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QUENCHED SCALING LIMITS OF TRAP MODELS

M. JARA, C. LANDIM, A. TEIXEIRA

ABSTRACT. Fix a strictly positive measure W on the d-dimensional torus T¢.
For an integer N > 1, denote by WN, = (x1,...,24), 0 < 2; < N, the W-
measure of the cube [x/N, (z+1)/N), where 1 is the vector with all components
equal to 1. In dimension 1, we prove that the hydrodynamic behavior of a
superposition of independent random walks, in which a particle jumps from
x/N to one of its neighbors at rate (NWN)~1! is described in the diffusive
scaling by the linear differential equation d¢p = (d/dW)(d/dx)p. In dimension
d > 1, if W is a finite discrete measure, W = > .5, w;dz;, we prove that
the random walk which jumps from z/N uniformly to one of its neighbors at
rate (WN)~! has a metastable behavior, as defined in [E}, described by the
K-process introduced in [[L3].

1. INTRODUCTION

Scaling limits of randoms walks in random trap environments have been ex-
amined recently [EI, E, ﬂ] as stochastic models which exhibit aging [@, E, ﬁ], a
phenomenon of considerable interest in physics and mathematics.

To describe the dynamics, fix an unoriented graph G = (V| E)) with finite degree
and consider a sequence of i.i.d. strictly positive random variables {&, : z € V'}
indexed by the vertices. Let {X; : t > 0} be a continuous time random walk on V'
which waits a mean &, exponential time at site z, at the end of which it jumps to
one of its neighbors with uniform probability.

The time spent by the random walk on a vertex z is proportional to the value of
&,. Tt is thus natural to regard the environment as a landscape of valleys or traps
with depth given by the value of the random variables {&, : z € V'}. As the random
walk evolves, it explores the random landscape, finding deeper and deeper traps,
and aging appears as a consequence of the longer and longer times the process
remains at the same vertex.

It is clear from the description that random walks on random trap environments
should present a very rich scaling fractal structure if one chooses appropriate graphs
and random environments. For each given time scale, only traps at a certain depth
matter. The deeper valleys are too sparse to influence the evolution and the shal-
lower wells are not deep enough to retain the process.

We are concerned in this article with the lattice case: {€, : z € Z%} is a sequence
of i.i.d. strictly positive random variables and {X; : ¢ > 0} a continuous time
random walk on Z¢ which waits a mean &, exponential time at site z, at the end
of which it jumps to one of its neighbors with probability 1/2d.

When &, has finite mean, for almost all environments {&, : z € Z¢}, the rescaled
random walk € X;,-2 converges in distribution to a Brownian motion. In dimension

Key words and phrases. Trap models, scaling limit, hydrodynamic equation, gap diffusions,
metastability.
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1, we can use the method of random time change to study the problem explicitly and
a simple computation establishes the result [@] In this case, the diffusion coefficient
is equal to E[¢)]~!, the harmonic mean of the random rates {{;! : 2z € Z%}.
Observing that the random walk is a martingale, in higher dimension, by examining
the evolution of the environment as seen from the position of the random walk, the
proof of the invariance principle is reduced to the proof of an ergodic theorem
for the dynamics of the environment [@] An explicit formula for the variance is,
however, no longer available.

To investigate the case where the environment has an infinite mean, a natural
assumption is to suppose that the distribution of £, belongs to the domain of
attraction of an a-stable law, 0 < o < 1. The variables {£, : z € Z¢} take now
large values in certain sites, forcing the random walk to stay still for a long time
when it reaches one of them, causing a macroscopic subdiffusive behavior.

In dimension 1, Fontes, Isopi and Newman [@] proved under these hypotheses
that for almost all environments, the random walk converges, in the time scale
t1+(1/2) to a singular diffusion with a random discrete speed measure. In dimen-
sion d > 2, Ben Arous and Cerny [E] proved that for almost all environments the
Bouchaud trap model converges in a proper time scale, t2/“ in dimension d > 3
and a scale logarithmic smaller than ¢/ in dimension 2, to the fractional-kinetic
process, a self-similar, non-Markovian, continuous process, obtained as the time
change of a Brownian motion by the inverse of an independent a-stable subordi-
nator. In fact, they proved, under quite general conditions on the environment,
that the clock process converges to an a-stable subordinator, for a large range of
time scales [E] In these time scales, the random walk does not visit the deepest
traps, but exhibit an aging behavior. During the exploration of the random scenery,
the process discovers deeper and deeper traps which slow down its evolution, the
mechanism responsible for the aging phenomenon. We refer to [@, E] for recent
reviews.

We present in this article two results. The first one establishes the hydrody-
namic behavior, almost sure with respect to the environment, of a superposition
of independent random walks evolving on the one-dimensional torus with a trap
environment of a-stable i.i.d. random variables. The hydrodynamic equation, de-
scribing the macroscopic evolution of the density, is given by the generalized second
order linear equation

d B d

Ep(tvx) = aw dx p(t, ),
where W is an a-stable subordinator deriving from the realization of the environ-
ment. The Krein-Feller operator (d/dW)(d/dz) is the generator of the singular
diffusion obtained by Fontes, Isopi and Newman [@] as scaling limit of the random
walk in the trap environment.

The striking feature of this result is that the random environment survives en-
tirely in the limit, since even the differential operator, which describes the macro-
scopic evolution of the density, depends on the specific realization of the environ-
ment. A similar phenomenon was observed in [E, IE7 @] for exclusion processes
with a-stable random conductances.

The second result describes the evolution of the random walk in the random
environment, produced by a-stable i.i.d. random variables, in dimension d > 2 in
the time scale needed to visit the deepest traps. In the notation of Theorem 4.1 in
@], this corresponds to the case v = 0.
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In dimension 2, on the time scale N2/*log N, we prove that the random walk,
evolving on the discrete torus (Z/NZ)?, converges to the Markov K-process intro-
duced by Fontes and Mathieu [E], which in the present context can be informally
described as follows. The state space is formed by the countable and dense subset
of deepest traps. The process stays at one of these sites an exponential time, with
expectation proportional to the depth of the trap, at the end of which it jumps
to a new location, chosen with uniform probability among the deepest traps. The
scaling limit is similar in dimension d > 3, but the time scale is now N d/a 1In the
terminology of @], these results establish the metastability of the random walk in
dimension d > 2.

Convergence to the K-process has been proved by Fontes and Mathieu [@] for
the trap model in the complete graph and by Fontes and Lima [@] for the trap
model in the hypercube. We believe that this is a universal behavior of random
walks on graphs with heavy tailed random trap environments in the ergodic time
scale, the scale proportional to the time needed to jump from one very deep trap
to another. At least in sufficiently high dimension.

It is in fact quite surprising that even in low dimensions the geometry of the
torus is completely wiped out in the scaling limit of the random walk in a random
trap environment, as proved below.

We conclude this introduction by specifying the random environment we consider
in this article. Though we shall work on the torus, we present the construction on
RY. Let A be the measure on R? x (0, 00) given by A = aw~ 1+ dzr dw, 0 < a < 1.
Denote by {(x;,w;) € R? x (0,00) : i > 1} the marks of a Poisson point process of
intensity A, and define the measure W on R? by

W = Zwi&(i.

i>1

For z = (21,...,2q4) in Z%, let [2/N,[z + 1]/N) be the d-dimensional cube [Ticica
[2:/N,[zi + 1]/N) and let

&Y = NUoS wi 1{x; € [2/N, (= + 1)/N)}
i>1

where 1{A} stands for the indicator of the set A. We show in the next section
that, for each N > 1, {¢) : 2 € Z?} are i.i.d. random variables with a common
a-stable distribution, independent of N. Following [EI, Section 3], we may refine
this construction to obtain i.i.d. random variables distributed according to any law
in the domain of attraction of an a-stable law.

Taking the array {¢Y : 2z € Z?}, N > 1, as our environment, instead of a
sequence {£, : z € Z%} of i.i.d. random variables in the domain of attraction of an
a-stable law, as it is usually done, produces noticeable differences in the scaling
limit, the main one being the survival of the measure W.

2. NOTATION AND RESULTS
Fix a finite, strictly positive measure W on the d-dimensional torus T¢:
W(A) > 0 for any open set A. (2.1)

Denote by T4 the d-dimensional, discrete torus (Z/NZ)?. Let WY, z € T, be

the W-measure of the d-dimensional cube [z/N, (z + 1)/N), where 1 is the vector
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with all components equal to 1: 1 = (1,...,1):
WY = W{la/N, (e 1/N) ) ©:2)

We examine in this article the evolution of a continuous time, nearest neighbor,
symmetric random walk on T‘]i\, which waits a mean W2 exponential time at site
x. Its generator Ly is given by:

(En)e) = 5o o SUF) — T (23)

y~z

for every f : T% — R, where (y1,...,y4) =y ~ = = (21,...,7q) if |y — 2| =
Zlgigd |zi —yi| = 1.

2.1. Hydrodynamic limit in dimension 1. Consider a finite number of random
walks evolving independently on Ty according to the dynamics defined by the
generator L. Let Ny be the non-negative integers: Ny = {0,1,...}. Denote by
Qn = Ng” the state space of the process and by 7 the configurations of 2 so that
n(x), x € Ty, represents the number of particles at site 2 for the configuration 7.

This evolution corresponds to a Markov process on €2 whose generator Ly is
given by

(Inh)) = 5 32 S 3D s — g

z€TN y~z

where f : QQxy — R is a bounded function and n*¥ stands for the configuration
obtained from 7 by moving a particle from site z to site y:

n(z) -1,
n7Y(z) = qny) +1, z=y

n(2), z# @y
Notice that we have slowed down the dynamics by a factor V. We did that
in order to have a jump rate NW2 of order one if the measure W is absolutely
continuous with respect to the Lebesgue measure in a neighborhood of 2/N. Indeed,

in this case, if we denote by w the Radon-Nikodym derivative of W, NWY =
N f[w/N (@+1)/N) w(y)dy is of order one. In contrast, if W has a point mass at z/N,

Z=X

NWJY is of order N, which means that particles wait exponential times of order N
at sites where W has point masses. Particles are thus trapped on these sites.

Denote by {n; : t > 0} the Markov process with generator Ly speeded up by N2.
Let D(R4, Q) be the space of right continuous trajectories € : Ry — Qn with left
limits, endowed with the Skorohod topology. For a measure ;1 on Qp, let P, be
the probability measure on D(R,Qy) induced by the Markov process {n; : ¢t > 0}
starting from pu.

For p > 0, let B, be the Poisson probability distribution with parameter p in
No: B,{k} = e ?p*/k!, k > 0. Denote by 1/[])\[ the product measure on Qy with
marginals defined by

vi{n:n(x) =k} = Bwr{k}, z€Tn,k>0. (2.4)

It is not hard to see that the measures v

) are invariant and reversible for the
generator L.
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Let M(T) be the space of finite positive measures on the torus T, endowed with
the weak topology. Fix v > 0 and denote by 7V = 7V (n) € M(T) the measure
obtained from a configuration n by assigning mass N7 to each particle:

1
N = ~ > (@) 6ayw (2.5)
zeT N

where J,/n stands for the Dirac’s measure at x/N. For a continuous function
H : T — R, denote by (7, H) the integral of H with respect to 7V so that

(rN H) = N Z (z/N)n

z€TN

Fix a continuous function ug : T — R and denote by ufx) ) the product measure
on Qn with marginals given by

oy n(@) = kY = Bug@mn-owr{k}, €Ty, k>0, (2.6)

When uy is constant function equal to p, we denote qu} ) simply by uf)v = p,p. Thus,
under ui\g(_), n(z) has a Poisson distribution with parameter ug(x/N)W2XNN7.

