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HOMOGENEOUS APPROXIMATION
RECURSIVE OBSERVER DESIGN AND OUTPUT FEEDBACK

VINCENT ANDRIEU*, LAURENT PRALYT, AND ALESSANDRO ASTOLFT?

Abstract. We introduce two new tools that can be useful in nonlinear observer and output
feedback design. The first one is a simple extension of the notion of homogeneous approximation
to make it valid both at the origin and at infinity (homogeneity in the bi-limit). Exploiting this
extension, we give several results concerning stability and robustness for a homogeneous in the
bi-limit vector field. The second tool is a new recursive observer design procedure for a chain of
integrator. Combining these two tools we propose a new global asymptotic stabilization result by
output feedback for feedback and feedforward systems.

1. Introduction. The problems of designing globally convergent observers and
globally asymptotically stabilizing output feedback control laws for nonlinear systems
have been addressed by many authors following different routes. Many of these ap-
proaches exploit domination ideas and robustness of stability and/or convergence. In
view of possibly clarifying and developing further these techniques we introduce two
new tools. The first one is a simple extension of the technique of homogeneous ap-
proximation to make it valid both at the origin and at infinity. The second tool is a
new recursive observer design procedure for a chain of integrator. Combining these
two tools we propose a new global asymptotic stabilization result by output feedback
for feedback and feedforward systems.

To place our contribution in perspective, we consider the system for which we
want to design a global asymptotic stabilizing output feedback :

(1.1) T = 1y By = u + do(21,72) y =1,
where (see notation ([L.4)) :
(1.2)  da(z1,22) = coxd + cocah | (co,co0) € R? p>q>0.

and the problem of designing a globally stabilizing output feedback controller.

In the domination’s approach, the nonlinear function 5 is not treated per se in
the design but considered as a perturbation. In this framework the output feedback
controller is designed on the linear system :

(13) i1=$2 N igz’u, 5 Yy =,

and will be suitable for the nonlinear system (EI) provided the global asymptotic
stability obtained for the origin of the closed-loop system is robust to the nonlinear
disturbance do. For instance, the design given in [IE, @] provides a linear output
feedback controller which is suitable for the nonlinear system () when ¢ = 1 and
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Coo = 0. This result has been extended recently in [@] employing a homogeneous
output feedback controller which allows to deal with p > 1 and ¢o = 0.

Homogeneity in the bi-limit and the novel recursive observer design proposed in
this paper allow us to deal with the case in which ¢g # 0 and ¢ # 0, . In this case,
the function do is such that :

1. when |zz] is small and ¢ = 1, d2(z2) can be approximated by ¢gz2 and the
nonlinearity can be approximated by a linear function;
2. when |z2| is large, d2(z2) can be approximated by co 25, hence we have a
polynomial growth which can be handled by a weighted homogeneous con-
troller as in [P§].
To deal with both linear and polynomial terms we introduce a generalization of
weighted homogeneity which highlights the fact that a function becomes homoge-
neous as the state tends to the origin or to infinity but with different weights and
degrees.

The paper is organized as follows. Section E is devoted to general properties
related to homogeneity. After giving the definition of homogeneous approximation
we introduce homogeneous in the bi-limit functions and vector fields (Section P.1))
and list some of their properties (Section @) Various results concerning stability
and robustness for homogeneous in the bi-limit vector fields are given in Section E
In Section E we introduce a novel recursive observer design method for a chain of
integrator. Section @ is devoted to the homogeneous in the bi-limit state feedback.
Finally, in Section E, using the previous tools we establish new results on stabilization
by output feedback.

Notation.
e R, denotes the set [0, +00).
e For any non-negative real number r the function w — w" is defined as :

(1.4) w" = sign(w) |w|" Vw € R.
According to this definition :

dw 9

(1.5) =rlw["t, w? = ww|, (w; >ws and r > 0) = w] > w} .

e The function §) : Ri — Ry is defined as

a
1.6 b) = 1+0.
(1.6 9(0.b) = T 140
e Given r = (ry,...,r,)T inR? and Ain Ry, A"ox = (AN 2y, ..., A™ xn)T is

the dilation of a vector z in R™ with weight r. Note that :
)\7{ < ()\QOZE) = ()\1)\2)T ST .

e Given r = (ry,...,m,)T in (Ry \ {OD)", |z, = |x1|% + ...+ |xn|%n is the
homogeneous norm with weight  and degree 1. Note that :

1 r
(A" o x|, = M|, , ‘(—) o

=1.
|-

T
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e Given rin (R \ {0})™, S, = {z € R"| |z|, = 1} is the unity homogeneous
sphere. Note that each z in R™ can be decomposed in polar coordinates, i.e.
there exist A in Ry and € in S, satisfying :

(17) X o 8 with { Y=l
1.7 x = A" o 6 wit B 1\
0 = (—‘1‘7) o T .

2. Homogeneous approximation.

2.1. Definitions. The use of homogeneous approximations has a long history
in the study of stability of an equilibrium. It can be traced back to Lyapunov first
order approximation theorem and has been pursued by many authors, for example
Massera [[Lg], Hahn [§], Hermes [[], Rosier [2d]. Similarly this technique has been used
to investigate the behavior of the solutions of dynamical systems at infinity, see for
instance Lefschetz in , IX.5] and Orsi, Praly and Mareels in [@] In this section,
we recall the definitions of homogeneous approximation at the origin and at infinity
and restate and/or complete some related results.

DEFINITION 2.1 (Homogeneity in the 0-limit).

e A function ¢ : R"™ — R is said homogeneous in the 0-limit with associated
triple (ro,do, ¢o), where ro in (R4 \ {0})™ is the weight, dy in Ry the degree
and ¢9 : R"™ — R the approximating function, if ¢ is continuous, ¢g is
continuous and not identically zero and, for each compact set C' in R™\ {0}
and each € > 0, there exists Ao such that :

T0

max w —golx)| < e , ¥ A€ (0,X).

o A wvector field f =1, fZB%Z is said homogeneous in the 0-limit with asso-

ciated triple (ro, 00, fo), where ro in (R \ {0})™ is the weight, 09 in R is the

degree and fo =1, fo»iaixi the approzimating vector field, if, for each i in

{1,...,n}, 90 +70,i > 0 and the function f; is homogeneous in the 0-limit
with associated triple (ro,d + 104, fo0,i)-

This notion of local approximation of a function or of a vector field can be found

in [, 4. B, 10

Example 2.2 : The function do : R — R introduced in the illustrative system
( is homogeneous in the 0-limit with associated triple (ro, do, d2,0) = (1, q, co z3).
Furthermore, if ¢ < 2 the vector field f(z1,22) = (z2,02(x2)) is homogeneous in the
0-limit with associated triple :

(2.1) (r0, D0, fo) = ((2 —¢1), =1, (2,0 wg)) :

DEFINITION 2.3 (Homogeneity in the oco-limit).

e A function ¢ : R™ — R is said homogeneous in the co-limit with associated
triple (Foo,doos Poo), where oo in (Ry \ {0})™ is the weight, do in Ry the
degree and ¢oo : R™ — R the approzximating function, if ¢ is continuous, ¢
is continuous and not identically zero and, for each compact set C' in R™\ {0}
and each € > 0, there exists Aoy such that :

D(A">= o )

inea,é( T—d)oo(fﬂ) S g vV oA Z )\oo .
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o A wector field f =Y 1, fia%i is said homogeneous in the co-limit with as-
sociated triple (oo, Voo, foo), where Too in (Ry \ {0})™ is the weight, Vs in
R the degree and foo = > 1, foo,z‘a%i the approximating vector field, if, for
each i in {1,...,n}, 0o + Toi > 0 and the function f; is homogeneous in
the oo-limit with associated triple (oo, Voo + Too iy foo,i)-

Example 2.4 : The function d; : R — R given in the illustrative system (L)) is
homogeneous in the oo-limit with associated triple (roo, doo, 02,00) = (1, P, oo xg)
Furthermore, when p < 2, the vector field f(z1,22) = (x2,02(x2)) is homogeneous
in the oco-limit with associated triple :

(2:2) (roe: 0ocs foo) = (=0, 1), =1, (52,0008)) -

DEFINITION 2.5 (Homogeneity in the bi-limit). A function ¢ : R™ — R (or a
vector field f : R™ — R™) is said homogeneous in the bi-limit if it is homogeneous in
the 0-limit and homogeneous in the oo-limit.

Remark 2.6 : If a function ¢ (respectively a vector field f) is homogeneous in the
bi-limit, then the approximating function ¢y or ¢, (resp. the approximating vector
field fo or foo) is homogeneous in the standard senseﬂ (with the same weight and
degree).

Example 2.7 : As a consequence of Examples P.9 and .4, the vector field f(zy,z5) =
(22, 02(x2)) is homogeneous in the bi-limit with associated triples given in (R.1]) and
(.2 aslong as 0 < g < p < 2.

Example 2.8 : The function z — |z|% + |z|¢>=, where (do, ds) are in R and (1o, 70)
are in (R, \{0})?" is homogeneous in the bi-limit with associated triples (ro, do, |:1:|;?3)
and (roc, doo, |#]|9=) provided that

doo d .
(2.3) > =2 Vie{l,..,n}.

T'co,i 70,i

Example 2.9 : We recall equation (E) and consider two homogeneous and positive
definite functions ¢p : R"® — Ry and ¢, : R" — Ry with weights (19,7 ) in
(R4 \ {0})*" and degrees (do, doo) in (R \ {0})2. The function z — $(¢o(z), oo (7))
is positive definite and homogeneous in the bi-limit with associated triples (ro, do, ¢o)
and (Teo, doo, Poo ). This way to construct a homogeneous in the bi-limit function from
two positive definite homogenous functions is extensively used in the paper.

2.2. Properties of homogeneous approximations. To begin with note that
the weight and degree of an homogeneous in the 0-(resp. oo-)limit function are not
uniquely defined. Indeed, if ¢ is homogeneous in the 0-(resp. co-)limit with associated

IThis is proved noting that, for all z in R™ and all p in Ry \ {0},

po(p"° o x) -1 lim (A0 0 (w0 0 2)) = lim ()™ o) = ¢o(z) ,

pdo udo A0 Ado A—0 (Ap)do

and similarly for the homogeneous in the oco-limit.
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triple (ro, do, ¢0) (resp. (reo,doo, Poo)), then it is also homogeneous in the 0-(resp. oo-
)limit with associated triple (kro,kdo, do) (resp. (k7oo, kdoo, doo)) for all k& > 0.
(Simply change A in A\*.)

It is straightforward to show that if ¢ and { are two functions homogeneous in
the 0-(resp. oo-)limit, with weights ry o and r¢ o (resp. 74 00 and r¢ o), degrees dg o
and de¢o (resp. dg,oo and d¢ o), and approximating functions ¢o and (o (resp. ¢oo
and () then the following holds.

