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Backward SDEs with superquadratic growth

Freddy Delbaen? Ying Hu' and Xiaobo Baot

February 19, 2009

Abstract

In this paper, we discuss the solvability of backward stochastic differential equations
(BSDEs) with superquadratic generators. We first prove that given a superquadratic
generator, there exists a bounded terminal value, such that the associated BSDE
does not admit any bounded solution. On the other hand, we prove that if the
superquadratic BSDE admits a bounded solution, then there exist infinitely many
bounded solutions for this BSDE. Finally, we prove the existence of a solution for
Markovian BSDEs where the terminal value is a bounded continuous function of a

forward stochastic differential equation.

1 Introduction.

Since the pioneer works on BSDEs of Bismut [[J] and Pardoux-Peng [[L3], lots of works
have been done in this area and the original Lipschitz assumption on the generator,

i.e., the function g in the BSDE:

T T
Y}z{—/ g(s,YS,ZS)ds—i—/ ZsdBs, 0<t<T, (1.1)
t t

*Department of Mathematics, ETH Ziirich, Switzerland. FE-mail: delbaen@math.ethz.ch. Part of
the research was done while this author was visiting Princeton, Vancouver and China. The hospitalities of

Princeton University, UBC, Fudan University and Shandong University are greatly appreciated.
fIRMAR, Université Rennes 1, 35 042 RENNES Cedex, France. E-mail: ying.huQuniv-rennesl.fr.

iDepartment of Mathematics, ETH Ziirich, Switzerland. E-mail: baoxb@math.ethz. ch.



has been weakened in many situations. Let us recall that, in the previous BSDE, we are
looking for a pair of processes (Y, Z) which is required to be predictable with respect to
the filtration generated by the Brownian motion B. One of the most important works
in this direction is that of Kobylanski [[J] concerning scalar-valued quadratic BSDEs
with bounded terminal value. We should point out that quadratic BSDE means a
BSDE whose generator has at most a quadratic growth with respect to the variable
z. For these quadratic BSDEs, all the classical results, existence and uniqueness,
comparison and stability of solutions, have been stated in [[[J] but with the restriction
that the terminal conditions have to be bounded random variables. Recently, existence
and uniqueness of solutions of quadratic BSDEs with unbounded terminal value were
studied by Briand and Hu in [J, .

In this paper, we study the solvability of superquadratic BSDE ([.1) whose gener-

ator ¢ is superquadratic, i.e.,
— z
lim @ =
|2| =400 ’Z‘

We shall study this BSDE with bounded terminal value. And in addition, we suppose
that g is a deterministic convex (or concave) function which is independent of y with
9(0) =0.

The first part of this paper shows the ill-posedness of these BSDEs. We first prove
that given a superquadratic generator, there always exists a bounded terminal value,
such that the associated BSDE does not admit any bounded solution. On the other
hand, we prove that if the superquadratic BSDE admits a bounded solution, then there
exist infinitely many bounded solutions for this BSDE. And finally, we show that the
monotone stability, which plays a crucial role in quadratic BSDEs (see, e.g., [[2, {]),
does not hold.

In the second part of this paper, we study BSDE ([[.])) in the Markovian case, i.e.,

the terminal value

where the diffusion process X is the solution to the SDE:
S S
Xs=a+ b(r,Xr)dr+/ ocdB,, t<s<T. (1.2)
¢ ¢

It is by now well-known (see, e.g., [I4, [, [l ) that, if ¢ is Lipschitz or quadratic,
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there exists a link between the solution of ([L.1]) and that of the following PDE:

u(t, z) + trace(o0ol ug, (t,2)) + ug(t, 2)b(t, ) — g(—uy(t, x)0) = 0,
u(T,z) = ®(z).

(1.3)

This type of PDE (called viscous Hamilton-Jacobi equation) is already well studied
when o is the identity and g(z) = —|z[P, see, e.g., Gilding et al. [I0] and Ben-Artzi et
al. [[ll. In particular, in [[L0], they established the existence and uniqueness of classical
solution to this PDE when o is the identity.