An elementary computation shows that (7, H) converges to [ H (z)uo(z)W (dz)
in L? (ui\g (-y) for every continuous function H:

lim B, 570“ /H Yo (z (d:zc)) } ~ 0.

The hydrodynamic equation. Let H; be the Sobolev space of all functions in
L?(T) with generalized derivative in L?(T) endowed with the scalar product (-, )12
defined by

<ﬁmL2=<ﬁm4-AQ%ﬁ@M&QWVM,

where (-, -) stands for the usual scalar product of L?(T). It is well known that the
space of functions with continuous partial derivatives of all order is dense in Hj.
Moreover, any function in H; has a continuous version.

Denote by L?(dW) the Hilbert space associated to the measure W (dz), and by
(f, g)w the corresponding inner product.

Definition 2.1. A bounded measurable function u : [0,T] x T — R is a weak
solution of

d _1.dd
7"z avas" 2.7)
u(0,-) = uo(-)

if
(i) It has finite energy:

T
/ (U, ug)1,2dt < oo,
0

(ii) For any smooth function G : [0,T] x T — R wvanishing at T, G = 0,

T 1 T
<G0,U0>W + / <8th,ut>W dt = 5 / <8mGt,8zut> dt
0 0
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We prove at the end of this article that there is at most one weak solution of
(B1). Denote by 7, t > 0, the empirical measure associated to the state of the
process at time t: )

T = N Z (@) 62/
z€TN
and recall that time has been speeded up by N2.

Theorem 2.2. Let W be a finite, positive measure on T satisfying @) Assume
that there exists vo > 0 such that
1 1
lim Z =0. (H1)

N—oo N2+’YO WN
z€T N

Fix v > ~9. Then, for every t > 0, every continuous function H : T — R, and
every 6 > 0,
lim P, wt,H /H (dm)’>6}:(),

N-ooo  Hug()
where u is the unique weak solution of (B)

If the measure W is absolutely continuous with respect to the Lebesgue measure
and its Radon-Nikodym derivative, denoted by w(zx), is strictly positive, w > 0
a.s., the previous theorem states that the empirical measure 7V converges to the
measure 7(t, dx) = u(t, z)w(x)dz, whose density u is solution of

{ Ou = (1/2)w=tAu
ul(0,) = ug(-) -

The proof of the hydrodynamic behavior of the empirical measure differs sensibly
from the usual ones due to the space irregularity of the environment. The lack of
smoothness is reflected in the dynamics by an erratic time evolution. To overcome

this issue, we average not only in space but also time, investigating the asymptotic
behavior of the measure 9" on [0 T] x T, defined by

()
/ N W 51/]\7 dt ,

z€TN b

which does not capture space and time discontinuities.

2.2. Metastable behavior of the trap model in dimension d > 2. Fix a
finite, strictly positive, atomic measure W on the d-dimensional torus T%:
W = j{:zuiéxi,
i>1
where {z; : i > 1} is a dense subset of T¢ and D ois Wi < 00.

Denote by {w; : i > 1} the weights of W in decreasing order so that {w; : ¢ >
1} = {w; : i > 1} and w; > we > ---. In case of ties, choose the smallest site
according to some pre-established order. Let {#; : ¢ > 1} be the position of the
atoms of W corresponding to the weights {w; : i > 1}:

i>1 i>1

Recall the definition of W given in (2.4). Denote by {X} : ¢ > 0} the ran-

dom walk on T4, with generator Lx. Let D(R,,T4) be the path space of right
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continuous trajectories w : Ry — T% with left limits endowed with the Skorohod
topology. Denote by PY, x € T%, the probability measure on D(R,T%) induced
by the Markov process {XtN } starting from 2. Expectation with respect to PY is
denoted by EX.
Denote by vV the unique stationary state of the process {X}¥ : ¢t > 0}. An
elementary computation shows that vV is in fact reversible and given by
N 1 N
v (z) = WWI

Enumerate 'H“fv according to the weights {WN} in decreasing order:
= {aV, 2l .. 2N}, WIJ\{[\; > ij\é\; > > W;\zfvd
N

In case of ties, choose the smallest site according to some pre-established order.
Following [E], we call the sites :Ejv , j fixed, the very deep traps. These are the
relevant states of the trap random walk on the scale observed here.

Since W (T?) is finite, we may assume that for every M > 0, there exists Ny such
that &; € [z} /N — (1/2N)1,2) /N + (1/2N)1], 1 < j < M, for all N > Ny.

To define the trace of the process {X}Y : t > 0} on a subset F of T, let T (¢),
t>0, FC T‘]i\,, be the time the process remains in the set F' in the interval [0, ¢]:

¢
TE@) = / 1{xN e Flds,
0
and let S (¢) be the generalized inverse of 7. (t):
SE(t) == sup{s>0: T3 (s) <t} .
It is well known that the process {X\"* : t > 0} defined by
XN = xN(SE@®)

is a Markov process with state space F, called the trace of {X}¥} on F.

Let {Yy : & > 0} be the d-dimensional, nearest-neighbor, symmetric, discrete
time random walk on Z¢ starting from the origin. For d > 3, denote by vy the
probability that {Yj} never returns to the origin:

Vg = ]P’Q[Yk;téOforallkzl}.

Let AY, = {2V, ... 20/}, 1 < M < N9, and denote by {XNM ¢ > 0} the trace
of the process {X} : ¢t > 0} on the set AY;. The second main result of this article
states that in dimension d > 3, the trace process {)A(tNM} converges, as N T oo,
to the random walk on {#1,..., 2} which waits a mean 0;/vq exponential time
at &; and then jumps to {#; : 1 < ¢ < M} with uniform probability. Note that
we do not rule out the possibility that the process jumps back to the site where
it was. To state the result, let ¥ : T% — N, be defined by \I/N(xév) = j and let

XXMM = oy (XM, Clearly, {XV™ : ¢t > 0} is a Markov process on {1,..., M}.

Theorem 2.3. Fiz T > 0 and assume that d > 3. As N | oo, the law of {XtN"M :
0 <t < T} converges in distribution to a random walk in {1, ..., M} with generator
Ly given by

M
(Emf)i) = Mwl Z
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Moreover,
. . A
lim limsup max ENy[7y™(T)] = 0,
M—oo N_oo 1<GSM %

where Ay pr = 'I['?V \ A]]\V/I.

In dimension 2 the picture is similar, but the process needs to be speeded up by
log N. Denote by {X : ¢ > 0} the random walk on T% with generator (log N)Ly,
where £y has been introduced in (2.). Hence, {X} : ¢ > 0} has the same distri-
bution as {th\{ogN 1t > 0}.

Denote by PY, 2 € T%, the probability measure on D(R,T%;) induced by the
Markov process {X : ¢t > 0} starting from z. Expectation with respect to P is
denoted by EY. Denote by {X;"" : ¢ > 0} the trace of the process {XN : ¢ > 0}

on the set AN and let XM = Wy (XN,

Theorem 2.4. Fiz T > 0 and assume that d = 2. As M T oo, the law of {%iVM :

0 <t < T} converges in distribution to a random walk in {1, ..., M} with generator
Mo given by
T 1 M
(D)0 = § 37 06~ 76

AN, M

Moreover, if we denote by T\ (T') the time spent by the process XN in the set
AN, oon the time interval [0,1],

lim limsup max EiVN [TgN‘M(T)] =0.

—00 N_oo 1<j<M J

We prove in Proposition that in dimension 2 the random walk {X} : ¢ >
0} with generator £y does not leave a very deep trap, staying there indefinitely.
Therefore, on time scales of order 1 the random walk does not move, and on scales
of order log N the geometry is wiped out and the random walk jumps from a very
deep trap to another one, chosen with uniform probability.

Recall from [B, Definition 3.1] the definition of the K-process, a Markov process
on N, the one-point compactification of N, characterized by two parameters: ¢ > 0
and a sequence {y; > 0 : 4 > 1} such that 3,5, 7 < oo. While 7; ' represents
the rate at which the Markov process leaves i, c is related to the behavior of the
process at the extra point added in the compactification.

Denote by {ZM : t > 0} the Markov process with generator £);. Fontes and
Mathieu [E, Lemma 3.11] proved that the process ZM converges, as M T oo, to
the K-process with parameters ¢ = 0 and {w;/vg : ¢ > 1}. Next result follows from
this fact and from Theorem .

Theorem 2.5. Fiz T > 0 and assume that d > 3. There exists a sequence {{% :
N > 1}, 05 1 oo, such that for any sequence {{n : N > 1}, by < O, In T o0,
the law of {XtN’éN : 0 <t < T} converges in distribution to the K-process with
parameters {w;/vq : 1 > 1} and ¢ = 0. Moreover,
: N ANty _
2 By (v (D] = 0.

Of course, a similar statement holds in dimension 2, i.e., for £}, in place of £.
In the terminology of Definition 2.1 in @, Theorem E states that in dimension d >
3 the trap random walk {X}¥ : ¢ > 0} is metastable with metastates {1, 22,...}
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and limit given by the K-process with parameters {w;/vg : ¢ > 1} and ¢ = 0.
Analogously, in dimension 2, the trap random walk {X» : ¢ > 0} is metastable
with metastates {Z1,#2,...} and limit given by the K-process with parameters
{2W;/m 1> 1} and ¢ = 0.

2.3. Bouchaud’s trap model. In this subsection we present an example of a
random measure W which satisfies almost surely assumption (H1). Fix 0 < o < 1
and let A be the measure on T¢ x (0, c0) given by A = aw~ 1+ dz dw. Since \ is a
positive Radon measure, the Poisson point process I' of intensity A is well defined.
Let {(z;,w;) : i > 1} be the Poisson marks and define the measure W by

i>1

Note that W (T?) is a.s. finite. On the one hand, the random variable T'(T? x
(1, 00)) has finite mean which implies that there are only a finite number of Poisson
marks on T¢ x [1,00). On the other hand, >, , w;1{w; < 1} has finite expectation.
Note also that W(A), W(B) are independent if A and B are disjoints.

Denote by |A| the Lebesgue measure of a measurable set A C T9. A simple
computation shows that the random variable W(A) has an a-stable distribution
for any A with |A| > 0. In particular, the random measure W is self-similar with
index a/d in the sense that the distributions of W(BA) and B%*W(A) are the
same for any 3 € (0,1) and any measurable set A C T<.

We call the random measure W(dz) a d-dimensional subordinator of index «.
For z € T%, define

N = NYVewh
Since W (dx) is self-similar with index a/d, {7);x € T%} is a sequence of i.i.d.
random variables with common a-stable distribution ¢ = W(T¢) which does not
depend on N.

Fontes, Isopi, Newman version of the Bouchaud trap model is the symmetric,
nearest-neighbor, continuous-time random walk on T‘]i\, with generator £y in which
WX is replaced by 7V = N¥/*WN:

. 1 1
LN @) = 5= =% D [fw) - f@)].
2d 72 ot
In dimension 1, the generator on Qy corresponding to the superposition of in-
dependent random walks is given by

=1 3 M () )]

z€Tyy~x T

Denote by {nf : t > 0} the Markov process with generator L}, speeded up by
N'+1/9) and denote by w,fv '™ the empirical measure associated to the configuration
n7 by formula (P.F). Observe that the time scaling is subdiffusive.