P1 : If there exists k in Ry such that krgo = 7¢0 (resp. k7p 00 = T¢,00) then
the function  — ¢(x)((x) is homogeneous in the 0-(resp. oo-)limit with
weight r¢ o, degree k dy,o+dc,o (Tesp. 7¢ 00, k dp oo +dc,00) and approximating
function & > o (z) Go(x) (16sp. T > e () Coo (2)).

P2 : If, for each j in {1,...,n}, % < Tii‘)“j (resp. Ti“’(:j > %), then the
function x — ¢(z) + ((x) is homogeneous in the Ol(resp. ’oé—)limit with
degree dg.o, weight 740 (resp. dg oo and 74 ) and approximating function
x — ¢o(x) (resp. T — ¢Poo(x)). In this case we say that the function ¢
dominates the function ¢ in the 0-limit (resp. in the co-limit).

P3: If the function ¢g + (o (resp. doo + (o) is not identically zero and, for each

Jin {1,...,n}, Td"”o_ = dC—“f (resp. CL"—‘“’_ = d"“’v), then the function
$,0,5 7¢,0,5 T¢,00,j T¢ 00,4
x — ¢(z) + ((x) is homogeneous in the 0-(resp. oo-)limit with degree dg o,
weight 740 (resp. dg oo, T¢,00) and approximating function z +— ¢o(z) + (o(x)
(1esp. & 1= oo(2) + Cool2)).
Some properties of the composition or inverse of functions are given in the following
two propositions, the proofs of which are given in Appendices E and E
PROPOSITION 2.10 (Composition function). If ¢ : R®™ = R and ¢ : R — R
are homogeneous in the 0-(resp. oco-)limit functions, with weights ry o and r¢ o (resp.
T oo aNd T¢ o), degrees dgo > 0 and dco > 0 (resp. dyoo > 0 and de.oo > 0), and
approzimating functions ¢g and (o (resp. doo and () , then (o ¢ is homogeneous in

the 0-(resp. oco-limit) with weight r4 o (Tesp. T¢ 00), degree % (resp. %}}
and approzimating function (o o ¢ (Tesp. (oo © Poo)-

PROPOSITION 2.11 (Inverse function). Let ¢ : R — R be a bijective homogeneous
in the 0-(resp. oo-)limit function with associated triple (1, do, o xdo) with wg # 0 and
do >0 (resp. (1, oo, Yoo xd°°) with s # 0 and ds > 0). Then the inverse function
¢! R — R is a homogeneous in the 0-(resp. oo-)limit function with associated

1 1
- 1 z ) %0 1 T doo
triple (1, I (%) > (resp. (1, = (E) >)
Despite the existence of well-known results concerning the derivative of a homo-

geneous function, it is not possible to say anything, in general, when dealing with
homogeneity in the limit. For example the function

d(z) = 2° + 2% sin(2?) + 23 sin(1/2) + 22 | rzeR,
is homogeneous in the bi-limit with associated triples :
(1,2,2%) (1,3,2°) .

However its derivative is neither homogeneous in the 0-limit nor in the oo-limit. Nev-
ertheless the following result holds, the proof of which is elementary.
PROPOSITION 2.12 (Integral function). If the function ¢ : R™ — R is homoge-
neous in the 0-(resp. oo-)limit with associated triple (ro, do, ¢o) (resp. (Too,doo, Poo));
Tq

then the function ®;(x) = 0 (T, Ti1, 8, Tit1, - -, Tn) dS is homogeneous
5



in the 0-(resp. oo-)limit with associated triple (ro,do + 104, Pio) (resp. (Too,doo +
Tooyis Pioo) ), with ®;0(x) = fowl Go(T1y e Tim1, S, Tig1s .-, Tp) ds (Tesp. Py () =
fowl Goo(T1y e oy L1y Sy L1y ey L) dS) .

By exploiting the definition of homogeneity in the bi-limit it is possible to es-
tablish results which are straightforward extensions of well-known results based on
the standard notion of homogeneity. These results are given as corollaries of a key
technical lemma, the proof of which is given in Appendix Q

LEMMA 2.13 (Key technical lemma). Letn : R™ — R and v : R" — Ry be
two functions homogeneous in the bi-limit, with weights ro and ro, degrees do and

doo, and approximating functions, no and N, and, yo and Yoo Such that the following
holds :

{2z eR"\ {0} : v(x)
{xzeR"\ {0} : v(z)
{2 e R"\ {0} : yoo(z)

Then there exists a real number ¢* such that, for allc > ¢*, and for all z in R™\ {0} :

{zeR”: px)<0},
{xeR™ : m(x) <0},
{zeR™ : Neo(z) <0} .

0}
0}
0}

N 1N 1N

24)  n@) —cy(@) <0, mo(x) —co(r) <0, Neo(r) = cyoo(x) <0 .

Example 2.14 : To illustrate the importance of this Lemma, consider, for (z1,22) in
R2, the functions

ritra ri+ra
n(wy,x2) =122 — 2| 0, (@, @2) = w2,

with 71 > 0 and, ro > 0, They are homogeneous in the standard sense and therefore in
the bi-limit, with same weight r = (r1,r2) and same degree d = r1 + ro.Furthermore
the function 7 takes positive values and for all (z1,72) in {(z1,22) € R?\ {0} :
~y(z1,22) = 0} we have

14792

n(ry,x2) = —|z|" 0 < 0.

So Lemma yields the existence of a positive real number c*, such that for all
c > cx, we have :

r1t7ra rit+ra
(25) Xr1 Ty — |I1| 1 —_ C|x2| T2

<0 V(.Il,xg) €R2\{0} .
This is a generalization of the procedure known as the completion of the squares in
which however the constant ¢ is not specified.

COROLLARY 2.15. Let¢ : R" - R and { : R™ — R, be two homogeneous in the
bi-limit functions with the same weights ro and roo, degrees dg o, dp.oc and de¢ o, d¢ oo,
and approximating functions 1y, ¢oo and (o, (. If the degrees satisfy dg o > d¢o and
dg0o < d¢oo and the functions ¢, (o and ( are positive definite then there exists a
positive real number ¢ satisfying :

o(r) < cf(z) ,YVz e R".



Proof : Consider the two functions

n() = olx) +C(x) (@) = ((2) .

By property P2 (or P3H) in Subsection @, they are homogeneous in the bi-limit with
degrees d¢ o and d¢ o. The function v and its homogeneous approximations being
positive definite, all assumptions of Lemma are satisfied. Therefore there exists
a positive real number ¢ such that :

cy(x) > n(z) > ¢(x)  VeeR"\{0}.
Finally, by continuity of the functions ¢ and ¢ at zero, we can obtain the claim. O

2.3. Stability and homogeneous approximation. A very basic property of
asymptotic stability is its robustness. This fact was already known to Lyapunov
who proposed his second method, (local) asymptotic stability of an equilibrium is
established by looking at the first order approximation of the system. The case of
local homogeneous approximations of higher degree has been investigated by Massera
[, Hermes [ff] and Rosielé?].

PROPOSITION 2.16 ([RY]). Consider a homogeneous in the 0-limit vector field
f :R™ = R™ with associated triple (ro,00, fo). If the origin of the system :

& = fo(z)
18 locally asymptotically stable then the origin of
i = f(x)

1s locally asymptotically stable.

Consequently, a natural strategy to ensure local asymptotic stability of an equi-
librium of a system is to design a stabilizing homogeneous control law for the homo-
geneous approximation in the 0-limit (see [E, E7 E] for instance).

Example 2.17 : Consider the system () with ¢ = 1 and p > ¢, and the linear
control law :

u= —(co+1)zy — a7 .

The closed loop vector field is homogeneous in the 0-limit with degree vy = 0,
weight (1,1) (i.e. we are in the linear case) and associated vector field fo(x1,x2) =
(xo,—x1 — J:Q)T. Selecting the Lyapunov function of degree two :

1 1
Vo(zi,22) = §|561|2 + 3 |zo + $1|2 )

yields :

A%
Ox
It follows, from Lyapunov second method, that the control law locally asymptotically
stabilizes the equilibrium of the system. Furthermore, local asymptotic stability is

(2) fo(z) = —|a1* = |z2 + 21]” .

21f ¢o(x) + Co(x) = 0, respectively ¢oo(x) + Coo(x) = 0, the proof can be completed replacing ¢
with 2¢.



preserved in the presence of any perturbation which does not change the approximat-
ing homogeneous function, i.e., in the presence of perturbations which are dominated
by the linear part (see Point P2 in Section P.J).
In the context of homogeneity in the oco-limit, we have the following result.
PROPOSITION 2.18. Consider a homogeneous in the oo-limit vector field f
R™ — R™ with associated triple (Too, Voo, foo)- If the origin of the system :

T = foo(x)a

is globally asymptotically stable then there exists an invariant compact subset of R™,
denoted Coo, which is globally asymptotically stableﬂ for the system :

z = f(z) .

The proof of the proposition is given in Appendix D
As in the case of homogeneity in the 0-limit, this property can be used to design
a feedback ensuring boundedness of solutions.

Example 2.19 : Consider the system ([L.1) with 0 < ¢ < p < 2 and the control law :

1 p—1 p

1

P
(2.6) u = —2_p:vf’p:vg — 7" = oo — (xg + xfp) .

This control law is such that the closed loop vector field is homogeneous in the oco-
limit with degree 0o, = p—1, weight (2—p, 1) and associated vector field fo (z1,z2) =

p—1

1

P T
T, —ﬁ xy Pae —xf ¥ — (xg + :Cfp) ) . For the homogeneous Lyapunov func-

tion of degree two :

2-p, =2 1 P
Voo(Il,iEQ) - D) |$1|27’) + 5 To + Ty P 5
we get :
oV. pt1 S|P
@) foola) = i B |a + 2T

It follows that the control law (@) guarantees boundedness of the solutions of the
closed loop system. Furthermore, boundedness of solutions is preserved in the presence
of any perturbation which does not change the approximating homogeneous function
in the oco-limit, i.e. in the presence of perturbations which are negligible with respect
to the dominant homogeneous part (see Point P2 in Section P.2).

The key step in the proof of Propositions and is the converse Lyapunov
theorem given by Rosier in [@] This result can also be extended to the case of
homogeneity in the bi-limit.