We prove that in the Markovian case, the BSDE ([[.1) admits a solution when & is

bounded and continuous. Moreover, if we define
u(tvx) = Y;tt’w7

then u is a continuous viscosity solution to PDE ([[.3). We note that in our case, some
kind of degeneracy of o is allowed, whereas in [[(] and [f[], they assumed that o is the
identity.

A key idea to prove the existence in the Markovian case comes from the following

a priori estimate of Z:

D=

1Z4| < cf|@||oo(T — )72,

where ¢ > 0 is a constant. We prove this inequality by using a stochastic argument
based on BMO martingales and Jensen’s inequality. Note that Gilding et al. [[I0]
proved the same type of a priori estimate for u, when o is identity, by use of Bernstein’s
method.

The paper is organized as follows: in the next section, we give some preliminaries
about the connection between dynamic utility functions and BSDEs. Section 3 shows
the ill-posedness in the general case. The last section is devoted to the proof of the

existence of a solution in the Markovian case.

2 Dynamic Utility Functions and Backward SDEs.

Let {B;,0 < t < T} be a d-dimensional standard Brownian motion defined on a
probability space (2, F, P). Let {F;,0 <t < T} be the natural filtration of {By,t €
[0,7T]}, augmented by all P-null sets of F.

3



Before recalling the definition of dynamic utility functions, we need the following

notations.
L>*(Fr) := {¢: bounded and Fr-measurable random variable },
LZ0,T;R™) = {p: R™-valued, {F;}o<i<r-predictable and E [fOT oz dt} < 00}

We identify random variables that are equal P a.s.

Definition 2.1. We call a dynamic utility function with the Fatou property any family

of operators, indexed by stopping times o
Uy : L(Fr) — L=(F,)

and satisfying:
e (A1) Positivity: U,(0) =0,U,(&) >0 for all £ > 0.

e (A2) Concavity: U,(t& + (1 —t)n) > tU, (&) + (1 — )Uy(n), for all t,0 <t <
1 and all §,n € L.

e (A3) Translability: U, (¢ 4 a) = U,(€) +a, for all a € L=®(F,).

e (A}) Fatou property: Given a sequence (&,)n>1, such that sup |||l < 00,
then &, | & a.s. implies Uy (&) = limy,— 00Uy (&) a.s.

For a lower semi-continuous convex function f : R? — R, U{oo} such that f(0) =0

and for £ € L*°(Fr), we define

Uy (€) = ess.inf{EQ [5 + /U ' F(aw) du(fa}

Q ~ P}, (2.1)

where o € [0,7] is a stopping time and the density process Ep[%u-}] =E&(q- B); =
exp( fg Gu dBu—% fg |qu|? du). Tt is easy to prove that U is a dynamic utility function. As
shown by Delbaen-Peng-Rosazza Gianin [ff], U is time consistent and all time consistent
dynamic utility functions are of a similar form.

Set Cp(Q) = EQ[fOT f(qu) du] and P = {Q | Q < P}. The utility function Uy can
be defined by P.

Lemma 2.1. For any { € L (Fr),

Up(€) = inf{EQ [g n /OT F(qu) du} Qe P}. (2.2)

4



Proof. For any () € P with L, = Ep [%‘ft] = &(q - B)y, using It6’s lemma we get
that the density process of Qy = A\Q + (1 — \)P is £(gy - B) with

AL

A (t) = ot (1= N Lit<ry

where 7 = inf{t € [0,7] | Ly = 0} AT is a stopping time.