We show below in (2.§) that assumption (H1) is in force almost surely. Moreover,

if the Markov process starts from ,qu) ) for some continuous function ug : T — Ry,

by Theorem , for almost all measures W, for all ¢ > 0, the random measure wiv o

converges in probability to the measure u(t, )W (dx), where w is the unique weak
solution of (R.7). Note that the noise W survives entirely in the limit, even the
differential equation depends on W.
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We conclude this section showing that assumption (H1) is in force for vy >
(1/a) — 1. Indeed, with the notation introduced above, assumption (H1) can be

restated as ) )

JTprEGyr Z —~ — 0 as (2.8)
ze€Tn %

It is well known that 1/72 has finite moments of any order. Denote by m; the ex-

pectation of 1/7Y. The variance of the previous sum is equal to N~ {3+27=(2/a)} 52,

for some finite constant 2. Therefore, by Chebyshev’s inequality, for every € > 0,

o2

1 1
PHN{2+7—(1/a)} qu: {@ _ml}’ = 6} S aNs @
zelN

Taking € = N~?, for 6 > 0 small enough, it follows from Borel-Cantelli that the
sum in (R.§) vanishes a.s. provided v > (1/a) — 1.

3. PROOF OF THE HYDRODYNAMIC LIMIT

In this section we prove Theorem .4 Fix T > 0 and denote by M([0,T] x T)
the space of finite, positive measures on [0, T] x T, endowed with the weak topology.
For each N > 1, consider the measure 9" on [0,7] x T defined by

T
1 ne(x)
N _
m _/O T S de

zeT N

Hence, if we denote by (9™, H)) the integral of a continuous function H : [0, T] x
T — R with respect to 9V, we have that

T
(N, HY) = /0 e S HtaN) M gy

zeT N

Let D([0, T], M) be the space of right continuous trajectories 7 : [0, 7] — M with
left limits, endowed with the Skorohod topology. Fix a continuous function ug : T —
R,. Let Qn, N > 1, be the probability measure on D([0,T], M) x M([0,T] x T)
induced by the initial distribution ui\g(,) and the pair ({7 : 0 < ¢ < T}, mY):
On = Pl‘iv(,(-) o({mN :0<t< T}, M)~ We prove in Lemma B.§ below that the
sequence { Qy : N > 1} is tight for the uniform topology in the first variable, and, in
Subsection @, that all limit points of the sequence {Qy : N > 1} are concentrated
on measures ({m : 0 < ¢ < T}, 9) whose first coordinate is absolutely continuous
with respect to W, w(t, dz) = v(t, z)W (dz), and whose density v; is a weak solution
of the hydrodynamic equation (R.q). Since, by Theorem f.], there is at most one
weak solution, for each 0 <t < T, 7V converges weakly to v(t, z)W (dz), where v,
is the unique weak solution of (E), as claimed in Theorem @

3.1. Entropy estimates. Recall from [[L3, Section A1.8] the definition of the rela-
tive entropy H (A|u) of a probability measure A with respect to another probability
measure 4 defined on the same space, as well as its explicit formula presented in
, Theorem A1.8.3]. An elementary computation shows that there exists a finite
constant Ky such that

H(pdyylip) < KoN” (3.1)

for all N > 1. In fact N"VH(MZU\L(_)WP) converges to [{uo(z)logluo(z)/p] — [uo(x) —
pI}W (dz) as N 1 0.
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Denote by (-, -),,, the scalar product of L?(1,) and denote by I} the convex and
lower semicontinuous [[[5, Corollary A1.10.3] functional defined by

N (f) = (~LxvVF VD,

for all probability densities f with respect to p, (i.e., f >0 and [ fdu, =1). An
elementary computation shows that

IXTV(f) = Z I;/f/:c-i-l(f)v where

x€TN

Bnlh) = g [ BTG - VT

By [15, Theorem A1.9.2], if {SY¥ : ¢ > 0} stands for the semi-group associated to
the generator N2Ly, for all t > 0,

t
Hu (6 SN p) + N? / W(Nyds < HyGdole) . (32)

provided f¥ stands for the Radon-Nikodym derivative of ui\g (,)S’ N with respect to

Hp-

3.2. Attractiveness and coupling estimates. Let (Q, F, P) be a probability
space and let < be a partial order in Q. We say that a function f : @ — R is
increasing if f(n) < f(€) whenever n < &. Let A, u be two probability measures
in Q. We say that A is stochastically dominated by p if [ fd\ < [ fdu for any
increasing bounded function f : 2 — R. An equivalent definition is the following.
We say that a probability measure A defined in © x Q is a coupling of A and p if
A(AXQ) = AA), A(Q2x A) = u(A) for any A € F. The measure A is stochastically
dominated by w if there is a coupling A of X and p such that A((n,&);n =€) = 1.

We say that a stochastic process 7; defined in € is attractive if for any two
probability measures A\; < Ay there is a process (n},n?) in Q x Q such that n{ is
distributed as the process n; with initial distribution p; for ¢ = 1,2, and such that
P(nt = n?) =1 for any t > 0. We call the process (n},n?) a coupling.

In Qp, we say that n < £ if n(z) < &(x) for any « € Ty. For this partial order,
it is easy to see that 7; is attractive. Indeed, since the state space is finite, it is
enough to show the existence of a coupling for measures p; concentrated on fixed
configurations 7, with n! < n2. Define n} as the process 1; with initial configuration
nt. Then, define the process 7j; as a copy of the process 7, independent of 1}, and
starting from 7, where 7(z) = n*(z) — n'(z). Now define n? by taking n?(z) =
ni (x) + 7y (x). Since the motion of different particles is independent, it is clear that
(nt, n?) is the desired coupling as, by construction, n} < n? for any ¢ > 0.

In terms of stochastic domination, the definition of attractiveness reads as fol-
lows. If A! is stochastically dominated by A\?, then A} is stochastically dominated
by A2 for any time t > 0, where A denotes the distribution in Qx of the process n;
with initial distribution A’. In particular, we obtain the following inequality, which
we call the coupling estimate:

Proposition 3.1. Let A\', A2 be two probability measure on Q. If \' is stochas-
tically dominated by \?, then

Ext[F(n:)] < Exz[F(n:)]

for any t > 0 and any bounded increasing function F : Qn — R.
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Now we need a criterion to decide whether an initial distribution is stochastically
dominated by another one. In Ny, consider the canonical ordering. It is easy to
show that B,, is stochastically dominated by 9,, whenever p; < ps. Since the
measures p, are of product form, p,, is stochastically dominated by (i, each time
p1 < p2. More interesting for us, we have the following.

Proposition 3.2. Fiz an initial bounded non-negative profile ug : T — R. Define
p = ||uolleo. Then, u]uvo(_) is stochastically dominated by pp for any N > 0. In
particular,

B [F(n)] < By, [F(ne)]
ug(+)
for any t > 0 and for any increasing bounded function F : Qxn — R.

The coupling shows that 7V, MY converge to measures which are absolutely
continuous with respect to W, the Lebesgue measures, respectively:

Lemma 3.3. Fvery limit point Q* of the sequence QN is concentrated on measures
w(t,dx) = u(t, ) W(dz) (resp. M(dt,dzx) = v(t,x)dtdz) which are absolutely con-
tinuous with respect to W (resp. the Lebesque measure) and whose density u(t, )
(resp. v(t,x)) is positive and bounded by ||uo||co-

Proof. Fix a limit point Q* of the sequence Q and assume, without loss of general-
ity, that Qn converges to Q* (in the uniform topology on the first coordinate). Fix
a continuous, positive function G : [0, 7] x T — R, € > 0 and recall that p = ||ug||co-
By the previous proposition,

P [((931,(?» > p/OTdt/TG(t,x)da:+a]

ug(+)

< B, [(me) > ﬁ/OTdt/TG(t,x)d:c+a]

for every N > 1. We may replace the integral [ G(t,z)du by the Riemann sum
because G is continuous. Thus, for N large enough, the previous expression is
bounded above by

Pﬂp[/oTﬁ 3 G(t,x/N){%? —pNW}dt > 5/2} .

x€TN
By Chebyshev and by Schwarz inequalities, since j1; is a stationary state given by
a product of Poisson measures, this expression is less than or equal to

aT (T p , 1
5—2 o N2+ Z G(t,l'/N) Wdt

x€TN z

In view of assumption (H1), this expression vanishes as N | oo because G is a
continuous bounded function.
Since Qn converges to Q*, for every € > 0,

Q*R(DJT,G)) > p/OTdt/TG(t,x)dx—i—a} =0.

Letting ¢ | 0, we conclude that Q* is concentrated on measures 9t such that
(M, GY) < pfy dt [ Glt,x)de. Taking a set {Gy : k > 1} of positive, bounded,
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continuous functions dense for the uniform topology, we conclude that Q* is concen-
trated on absolutely continuous measures M(dt, dx) = v(t, z)dt dz, whose density
v(t,x) is bounded by p.

A similar coupling argument shows that for every 0 < ¢ < T and every continu-
ous, positive function H : T — R,

N —oc0 ug(+)

lim P, [mN, H) > p/T H(z) W (dz) + s} - 0.
Since we assumed compactness in the uniform topology, we deduce from this formula
that

o [(wt,H> > ﬁ/ H(z) W (dz) + g} ~0.
It remains to recall the arguments prgsented for M to conclude the proof. (]
3.3. Hydrodynamic limit. We prove in this subsection Theorem @

Theorem 3.4. The sequence of probability measures {Qn : N > 1} converges to the
measure Q* concentrated on the absolutely continuous pair ({m : 0 <t < T} M),
m = v(t,x)W(dz), M = v(t, z) dt dz, whose density v(t,z) is the weak solution of
the equation (b)

Proof. By Lemma @ below, the sequence {Qy : N > 1} is tight. Fix a limit point
Q* and assume, without loss of generality, that Qx converges to Q*.

Fix a smooth function H : [0,7] x T — R such that H(T,-) = 0. Consider the
martingale M (t) defined by

t t
ME@®) = (=N, Hy) — (x¥,Hy) — /<W§V,65Hs>ds — NQ/ Ly(aN H)ds .
0

0
(3.3)
The variance of this martingale is equal to

2]\%2 3 /0%i){H(s,y/N)—H(s,x/N)}2ds.

z€TN y:|ly—z|=1

The coupling estimate shows that the expectation of this expression with respect
to P~ o is bounded by Cy N~ for some finite constant Cy which depends on H

0
and p. On the other hand, an elementary computation shows that

T
N2/ Ly(nN, H)ds = %((E)LRN,ANH)),
0

where Ay stands for the discrete Laplacian. In particular, in view of @) and
since H (T, -) vanishes, for every § > 0,

T
J\}im P~ o H(wéV,Ho> + / (rN 0sH)y ds + (1/2)( MmN, AnH ) ’ > 5} =0.
—00 up (- 0
The first term of this sum converges to [, Ho(x)uo(x)W (dz) in P~ ( )—probabil—
g (-

ity, as N T oo. The last expression can be written, up to smaller order terms, as
(1/2){( MmN AH ). Hence, since QN converges to Q*, for every § > 0, and every
smooth function H,

Q*H/THO(:E)UO(x)W(d:c) n /0T<7rs,8sHs)ds + (1/2)<<9ﬁ,AH))‘ >4 = 0.
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Letting § | 0, by Lemma @, Q* almost surely,

T
/THO(a:)uO(x)W(d:c) + /0 ds /T((?SH)(S,J:)U(S,I) W (dz)
T
+ (1/2)/0 ds /T(AH)(S,ZE)’U(S,ZE)CLT =0.

According to Lemma @, we may replace u by v in the second term. By Proposition
, we may integrate by parts the last term to obtain that

T T
(Ho,uo)w ~+ / (0sHg,us)w ds — (1/2)/ (0xHs,0zvs)ds = 0.
0 0

This proves that Q* is concentrated on weak solutions of (@) By Proposition
[3, 9,v belongs to L2([0,T] x T) and by Lemma B.3 v is positive and bounded.
Since the previous identity holds for all smooth functions H, v is a weak solution

of (7). O

Theorem follows from this result and the tightness in the uniform topology
of the sequence {Qy : N > 1} proved in Lemma B.5 below.