THEOREM 2.20 (Homogeneous in the bi-limit Lyapunov functions). Consider

a homogeneous in the bi-limit vector field f : R™ — R™, with associated triples
(Foos 000, foo) and (ro, 0, fo) such that the origins of the systems :
(2.7) t=flx) , &=folr) , &= folz)

3 See @} for the definition of global asymptotical stability for invariant compact sets.
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are globally asymptotically stable equilibria. Let dy., and dy, be real numbers such
that dy,, > maxi<i<n Too,i and dy, > maxi<i<n T0,;. Lhen there exists a C*, positive
definite and proper function V. : R™ — R such that, for eachi in{1,...,n}, the func-

tions x — % is homogeneous in the bi-limit with associated triples (o, dv, — 7o, %)

and (TOO, dv,, — Tec,i %L;j) and the function x +— %—Z(x) flx), . — %(z) fo(z) and
x> %L;O(x) foo(x) are negative definite.
The proof is given in Appendix E A direct consequence of this result is an Input-

to-State Stability (ISS) property with respect to disturbances (see [B1]). To illustrate

this property, consider the system with exogenous disturbance 6 = (d1,...,d,,) in
R™ :
(2.8) &= f(z,0),

with f : R"xR™ a continuous vector field homogeneous in the bi-limit with associated
triples (9o, (70, %0), fo) and (Veo, (oo too)s foo) Where tg and to in (R4 \ {0})™ are the
weights associated to the disturbance 9.

COROLLARY 2.21 (ISS Property). If the origins of the systems :

&= f(z,0) z = fo(z,0) T = foo(z,0)

are globally asymptotically stable equilibria, then under the hypotheses of Theorem
the function V' given by Theorem satisﬁesﬁ forall 6 = (61,...,0m) in R™

and x in R" :

oV dVﬁ(l)+dU Ay Tdoo
%(fc)f(iﬂﬁ) < —ey H | V() ™o V(z) Ve
m dyy+do dy, +doo
(2.9) +cézg<|5j| G516, > ,
j=1

where cy and cs are positive real numbers.

In other words, system (P.g) with & as input is ISS. The proof of this corollary is given
in Appendix E

Finally, we have also the following small-gain result for homogeneous in the bi-
limit vector fields.

COROLLARY 2.22 (Small-Gain). Under the hypotheses of Corollary , there
exists a real number cq > 0 such that, for each class IC function v, and KCL function
Bs, there exists a class KL function B, such that, for each function t € [0,T)
(x(),d(t), 2(t)), T < +oo, with x C* and § and z continuous, which satisfies, both
(@) on [0,T) and, for all0 < s <t < T,

210 J(0)] < max {35 (120 ¢ =) sup 2e(lat) }

s<k<t

(2.11) |&@ngnmx{@(p@mt—s)¢m wp{ﬁﬂﬂ@i?ﬁﬂﬁﬁzﬂ}}a

we have
(2.12) lz(t)| < Bu(|(2(s5), 2(5))],t —5) 0<s<t<T.

4The function § is defined in (@)



The proof is given in Appendix Q

Example 2.23 : An interesting case which can be dealt with by Corollary is
when the §;’s are outputs of auxiliary systems with state z; in R™, i.e :

(213) 5l(t) = 5i(Zi(t),£L'(t)) s é’i = gi(Zi,,T) .

It can be checked that the bounds (B.11]) and (R.10) are satisfied by all the solutions
of (2.9) and (2.13) if there exist positive definite and radially unbounded functions
Z; :R™ — Ry, class K functions wq, we and w3, a positive real number € in (0, 1)
such that for all z in R™, for all 4 in {1,...,m} and z; in R"™ we have :

2
82@
wi(@) +wa ([L+ ws(|z])) < ca (Jz[for, [z]f=r) .

Too

6 (2i, )| < wi(z) +w2(Zi(z1)) (zi) 9i(zi,2) < —Zi(2i) + ws(|2]),

Another important result exploiting Theorem deals with finite time conver-
gence of solutions to the origin when this is a globally asymptotically stable equilib-
rium (see [E]) It is well known that when the origin of the homogeneous approxi-
mation in the 0-limit is globally asymptotically stable and with a strictly negative
degree then solutions converge to the origin in finite time (see [fJ]). We extend this
result by showing that if, furthermore the origin of the homogeneous approximation
in the oco-limit is globally asymptotically stable with strictly positive degree then the
convergence time doesn’t depend on the initial condition. This is expressed by the
following corollary.

COROLLARY 2.24 (Uniform and Finite Time Convergence). Under the hypotheses
of Theorem , if we have Voo > 0 > g, then all solutions of the system & = f(x)
converge in finite time to the origin, uniformly in the initial condition.

The proof is given in Appendix E

3. Recursive observer design for a chain of integrators. The notion of ho-
mogeneity in the bi-limit is instrumental to introduce a new observer design method.
Throughout this section we consider a chain of integrators, with state X,, = (x1,...,x,)
in R™, namely :

(31) &1 =x3, ..., &, = u orin compact form Xn = SpXn + B,u,
where S, is the shift matrix of order n, i.e. S, %, = (x2,.. .,Xn,O)T and B, =
(0,...,0,1)T. By selecting arbitrary vector field degrees dg and 9, in (—1, ﬁ , we
see that, to possibly obtain homogeneity in the bi-limit of the associated vector field,
we must choose the weights ro = (191, ..,70,n) and Too = (oo 1, - -+ Too,n) a8 :

r = 1 , 0.4 = T0.4 -0 = 1 —-—0(n—1 s
(32) 0,n 0,2 0,i+1 0 0 ( )

Toon = 1, Tooyi = Tooyi+l — 0o = 1 — 04 (n — ’L) .

The goal of this section is to introduce a global homogeneous in the bi-limit observer
for the system (@) This design follows a recursive method, which constitutes one of
the main contribution of this paper.
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The idea of designing an observer recursively starting from x, and going back-
wards towards 1 is not new. It can be found for instance in [2, 4, 3, B, B3)) and
[ﬂ, Lemma 6.2.1]). Nevertheless, the procedure we propose is new, and extends to the
homogeneous in the bi-limit case the results in [23, Lemmas 1 and 2].

Also, as opposed to what is proposed in [@, @]H, this observer is an exact observer
(with any input u) for a chain of integrators. The observer is given by the systemf] :

(3.3) X, = SpXn 4 Bou + Ki(iy — x1)

with state X, = (X1,...,&n), and where K7 : R"™ — R"™ is a homogeneous in the
bi-limit vector field with weights 79 and 7., and degrees 0y and 0. The output
injection

vector field
K, has to be selected such that the origin is a globally asymptotically stable
equilibrium for the system :

(34) El =S, F1 + Kl(el) R FE = (61,...€n)T,

and also for its homogeneous approximations. The construction of K; is performed
via a recursive procedure whose induction argument is as follows.
Consider the system on R™™* given by :

(3.5) Eiyn = Snoi B + Kipa(eiy1) Eiv1 = (€ig1,.-- en)"

with S,,—; the shift matrix of order n — 4, i.e. S,—; Eit1 = (€itra,-.. ,en,O)T, and
Ky R — R"* a homogeneous in the bi-limit vector field, whose associated
triples are ((ro,i41,---,70,n); 00, Ki+1,0) and ((Toc,i+1,-- -+ To0,n); Voo, Kit1,00)-
THEOREM 3.1 (Homogeneous in the bi-limit observer design). Consider the sys-
tem @) and its homogeneous approximation at infinity and around the origin :

Eix1=8—iEiy1+Kivio0(eiv1), Eig1 =Sn—iEig1 + Kiqi1,00(€ig1) -

Suppose the origin is a globally asymptotically stable equilibrium for these systems.
Then there exists a homogeneous in the bi-limit vector field K; : R?—i+1 — R+l
with associated triples ((roy-- - Ton), 00, Ki0) and ((Too,iy- -+ Toom ) Voo Kico)s Such
that the origin is a globally asymptotically stable equilibrium for the systems :

Ei =8, i1 B+ Ki(ei)
(36) Ez = Sn,iJrl Ez —|— Kiyo(ei) 5 Ez = (61', ey en)T y
Ei=8, i1 Ei + K oo(e;) .

Proof : We prove this result in two steps. First we define an homogeneous in the
bi-limit Lyapunov function. Then we construct the vector field K;, depending on a
parameter ¢ which, if sufficiently large, renders negative definite the derivative of this
Lyapunov function along the solutions of the system.

5Note the term x; in (3.15) of @] for instance.
6To simplify the presentation, we use the compact notation Kj(X; — x1) for what should be
K1(5(1 —x1,0...,0).
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1. Definition of the Lyapunov function : Let dy, and dw_ be positive real
numbers satisfying :

(3.7) dw, > 2 maxij<j<nroj +00 dw,, > 2 maxi<j<nTooj + 0o ;
and

d d
(3.8) oo > Mo

Too,i T0,i

The selection (B.d) implies 79 ; + 09 > 0 and 7o ; 4 000 > 0 for each j in {1,...,n}.
Hence,

dw, > max rg ; dw._ > max Too
0 1<j<n 5] ? oo 1<j<n 00,7

and we can invoke Theorem for the system (E) and its homogeneous approxima-
tions given in (@) This implies that there exists a C", positive definite and proper

function W; 41 : R"~% — R such that, for each j in {i+1,...,n}, the function B‘g—;l
is homogeneous in the bi-limit with associated triples ((r01i+1, ce s Tom)s dwy — 0., 6‘%;1’0)
J
and ((rm7i+1, s Toom)s AW, — Toojs avg%) Moreover, for all E;; € R**\ {0},
we have :
oOW;
L (Bit1) (Sn—i Bir + Kia(eir1)) <0,
0FEi+1
OWiy1,
(3.9) 0 (Bi) (Sui B + Kit10(eir1)) <0,
OE;11
7+1'(Ez+1) (Sn—i EBiy1 + Kit1.00(€i11)) <0
OFEi+1
Consider the function ¢; : R — R defined as :
o 70,1120
T g o s/ <1,
(310) () = P07 T .
Toosi ¢ reoi + roi Too,i |S| >1.