Then from the convexity of f:
@) = Fou[ [ farw) ]
< o[ [ gy fat) a
= Be[ [ Aus(ate)

~ o[ [ Atat) at
= A(p(Q),

where \ € [0, 1], we deduce that limy_,;Cy(Q») < Co(Q).
Notice that for any A € [0,1), @, is equivalent to P. Thus

inf{EQ [§+ /OT f(qu)du]

Since {Q|Q ~ P} C {Q | Q@ < P}, we have

Qe P} > inf{EQ [g + /OTf(qu) du}

a~r}

U(€) = inf{EQ o+ o)l

QEP}.
O

Remark 2.1. The function Cy : P — Ry is lower semi-continuous (just use Fatou’s

lemma) and convezr. A duality argument then shows that for Q € P

Co(@) = sup { Bq[=¢] | Uo(©) = 0}

In other words Cy is the minimal penalty function as defined in Follmer-Schied [9].

We also remark that for Q < P, the previous reasoning and the lower semi-continuity

imply Co(Qx) — Co(Q).

However, for a stopping time o, Uy, (§) cannot be the essential infimum over P P

a.s. Instead, by the similar technique as that in Lemma P.T], we have:



Remark 2.2. For any measure Q* € P and £ € L™ (Fr),

7]

Uy (&) = ess. 1nf{EQ 5—1—/ f(qu) du|F,

}, Pas., (2.3)

for any stopping time o € [0,T] and,

Uy (&) = ess. mf{EQ §+/ f(qu) du|F,

|

Proposition 2.1. For any £ € L*(Fr), the dynamic utility function U defined by

QeP,Q" < Q} Q" a.s. (2.4)

(B-1) has the following properties:

1) For all Q@ < P, we have that Uy(¢ fTM flgu) du is a Q-submartingale where
T=inf{t € [0,7] | L = 0}.
2) If there is a probability measure Q < P with Up(§) = Eq[¢ + [y f(qu) du], then

)+ Jo A Flqu) du is a Q-martingale.

Proof. 1) For any s < t, it follows from Remark P.J that for any Q < P,
TAL
Bo i)+ [ 1) a7
TNS
fs}

= Eg [(ess.ian/NP{EQ, [5+/tTf(q;) du|}“t]} +/F/T\:tf(Qu) du>

T
> eSS-inf{EQ” [€ + f(QZ) du fs] QZ = qu + 1{7’As§u§t} (qu — q/u)}
TAS
T
> ess.inf{EQn [é + / f(qy) du }"s] Q" eP,Q< Q”}
TAS
> U(§), Q as.

Hence,

/ fqu)du<EQ U (& / f(qu) du|F. S},Qas

Therefore, we have Uy (§) + f T/\t f(gu) du is a Q-submartingale.
2) As @ is absolutely continuous with respect to P, it follows from the result we just

proved, that
Un(€) < Eq Uil / Flau) ], (2.5)
Combining Uy (€) = Egl€ + [ f(qu) du] with the inequality (@ we have
Pole+ [ fa)d] < EqlUi(©).
This implies that
UA§) = Bole+ [ fadul7]. @ as (26)

Thus U (& fTAt f(qu) du = Eq[€ + [ f(qu) dulF] is a Q- martingale. O
6



Remark 2.3. In the above proposition, T can be replaced by T since Q[r =T] = 1.

Remark 2.4. In particular, we have that the process {Uy(§), t € [0,T]} is a P-

submartingale. Thus there exists a cadlag version.

For any £ € L (Fr), |Uy(&)| <|| € ||oo- So applying the Doob-Meyer decomposition
theorem, there exists a unique nondecreasing predictable process { A; fo<i<r with Ag =

0 and a continuous martingale {M; }o<;<7 with My = 0, such that
U(§) =Up(&) + Ay — M. (2.7)

Lemma 2.2. For all £ € L*(Fr), the martingale part {M;}o<i<1 of U(§) induced by

the Doob-Meyer decomposition theorem is a BMO-martingale.