Lemma 3.5. The sequence {Qn : N > 1} is tight in the uniform topology in the
first coordinate.

Proof. To prove tightness of the sequence {Qy : N > 1} we need to examine the
two coordinates separately.

Clearly, the sequence of random measures M is tight if and only if the sequence
of random variables (MY, G')) is tight for every continuous function G : [0, T]x T —
R. Tightness of the sequence (MY, G ) follows from a coupling argument similar
to the one used in the proof of Lemma @

To prove tightness of the sequence of processes {7 : 0 < t < T} in the uni-
form topology, it is enough to examine the process (7, H) for some fixed smooth
function H. Recall the definition of the martingale M§ (t) introduced in (B.3).
Tightness of (7¥, H) follows from tightness of the martingale M (¢) and tightness
of the additive functional fg N2Ln(rlN | H) ds.

The martingale is tight in the uniform topology because, by Doob inequality and
by the explicit computation of the quadratic variation of M (¢), for every § > 0

Jim P [ g, VRO >8] = 0.
On the other hand, computing N2L (7Y, H), by Chebyshev and Schwarz inequal-
ities, for every § > 0,

t
P [ sup / N2LN<w£V,H>dr‘>5}
w0 () 0<|t—s|<e'Js
ey T 1 ns(x) ) 2
Con ([ (ke 5 )
zeln

for some finite constant Cy which depends only on H. By the coupling estimate,
we may replace the measure u]uvo o by the stationary measure uév , estimating the
expectation by
_ 1 1
{1 + o X wr )

z€T N
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By assumption (H1), this expression is bounded uniformly in N, which concludes
the proof of tightness. O

4. ENTROPY ESTIMATES

We prove in this section the main estimates needed in the proof of hydrodynamic
limit. For ¢ > 1, let A; be a cube of length ¢: Ay ={1,...,¢} and let A, o = z+ Ay.
Denote by M*(x) the number of particles on A, ¢ and by Wy (z,¢) the W-measure
of the cube A, rescaled by N:

yEA, YyENA,
Note that Wi (z,eN) ~ We(x).

4.1. Two blocks estimate. We prove in this subsection the so called two blocks
estimate.

Lemma 4.1. Fiz a bounded function G : [0,T] x T — R.

hn%hmsupIE i ‘/ Nty Z G(s ;[;/N{ ns(@) W]ZSZZ’(:X[)}dSH — 0.

Proof. Fix a bounded function G : [0,7] x T — R, § > 0 and a positive constant
C1 = C1(0) to be specified later. Let

1 MeN (z
‘/50(5777) -~ NIty Z G(s, I/N){V[(/Z\g - V[/N(x,(e]if)}7

z€TN
016 (JJ + y)
Re(s,1) = 55355 > G(s,z/N)? ZW
z€TN y=0 Tty
By the coupling estimate,
E N() / Re(s ns)ds} < CoT (4.1)
Pug

for some finite constant Cy depending only on C7, G, p. It is therefore enough to

prove that
T
—/ Re(s,ns)ds} =0.
0

By the entropy inequahty, Jensen inequality and the entropy estimate (@), the
previous expectation is bounded above by

fjlo + A ~log ]Eup[eprN’Y ‘/ (5,ms) ds‘ — /TRE(s,ns)dsH

for every positive A > 0.

Let A = Ko~ '. Since el < e’ +e~* and since limsup,, . N~ log {aj + a3 }
= max;—; 2 limsup,_, ., N7 logaly, to prove the lemma it is enough to show that
for every § > 0,

lim limsupE, ~ ‘/ (s,ms)ds

=0 NS

hmhmsupAN logEup{exp{ANW/TVe(s,ns)ds}] <0,
0

n—oo

where V, = V€O - R..
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By classical arguments, relying on Feynman-Kac’s formula (cf. [[L, p. 267]), the
previous expectation is bounded above by

[ sw{ [ vismatngtan - ¥ () as

f

where the supremum is carried over all densities f with respect to u,. Hence, to
conclude the proof of the lemma, it is enough to show that

/W@wwmmsjﬂ@wwmm

for every density function f and every § > 0.
Recall the definition of Wy (z,eN) to rewrite V.(s,n) as

eN N
1 Wt n(z)  nlr+y)
e N ax] - :
N1ty z;r: G(s,z/ >y; W (z,eN) { wN wh, }

IN?

T a2

Fix a density f with respect to ,. Performing a simple change of variables, we see

that
R

T4y
$<%Z T4z, x+2
= Z/ Sy ) = fle T ) Y dy
Ttz

Since (a—b) = (va—vb)(v/a+/b), by Schwarz inequality, the previous expression
is less than or equal to

Z ot zatatil 6 Z/ VT/:/;Z \/f grtrrtatly) + \/f(ﬁ)}2 dpp

for all B > 0. The same change of variables permit to estimate the second term as

52/ n(x + z) W(I+Z+1)}f(77)dup-

N N
ng+z Lvé+z+l

It follows from the previous estimates that for any density f with respect to ,,
and all g > 0,

eN vVAi y—1
Vet < 5= 33 gt S ernlh) (43)
z€T Ny y=1

eN f +
N1+'y Z G S ‘T/N Z WN x+:N Z/ Vf/é\jrj d:uP'

x€TN

We examine each term on the right hand side separately. Set 8 = 2eN~'A.
Changing the order of summation, we obtain that the second term is less than or
equal to

4e A nx—l—y
z+y

zGTN
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This expression is bounded by the expectation of R. with respect to f(n)du, pro-
vide we choose 7 > 4A = 4K0~!. By similar reasons, the first term on the right
hand side of ([.9) is bounded above by

N(eN +1)
- 2AeN7 Z za+(
z€TN
Hence, ([.9) holds and the lemma is proved. O
Consider a sequence {Gn.: N > 1,e > 0} of functions Gy : [0,T] x Ty — R.

In the proof of the two blocks estimate, the boundedness assumption on G was used
only at (@) In particular, the proof presented above shows that

hm lim sup

N—oo
MM () ns() (4.4)
uo<> ’/ Nlﬂ%; Onels, {WN(a:,eN) WA }dSH =0
provided

llg(l)hmsup/ ZGNes:E ds = 0.

N—oo wE'JTN

Recall that W, : T — R is defined by W,(x) = W ([z,z + €]).
Corollary 4.2. Let J:[0,T] x T — R be a continuous function. Then,
lim limsup E ,~ ’/ N Ty ds — (o, Je_1We>>H =0.
e—0 N oo Faug ()
Proof. Since J is a continuous function,

) - 55 Lo S Teu)
—YEA_s N

z€TN
is absolutely bounded by C(e)N =73 1 n(z) for some finite constant C(e) which
vanishes as € | 0. In particular, by the usual coupling estimate and changing the
order of summation, we get that

lim sup
=0 N>1

T _
N _ € eN _
EM%(‘)H/O (xN, J,) ds /0 e § J(s,2/NYMEN (z )dsH ~0.

The second term inside the absolute value can be rewritten as

X MeN( )
i 2 Jea/N)e Wi la, V)t

z€TN

Let Gn.c(s,2/N) = J(s,2/N)e 'Wx(z,eN). Since J is a bounded function, by
definition of Wi (z,eN),

T 2
/ GN Z GN76(S,:E) ds < — Z Wac(z/N)?
0

z€TN zeTn
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for some finite constant Cy which depends only on J. As N T oo this expression
converges to

CoT / Wae(z)? da .
T
For Lebesgue almost all z, Wy, (x) vanishes as ¢ | 0. Therefore, by (&.4),

lim lim sup
=0 N oo

eN r
u()() ‘/ Ni+y EZTNJ 52/N)Wn (2, EN){WAJi(x(e]zf) B 778VV(N)}dSH =0

Finally, since
1
< ’WN(x,eN)—We(x/N)’
x€TN

vanishes as N T oo, we may replace Wy (x,eN) by W(x/N) to conclude the proof
of the corollary. O

4.2. Energy estimate. We proved in Lemma E that any limit point Q* of the
sequence {Qn : N > 1} is concentrated on measures 9 which are absolutely
continuous with respect to the Lebesgue measures: 9 = v(t, x)dt dr. We show in
this section that the density v has a generalized space derivative in L?([0,7] x T).

Proposition 4.3. Any limit point Q* of the sequence {Qn : N > 1} is concentrated
on measures M = v(t,x)dt de with the property that there exists a function F' in
L2([0,T] x T) such that

/OTds A(amﬂ)(s,x)v(s,x)dx _ _/OTdS/TH(S,ZE)F(S,:E) o

for all smooth functions H. We denote the generalized derivative F of v by O,v.
The proof of this proposition relies on the following estimate.

Lemma 4.4. Fiz a set of smooth functions H; : [0,T]x T —>R, 1 <4< {. Let

, _ n(x) nlz+1)
Vi(s,n) = ;@NH s :c/N){ ¥ W, } .
Then, for any B > 0,

T

. _ 2ns<w>} ] < Ko

h]?fipEu%u[%%/o {VZ(S’n) N1+'y GZT Hi(s, /N) W1 ds| < 8’
z€TN

where Ky is the constant given by (B.1]).
Proof. Fix 8> 0 and let

Xi(s,m) = Vils,m) —

n@)  ne+1)
]V1+712%L}¥ ’ x/AU {:M/N * vvfil }.

A summation by parts and a coupling estimate similar to the one used in the proof
of Lemma B.d shows that it is enough to prove that

K
limsupE, ~ / Xi(s,m) ds < =0
N—oo uo() 1<7,<l 1)
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By the entropy inequality, Jensen inequality and the entropy estimate (@),

max/ Xsnsds

uo() 1<i<e
Ky 1
< 5 + AN logEﬂp[eXp 1121?5261\]7/ Xi(s,ms) ds ]

for every 5 > 0.

Since, on the one hand, exp{maxi<;<sa’y} <>, ,.,exp{aly} and, on the other
hand, limsup,,_,.. N 7log {3, ., bly} = maxi<i<limsup,_, . N7 logbl, to
prove the lemma it is enough to show that

hmsupﬁ log Eup[exp ﬁNW/ Xi(s ns)ds}} <0 (4.5)

for 1 <i < /¢ and any 3 > 0.
By classical arguments, relying on Feynman-Kac’s formula (cf. [[L, p. 267]), the
previous expectation is bounded above by

/sup /X s,m) f(mup(dn) — ﬁjj\m (f)}ds

where the supremum is carried over all densities f with respect to u,,.
Therefore, to conclude the proof of the lemma, it is enough to show that

/ Vi(s,m) ()1, (dn)

2

< [3em Xm0 (R + B i + =)

z€T N

for all density f and § > 0.
Recall the definition of V;. Performing a simple change of variables, we see that

I P TS

x+1

Since (a—b) = (v/a—Vb)(v/a++/b), by Schwarz inequality, the previous expression
is less than or equal to

N A [ n(z) 2
T + 5 [ FR{VIEE VT da,
for all A > 0. The same change of variables permit to estimate the second term as

A RS oy

Choosing A = BN~1|H(s,z/N)|, we obtain that for any density f with respect
to pp,

+ s 5 e/ [ {0+ N s,

zeT N

which proves the lemma. O
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Recall that, by Lemma @, Q* is concentrated on absolutely continuous measures
M = v(t, z)dt dx.

Corollary 4.5. Any limit point Q* of the sequence {Qn : N > 1} is concentrated
on measures M = v(t, z)dt dx such that

EQ* sup /ds/aH s, x)v(s,x) dx

—2/0 dsAH(s,x)zv(s,x)dx}} < Kp.

In this formula the supremum is taken over all functions H in C%*([0,T] x T).

