no longer
ordered but merely oriented. Hence, for the sorting method to work, one has to
artificially “cut” T at some point to make it into the ordered convex set (0,1]. A
brute-force approach to finding a minimizer of () for n-point histograms requires to
cut one of the circular histograms at each of the n possible locations and to compute
the corresponding values of transport cost, thereby involving O(n?) operations.

Faster algorithms for the transportation problem on the circle have been pro-
posed in a number of works. Karp and Li [@] consider an unbalanced matching,
where the total mass of the two histograms are not equal and elements of the smaller
mass have to be optimally matched to a subset of elements of the larger mass. A
balanced optimal matching problem has later been considered independently by
Werman et al ; clearly, the balanced problem can always be treated as a par-
ticular case of the unbalanced one. In both these works O(nlogn) algorithms are
obtained for the case where all points have unit mass and the cost function on the
universal cover is given by the Euclidean distance |z — y|.
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Aggarwal et al ] present an algorithm improving Karp and Li’s results for an
unbalanced transportation problem on the circle with general integer weights and
the same cost function |z —y|. They also consider a general cost function ¢(z, y) that
satisfies the Monge condition and an additional condition of bitonicity: for each =z,
the function ¢(z,y) is nonincreasing in y for y < yo(x) and nondecreasing in y for
y > yo(z). Note that this rules out the circular case. The second algorithm of [ﬂ]
is designed for bitonic Monge costs and runs in O(nlog M) time for an unbalanced
transportation problem with integer weights on the line, where M is the total weight
of the matched mass and n is the number of points in the larger histogram.

The algorithm proposed in the present article only applies to the balanced prob-
lem for a Monge cost. However it does not involve bitonicity and is therefore
applicable on the circle, where it achieves the same O(nlog M) time as the second
algorithm of [fl] if all weights are integer multiples of 1/M.

The results of [fl] were extended in a different direction by McCann [, who
provides, again in the balanced setting, a generalization of their first algorithm to
the case of a general cost of the concave type on the open line.

Finally, we note that an important device of the present work is the notion of
locally optimal transport plan in an unbounded domain, i.e., a plan whose (infi-
nite) cost cannot be improved by any local modification. Different locally optimal
transport plans cannot be deformed into each other by local rearrangement. There
is a common pattern between this notion and action minimizing measures in the
weak KAM (Aubry-Mather) theory (see, e.g., [fl, [(]}). In particular, a cost function
satisfying conditions ()~ (f) can be generated by a natural Lagrangian with a time-
periodic potential , |, the conjugacy to shifts of the universal cover (or rotations
of the circle) established in Section E is a counterpart of conjugacy to (irrational)
rotations in the one-dimensional weak KAM theory [E], whereas the average cost
ﬁ%’ m](0) is similar to the averaged Lagrangian or Mather’s « function (see, e.g.,

).
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