Proof. For a given & € L®(Fr), |U(€)] <|| € ||oo- Then applying It6’s formula to
(U(&)+ 11 € lloo)?, we get

T
(U4 11 € loo)? + / d(M, M),

T

T
= (€ ) -2 / (Uae(E)4+ [ € [loo) dAs — / dK,

T
9 / (Uae )+ | € [loo) dM,.

where

Ko = Y {0+ 1€ 1) = U (©+ 1€ )

r<s

=2(Up-(€)+ 11 € loe)(U() = Tp(€)) }

is an increasing process. Hence,

T

T
OO+ | € [l)? + / UM M), < (64 || € [ln)? +2 / (Ua )+ || £ [loo) dM,

from which we deduce, for any stopping time 0 < o < T,
T
B| [ vz | <anei.
g

Therefore, | M ||papro,< 2 || € ||oo which completes the proof. O



The predictable representation theorem implies that there exists a predictable pro-

cess Z € L%(0,T;R?) such that
t
M, = / Z, dBs. (2.8)
0

So we get
t
UL(€) = Tol&) + Ay — /O Z.dB,. (2.9)

If g: R — R, U {oo} is the Fenchel-Legendre transform of f:
9(z) = sup (22 — f(x)),
zeRI
then ¢ is also convex and g(0) = 0.
We make the standard assumption such that both f and g are finite. We do not
treat the case where f or g can take the value +o00. This case is similar and only
requires cosmetic changes. To make the paper simpler, we dropped this more general

case.

Theorem 2.1. Let U be the dynamic utility function defined by (2-1) and let Up(§) +
A — fot Z.dB,, be its decomposition.
1) We have

dA; > g(Z;)dt, P a.s. (2.10)

2) Suppose that for some & € L (Fr) there is a probability measure Q* ~ P with
Uo(€) = Eg-6 + [ f(q2) dul, then dA, = g(Z,)dt and

t t
Ui (€) = Up(€) + / 9(Zu) du — / Z,dB,. (2.11)

0 0
Proof. 1) For £ € L*°(Fr) and any @ ~ P, it follows from the decomposition that

dU(&) + f(q)dt = dA; — ZydBy + f(q)dt (2.12)
= dA, — Zyqdt + f(q) dt — Z;dBE, (2.13)

where B? is a Q—Brownian motion. This implies that dA; — Zyqidt + f(q;) dt defines a

non-negative measure since Uz (§) + fOTM f(qu) du is a @Q-submartingale for any @ ~ P.
Hence

dA; > Zyqdt — f(qe) dt.



By taking ¢" = ¢'(Z)1{z/<n} in the above inequality and by letting n tend to infinity,
we get dA; > g(Z;) dt.
2) If for &, there is a measure Q* ~ P with Up(&) = Eq- §+f0 (g) dul, then it follows
from Proposition R.1] that Uy (&) + fo (q¥) du is a Q*-martingale. Thus applying (R.13)
with Q*, we get

A4, = (Zig} — fla)) dt Q" as.

Since Q* ~ P, we have
dA, = (Zvqi — f(q;))dt P a.s. (2.14)
Finally combining (R.10) and (R.14) with the definition of g, it follows that

9(Zy)dt = (Zrqf — f(qp)) dt = dAy = g(Zy)dt P a.s.

In general we can decompose A further and get:

Corollary 2.1. For any £ € L (Fr), there exists an increasing predictable process

{Ct}o<t<r with Cy = 0 such that

zmazw@+lgwnw—ézw&+@. (2.15)

Our main result is the following.

Theorem 2.2. Let U be the dynamic utility function defined by (2.4). Then the
following are equivalent:
2. E‘zbo@% < o0;

3. For all k > 0, the set {Q |Co(Q) < k} is weakly compact;

4. For all & € L*™(Fr), there exists a measure Q < P such that Uy(§) = Eq {f +

fo (4u du}
5. For all £ € L*™(Fr), there exists a measure Q ~ P such that Uy(§) = Eq [5 +
fo (4u du}

6. For all {£ € L*™(Fr), the BSDE dY; = g(Z)dt — Z;dBy; has a unique bounded

solution with Yp = &.