Proof. Fix a limit point Q* of the sequence Qx and assume, without loss of gen-
erality, that Qn converges to Q*. Consider a sequence {H; : j > 1} of functions in
C%1([0,T] X T) dense for the uniform topology. It follows from Lemma [1.4 with 3 =
1, a summation by parts and a coupling estimate, similar to the one used in the proof
of Lemma B.3 to replace the discrete derivative N{H (s, (x +1)/N) — H(s,z/N)}
by the continuous one (0, H)(s,z/N), that

max /ds/@H s,x)v(s,x)dz
1<z<e
—2/ ds /Hi(s,gc)2 v(s,x)dxH < Kp.
0 T

Letting ¢ T 0o, we conclude the proof of the lemma applying the monotone conver-
gence theorem. ([

Proof of Proposition @ The proof is similar to the one of [E, Theorem 5.7.1] and
left to the reader. Note that we have in fact

/ /‘9“ Cdr < oo

4.3. My = my, W almost surely. We prove in this section that M, = m, W
almost surely.

O

Lemma 4.6. Fvery limit point Q* of the sequence QN is concentrated on measures
M(dt, dx) = v(t, z)dt dr and 7 (t,dx) = u(t, )W (dz) such that u = v (dt x W(dx))
almost surely on [0,T] x T.

Proof. Fix a limit point Q* of the sequence Qx and assume, without loss of gener-
ality, that Qn converges to Q*. Fix a continuous function J : [0,7] x T — R. By
Corollary .4 and by Lemma B.3,

hmEQ* ’/ ds/ s, x)u(s, z) W(dx)

_/0 dsAJ(s,x)e_lWe(;v)v(s,x)d:v‘} — 0.

It follows from the energy estimate stated in Proposition @ that

. 1 _
lim ds /TdacJ(s,x)g /{LHE){U(S,;C)—U(s,y)}W(dy) =0

e—0 0
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Q* almost surely. Changing the order of summation, it follows from the continuity
of J that

T
lim ds /de(s,;v)l/ v(s,y) W(dy)
T € Jx,x+e)

e—0 0

_ /OTds/TJ(s,x)v(s,x)W(dx).

Hence, for all continuous function J, Q* almost surely

T
/ ds /J(s,x) {u(s,z) —v(s,x)} W(dx) = 0,
0 T
which proves the lemma. O

5. UNIQUENESS OF WEAK SOLUTIONS
Theorem 5.1. There exists at most one weak solution of (2.7).

Proof. We use a method due to Oleinik (cf. pg. 90 in [RF)). Due to the linearity
of problem (@), it is enough to show that the constant function equal to 0 is the
unique weak solution of equation (E) with initial condition ug = 0.

Fix such solution u. By condition (i), u belongs to L?([0,T]; H1). Since u(t,-) is
continuous for almost all ¢, it is not difficult to show that there exists a sequence
of smooth functions ue : [0,7] x T — R, € > 0, such that ||uc||co < ||t]|oo and

T

tim [ dt{|luc(t, ) = u(t, ) + 1@eu)(t,) — @e)(t, )3} =

e—0 0

Consider the test function G, : [0,7] x T — R defined by

Gelt,z) = —/tTuE(s,x)ds.

Since 9;G¢ = u., and since uc(t,-) converges to u(t,-) in L?(dW) for almost all ¢,
by the dominated convergence theorem,

T T
lim (01 Ge(t, ), ult, ))wdt = / (ug, ug)w dt .
0

e—0 0

On the other hand, since

/OT<(5mGe)(tw)a(t9IU)( /dt/ (Ozuc)(s, ), (Oxu)(t, ) ds

and since 0, u. converges to d,u in L?([0,T] x T),
T
1

ti [ (0.G(e ) @it e = — A(/{)T(amu)(t,x)dtyd:c.

Hence, by condition (ii), since ug = 0,

/OT<ut,ut>W dt = _i A(/(JT(ﬁzu)(t,x)dt)Qd:c.

This show that u; = 0 for almost every ¢, and uniqueness follows. O

6. ATOMIC TRAP MODELS IN DIMENSION d > 2

We prove in this section Theorems E, @ and @
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6.1. Capacity and trace process. To help the reader to follow the arguments
of this section, we summarize below known results on capacity and trace processes
used later. Counsider a reversible, ergodic Markov chain {X; : ¢ > 0} on a countable
set E. Fix a non-empty subset F of E and denote by { X[ : ¢ > 0} the trace process
of {X;:t >0} on F, as defined in Subsection P.3.

Denote by v the unique invariant probability measure of {X; : t > 0} and by v
the invariant probability measure of the trace process {X/ : t > 0}. By Lemma
5.3 of [ﬂ], vT' coincides with the measure v conditioned to F', and v¥ is reversible.

For z € E (resp. « € F), let P, (resp. PI') be the distribution on the path
space D(Ry, E) (resp. D(R4, F)) induced by the process {X; : t > 0} (resp.
{XF :t>0}) starting from .

For a subset B of E (or F'), denote by H(B) the entry time in B, defined as

H(B)=inf{t >0: Z, € B},

where Z; stands either for X; or for X/". The context will always clarify to which
process we are referring to. Denote by 7(B) the time of first return of {X; : ¢ > 0}
to B:
T(B) = mf{t >T1: X, € B},

where T} stands for the time of the first jump of {X; : ¢ > 0}. When the set B is
a singleton {z}, we denote H({z}), 7({z}) by H(x), 7(x), respectively.

Denote by A : E — Ry the holding times of the Markov process {X; : ¢t > 0}.
By Lemma 5.4 in [J], the rate r¥(z,y) at which the trace process {X/ : t > 0}
jumps from a site x € F to a site y € F, y # x, is given by

rf(z,y) = Ma)Po[H(y) < 7(F\{y})] - (6.1)
The expectation of an entry time has a simple expression in terms of the ca-
pacities associated to the process {X; : t > 0}. Denote by L the generator of the
process {X; :t > 0}. Let A, B C E be two disjoint sets. Define
B(A,B)={f:E—-R: f(z)=1forx € Aand f(x) =0 for z € B}.
Let D be the Dirichlet form associated to {X; : ¢ > 0}: D(f) = — [ fLfdv for
any f: E — R. The capacity cap(A4, B) between A and B is defined as
cap(4,B) = inf{D(f): f € B(A,B)}. (6.2)

Notice that cap(A, B) = cap(B, A); it is enough to consider f=1—f An
elementary computation shows that cap(A, B) = D(fa,p), where f4 p is the unique

solution of
(Lf)(x)=0 ifzeE\(AUB)

flz)=1 ifreA
flx)=0 ifx e B.
It is easy to see, by the strong Markov property, that
fa,p(x) =P,[H(A) < H(B)]. (6.3)

Let A, B be two disjoint subsets of F. Define capy(A4, B) as the capacity between
A and B, with respect to the trace process {X/" : ¢ > 0}. By Lemma 5.4 (d) in [J],
cap(4A, B)
AB) = ————=- 6.4
CapF( ) ) V(F) ( )
The first result of this section establishes the relation between capacity and
expectation of hitting times.
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Lemma 6.1. For any subset A of F and any y in F \ A,

LS )P [H(y) < H(A)] .

- L
E [H(A)} - Cap(yvA) 2€F

Proof. Fix A C F and y in F\ A. By equation (4.12) in [,

1
EF[H(A)] = ——= Y VIR PI[H(y) < H(A)] .
SHW] = o 2P IHG) < H(A)
To prove the lemma, it remains to recall that v is the measure v conditioned to
F, (b4) and Lemma 5.4 (a) in [f. O
Note that P,[H(y) < H(A)] vanishes for z in A. In particular,
FA\A)
EF[m(4)] < YA 6.5
) < o) (6

Capacities are also related to return times. Next result follows from equation
(6.10) in [P].
Lemma 6.2. Let A be a finite subset of E, and let y € E\ A. Then,

P,[H(A) < 7(y)] = %’{y}) .

A)v(y)

When the Markov chain {X; : t > 0} is not ergodic, the definition of the capacity
can be generalized in a natural way. Assume that there exists a positive measure
v, reversible and invariant for {X; : ¢ > 0}. In this case, of course, v(E) = +o0.

To define the capacity between a finite set A and infinity, consider an increasing
sequence of finite sets B,, C E such that U, B, = E. Since A is finite, cap(4, BS),
given by the variational formula (@), is well defined for n large enough. The
sequence of functions fa e, introduced in @), is increasing and bounded. There-
fore, we can define fa(x) = lim,, fa,pe (x). It is not difficult to check that

fa(z) = Pu[H(A) <00, D(fa) = inf{D(f): f e B(A)},
where B(A) is the set of finitely supported functions f : E — R such that f(z) =1
for x € A. Let cap(A) := D(fa) be the capacity of A with respect to infinity.

By the dominated convergence theorem and Lemma @, the following result
holds.

Lemma 6.3. For anyy in E,

cap(y)
Aly) v(y)

We conclude this subsection with two estimates for the simple symmetric random
walk on the torus T‘]i\, or on the lattice Z?¢. Taking adavantage of the commuting
time identity, which relates expectation of hitting times with capacities, Proposition
10.13 of establishes the following bounds for the hitting times of the simple
symmetric random walk on ']I‘ﬁlv:

Pylr(y) = +o0] =

Lemma 6.4. Let x, y two points at distance k on the torus T‘fv. There exist
constants 0 < cqg < Cyq < +00 such that in dimension d > 3,

caN?® < E.[H(y)] < CyN®  uniformly in k
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and in dimension 2,
caN?logk < E,[H(y)] < CoN?log(k+1) .

For N > 0, let us denote by A} the cube of length 2/NV +1 centered at the origin:
Ay ={=N,..., N} Denote by dAy its inner boundary: sAx = {z € A% : Jy ¢
A} with |y — x| = 1}. The following lemma is Proposition 2.2.2 of [Iq]:

Lemma 6.5. Let X(t) be the simple symmetric random walk in Z%, d > 3. Then,
there exist constants 0 < c¢q < Cgq < 400 such that for any set A C A} and any
x € OAS N we have

ca N*"@cap(A) < P,[Ha < +00] < CqN*"%cap(4) .

Note that cap(A) is finite because the random walk is transient.

6.2. Random walks in Tﬁl\,, d > 3. In this subsection we prove some properties
of the simple random walk on ']I‘?V which will be used to establish its metastable
behavior. Denote by {YkN : k > 0} the discrete time, nearest-neighbor, symmetric
random walk on T4 and let QY, z € T4, be the measure on D(Z, T¢;) induced by
the random walk Y starting from z. Expectation with respect to QY is denoted
by the same symbol.

For a subset B of T4, denote by H(B) the entry time in B, defined as
H(B) = inf{k>0:Y" € B}.

In Lemma @ below we prove that whenever the simple random walk starts
from a point isolated from the very deep traps, asymptotically, the next very deep
trap to be visited is uniformly chosen. In Corollary @ we obtain the limiting
distribution of the next very deep trap to be visited starting from another very
deep trap. Corollary presents the limit of the capacity between two points of
T¢, far apart.

Let d(z,y) be the distance induced by the graph 'H‘?\,. For a subset I" of T¢ and
r > 0, denote by B(T,r) the set of sites in T4, at distance less than or equal to r
from I': B(I',r) = {x € T% : d(z,T') < r}; and denote by G the sites not in T
which are at distance one from I': OT' = {z ¢ T : d(z,T') = 1}. In these definitions
we identified I with its immersion in T%: T' =T N T%.

Lemma 6.6. Suppose Ix | oo and AY, = {«V,... 2} € T% are such that, if
i # 7, d(x),xl) > In. Then, defining Af\vm- to be AV \ {zN'}, we have

lim sup QN[H Y)Y < HAY, )] -—=| =0.
N—»ooyeB(AAN/plN)c v [ ! M1 ] M

Proof. The proof is based on the fact that a site is reached on the scale N and
equilibrium is reached on the scale N2. Hence, in an intermediate scale, the process
has not reached A% and is in equilibrium. In particular, it has a probability 1/M
to attain z{ before the set A} ;.