Too,it0o0 70,i+00 Too,it0oo ’

Since we have 0 < rg; + 09 and 0 < ro; + 05 , this function is well defined and
continuous on R, strictly increasing and onto, and C! on R\ {0}. Furthermore, it is
by construction homogeneous in the bi-limit with approximating continuous functions

T0,it00 Too,it P00

70,4 - Too,iT0 - . . — .
%i_g 70 and —=-=g 7e. , The inverse function ¢, Lof ¢; is defined as :
70,i+00 Too,i ?
T0,i
70,i+0 70,it00 70,i+0
| (g o <
_ r P
q; (s) = oo
T0,i Too,i Too,it0oo | "oo,it 000 > To.it00
((S T0,i+00 + Too,iJrDao) Too,i ) ’ |S| —  To,i :
By (B-§) the function :
1 Adwy —70,i . AW,oo —Too,i
(3.11) s qg; (s) Tt 4 g (s) oo
dwy—70,i
. . C e . . . . . . 70,i+00 70,i+2%0
is homogeneous in the bi-limit with associated approximating functions s
i

AW,oo —Too,i

and (ws) reo,itPee Furthermore, by (@), it is C! on R and its derivative is

Too,i

12



homogeneous in the bi-limit with continuous approximating functions

dW[)*zTO,i*DO AW —2700,i Vo0
70,i+00 AWoo —Too,i | AWee —Too,i Too,itT 000

dW —70,i

0 i
S —

? Too,it0oo

70,i1+00

dwy—To,i
70,

Let 20; : R"~**1 — R, be defined by

S

S

Too,i

S dWO*TO,i dWOO*Too,i
W;(Eiy1,8) = Wigr1(Eip1) + / (h 0 4 b e )dh
)

a; Meiv1
s 1 'iwo*fo,i . AW *T.oo,i
—/ (qi (eit1) "1 +q; (€i41) T ) dh.
q; H(eit1)
This function is C' and by ()7 Proposition yields that it is homogeneous in
the bi-limit with weights (7o i+1,...,70.n) and (Too,it1,---»Toon) fOr Eit1, 10 and
Too,i for s, and degrees dw, and dy,, . Furthermore, for each j in {i + 1,...,n}, the

functions %(Eiﬂ, s) are also homogeneous in the bi-limit with the same weights,
J

and degrees dy, — ro,; and dy_ — oo j-

2. Construction of the vector field K; : Given a positive real number ¢, we
define the vector field K; : R"™ " — R % ag :

Ki(e:) = ( K;f(zéf(eéiz)) >

By Propositions and the properties we have established for ¢;, K; is a homoge-
neous in the bi-limit vector field. We show now that selecting ¢ large enough yields
the asymptotic stability properties. To begin with, note that for all E; = (E;11,e;)
in R"¢ :

8%1 (Eprl, éel)

5. (Ei) (Sn—iv1 Bi + Ki(e;)) < Ti(Eig1,le;) — LTa(Eipq,le;)

with the functions T; and 75 defined as :

02;

T1(Eit1,9;) = OF 1

(Bix1,%:) (Sn—i Bip1 + Kiy1(q:(94)))

dyy, =704 d _ )
Wo ~"0,4 dwy =70, Woo ~700,i AWeo ~Too,i

Ty(Eit1, ;) = (191' T g en) T o Y T =g (o) e

x(qi(Vi) — eiy1) -

These functions are homogeneous in the bi-limit with weights (rec ;... ,700,n) and
(ro,is---T0.n), degrees 0 + dw, and 0 + dyw__, continuous approximating functions
02, 0
T10(Eiy1,%) = 8E-:1 (Eit1,9) (Sn—i Eix1 + Kiy1,0(¢:,0(9:))) ,
1
agﬁi,oo

T oo(Eit1,9:) (Eit1,9:) (Sn—i Eit1 + Kit1,00(qi,00(95)))

T 0Ein

and

dWRO*:O,i . dWO*TO,i
To0(Eit1,0:) = (0, ™" —qigleip1) ™0 (gi,0(%) —eit1) ,
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AWoo ~Too,i Ay, ~Too,i

Tr00(Eit1,7:) = <19i g (o) e ) (¢i,00 (9i) — €i41) -

As the function ¢, ! is continuous, strictly increasing and onto, the function

dywn—T0.i a4 S
Wo 0,7 dWO*"‘O,'L Woo 00,1 dyWoo ~Too,i

19i T0,i —q;1(€i+1) T0 +19i Too,i _ q;l(eiJrl)T“i

has a unique zero at ¢;(¢;) = e;+1 and has the same sign as ¢;(9;) — e;11. It follows
that :

Ty(Eit1,9;) >0 V(Eiy1,9;) € R"T,
TQ(Ei+1,19i) =0 = Q1(191) = €i41 -
On the other hand, for all E; # 0,

OWii1
OFEi+1

Ty(Eiv1,q4; (eiv1)) = (Bit1) (Sn—i Eiv1 + Kii(eit1)) <0
Hence (B.9) yields :
{(Ei+1719i) e Rl \ {0} : TQ(EH_l, = 0}
- {(Ei+1719i) e R Tl(Ei+lu19i) < 0} .

By following the same argument, it can be shown that this property holds also for the
homogeneous approximations, i.e. :

{(Biy1,0:) e R"HINA{0} : Too(Eiy1,9:) = 0}
- {(Ei+1,19i) eR"H Ty (B, 9;) < 0},
{(Biy1,0) e R"HINA{0} ¢ T o0 (Eig1,0:) = 0}

- {(Elqu,’l%') ER"iiJrl : TLOO(EiJrl,’l%) < 0} .

Therefore, by Lemma , there exists £* such that, for all £ > ¢* and all (E;1,1;) #
0:

Ti(Eit1,Y;) — LTo(Eip1,9;) <0,
T1,0(Eiy1,9;) — LTo0(Eiy1,9) <0,
Ty oo (Fit1,9;) — LTo00(Eigp1,9;) <0 .

This implies that the origin is a globally asymptotically stable equilibrium of the
systems (B.6),
which concludes the proof. O
To construct the function K, which defines the observer (B.J), it is sufficient to
iterate the construction proposed in Theorem @ starting from

(é en)1+ao ) |€nen| <1,

K — 1+DO
n(en) { —1+1Doo (énen)leroo + 1+Do - ﬁ s |£nen| >1.

where /,, is any strictly positive positive real number. Indeed, K, is a homogeneous
in the bi-limit vector field with approximating functions K, o(e,) = (0nen)1 100
and K, (en) = (£ne,) 0. This selection implies that

14
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the origin is a globally asymptotically stable of the systems ¢, = K,(e,),
én = Kpole,) and é, = K, ~(en).

Consequently the assumptions of Theorem are satisfied for i +1 = n. We can
apply it recursively up to ¢ = 1 obtaining the vector field Kj.

As a result of this procedure we obtain a homogeneous in the bi-limit observer
which globally asymptotically observes the state of the system (@), and also the
state for its homogeneous approximations around the origin and at infinity. In other
word,

the origin is a globally asymptotically stable equilibrium of the systems

(312) By = S, E1 4+ Ki(e1) , By = S,F1 + Kio(er), By =S,F1 + Kioo(e1)

Remark 3.2 : Note that when 0 < 9y < 0o0, we have 1 < [0iF2 < TeeuifOo g

- Too,i

T0,i
1=1...,n and we can replace the function ¢; in () by the simpler function :

70,i+00 Too,itPo0

qz(s) = 5§ "0, + S Too,i

which has been used already in [fl].

Example 3.3 : Consider a chain of integrators of dimension two, with the following
weights and degrees :

(r0, 00) = ((2—q71),q—1) , (Too, Doo) = ((2—p,1),p—1).

When ¢ > p (i.e. 09 < 0x), by following the above recursive observer design we
obtain two positive real numbers ¢; and ¢5 such that the system :

o= A —qlhe), X2 = u—qlalhe)),, e = & —y.
with,
Lt s (2-q) 577 sl <1
s < q) s <
P a b = (2—-p)szr +p—q ,|s]>1
is a global observer for the system X1 = x5 , &2 = u , y = x1. Furthermore,

its homogeneous approximations around the origin and at infinity are also global
observers for the same system.

4. Recursive design of a homogeneous in the bi-limit state feedback. It
is well-known that the system @) can be rendered homogeneous by using a sta-
bilizing homogeneous state feedback which can be designed by backstepping (see
[, @, E, @, @, E] for instance). We show in this section that this property
can be extended to the case of homogeneity in the bi-limit. More precisely, we show
that there exists a homogeneous in the bi-limit function ¢, such that the system (B.1])
with u = ¢,(X,,) is homogeneous in the bi-limit, with weights 7o and r, and degrees
09 and 0. Furthermore, its origin and the origin of the approximating systems in
the 0-limit and in the oco-limit are globally asymptotically stable equilibria.
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To design the state feedback we follow the approach of Praly and Mazenc [@] To
this end, consider the auxiliary system with state X; = (x1,...,4;) in R, 1 <i < n,
and dynamics :

(41) &1 =x2, ..., &% =u or in compact form X = S% + Biu.

where u is the input in R, S, is the shift matrix of order i i.e. S; X; = (x2,..., x4, O)T,
and B; = (0,...,1)7 is in R". We show that, if there exists a homogeneous in the
bi-limit stabilizing control law for the origin of the system ([L]), then there is one for
the origin the system with state X;11 = (x1,...,4;11) in R"! defined by :

(42) &1 =x9, ..., Xy =u , Le. Xiv1 = Siy1Xip1 + Bijru .

Let 99 and Do be in (=1, —17) and consider the weights and degrees defined in (B.9).

THEOREM 4.1 (Homogeneous in the bi-limit backstepping). Suppose there ezists

a homogeneous in the bi-limit function ¢; : R® — R with associated triples (rg,do +
70,45 $i,0) and (Too, Voo + Toois Pico) Such that the following holds.

1. There exist a; > 1 such that the function ¥;(X;) = ¢:i(X;)% is C* and

for each j in {1,...,i} the function gfﬁ] is homogeneous in the bi-limit,
with weights (ro1,...,70,), (Too,1s--+,To0,), degrees a;(ro; +00) — 7o, and

OYio  OYico
8.96']' ’ an :

2. The origin is a globally asymptotically stable equilibrium of the systems
(4.3) X, =S8 Xi+B; 0i(X;) X =8 Xi+B; ®i0(X:) X =8 %+B; Gi,o0 (%) .

Qi (Too,i + Vo0) — Too,j and approzximating functions

Then there exits a homogeneous in the bi-limit function ¢;11 : R — R with
associated triples (ro,00 + 70,i+1, Pit1,0) and (Too, Voo + Tooit1, Pit1,00) Such that the
same properties hold, i.e.
1. There exists a real number «;11 > 1 such that the function V;11(Xip1) =
Gir1(Xip1)v+r is O and for each j in {1,...,i + 1} the function 8;’—;? is
homogeneous in the bi-limit with weights (ro1, ... 70.i41)s (Too,1s- -+ Too,it1)s

degrees ai41(r0,i+1+00) =705 and @i+1(Too,it1+000) —Too,j and approximating

. Oit1,0 Oif1,00
fUTlCtZOT‘le a—Xj’ 67&1 .
2. The origin

is a globally asymptotically stable equilibrium of the systems

Xit1 =Sit1 Xig1 + Bip1 i1 (Xiga)
(4.4) Xit1 =Sit1 Xit1 + Biy1 div1,0(Xiv1)
Xit1 = Sit1 Xit1 + Bit1 dit1,00(Xit1) -

Proof : We prove this result in three steps. First we construct a homogeneous in
the bi-limit Lyapunov function, then we define a control law parametrized by a real
number k. Finally we show that there exists k such that the time derivative, along the
trajectories of the systems (Q), of the Lyapunov function and of its approximating
functions are negative definite.