7. Uy is strictly monotone.

Proof. 1 < 2: Point 1 implies that there exist positive constants a,b € Ry such
that f(x) > a|z|?> — b. We then get
2 L o
g(z) = sup (zz — f(x)) < sup (zz —alz|* +b) < —|2|° + b
zERI zER4 4a

)

which shows that Ezéw% < 00. The proof of the implication 2 = 1 is similar.

1 = 3: It suffices to verify that for any k > 0, {% ‘Co( = Fq {fo (qu) du} < k;}
is uniformly integrable. The Dunford-Pettis theorem then shows that the set is weakly
compact.

Since f(x) > alz|*> — b, we get

k> Eg [/OTf(qu)du] > aFg [/OT ]qu\2du} —b.

1 T
kg |:/ IQu‘2du:| < a,
2 0

k+b

where o = %52 is a positive constant independent of Q. Tt follows from

1 T r pT 1 T
-Eq [/ ) du} = Eq / qudBY + —/ \qu]2du]
2 0 Lo 2 Jo
B T 1 T
= Eq / GudBy — —/ ]qu\2du]
Lo 2 Jo

dQ]

Therefore,

1
5P

that for any k > 0,

{Zg Eq U Hau) du} <k} {% Ep [Zgl gzg] a}. (2.16)

From the de la Vallée Poussin theorem, we conclude that

d
{ dg Eq [ / f(qu du} < k} is uniformly integrable.

3 = 1 We prove it by the contradiction. Suppose li_mm_m% = 0, then there
[z

exists a sequence {z,}5>, such that lim, ., |z,| = oo and lim,_ E ‘2) = 0. Put
qn = Tnljo5,nT) Where 6, = 1/ ( W‘xn’ ) . It follows from

T T
Co(@) = Bo, | [ santwyan] < ([T o 217
10




that for all £ > 0, there exists N > 0 such that the sequence {dQ” ° N C {dP |Co(Q) <

k}. Furthermore, we have

T
/ gn|?(w) du = 1/ f(x’g) A (22T) — oo, (2.18)
0 |Zn |

which shows that dﬁ;" =&(qn - B)r — 0, a.s. as n — oo. Thus {dQ” ° y Is not

uniformly integrable.

3 & 4: It is a conclusion induced by the James’ theorem as shown in Jouini-
Schachermayer-Touzi’s work [[]].

4 < 5: It is obvious that point 5 implies point 4. For the proof of the inverse
implication, we use the fact that condition 4 is equivalent to condition 2. In this case,
by convexity, there exists a positive constant ¢ such that |¢'(z)| < ¢(]z| + 1). For
any £ € L*°(Fr), there is a measure ) < P such that Up(§) = Eg[¢ + fo (qu) dul,
then, by Proposition R, U;(§ f TM f(qu) du is a Q-martingale where 7 = inf{t €
[0,7] | E(g- B)t =0} AT. It follows from (R.13) that

dAy = (Ziqr — f(qr))dt m® Q a.s. on [0, 7],
where m is the Lebesgue measure on [0,7]. Since dA; > g(Z;)dt, m ® Q a.s., we get

9(Zy) = Zvqy — fla)) m®Q as.,

which implies ¢; = ¢'(Z;) on [0, 7]. We then have

T 2
/ gul? du
0

/ (' (Z0) du
0

< 62/ (14 |Zy|)? du < oo,
0

which means P {% = 0} = P{ o laul? du = oo} = 0. Hence Q ~ P.

5 = 6: For a given £ € L (Fr), if there exists a measure @) ~ P such that Uy(&) =
Eq [5 + fo (qu) du], it follows from Lemma .1 that {U, Zt}ogth is a solution of
the following BSDE:

dYVt = g(Zt) dt — thBt, 0 <t< T,
Yr=¢ &eL®(Fr) (2.19)
Y is bounded ,

11



where E [fOT \ztlzdt] < oo and E [fOT g(zt)dt] < o0. Since, as we have proved above,

condition 5 implies Ezéw% < oo, the BSDE has a unique bounded solution ac-

cording to Kobylanski [[J].