First, we prove that the process does not reach a site in the scale N°/2:

lim  sup Q) [H(0) < N°?] = 0. (6.6)
N=00 yd(y,0) >y
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By the strong Markov property,
N 5/2 N
Q) [H(0) < N*?] < Q)[H(0) < H(@B(0,N/8))]

+  sup  QN[H(0) < N°/?.
2€0B(0,N/8)

Since d(y,0) > Iy, by Lemma .9, the first term in the sum above is bounded by
Co/ 1972 for some finite constant Cy independent of N. We can therefore suppose
in (@) that Iy = N/8.
Denote by {Ry : k > 1} and {Dy, : k > 1} the successive return and departure
times between B; = B(0, N/8) and By = B(0, N/4):
Rl:HB1 D1:R1+HB§OHR1

Rn:anl‘FHBloeanl Dn:Rn‘FHBgOGR n>2.

Here 0 : D(Z4,T%) — D(Z,T%) is the shift map given by Y; 0 05 = Y 4.
For y such that d(y,0) > N/8, by the strong Markov property,
QY[H(0) < N*/?] < QN [Rya-o/s < N°/?] + QY [H(0) < Rya-o/4]

S sup in R d—9/4 S N5/2
2;d(2,0)>N/8 =y ] (6.7)

+ N4 sup QN[H(0) < H(B(0,N/4))] .
2€0B(0,N/8)

The right hand side does not depend on the choice of y and tends to zero as N T oo,
by [}, Proposition 1.1 with « = N~'/2, and Lemma [5.5. This proves (.4).

In the time scale N°/2 the process reaches equilibrium. More precisely, denote
by 7V the uniform probability measure on T4 and by ||u — v|| the total variation
distance between two measures u, v on T%. By Corollary 5.3 and equation (5.9)
in [[[7], for an arbitrary sequence y™ € B(A},,1n)°,

im HQ Yys/s = ] —wN()H = 0. (6.8)
In particular, for 1 <4 < M and for an arbitrary sequence ¥ in B(AY,In)¢,

K2 K2

lim | QN [H @) - @ [HEN)] | = 0. (6.9)

To prove this claim, fix 1 <4 < M and introduce the indicators of the sets H(z¥) <
N°/2 H(xN) > N5/2 to obtain that

QNHEN)] = Q[ QY [HEN)]] + Ry,
where the remainder Ry is absolutely bounded by

N2 4 sup QY [H ()] Q) [H(zY) < N°/?].
zET%

Hence,
QW HEN) - QW HEY)] = QW [QY . [H@))] - QM [HE))]] + Ry
is absolutely bounded by

N2 4 sup Q;V[H(xgv)]{QgN[H(xgv) < N%/?] HQ Vyse =] — 7N H}
2€Tg
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By @), (6.§) and Lemma @, this expression divided by N vanishes as N T oc.
This proves (6.9).

Recall that vy stands for the probability that a symmetric, nearest-neighbor
random walk on Z% never returns to its starting point. By the estimate on the
expected hitting time (3.2) of R3], it follows from (f.9) that

. 1 1 )
1\}%0 WQ;VN [H(zN)] = o and, analogously, for j # 1, (6.10)
1 N N 1 N 1
m m@my[H(% )] = vq and h_Igo Nd@ ~[H (A Ml)] = 7vd(M—1)’

because, by Lemma E, the escape probability vy equals the capacity between the
origin and infinity in Z?. Note that A(0) = 1 and that the capacity is computed
with respect to the counting measure.

Define S to be the stopping time given by the first visit to ¥y~ after the first visit
to 2V, after visiting AJA\Q 1- By the strong Markov property, QéVN [S] is equal to

QN [H ]+ D QN Yy, ) = o7 1@ H )] + QR H ™))
J#1
Hence, by (.10),
lim QN[]—i( ! +2) (6.11)
N— ooNd Vd M—-1 ' ’

We are now in a position to prove the lemma. Fix an arbitrary sequence y™v
B(AY, Iy)¢. Since QéVN [#{visits to z] before H(A};,)}] = QYJJVN [#{visits to x¥
before H (A} )} 1{H (x) < H(A}})}], by the strong Markov property,
Q;VN [#{visits to 27" before H (A} ,)}] .
iniv [#{visits to z{" before H(A};,)}]

Qv [H(27') < H(AJ )] = (6.12)

To estimate the numerator, observe that, by ], Chapter 2, Proposition 3 and
Lemma 7,
1 .
WQéVN [S] = Q:]yVN [#{VlSltS to ¥ before S}}
= QYZJVN [#{Vis. to ¥ bef. H(A]A\/’“)}] + Qi\’{v [#{Vis. to ¥ bef. H(yN)}]
. 1

= QYZJVN [#{vis. to ) bef. H(AN )} + W{injlv [H(y™)] + QYZJVN [H(a:{v)]} .

Hence, the right hand side of (.12) can be written as

N=4(QN [8] - Q% [H (™)) - Q% [H (@)
QY [#{visits to o} before H(xy) 0 yy(ay, )+ H(AY )}] '

Let " be the stopping time H(A}; )+ H (7)o Om(ay )- By Lemma 7, Chapter 2
in ], the denominator is equal to N—4QN,[S"]. Hence, by the strong Markov
1

property on H (AJA\QJ), the previous ratio is equal to
N QN [S) - Q% [HM)] - Q% [H()])
(@AY )+ D Q% Yaay ) = o) Q% HE)])

M,1
J#1
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By (b.10), (b.11)), this expression converges to M~" as N T oo. Since the sequence
yN € B(AN ly)¢ is arbitrary, we are done. O

For a subset F' of T%, let 7(F) be the return time to F for the discrete time
random walk {V; : k > 0}:

FF) = inf{k>1:VN € F}.

For subsets A, B of T4 such that AN B = ¢, let capy~ (A, B) be the capacity
between A and B induced by the process YV:

capyn~(A,B) = 1nf— Z Z ,

mE'JI‘d yn~x

where the infimum is carried over all functions f : T4 — R such that f(z) = 1 for
all z in A, f(z) =0 for all  in B.

Corollary 6.7. Under the same conditions of Lemma @, for i #1,

Jim QN [H () < 7(4,)] = 75

Proof. Since
lim Qv [H (8B(33§V,ZN)) <@ = va,

N —o0

the result follows from the strong Markov property and Lemma E (I
Corollary 6.8. Ifly T oo and 2N, yN € ']T Y are such that d(x N oyNY >y,

A}im capyn (2, yN) = U—2d- (6.13)

Proof. The corollary is a direct application of Lemma . and Corollary .7. O

6.3. Random walk on T‘]i\, for d > 2. We present similar results to the ones stated
in the previous subsection, but which also hold in dimension 2. Here, however, we
need to impose that the distances [y, between the very deep traps and the starting
point of the walk, grow close to linearly.

Although Lemma @ below also holds for d > 3 and could be used in place of
Lemma @7 we keep both results since they are based on different arguments. Let
In be an increasing sequence such that (/N — 0 and Iy /N — oo for every a < 1.
In this way,
login
N—oco N Ngnoo 10gN B

(6.14)

In this subsection it will be more convenient to work with the distance ds(z,y)
in T4, given by N times the Euclidean distance between z and y in T.

Lemma 6.9. Consider a sequence of sets AY, = {aV,... 2%} C T4 such that
do(zi,zj) = In (0<i<j< M) for some sequence {ly : N > 1} satisfying (
Then,

1
lim sup Y [H(x{v) < H(A%l)} - M‘ =0.

N—=00 yeB(AN, Ix)e
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Since the result only concerns the first point in Af\\g to be visited, we can suppose
that the process {Yj : k > 0} is a lazy random walk in T4, i.e. with probability
one half Y does not move, otherwise it jumps uniformly to one of its neighbors.
Before going into the proof of Lemma @7 we collect some properties of the hitting
and mixing times of Y.

Recall that || - || denotes the total variation distance between two probability
measures. The following bound on the mixing time on the torus follows, for instance,
from Corollary 5.3 and equation (5.9) in [[[7].

lim limsup ||(@7]JV[Y5N2 =]-aV()|=0. (6.15)

B—00 N—oo

Of course, the same result holds for any sequence {ty : N > 1} which increases to
oo faster than N2.
We claim that for every 3 > 0 and 2V, y" € T% such that do(z™V,yN) > In

]\}EHMQ;VN[H(,TN) <pBN? = 0. (6.16)

Since for d > 3 this statement follows from (6.4), we concentrate in the case d = 2.
Recall that Y stands for the simple random walk on Z? (with law ), and denote
by ¢n : Z? — T% the canonical projection. In view of the invariance principle in
72, it is enough to prove that for every R > 0,

Jim Py [ (Y) visits 2 before Y exits B(g",RN)] = 0,

where 7V € Z? is such that ¢n(3") = y¥ € T%. This follows, for instance, from
[d, (225) since for every point ¥ € B(g", RN) such that ¢(z"V) = ¥, we have
|yN — zN| > Iy and, moreover, the number of possible choices for ZV is bounded
uniformly on N > 1. This establishes (p.1€) for d = 2.

A straightforward consequence of (p.1¢)) is that

Jim QNV[H(=N) < BN?] = 0 (6.17)
for any sequence {zV : N > 1} in T4,.

Now we can state the hitting time estimate we will use during the proof. Consider
the scales

Bl N2logN ifd=2,
N — d .

N ifd>3.
We claim that for every d > 2,

lim lim sup sup Qév [H(z) <~vh%]=0. (6.18)
770 N—oo  ayida(a,y)>in

Indeed, fix § > 0. By (), for any 8 > 0, for N sufficiently large, and for any
x, y such that da(x,y) > Iy,

QN[H(z) < vh$] < 6 + QY [H(z) > BN?, H(z) < vh] .

On the set H(z) > BN?, H(xz) = BN? + H(x) o fgn2. Therefore, by the Markov
property at 3N2, the second term is less than or equal to

Egx [Q% o [H(@) < hd] } .
By (), for 3 large enough, this expression is bounded by
§ + QN [H(z) <~vh%] .



QUENCHED SCALING LIMITS OF TRAP MODELS 29

The result follows now from Theorem 2.1 of @] and Lemma @
Finally, we claim that for every positive 7, the probability to hit a very deep
trap before vh%, is bounded away from zero in N. More precisely, for every v > 0,

limsup QM [H (z) > vh%] < 1. (6.19)
N—o00
The claim above also follows from Theorem 2.1 of [@] and Lemma @

Proof of Lemma . Our strategy is to consider several consecutive attempts to
hit one of the points in A%. For v > 0 and a positive integer L, define the times

a; = i(LN*+~h%), b = i(LN*+~h%) + LN?

for ¢ > 0. Intuitively, for each 7, we use the intervals [a;, b;] to approach equilibrium
measure 7V and the intervals [b;, a;41] to attempt to hit the set A};.
Let

Ruw = max [ Q)= 1= 7() |

SLN = sup QéV[H(A]I\\/][) < LN?],
yGB(Aé\V/I,lN)C

Trn = QNV[H(A}) < LN?.

By symmetry, the maximum is irrelevant in the definition of Ry v, and, by (p.19),
Ry, n vanishes as N 1 oo and then L 1 co. By (), (), Sy~ an Tp, n vanish
as N T oo for every L > 1.

For 0 < s < ¢, define the random variable J,;, which takes the value O if the
set AN, = {aV, ... 2} is not visited between the times s and ¢ and otherwise
Jst = 1,..., M according to the index of the first point in A}, visited in this
interval.