1. Construction of the Lyapunov function. Let dy, and dy__ be positive real
numbers satisfying :

4.5 dy, > it dy,, > 0.t
(4.5) o jeglaxn}{ro,a} Vao jeglaxn}{T g}

..........
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and

d d
(4.6) Yo > TN S 14q;.
Too,i+1 T0,i4+1

With this selection, Theorem gives the existence of a C', proper and positive

definite function V; : R — R, such that, for each j in {1,...,n}, the function %

J

is homogeneous in the bi-limit with weights (ro.1,...,70.i); (Foo,15---700,i), degrees
L vl BV

dv, — 10,5, dv., — T'ss,j, and approximating functions o, and o, Moreover, we

have for all X; € R*\ {0} :

oV,
0X;
OVio
8%1 (xz) [Sz %z + Bz ¢z,0(%z)] < 0 )
OV e
0%,

(%) [Si Xi + Bi 9i(X4)] <0,

(X:) [Si Xi + Bi ¢i,00(Xi)] <0 .
Following [EI]7 consider the Lyapunov function V;;; : R*! — R, defined by :

Xit1 Ay —70,i+1 Ay —T0,it1
Vi+1(:£i+1) = I/;(:{Z) + / (h 70,41 _ (bl(:{l) T0,it1 ) dh

i (X4)

Xit1 Ay, —Too,it1 AV, —Too,it1

+/ (h Tt — (%) Tt >dh.
$i(X:)

This function is positive definite and proper. Furthermore, as dy._ and dy, satisfy

([:6) we have :

dv,, —Too,i dv, — 70,i
Vo 00,i+1 Z Vo 0,2+1 > o Z 1.
Too,i+1 T0,i4+1

The function v;(X;) = ¢;(X;)% being C!, this inequality yields that the function V;

is C! . Finally, for each j in {1,...,n}, the function 6;;*_1 is homogeneous in the
J
bi-limit with associated triples
) d - 9Viji0 ) d - OVit1,00
(To,l, s ,To,z+1)7 Vo — 705> Toax,; ) (Too,l, s ,Too,z+1), Voo = To0js ~ox,

2. Definition of the control law : Recall ([.§) and consider the function ;1
Rit! — R defined by :

g — i (X5 (73 . .
X1 i(X4) o °0+T0,z+1_1 @ Doo+Tao,1+1_1
Yip1(Xip1) = _k/ Gl N R N e ds
0

where k, in Ry, is a design parameter and o1 is selected as

Q5 70,541 QG Too,i4-1 }

Q11 = max ; )
00 +70,i+1 Qoo + Too,it1

;11 takes values with the same sign as x; 11 — ¢;(X;), it is C! and, by Proposition
, it is homogeneous in the bi-limit. Furthermore, by Proposition , for each
jin {1,...,i+ 1}, the function Og;fl is homogeneous in the bi-limit, with weights
J
17




(TO,la ey T07i+1), (Too,la ey Too,i+1)7 degrees Oéi+1(T07i+1 —|—00) _TO,j and ai+1(rm1i+1 —+
. . . OYit1,0 OYit1,00 3 3

00) — T'so,; and approximating functions o, 0 T ox, With this at hand, we

choose the control law ¢;11 as :

Gir1(Xip1) = ip1(Xigr) =t

3. Selection of k. Note that :
Vi1
0%
with the functions T} and T5 defined as :
Vit
0x;

(4.8) (Xit1) [Sit1 Xig1 + Big1 dit1(Xig1)] = T1(Xip1) — kTo(Xig1)

Ti(Xi41) = (Xi11) [Si Xi + Bixig1)]

Ay —ro g
Vo 70,41 dyy —r0,i41

T2(%i+1) = <Xl-+{0’i+1 — (bl(%z) T0,i+1

AV, —Too,it1l dy, —Too,it1

Fa T = (X)) T ) Giv1(Xip1) -

By definition of homogeneity in the bi-limit and Proposition , these functions
are homogeneous in the bi-limit with weights (ro.1,...,70,i+1) and (Too,1,- - -, Foo,i+1),
and degrees dy;, + 09 and dy,, + 0o. Moreover, since ¢;1(¥;41) has the same sign as
Xjt1 — (bz(.%z), Tg(xlqu) is non—negative for all %i+1 in RiJrl and as ¢i+1(xi+1) =0
only if Xjt1 — (bz(.%z) =0 we get :

(X)) =0 = xip1 = (%),
v

Xip1 = ¢i(X) = Ti(Xip1) = X

(%) [Si Xi + Bigi(X3)] .

Consequently, equations (@) yield :
{%iﬂ (S R+ \ {0} : Tz(xprl) = 0} - {%i+1 S Rt . T1(3€1-+1) < 0} .

The same implication holds for the homogeneous approximations of the two functions
at infinity and around the origin, i.e.

{:{H—l € Ri+! \ {0} : Tg@(f{i_,_l) = 0}
{%iﬂ (S RiJrl \ {0} : szoo(xlqu) = 0}

Hence, by Lemma , there exists £* > 0 such that, for all £ > k*, we have for all
Xiy1 # 0

{:flq.l S Ri-‘rl : T170(:fi+1) < 0} s

-
- {%i+1 S Rt . Tlﬁoo(xlqu) < 0} .

OVit1
0Xit1
%(%Hl) [Sit1 Xiy1 + Biy10it1,0(Xir1)] <0,
i1
a‘/;-l-l,oo
0Xit1

(Xit1) [Siv1 Xig1 + Big10i41(Xi41)] <0,

(Xi41) [Sit1 Xig1 + Big10it1,00(Xig1)] <0 .

This implies that the origin is a globally asymptotically stable equilibrium of the
systems ([L4)). O
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To construct the function ¢, it is sufficient to iterate the construction in Theorem
starting from

1 X1 alm—’2—1 alﬂ—l
p1(x1) = Pi(xg)er Y1 (1) Z—kl/ 9 (|3| 01T | et ) ds
0

with k1 > 0.
At the end of the recursive procedure, we have that the origin is a globally asymp-
totically stable equilibrium of the systems :

Remark 4.2 : Note that if 99 > 0 and 0., > 0, then we can select a; = 1 for all
1<i<mnandif 99 <0 and 05 > 99 we can select oy = —>1—. Finally if 05, < 0 and

T0,i41

Too,1
Too,itl

09 > 0o we can select a; =

T0,i+1+00 <

Remark 4.3 : As in the observer design, when 09 < 0., we have P

7”";:1;?” for i =1...,n and we can replace the function v; by the simpler function :
a; |1 M
(4.10) i1 (Xig1) = —k | [xi — @a(X)™ @i T0,it1

i Too,i+1

i = di(X)™

b +r :
P 0o +To00,it+1 >

Finally if 0 < 09 < 0o, taking a; = 1 (see Remark ) and ¢(Xi11) = Vip1(Xig1)
as defined in ([.10), we recover the design in [I.

Example 4.4 : Consider a chain of integrators of dimension two with weights and
degrees :

(r0,2) = (@=a.a=1) . (o) = (@=p 1. p-1),

with 2 > p > ¢ > 0. Given k; > 0, using the proposed backstepping procedure we
obtain a positive real number k5 such that the feedback :

xX1—¢i(x1)
(411) Ga(x1, x2) = —hs / & (Js]e1, s/P~1) ds .
0

with ¢1(x1) = =k OXI K5) (|s|%7 |s|g%117) ds renders the origin a globally asymptoti-
cally stable equilibrium of the closed loop system. Furthermore, as a consequence of
the robustness result in Corollary , there is a positive real number cg such that, if
the positive real numbers |co| and |co | associated with 6; in ([.J) are smaller than cg,
then the control law ¢9 globally asymptotically stabilizes the origin of system (|L.1]).

5. Application to nonlinear output feedback design.

5.1. Results on output feedback. The tools presented in the previous sections
can be used to derive two new results on stabilization by output feedback for the
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origin of nonlinear systems. The output feedback is designed for a simple chain of
integrators :

(5.1) z = S,z + Bpu , y=1x,

where x is in R", y is the output in R, u is the control input in R. It is then shown
to be adequate to solve the output feedback stabilization problem for the origin of
systems for which this chain of integrators can be considered as the dominant part of
the dynamics. Such a domination approach has a long history.

It is the corner stone of the results in [[L2] (see also [@]) where a linear controller
was introduced to deal with a nonlinear systems. This approach has also been followed
with nonlinear controller in @] and more recently in combination with weighted
homogeneity in [@, @, and references therein.

In the context of homogeneity in the bi-limit, we use it exploiting the proposed
backstepping and recursive observer designs. Following the idea introduced by Qian
in [2q) (see also 7)), the output feedback we proposed is given by :

with f%n in R™ and where ¢,, and K7 are continuous functions and L is a positive
real number. Employing the recursive procedure given in Sectionsﬁ and E, we get the
following theorem whose proof is in section .9

THEOREM 5.1. For every real numbers 0¢g and 0, in (—1 ), there exist a

1

' n—1
homogeneous in the bi-limit function ¢, : R™ — R with associated triples (ro,1 +
00, Pn.0) and (Toos 1 4+ Voo, Pn.oc) and a homogeneous in the bi-limit vector field Ky
R™ — R™ with associated triples (ro,00, K1,0) and (Teo, Vo0, K1,00) Such that for all
real number L > 0 the origin

is a globally asymptotically stable equilibrium of the system @) and @) and
of its homogeneous approximations.

We can then apply Corollary to get an output feedback result for nonlinear
systems described by :

(5.3) & = S,z + Byu + 6(t) y = x1,

where § : Ry — R"™ is a continuous function related to the solutions as described in
the two Corollaries below and proved in section E Depending on wether 0p < 04
or 0o < 0p we get an output feedback result for systems in Feedback or Feedforward
form.

COROLLARY 5.2 (Feedback-form). If, in the design of ¢, and Ky, we select
00 < 0o, then for every positive real numbers co and ¢ there exist a real number
L* > 0 such that for every L in [L*,+00), the following holds :
For every class K function v, and class KL function Bs we can find two class KL
functions B, and Bz, such that, for each function t € [0,T) — (2(t), X, (t), 8(t), 2(t)),
T < +o0, with (x,.’%n) C' and § and z continuous, which satisfies ), (@), and
foriin{1,...,n} and 0 < s <t < T,

2(®)] < max {85 (|2()]t = s)  supocpe, (2RI

6:(8)] < max ¢ s (|=(9)]. ¢ = s),
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1-2g(n—i—1) 1-Dpo(n—i—1)
(5.4) sup « ¢o Z|x] ) TR0 4 e Zkv] )| T 7

s<rk<t
we have for all 0 < s<t<T :

l2(8)] < Ball(2(s), Ra(s):2(s))] t—s)  [Xal®)] < Ball(a(s) Xals), 2(5))], ¢ = 5) -

COROLLARY 5.3 (Feedforward form). If, in the design of ¢, and K, we select
000 < 0g, then for every positive real numbers ¢y and c, there exists a real number
L* > 0 such that for every L in (0, L*], the following holds :
For every class K function v, and class KL function Bs we can find two class KL
functions B, and Bz, such that, for each function t € [0,T) — (x(t), X, (t),8(t), 2(t)),
T < 400, with (:v,in) C' and § and z continuous, which satisfies @), (@), and
foriin {1,...,;n} and0<s<t<T,

(0] < max{5s(16)ht =) s 5. (la()}

s<rk<t

|5l(t)| < max 55(|Z(S)|7t_8)7

1-0g(n—i—1) 1-doo(n—i—1)
(5.5) sup < cg E |z (k)| P00 4+ coo E |z (k)| T =D 7
—— Jj=i+2 j=i+2

then we have for all0 < s <t <T :

(0] < Ball(@(s), Zn(s), 2(s)]t=5) , 1Xa(0)] < Bal|(2(s), Xnls), 2(9))], E — 5) .