The proof of the lemma is divided in two parts. We first claim that for every
7 >0,

Qv [Jog,01 = 1]
Q;ZTVN [Jbo,al 7& O}

Note that this expression does not depend on L, but only on v and N. Then, we
prove that

lim sup sup
N—oo yeB(AY, In)e

Q) {H(ﬂfiv) < H(A%,l)} - = 0. (6.20)

lim 1 1
1m 11m su —
¥—0 N—)oop M

—0. (6.21)

[J bo,a1 = 1] _
Q [Jbo al ;A 0]
Clearly, Lemma %’OHOWS from (B.20) and (f.21)).

The proof of (6.2() relies on three estimates. Consider the event D p = [Jy, », 7
0 for some ¢ =0,...,F — 1], F > 1. This event indicates that some very deep trap
is visited in one of the “mixing” intervals [a;,b;]. We claim that

sup @flv[@F] < FTpn + Sp.v + RN (6.22)
yEB(AY IN)®

Fix a site y in B(ALY},In)¢ and decompose the event D according to whether
the set ALY, has been attained before time LN? or not to get that

Q)'[0r] < QY[H(AY) <IN + Q)'[Dr, H(AY) > LN,
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The first term is bounded by Sy n. On the set H(AY,) > LN?, the event D is
equal to Ui<i<p_1{Ja; »; # 0}. Hence, by the Markov property at time by, the
second term on the right hand side of the previous inequality is bounded by

F—1

Eqn {@%[ U {Tai—b0bi—b0 # 0}} } < Rpnv + Q [}OQ{JM,bi # 0}} :
i=1 i=0

Since 7V is the stationary state, the second term is smaller than or equal to (F —1)
QNV[H(AY) < LN?. In conclusion, we proved that

QY ®r] < Spv + FQNW[H(AY) < LN? + Ry n,
which is exactly (.23).

Let €r, F' > 1, be the event that no site in Af\\g has been visited in the “hitting”
intervals [b;,a;41], 0 <4 < F —1: €p = [Jp,.q,,, =0foralli=0,...,F —1]. We
claim that

swp | @Y €r) — @ [y =0]"| < FRLx . (6.23)

yEB(Aﬁ\V/I,lN)C
Fix a site y in B(A%, In)¢. By the Markov property,

F-2
Q{/V[GF] = Qi}v|: m {Jbi,ai+1 = O} Qgﬂl\;il [Jbo,al = 0] :| °
i=0
Applying the Markov property at time by = LIN?, this expression can be written as

F-2

Qflv[ ﬂ {Jbiﬁai+1 = O}:| Q,J-:[N [JO,alfbo = 0} + Ry
=0

where the remainder Ry is absolutely bounded by Ry, y. Since 7% is the stationary
state, QN [Jo,a1—bo = 0] = QNy[Joy,a; = 0]. We proceed by induction to derive

(623

Let Hr, F > 1, be the event {H (1) < H(A}; 1)} N D% N €% We claim that

Q,J.:[N [Jbo,al - 1} ‘
,J.:[N [Jbo,al 7é O}

S FQRL,N + Qi—VN [Jb(),al = 0

sup
yeB(AN In)¢

Q' [9r] -

(6.24)
F
1" + Q) [®r].
Clearly,
F-1 j-1
Ar = D%‘ N U { m{ka7ak+1 = O} N {ij7aj+1 = 1}} .
§=0 k=0
Repeating the arguments which leaded to (f.23), we get that for each 0 < j < F—1
and any site y in B(AY},In)¢,

j—1
Q) [DO{JZ,,C,@,M =0} {Jh s = 1}]

= Qi—VN [Jbo,al = O]]Qi—VN [Jb(),lll = 1] + RN )
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where the remainder Ry is absolutely bounded by (j + 1)Rz n. The value of the
remainder Ry may change from line to line below. Summing over j, we get that

Q) [9r] = QN [Jog,ar = 1] Z@ Unas = 0 + R .

where the remainder Ry is now absolutely bounded by F2Ry x + Q) [Dp]. This
expression can be written as
QN [Jbg,ar = 1]
1- QiVN [Jbo,al = O}
for a remainder Ry absolutely bounded by F2Ry, n + ervN [Jbo,a1 = O} r —l—@ff ®F],

which is precisely (
By the estimates (6.2 ) (6-23), (b-24), the supremum in (f.20) is bounded by

2F Ty n + 2Sp,n + 4F?Rpn + 2Q0N [Joga, = O]F

for every F > 1, L > 1, v > 0. By (b.19), N [Jbo,a; = 0], which does not depend
on L, is bounded above by a constant strictly smaller than one. Hence, as N T oo,
and then L | oo, Rr, v, Sr,n and T, y vanish. It remains to let F' T oo to conclude

the proof of (f.20).
It remains to prove (f.21)). Decompose the event {Jy, 4, = 1} according to the
event that at least two sites in AY; have been visited in the time interval [bg, a1] to

get that
QN [oo,a1 = 1] = QR [Yipg,a0) N ARy = {z1}] | < Qv [#(Vpo,a0) N AN) > 1] -

In this formula, Y[, 4,1 stands for the sites visited by the random walk in the interval
(b0, a1]; Yipg,ay) = 1Y: : bo <t < a1}, and #A for the cardinality of A. By similar
reasons,

QN [Yipg,au) N AN = {21} — QM [1 € Yipgra)] | < QN [#(¥ipo,an N AN) > 1] .

Therefore,
‘nyN [Jbo,al = 1] - QirVN [xl € }/[boylh]] ‘ < 2Q7J1YN I:#(}/[bOJZI] N A]]\V/I) > 1] :

Note that the probability QiVN [y € Yiby,q,]] does not depend on y by symmetry. In
particular, it also follows from the previous arguments that

|Qan [Joo,a1 # 0] = MQgn [21 € Yipg )] | < (M + D)Qly [#(Ving a0 1 ARp) > 1]
so that
| QN [Jog,ar = 1] = (1/M)QNx [Jog,ar # 01| < 4QN [#(Vibg,au) N Adr) > 1] -
Equivalently,
@ﬁrVN [Jboﬂl - 1] 1 < 4(@7]:]1\’ [#(Y[bo,al] nAy) > 1} )

QN [Jogiar 0] M| = QN [bg,01 # 0]
By the strong Markov property, the right hand side is bounded above by

N d
12%/[@ [H (ARg i) < vhin] -

By (), this expression vanishes as N T oo and then ~ | 0. This concludes the
proof of the lemma. (I

+ Ry
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We also need to estimate in dimension 2 the probability that the random walk
escapes from a deep trap. More precisely,

Lemma 6.10. Assume that d = 2 and let {Ix : N > 1} be a sequence satisfying
(b.14). Then, for any sequence {y™ € T% : N > 1},
lim log NQ [H(B(N, 1v)) < #(4™)] = 3 -

Proof. The number of visits that the random walk performs to y~ before exit-
ing B(yY,ly) is a geometric random variable, with failure probability given by
@;VN [H(B(yN,ln)¢) < #(y)]. The inverse of this probability is equal to the ex-
pected number of visits to y"V before exiting B(y",ly). By [[I§, Theorem 1.6.6,
the expected number of visits, denoted by GB(yN)lN)(yN,yN) in the notation of
Green’s functions, is given by

2
Gy y") = p logN + K + O(N™1),
for some constant K in R. The result follows from this estimate. O

Corollary 6.11. Assume that d = 2. Under the hypotheses of Lemma @, for
J#L

™

N IOgNQa]aVJN [H(zy) < 7(A3)] = A

Proof. This result follows from the strong Markov property and Lemmas @ and

.10, O

Corollary 6.12. Assume that d =2 and let {Ry : N > 1} be a sequence such that
Ry 1 oo. Let 2V, yN € T%,, such that d(z™,y™) > Ry. Then,
T

J\}im log N capyn (2, y") = 1 (6.25)

Proof. The corollary is a direct application of Lemma .4 and Corollary p.11. O

6.4. Metastability of the trap model in dimension d > 3. Recall that we
denoted by vy the probability that a nearest-neighbor, symmetric random walk on
Z4 never returns to its starting point. As in the previous subsections, we denote
by YkN the discrete time random walk on the torus 'H“fv, inducing the law QY on
D(Z+,T%). The proof of Theorem @ is divided in two parts. In Proposition -
below we show that the trace process converges and in Corollary - that the time
spent outside A%, is negligible.

Proposition 6.13. Fiz M > 1 and T > 0. As N | oo, the process {XtN’M :
0 <t < T} converges in distribution to the Markov process on {1,..., M} with
generator Ly given by

M
(L f) (i Z
Proof. Fix M > 1 and denote by rn s : {1, o MY xA{1,..., M} — R, the jump
rates of the trace process {XtN’M :0<t}. By (@), for 7 # 1,
1
WN

T

rnm(i,7) = PN [H(‘Tév) < T(Ag\v/[,j)} 5
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where again Af\VLj ={alV,.. .,xﬁl,xﬁl,xﬁ}, 1<j <M< N9 To compute this
probability, we need only to examine the discrete skeleton Markov chain:

P [H(Y) < r(afy)] = @ [H()) < #ad)

Since xjv converges, as N 1 0o, to &;, 1 < j < M, and since mini<;zj<as ||Z: — &5 ]| >

0, by Corollary @,

Vd

i

Hence, for j # 4, ry,m(i,j) converges, as N T oo, to (vg/Mw;), because Wﬁ\,

7

converges to w;. This concludes the proof of the proposition. ([l

lim QY [H(a:jV ) <+(AJAVM)} -

N —oo i

To examine the time spent by the random walk {X}N : 0 <t < T} on T4 \ AY,,
denote by cap, the capacity associated to the process X V. Of course, for any two
disjoint subsets A, B of T4,

1
CapN(A, B) = WcapyN (A, B) . (626)

For z # vy, in 'H“fv, denote by ]P"ff " the probability measure on the path space
D(R,,T% \ {x}) induced by the trace of {X : ¢ > 0} on T \ {z} starting from
y. Expectation with respect to Pév " is denoted by Eév ®,

Lemma 6.14. We have that

N,zN

lim limsup max max ME, s [H(A]I\\/][J)} =0.
M—oo N oo 1SjSM y:\y—w?\:l ’ ’

Proof. Fix 1 < j < M and y ~ 3:5\’ By Lemma @, the expectation appearing in

the statement of the lemma is equal to

; VN P N N ‘
capy (y, Ay ) ;N (2) P [H(y) < H(A3;)] - (6.27)

By (6.24), the denominator is equal to
1
N N
W (T) capyn~ (v, Apr;) = W) capy~ (¥, 27 ) -
In view of Corollary @, this latter expression is bounded below, uniformly in N,

by a strictly positive constant.

To estimate the numerator in (), we need only to examine the discrete skele-
ton Markov chain because PY [H (y) < H(A}; ;)] = QY [H (y) < H(A}} ;)] Fix a se-
quence {¢x : N > 1} such that 1 << £y << N and let By = {z € T% : d(z, A})) <
INY\ AN, Cn = {2z € T : d(2, AY)) > £n}. Since QY [H(y) < H(A}; ;)] vanishes
on the set AJA\QJ,

Yo NEQN[H) < HAN )] = Y vN(2)QY[H(y) < H(AY,)]

z;émév 2EBN
+ Y N)QY[H(y) < H(AN,)] -
zeCn

The first term on the right hand side is bounded by v~ (By), which vanishes as
N T oo because ¢y << N. Since {5 >> 1, by Lemma @, as N T oo, the second
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term converges to M~ [1 — W(T*)~" 37, ., w;]. The expression inside brackets
vanishes as M 7 oo by definition of the sequence {w;}. This proves the lemma. O

Recall that Ay = ']Tﬁlv \A%
Corollary 6.15. For every t > 0,

A
lim limsup max ET, [Tt MM =0,
M—oo N 1<j<M

Proof. Fix M > 1 and 1 < 57 < M. Consider the stochastic process ZtNM with
state space A} defined as

20 = XN (1),

where o(t) = sup{s <t: XY e AY;}. Hence, during an excursion in Ay s by
XN, the process Z N.M stays at the last visited site in AY;.

For a path w € D(R+, T¢;) performing infinitely many jumps, denote by 7, (w),
n > 0, the jumping times of w: 7o(w) = 0 and

Tn(w) = inf{t > 71 (w) : w(t) # w(Th—1(w))} .
Let
Th(w) == w) —To1(w), n>1,
and let N; be the number of jumps up to time ¢:
Ny(w) == sup{j > 0:7;(w) < t}.

The process XtN’M, defined on the path space D(R+, A%), can be thought as

a process on D(R, 'H‘N) Couple the processes X M ZN M forcing them to visit

the same sequence of sites. By Lemma p.14] and the proof of Lemma 4.4 in [ for
every K > 1,

lim limsup max EX, [TKM(ZN’M)—TKM(XN’M)] =0. (6.28)
M—o0 N—oo 1<j<M
Set Ny := Ny (ZNM), T, := T,,(ZNM) and T, := T,,(XV:M). Fix 1 < j < M.
Under PiVN,

Ni+1 A R LS
TV <A Y (T~ Tw) < YN > KM}t + > (Tu—To)
el n=1

for any positive integer K. Therefore,
BN (T2 < 0PN, 2 KM+ B [ras(25) = riou (X591
By ), the second term vanishes as N T oo and then M T oco. It remains to
prove that
lim lim sup lim sup max P2, [Nt(ZN’M) >KM] =0. (6.29)

—X M—oo N-—oo
Since Ny(ZNM) < Ny(XNM), Py - as.,
PN IN(ZNM) > KM < PIVN(XMM) > KM
J J
Fix M > 1 and 1 < j < M such that
lim sup max Py [Nt(XN’M) >KM] = hmsupIP’ VN(XNMY > KM

N—oo 1> N —o00
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Since [N; > KM] is a closed set for the Skorohod topology on D(R, A%}), since
Ni(XN-M) has the same distribution as N;(X™-™) and since, by Proposition .13,
XNM converges in distribution to ZM,

limsup Py [N, (XVM) > KM] < max Py[N(ZM) > KM],
Nooo %i 1<k<M
where P, is the distribution of the process Z* starting from k.

To estimate the right hand side, we compare Ny(ZM) with a counting process C;
in which we replace the holding times T}, by 0 if Z*(7,,_1) # 1. In other words, let
Go := Cy be the number of times the process ZM jumped before hitting 1 for the
first time. Since Z™ jumps from any site uniformly to all others, Gy is a random
variables with geometric distribution: P[Go = n] = (1/M)[(M —1)/M]"~1, n > 1.
When hitting 1, as ZM, the process C; stays there for a mean ; /vy exponential
time. At the end of this exponential time, C; jumps from Gy to Gg + G1, where
G stands for the number of jumps performed by ZM before hitting 1 again.

By construction, N,(ZM) < ¢, for all t > 0 and C; = > o<j<n, Gj» where
{G; : j > 0} are i.i.d. random variables with geometric distribution: P[G; =
n] = (1/M)[(M —1)/M]"', n > 1; and N, is a Poisson process with rate vy /w1,
independent of the sequence {G;}. In particular, Ep, [N;(ZM)] < M[1 + (ti1 /v4)].
This proves () and the corollary. (]

Proof of Theorem @ Theorem @ follows from Proposition and Corollary
b.15, O

Proof of Theorem @ Denote by {Z; : t > 0} the K-process with parameters
{W;/vg : © > 1} and ¢ = 0. Using independent exponential and Poisson random
variables, we may define in the same probability space (€2, F, P) processes {X~- .
t >0}, {ZM : t > 0} and {Z; : t > 0} which have the same distribution as
{XNM g > 01, {ZM :t > 0} and {Z, : t > 0}, respectively. Fix a common
starting point j for all processes and 7' > 0. By [1J, Lemma 3.11], {ZM : 0 <t < T}
converges a.s., as M | oo, to {Z; : t > 0} in the Skorohod metric. On the other
hand, by Proposition , if dg stands for the Skorohod metric on D([0, T],N), for
every M > 1 and € > 0,

Jim Pldg(XV,2M) > ] = 0.

In particular, there exists a strictly increasing sequence { N3, : M > 1}, such that

1
Plds(XNM ZMy > M7 < —
M
for all N > N;,. Hence, by the triangular inequality, for any sequence {N; : M >
1} such that Nas > Nj;,

. N, M —
Jim Plds(xMM,Z) > ] = 0.

for any € > 0. The sequence {¢% : N > 1}, defined as the inverse of {Nj, : M > 1},
fulfills the requirements of the first part of Theorem E
To prove the second statement of Theorem E, fix M > 2 and observe that

’Z;AN’ZN < H(AY) + TANM o O(H(AY))) provided ¢y > M. In this formula,
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0(s) : D(R;,T%) — D(Ry,T%), s > 0, stands for the time shift by s of a path w:
(B(s)w)(t) =w(s+t), t > 0. Therefore,

max ENy [g'tANveN] < max EN[H(A})] + max ETy

T2
1<j<tn % 1<j<tn % 1<G<m #5 Lt
provided M < {xn. By Corollary , the second expression converges to 0 as
N 1 0o, M 1 co. By definition of H(AY}), the first expectation on the right hand
side vanishes for 1 < j < M. For M < j < {y, by (B.]) with F = E = T%,

NA )
EN, [H(AN)] < M
%[ ( M)} - cap(xéV,A]I\\/][)

The denominator is bounded below by min, cp¢ maxi<r<ns cap(z, z}). Since || —
2| > 0, by Corollary [6.§, this expression is bounded below by a positive constant,

uniformly in M and N. This proves the second statement of Theorem E because
vN (AN, n) vanishes as N 1 oo, M T o0. O

6.5. Metastability for d = 2. In this subsection, we adapt to dimension 2 the
results presented in the previous subsection. Most of the proofs are similar to the
case d > 3.

The main difference with respect to dimension 3 is that the process is speeded
up by log N. Recall from Section P that we denote by {XY : ¢ > 0} the random
walk with generator Ly, defined in ), speeded up by log N. Moreover, PN PN,
x € T%, stand for the probability measure on D(R, T%;) induced by the processes

{xXN :t >0}, {X} :t >0} starting from z.

Proposition 6.16. For a fited M > 1, and T > 0, the process {X1 ™ : 0 <t < T}
converges in distribution, as N 1 0o, to the Markov process in {1,..., M} given by
the following generator

Proof. As in the proof of Proposition .13, we use (6.1) to write the jump rates of

f{iv’M in terms of the excursion probabilities between the very deep traps:

rym(i,J) = N [H(z)) < %(Ag\v/[,j)] .

Note the factor log N which appears because the generator £y, is multiplied by this
constant.

Consider a sequence {lxy : N > 1} satisfying (6.14). Use the strong Markov
property on H(B(z,In)¢) to obtain

Qv [H () < 7(Ady;)]

= Q. {1{]{(3(951],\771]\,)0) < 7@} QY ((pan i)y [H(@]) < H(AR ;)] } :
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Therefore,

|10g N Q2 [H(z)) < #(Ad,

T
)] - 53]
< llogNQiVN [H(B@Y,1n)) < #a))] - 2
T 1
+ 2 sup ]@;V H(zY) < H(AY, )] - —] .
2 2€8B(z]N,IN) [ J M.j ] M
By Lemmas @ and , these expressions vanish as NV T co. Since Wﬁv converges
towards w;, 1 <17 < M, we are done. ' O

Recall the definition of the measures ]P’év Tz # y € T%, introduced in the
previous subsection. It corresponds to the trace on T% \ {x} of the process { X}V :
t > 0}, which has not been speeded up.

Lemma 6.17. In dimension 2,

M N
lim limsup max max —E;V’wj {H(Af\vz[])} =0.
M—co Nooo 1SiSM yfy—zN|=1 log N ’

Proof. The proof of this result follows the same argument as in Lemma . One
only notes that the denominator of () is now multiplied by log N which allows
us to use Corollary in place of Corollary @ The argument to bound the
numerator is also the same. However, one should choose a sequence {{y : N > 1}
satisfying (f.14) in order to apply Lemma [.9 O

For x # y, in T%, denote by Pév T the probability measure on the path space
D(R,, T4 \ {z}) induced by the trace of {X : ¢ > 0} on T% \ {z} starting from
y. Expectation with respect to Pflv ' is denoted by Efjv . The difference between
Pflv T and ]P’flv * is that the first probability measure is associated to the random
walk speeded up by log N. Therefore, for every subset A of T%; \ {:Ejv }

E) [H(4)] = @Eff’mf [H(A)] .

In particular, it follows from the previous lemma that

N,z
lim 1 ME, " [HAY. )] = 0. 6.30

Corollary 6.18. In dimension 2, for every t > 0,

lim limsup max EiVN [’];AN‘M} =0.
M—oo N_oo 1<j<M %
Proof. The argument is identical to the one in d > 3 presented in Corollary .

We just use (6.3() and Proposition instead of Lemma and Proposition
.13 At the end of the proof, the rate of the process Ni(ZM) is replaced by 7/ (2i),
but its exact value is superfluous. ([

Proof of Theorem . The proof is a direct consequence of Proposition and
Corollary . O
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6.6. Dimension 2 with no acceleration. We prove in this subsection that in
dimension 2 the trap model with generator (E) starting from a very deep trap
does not move. Hence, on the order 1 scale, the random walk does not move and
on the scale log NV it converges to the K-process in which all the geometry is wiped
out.

Proposition 6.19. For every j > 1, every t > 0 and every sequence {{n : N > 1}
such that fn T 00,

lim Pon [|XY() = 2| > In] = 0.

N—oo

Proof. Fix j > 1 and a sequence {{) : N > 1} such that ¢y T oo. Following [ﬁ],
denote by Sy : Z;+ — R the clock process: Sy (0) =0,

k-1
Sn(k) = Y e WNYNG)), k>1,
=0
where {Y™ (i) : i > 0} is a nearest-neighbor, symmetric, discrete time random
walk on T% starting from xé-v; {e; : © > 0} is a sequence of ii.d. mean one,

exponential random variables, independent from the Markov chain {YV(i)}; and
WHN(z) = WX, x € T%. Denote by Ty : Ry — R the inverse of Sy:

Tn(t) = sup{k:Sn(k) <t}.

Clearly {X™(¢) : t > 0} has the same distribution as {YN(Tn(t)) : t > 0}.
Hence,

P [[XV (1) o] 2 en] = PY[[YV(Tn() - 2| = ]

< PY[ max [YV() = | > ov] + PY[Tw(t) 2 7v]

(6.31)

for a sequence ry such that 1 << ry << Z%V.
We estimate separately the expressions on the right hand side of () Since
Ty is the inverse of Sy, {Tn(t) > rn} = {Sn(rny) < t}. In particular,

ry—1
PN[Ty(t) > rn] < PNy Y e 1{YN(i) =a}} <t],
i=0
because Sy (k) > W 3oy & L{YN (i) = o)}, W > ;. Since {YV (k)

k > 0} starts from 3:5\’ and the two-dimensional random walk is recurrent, the
previous probability vanishes as N T oo because ry T oo.

On the other hand, since YV (k) — :vjv is a bi-dimensional martingale, by Doob’s
inequality,

4r
pN yN N N
which vanishes as N T oo. This concludes the proof of the proposition. (]
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