Example 5.4 : Following example @', we can consider the case where the J;’s are
outputs of auxiliary systems given in (E) Suppose there exist n positive definite
and radially unbounded functions Z; : R™ — R, three class K functions wy, ws ws,
and a positive real number € in (0, 1) such that :

0Z;

6i(2i, )| < wi(z) +w2(Zi(z1) 5

(zi) 9i(zi,7) < —Zi(2i) + ws(|z]),

then, if there exist two real number 0¢ and 0, satisfying —1 < 0p < 05, < ﬁ and

-0 (n i—1) 1-0do(n—i—1)
(5.6) wi () +wa ([1 +  wa(|])) < Zm oo +Z|w e

then Corollary (5.9) gives L* > 0 such that for all L in [L*, +00), the output feedback
(@) is globally asymptotically stabilizing. Compared to already published results
(see [ and @] for instance), the novelty is in the simultaneous presence of the

1-0gp(n—i—1) 1-000(n—i-1)
terms |x;] 00 and x| Teee(=D .
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On the other hand if there exists two real number 9y and 0. satisfying —1 <
000 <09 < =15 and

1-0dg(n—i—-1) oo(" i—1)
@) e (1 +duslal) < | 30 1 TR 1 3 |y TR

Jj=1+2 Jj=1+2

then Corollary (5.9) gives L* > 0 such that for all L in (0, L*], the output feedback
(@) is globally asymptotically stabilizing.

Example 5.5 : Consider the illustrative system ([.]). The bound (f.§) gives the
condition :

(5.7) 0 <g<p<2.

This is almost the least conservative condition we can obtain with the domination
approach. Specifically, it is shown in that, when p > 2, there is no stabilizing
output feedback. However, when p = 2, (b.4) is not satisfied although the stabilization

problem is solvable %see [@])

By Corollary | when (5.7) holds, the output feedback

Xy = L/’%Q —qu(élel) y
~ ~ I3 u
u = L*pa(k1,%2) , k2 = 7 — Lg2(l2q1(frer)) ,
e = /%1 - Y.

with £1, £y, ¢2, q1 and gy defined in (B.13) and ([L11]) with picking 9 in (—1,q — 1]
and 0 in [p — 1,1), globally asymptotically stabilizes the origin of the system (EI),
with L is chosen sufficiently large. Furthermore, if 9 is chosen strictly negative and
0o strictly positive, by Corollary , convergence to the origin occurs in finite time,
uniformly in the initial conditions.

Example 5.6 : To illustrate the feedforward result consider the systemﬂ :
. 3 3 . . . 4
Ty =wa+x3 +2°, dp=w3, dz3=u, Z=-2"+x3, Yy=11.

For any € > 0, there exists a class L function s such that :
0P < max{Bs(l(). 0~ (1) sup laa(i)l? ]
s<k<t

3
Therefore by letting §; = =3 +23 we get, for all 0 < s < ¢t < T on the time of existence
of the solutions :

510 < max{ﬁa(lZ(s)lat—s), sup (14 o)fas(w)| + |w3<m>|3} |

s<k<t

This is inequality @) with 09 = —% and 0o = %. Consequently, Corollary @ says
that it is possible to design a globally asymptotically stabilizing output feedback.

"Recall the notation (Q)
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5.2. Proofs of output feedback results.
Proof of Theorem f.1]: The homogencous in the bi-limit state feedback ¢,, and the
homogeneous in the bi-limit vector field K7 involved in this feedback are obtained by
following the procedures given in Sections E and @ They are such that the origins is
a globally asymptotically stable equilibrium of the systems given in (@) and ()
To this end, as in [@], we write the dynamics of this system in the coordinates
X, = (X1,...,&p) and E; = (e1,...,e,) and in the time 7 defined by :

N s d - 1 d

(58) e = X; — Li—l 5 E = Ea .
This yields :

d = ~ N

— X, = S, X, + Bnon(X))) + Ki(er)

dr
(5.9) )

—F = S, F K

0 1+ Ki(e1)

with By = (e1,...,€ep), X, = (%1,...,&n). The right hand side of (5.9) is a vector
field which is homogeneous in the bi-limit with weights ((rg, 70), (Foo, Tc0))-

Given dy > max;{ro;,7c,;}, by applying Theorem twice, we get two C1,
proper and positive definite functions V' : R®” — Ry and W : R™ — R, such that
for each ¢ in {1,...,n}, the functions g—;/i and %Z‘: are homogeneous in the bi-limit,
with weights 7o and 7, degrees dyy —rp; and dy — ro,; and approximating functions

OVo Voo gpd IWo 8;‘61?". Moreover, for all X,, # 0 :
J

Ox; 0x; de; ?
z—;(a%n) [sn R+ Bn¢n(3A€n): <0,
(5.10) g—g(%n) [sn X+ anbn,o(%n): <0,
%:(56") [sn R+ Bnqﬁm(%n): <0,
and for all £y # 0 :
S—Z(El) (Su E1 + Ki(e1)) < 0,
(5.11) ‘Z—%?(El) (Sn By + K1 0(e1)) <0,
W

9E, (El) (Sn FEy +K1)OO(€1)) <0.

Consider now the Lyapunov function candidate :

(5.12) UZn, E1) = V(Xn) + cW(EY) ,

where ¢ is a positive real number to be specified. Let :

X v~ X R
n(%nuEl) = 8—:’%71(xn) (Sn X, + Bn¢n(:{n) + Kl(el))
v(E1) = —S—Z(El)(SnEl + Ki(er)) -
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These two functions are continuous and homogeneous in the bi-limit with associ-

ated triples ((TOa TO)v dU + DO) 770)7 ((TOO; Too)v dU + 0005 7700) and ((To, TO)) dU + 007 70)5
((Toos Too )5 AU + Doos Yoo ), Where Y, Yoo and 1, 1o are continuous functions. Further-

more, by (b.11), v(F1) is negative definite. Hence, by (5.1(), we have :
J
0} ¢ {Ea B R (X0, Br) < 0}

0} c {(§€n,E1) ER? : (X, B1) < 0} .

{Ga B2 e R\ (0} y(BY)
{0 B2) € R\ {0} 70(BY)

{(Gn, B1) € B2\ {0} © 7o(E1)

N

{(ﬁEn,El) eR? : n(X,, E1) < 0} ,

Consequently, by Lemma , there exists a positive real number ¢* such that, for all
¢ > ¢* and all (X,,, E1) # (0,0), the Lyapunov function U, defined in (f.19), satisfies :

oUu . ° 5
0 (R, 1)) (80 1 + K1) < 0
1

and the same holds for the homogeneous approximations in the 0-limit and in the
oo-limit, hence the claim. O

Proof of Corollary B.9 : We write the dynamics of the system [.3in the coordinates
X,, and E; and in the time 7 given in ([.§). This yields :

d ~ o~ ~
5.13
(5.13) j

E E1 = Sn El + Kl(el) =+ S(L)
with :

o = (B ).

We denote the solution of this system starting from (%,,(0), £1(0)) in R2" at time 7

~

by (xT.,n(T)7 ET,l(T)). We have :
(5.14) zi(t) = L' (Rri (Lt) — er (L))

The right hand side of (5.19) is a vector field which is homogeneous in the bi-limit with
weights ((ro,70), (TsosToo)) for (X,, E1) and (to, to) for D(L) where to; = ro,; + 0o
and Teoi = oo, + 0o for each i in {1,...,n}.

The time function 7 + (%) is considered as an input and when D (L) = 0,
Theorem m implies global asymptotic stability of the origin of the system (5.1d) and
of its homogeneous approximations. To complete the proof we show that there exists
L* such that the ”input” D (L) satisfies the small-gain condition (2.11)) of Corollary
for all L > L*. Using equations (f.g) and (F.14), assumption (5.4) becomes, for

al0 <o <7< LT,and alliin {1,...,n} :

Sl < max{%ﬁa (|2(N] > £9),
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1—0g(n—i—1)

L™ supy<per {Co ot LU (Frj(k) = erj(w))| 770D

. . . 1—doo(n—i—1)
(5.15) b iy B9 s 00 = ey )| T

Note that when 1 < j < i < n the function s — % is strictly increasing,
J)s
mapping (—1, ﬁ) in (nZIiJ, jil). As g < 0 < ﬁ, we have for all 1 < j <

1 <n:

1—0(n—i—-1) 1=0(n—1-1) i
- < _ < = .
1—29(n—3) 1—000(n—17) ji—1

Hence, selecting L > 1, there exists a real number € > 0 such that :

—Voo(n—i—1) . 1-dg(n—i—1) .

L > U ERES > U T=smey

This implies

‘51- (%)| 1 o T—0O
Li SmaX{Liﬁg(‘z(Z)" L )
1-2g(n—i—1)

L7 supocier { S (R () = ()] T
: > 1-vco(n—i=1)
T Coo 23:1 |(X75(K) — erj(K))] TRt } } .

On the other hand, the function

~ v . 1—0og(n—i—1) v R 1—0oo(n—i—1)
(X0, B1) = co Y |& — )| 00D tewe Y |y — e om0
=1 j=1

is homogeneous in the bi-limit with weights (g, r) and (re,7s) and degrees 1 —
do(n—i—1)=r9;+0 and 1 —0oo(n — i — 1) = rog; + 00o (see (B-4)). Hence, by
Corollary P.13, there exists a positive real number ¢; such that :

i R 1-vg(n—i—1) i . 1-0p0(n—i—1)
o Y 1R —ej] TN fese Y &y — ] oD
j=1 =1
(5.16) < aH (|(3A€n,E1)|°°+T°’i

(ro,r0) ?

N

(Too;rw)

Hence, by Corollary (applied in the 7 time-scale), there exists ¢, such that for
any L* large enough such that ¢; L*~¢ < ¢g, the conclusion holds. O

Proof of Corollary @ : The proof is similar to the previous one with the only

difference that, when 7 and j satisfy 3 < ¢+ 2 < j < n, the function s — %
is strictly decreasing mapping (—1, ﬁ) in (J%l, ni;ﬁj) Moreover the condition

—1 <0 <0p < ﬁ gives the inequalities

L 0(n—i—1) _ 1-0p(n—i-1) _ i

1—=0(n—j) —  1=0(n—j) j-1"
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Hence (p.16) holds and by selecting L < 1 we obtain the existence of a positive real
number € such that :

1—0g(n—i—1) 100 (n—i—1) .

L€ > [V YT > [UDTRSGs

From (@), this yields, for all 0 < o <7 < LT, and all i in {1,...,n} ::

|9 ()] o\| T-0
) L )

1
B e o (=)
€ n N lfbo(nfifvl)
LEsupsc sy 1 €0 2jmine |(Rrj(K) = er(k))| 72007

2 1-0doo(n—i=1)
+ o0 X |(Rrg () = er, (k)| 0D }} .

From Corollary 7 the result holds for all L* small enough to satisfy ¢1 L*® < cg.
O

6. Conclusion. We have presented two new tools that can be useful in nonlinear
control design. The first one is introduced to formalize the notion of homogeneous
approximation valid both at the origin and at infinity. With this formalism we have
given several novel results concerning asymptotic stability, robustness analysis and
also finite time convergence (uniformly in the initial conditions). The second one is
a new recursive design for an observer for a chain of integrators. The combination of
these two tools allows to obtain a new result on stabilization by output feedback for
systems whose dominant homogeneous in the bi-limit part is a chain of integrators.
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quetti and Emmanuel Moulay for the many discussions he has had about the notion of
homogeneity in the bi-limit. Also, all the authors would like to thank the anonymous
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the paper.

Appendix A. Proof of Proposition . We give only the proof in the 0-
limit case since the oo-limit case is similar. Let C be an arbitrary compact subset of
R™\ {0} and e any strictly positive real number. By definition of homogeneity in the
0-limit, there exists Ay > 0 such that we have :

o\ o)

o —¢o(x)| <1, Vo e, Yre(0,\].

Hence, as ¢¢ is a continuous function on R™, for all A in (0, \1], the function z +—
P(A"00x)

ball,”

Now, as (p is continuous on the compact subset Cy, it is uniformly continuous,
i.e. there exists v > 0 such that :

takes its values in a compact set Cy = ¢o(C) + By where By is the unity

|21 — 22| < v = Go(21) — Co(22)| <€
Also there exists p. > 0 satisfying :

C(u"<0z)

T~ e VrEe G VueOnd,
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or equivalently, since dg o > 0 :

Ad6.0
% —Go(2)

A T¢o

e
<e, VzeC,, Vre (0,@@“} .

Similarly, there exits A\, such that :

—¢o(z)] < v , Yo e C, VYAe(0,\].

PA"0 o)
Ade.o

It follows that :

AT‘ 0 )\T 0 )\r 0
|—<(¢(d¢z d:;x)) — (o (do(x))| < ’—C(gb(%z d:;x)) —Co <7¢( /\Z%: x>)|
A T¢o A T¢o
AT60
+ 1Co <w> —Go (¢o(2))| »
<2 , VazecC, V/\Emin{/\l,)\y,ufi‘?)} .

This establishes homogeneity in the 0-limit of the function ¢ o ¢.
Appendix B. Proof of Proposition . We give only the proof in the 0-

limit case since the oco-limit case is similar. The function ¢ being a bijection, we can
assume without loss of generality that it is a strictly increasing function (otherwise
we take —¢). This together with homogeneity in the 0-limit, imply that ¢ is strictly
positive. Moreover, for each d > 0, there exists ¢o(0) > 0 such that :

t
nglo) —@o| < o Vit e (0,t0(5)] .
By letting A = ¢(t), this gives :
A
wo—0 < W < po+d VA€ (0,0(to(6)], Vo >0.

Since for § < g the term on the left is strictly positive, these inequalities give :

Y
cl"‘

1L \T ¢ 1 5
(@0_'_5) < /\7%0 < (900_5> , VYA e (0,07 (to(0))], Vo € (0,¢0) .

Then since the function § +— (Wi 5) " is continuous at zero, for every e; > 0, there
exists d1(e1) > 0 satistying :

1

1\ 1 e 1 % 1\ %
il - < [ ——M— < | — < | = + €1 .
(%00) “ (<Po+51(€1)> (%0—51(61)) (%00) “

This yields :

< € Ve (0,/\_(61)] s




with A_(e1) = ¢(to(d1(€1))). With a similar argument we get :

e 2

for some Ay > 0. Let A\g = min{A_, A, }.
Now, for z # 0 and X\ > 0, we have :

00 (£)*| [ 200 (1)

Therefore, for any compact set C' of R\{0} and any € > 0, by letting ¢; =

< € VA e (O,)\_:,_(El)] s

.
= |{L‘| dg

&

€

- =
maxgzec |z| 90

we have :
a A
e <€, 0< M| < X)) VAe (oﬂ} ,VzecC
maxgec |z

and therefore :

—1 \ di A

M_(i> l<e wae (O,Lel)]  VreC.
Ao ©o max,ecc |z

This establishes homogeneity in the 0-limit of the function ¢!.

Appendix C. Proof of Lemma . The proof of this lemma is divided into
three parts.
1. We first show, by contradiction, that there exists a real number ¢y satisfying :

no(0) — cv(0) < 0 Ve Sy, Ve>c.

Suppose there is no such ¢g. This means there is a sequence (6;);en in Sy,
which satisfies :

no(0;) — iv0(0;) > 0 , VieN.

The sequence (6;);en lives in a compact set. Thus we can extract a convergent
subsequence (0;,)¢eny which converges to a point denoted fu.

As the functions 79 and ~y are bounded on S,, and 7o takes non-negative
Vauluesﬁ7 ~0(0;,) must go to 0 as iy goes to infinity. Since the functions ry and
~o are continuous, we get Y(fos) = 0 and 19(fs) > 0, which is impossible.
Consequently, there exist ¢y and €9 > 0 such that :

(C.1) no(0) — c¢yo(f) < —g0 < 0 V8 e Sy, Ye> .

Moreover, since the functions 79 and 7y are homogeneous in the standard
sense (see Remark P.G), we have the second inequality in (£.4).

8Indeed, if we had vo(x) < 0 for some z in R™ \ {0}, by letting ¢ = —“’OT(Z), the homogeneity in
the 0-limit of v would give a real number X > 0 satisfying w < ol(z)+e= 'YUT(I) < 0. This
contradicts the fact that v takes nonnegative values only. Also by continuity we have ~o(0) > 0.

28



Following the same argument, we can find positive real numbers c and e
such that :

(C.2) Noo(0) — ¢Yoo(0) < —£xo Ve S, , Vo> coo

and the third inequality in (R-4) holds.
In the following, let :

1 = max{co,Co0} €1 = min{ep, 00} -

. Since n and  are homogeneous in the 0-limit, there exists Ag such that, for
all A € (0,\o] and all @ € S,,, we have :

NN 08) < A po(0) + A% %1 . ADa(@) — AD 4% < A\ 6 0)

which gives readily
N\ 00) — c;7(A 0 f) < X pe(h) + Do %1 — 1 A%y (0) .
Using ([C.1]), we get
NN 08) — e y(N0f) < —AD % YA€ (0,0], V0 € Sy,
and therefore, since v takes non negative values,
DN 08) — cy(AN 0 8) < —/\df’% . YA€ (0,0, YO € Sy, Ve> e .
Similarly, there exists Ao satisfying :
NN 08) — cy(A= o8) < —/\d°°%1 YA € Ao, +00), VO € S, , Ve > e .

Consequently, for each ¢ > ¢, the set

{z € R"\{0} [n(z) — cr(z) = 0},

if not empty, must be a subset of
C = {z e R" : |z| zAO}U{xER" e < A}

which is compact and does not contain the origin.
. Suppose now that for all ¢ the first inequality in (B) is not true, this means
that, for all integer c¢ larger then c; there exists z. in R™ satisfying :

77(176) - C”Y(‘TC) >0

and therefore x, is in C. Since C' is a compact set, there is a convergent
subsequence (¢, )een which converges to a point denoted z* different from
zero. And as above, we must have y(z*) = 0 and n(z*) > 0. But this
contradicts the assumption, namely

{zeR"\{0}, 7(@=)=0} = n@)<0.
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Appendix D. Proof of Proposition . Because the vector field f is ho-
mogeneous in the oco-limit, its approximating vector field fo, is homogeneous in the
standard sense (see Remark E) Let dy, be a positive real number larger than
Too,i, for all i in {1,...,n}. Following Rosier @], there exists a C, positive definite,
proper and homogeneous function V,, : R"™ — R, , with weight ro and degree dy.__,
satisfying :

Voo
(D.1) () foolx) < O , Ya #£0.
Ox
From Point P1 in Section .3, we know that the function z %L;(x)f(ac) is homo-

geneous in the oco-limit with associated triple (roo, 900 + dv.., 8(;/;" (2) foo(z)). Let

= 5 {2010 |

260es5,., | Ox

and note that, by inequality (m), € 18 a strictly positive real number. By definition
of homogeneity in the co-limit, there exists Ao such that :

Wes (X' 0 0) f(N"= 00) OV
. AdVoo 000 - O (e)foow)

< €so Vo e S

Too 3

YA > Ao -

This yields :

OV
ox

(X" 0 0) F(A™ 0.0) < Adva F0= (%wm(m n eoo) |

< = \WooF00 ¢ Vo e S

Too 3

YA > Ao

or in other words :

(D.2) () f(z) <0, Va iz, = A -
ox
This establishes global asymptotic stability of the compact set :
Coo = {z: Voolz) < v},
where v is given by :

Voo = max {Ve(z)}.

21700 = Ao

Appendix E. Proof of Theorem @ The proof is divided in three steps.
First, we define three Lyapunov functions Vj, V;,, and V.. Then we build another
Lyapunov function V from these three ones. Finally we show that its derivative along
the trajectories of the system (E) and its homogeneous approximations are negative
definite.

1. As established in the proof of Proposition , there exist a positive real
number Ao, and a C! positive definite, proper and homogeneous function
Vao :R™ — R, with weight 7o, and degree dy._ satisfying (D.J). Similarly,
there exist a number Ao > 0 and a C' positive definite, proper and homoge-
neous function Vy : R"™ — R, with weight ro and degree dy,, satisfying :

(E.1) %(z)f(x) <0 , Ve : 0 < |z, < Ao -
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Finally, global asymptotic stability of the origin of the system & = f(x)
implies the existence of a C!, positive definite and proper function V,,
R™ — R, satisfying :

(E.2) OVin x) flx) <0 Vo #0.

2 @)
. Now we build a function V from the functions V,,,, V,, and Vj. For this, we
follow a technique used by Mazenc in [LI7 (see also [[LF]). Let vo and vy be
two strictly positive real numbers such that vy < vo, and

Voo > max V()
x|z

vo < min  Vp(z) .

3 —

<Aoo z:[x[ry = o

‘T‘oo
This implies :

{z eR" : V,(2) > voo}
{z eR" : Vu(x) < vo}

{z eR"™ : |z|,, > Ao},
{z eR" : |z|, < Ao} .

Let wg and ws, be defined as :

wy = min V(@) , Woo = max Vin () .
@12 vo<Vin (z)<vo Vo() T 1000 <V (2) <2000 Vo ()
We have :
Woo Voo () — Vip(x) >0 , Vo v < V() <20y
Vin(x) — woVp(z) >0 , Vo %’UO < Vin(z) <wp .

Let :
V() = woo oo (Vin (1)) Voo () +
[1 = Poc (Vin@))] ¢0(Vin(2)) Vi (2) + w0 [1 = 00 (Vi (2))] Vo )
where g and ., are C! non decreasing functions satisfying :
(E.3) ¢o(s) =0 Vs < %’UO , wo(s) =1 Vs> .
(E4)  p(s) =0 Vs <vs Yool(s) = 1 Vs> 20y .
Then V is C!, positive definite and proper. Moreover, by construction :

wo Vo(z) Ve @ Vim(z) < 300,

@0 (Vi (2)) Vin (@) +wo [1 = po(Vin(2))] Vo()
YV : %vo < Vin(z) < v,

V(z) =< Vin(z) Vo vy < Vip(2) < v
Woo Poo(Vim (7)) Voo (%) + [1 = poc (Vin(2))] Vin(2)

Woo Vo () Vo V() > 2000 -
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Thus for each i in {1,...,n} :

ov 0V
(E.5) o2, () = weo a—%(:zr) , Vo Vip(z) > 200 ,
and
ov A . 1
(E.6) oz, (x) = wo o2, (x) Vo Vi (z) < S0 -

Since 86‘;?’ and 6‘1/9 are homogeneous in the standard sense, this proves that

for each i in {1,...,n}, 2 Ti is homogeneous in the bi-limit, with weights 7
and ro, and degrees dv, — 1o, and dy,_ — Toc,i-

3. It remains to show that the Lie derivative of V' along f is negative definite.
To this end note that, for all 2 such that %’UO < Vin(x) < wo,

D) = hlVn(e)) V() o Vo (@) B2 (2)7(2)

1= poVin (@) S (@) (@) + po(Vin () 22 () (2)

and, for all x such that vo, < Vi (2) < 2000,

D) = V() o Voo () ~ Vi @) 22 (0) ()
+ e o (Vi () 552 (2)7(2) + 1~ 920 (Vin (2))] S5 2 () (2)
By (D.2), (E1), (E2), (E-) and (E4), these inequalities imply :
oV

8x()f(gc)<0 , Vo # 0.

which proves the claim.

Appendix F. Proof of Corollary . Recall equation (E) and consider the
functions 771 : R x R™ — R and 77 : R™ x R™ — R defined as :

ov dv0+°o dy. +oo0
m(,0) = S @) (e, 8)-5 1@ 0], med) zf)(m Sl

These functions are homogeneous in the bi-limit with weights ¢ and r. for z and tg

and to, for § and degrees dy, +0g and dy,_ + 0. Since the function z — %—V( ) f(x,0)

is negative definite, then :
{(z,0) e R™™\{0} : m(2,0) = 0} C {(z,6) eR™™ : m(2,6) < O}.
Moreover, since the homogeneous approximations of 7 is negative definite, we get :
{(z,0) e R™™\{0} : y10(2,0) = 0} € {(z,0) ER™™™ : mro(z,8) < 0}
{(2,0) e R"™™\{0} : Moo(@,0) = 0} S {(2,0) ER™™ 1 1y o(2,0) < 0}

Hence, by Lemma R.13, there exists a positive real number ¢; such that :

oV 1 dv0+°o dy . +oc0
F1) Gh) |16~ 5 e 0)] < C5zsa(|5| )
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Consider now the functions 72 : R®™ — R4 and 72 : R® — R defined as :

dyy +00 dy_ +dc0 10V

m) =9 (Vi) B V@) L ) =5 @) 10).

They are homogeneous in the bi-limit with weights r¢ and 7o, and degrees dy, + 9¢
and dy, + 0. Since y2 and its homogeneous approximations are positive definite,
by Corollary , there exists a positive real number cy such that :

1ov
2 Ox

(F.2)

dyy +00 dy,. +ooo )

(z) f(2,0) < —cv $ (V(:v) Yo V(z) e

The two inequalities (F.1)) and (F.9) yield the claim.

Appendix G. Proof of Corollary . Let dy, and dy_ be such that the
assumption of Theorem holds. For each i in {1,...,m}, let u; : Ry — Ry be
the strictly increasing function defined as (see ([.§)) :

(G.1) pi(s) = H (s, "),
where :
000 + dVOo 0o + dVo
Pi = ) qi = .
Too,i To,i

We first prove that the inequality given by Corollary implies that the system @),
with ¢ as input and x as output is input-to-state stable with a linear gain between

S pi(]6;]) and $ (|x|,a_8+dv", |x|,a_°°+dv°°). To do so we introduce the function « :

oo

R+—>R+ as :

2p+dyy Pootdy
a(s):f)(s o 5 dveo ) , s>0.

This function is a bijection, strictly increasing, and homogeneous in the bi-limit with
dyy +00 dy +000

approximating functions s ‘Yo and s “e . Moreover, from Proposition ,
the function z — a(V(x)) is positive definite and homogeneous in the bi-limit with

associated weights ro and r and degrees 99 + dy, and 9. + dyv, . Moreover its

dvy +20 dyo to00
approximating homogeneous functions Vp(z) “Vo  and Ve (z) Ve  are positive
definite as well. Hence, we get from Corollary the existence of a positive real
number ¢; satisfying :

(G.2) g(|x|$3+d%,|x|$°°+%) <caaV(@) , VzeR".

oo

On the other hand, from inequality (@) in Corollary , we have the property :

{(x,5) € R"xR™ : a(V(z)) > 25—3 Zm(w)}
(G.3) C {(:17,5) € R" xR™ : g—‘;(a:)f(x,é) < _%VQ(V(I))} .
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In the following, let ¢ € [0, T) — (2(t), 8(t), 2(t)), be any function which satisfies (2.9)
on [0,7) and (R.10) and (R.11]) for all 0 < s < ¢ < T. From [BZ], we know the inclusion
(@) implies the existence of a class KL function By such that, forall 0 < s <t < T,

(@) V(a(®) < maxd By (V(als)).t =), sup §a~ [ =237 ui(6(0))
j=1

s<k<t

With « acting on both sides of inequality (@)7 @) gives, for al 0 < s <t < T,
9 (e, @)z )

(G.5) < max (¢ cp o By (V(x(s)),t —s), 20165 Z wi(16;(k

S<I€<t

This is the linear gain property required. To conclude the proof it remains to show

the existence of cg such that a small gain property is satisfied.

d
First, note that the function z +— (| |T0+ Yo |r°°Jr Voo

) is positive definite
and homogeneous in the bi-limit with weights 7y and r,, and degrees 99 + dy, and
0o + dy._. By Proposition R-I(, for i in {1,...,m} the same holds with the function
= i (9 (|x|£3, o) ‘). Hence, by Corollary R.13, there exists a positive real
number co satisfying :

(G6) i (9 (Jalsy 2l ) < o (lalhy ™0 oz ) Yo er” .

ro

Let C; for i in {1,...,m} be the class K functions defined as
. . Pidq . )

O’L(C) = ma,X{C‘Zw,sz} + c4tr; + sz+lh .

From ([G.1]), we get, for each s > 0 and ¢ > 0,

Mi(CS) “ (1 + S%‘)(l + cPi S;Di) o 1+ cPighitdi n s4i n cPi gbi
— c T C K3
i () (14 sPi)(1 + ctis%) — 1 + ¢%igpitai 1 + ¢%i gqi+pi 1+ sPi
where :
1 4 cPigPita v _ cdi gdi Pid; cdi cPi gPi L
di qi  Pi P Pi+qi
1 + % gpitai < max{c € } "1 4 ¢%ig9itPi < cutre, 1+ spi sc ’
Hence, by continuity at 0, we have :
(G.7) wi(es) < Ci(e) pi(s) ¥(c,s) € R .

Consider the positive real numbers ¢y, ¢z, ¢5 and ¢y previously introduced, and select
cq in Ry satisfying :

. _ cv
G.8 ct———) .
(G.8) ‘e < 1glgnm ¢ <2m010205>

To show that such a selection for ¢g is appropriate, observe that by (G.6) and (G.4)
and p; acting on both sides of the inequality (), we get for each ¢ in {1,...,m}
and all 0 < s <t < T,
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pi(:(0))) < max { s 0 Bs(|2(s)].t = ).,
Cilca)er sup { & (Jz(o)ls ™ a0t~ ) } |

s<k<t

Consequently :

> wil(8(0)) < masx {m max {0 Bs(|=(s)].t - )}

(G9)  (mmaxicicn Cileq) ca) supsz { 9 (lalR)5 ™ o)) } } .
Since ([G.§) yields :

2c1¢5

m max Ci(cg)ce < 1,
cvy  1<i<m

the existence of the function 3, follows from (.10), (G.9), (G.9) and the (proof of
the) small gain Theorem [L1].

Appendix H. Proof of Corollary . To begin with observe that the con-
tinuity of foy, at least, on R™ \ {0} implies :

0| = =09 < min rg; < max ro; < dy, .
| 0| 0o = 1<i<n 0,0 > 1<i<n 0,7 Vo

Then, let V' be the function given in Theorem and, since 09 < 0 < 0, the func-
dyy +20 dy_ +0o0

tion ¢(z) =V(z) Y% + V(z) v is homogeneous in the bi-limit with weights
dy, +20

ro and 7o, degrees dy, + 09 and dy_ + 0 and approximating functions V(z) “o

Ay, 00

and V(z) e . Moreover, the function ((z) = —%—‘;(x) f(z) is homogeneous in

the bi-limit with the same weights and degrees as ¢. Furthermore, since the function

¢ and its homogeneous approximations are positive definite, Corollary yields a

strictly positive real number ¢ such that :

av dvé,+00 dy +0o0 N
(H.1) %(a:)f(x) < —c (V) ™Y 4+ V(z) ‘v Vo e R" .

Let z;. in R™ \ {0} be the initial condition of a solution of the system & = f(x), and
Ve, @ Ry — Ry be the function of time given by the evaluation of V' along this
solution. Then :

. dy,. 200
Viic (t) S —C Vzic (t) Voo Vt Z 0 s
from which we get :
1 1
Vwic (t) S dy, = dy, vt > 0 .
_ %00 RS Voo Voo
<dbv—°; ct 4+ V(xy) “veo ) (m ct)

Therefore, setting 77 = ’;&, we have :

Vmic (t) <1 vt > 1T R V. € R™ R
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and :

' dy, —120]
vy —IP0

Vmic (t) < _Cvmic (t) Vo Vi >0.

As a result, we get :

| 0| [20] \da%
Vz,. (t) < max c(t =T1) + Vy, (Th) Vo ) 00,

v,
|DO| B
<max (t—Tl) ,O VtZTl .
Therefore, setting Tp = %, yields :
1/d d
Vit) =0 Yt > Ty +Tp==(—=+"2) .| Vg, eR",
C DOO |00|
hence the claim.
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