6 = 2 We will prove this in the next section. See Theorem B.1.

5 = 7 For any £ € L>(Fr), there exists an equivalent measure ) ~ P such that
Uo(&) = Eql¢ + Jy f(a)du] with §% = E(¢- B).

Suppose that Uy(n) = Up(§) for some n € L>°(Fr) with n <&, P a.s. Since

Un(n) < Eo [n - " du] < Eq [s - " ) du} — Uo(6),

we have Eg[{ —n] = 0, hence £ = 7, @ a.s. Thus { = n, P as. and Up is strictly
monotone.
7 = 2 See Remark B.J, Remark B.H or Example B.. O
We have proved that in the case when the generator ¢ is at most quadratic, the
dynamic utility function U is the solution of BSDE (R.19). In general, however, we

have the following inequality.

Lemma 2.3. For any £ € L>(Fr), if BSDE ([2.13) has a bounded solution Y, then
we have U(§) > Y.

Proof. Y is bounded. The following calculation is therefore justified:
T T T T
Fols+ [ faails| = vivro|[ s@zitu- [ zap,+ [ ra)ais)
t t t t

= Y+ Eq [/tT[g(Zu) — ZuGu + f(qu)] dU‘}}}

v

T
Y}, for any @ ~ P with Eg [/ flqw) du] < 0.
0

3 Backward SDEs with superquadratic growth.

In this section, we discuss the following BSDE(g, &):

Yp=¢ e Ll>™(Fr),

12



where g : R? — Ry U{+0oc} is convex with g(0) = 0 and superquadratic MM_,OO% =

00. A pair of predictable processes (Y, Z) is called a bounded solution to BSDE (B.1])
if
Y :Qx[0,7] — R is bounded and
Z:Qx[0,T] — R%is such that E [fOT 9(Zy) dt] < 00.
Here for simplicity, we consider the BSDE with d = 1. However, the results remain

valid for d > 1.

3.1 Non-existence of the solution

Different from the BSDEs with at most quadratic growth, the solution to the BSDE

with super-quadratic growth does not always exist.

Theorem 3.1. (Non-existence) There exists 1 € L>(Fr) such that BSDE(B.1) with

superquadratic growth has no bounded solution.

Proof. The proof is divided into 4 steps.
Step 1. We construct a pair of processes (X, Z), a measure @) as well as a bounded
random variable &.

Since mkbw% = 00, there exists a sequence {2 }72 ; such that limy_, |25 = 00
and g(z) > k|zx|?. Without loss of generality, we suppose z; > 0. The other case is

left to the reader. Thus we have

9(2k)
2

g9 () > >k 2. (3.2)

We put Z, £ 320, T S S 5,)(u) where

and we set

in order to have

Then from (B.9), we have

T
1
/0 9(Zu)du=3 g(zx)0k < 3 2g ()0 = 3 7 < 0,

k>1 k>1 k>1

13



T 1 1
2 o 2 / J—
/0 | Zu|? du = g 21| "0k < E Zkg (Zk)fskE = E :ak3 < 0.

k>1 k>1 k>1
Let ¢; = ¢'(Z;). Tt follows from

T
1
| 1P = 35 @02 = Yk (= 3 = +os,
0 E>1 E>1 E>1
that lim; .7 E(q- B)y =0and E(¢- B); >0, P a.s. for any t < T.
Let X; = fg 9(Zy) du — fg Z,dB,,. We stop X at a random time o

oc=inf{t€[0,T)|E(q- B)y >n} Ainf{t € [0,T] | |X¢| > n} AT (3.3)

where n is a positive constant which is sufficiently large to ensure that P(c =T') > 0.
We then set a measure Q* with Ep {%‘]—}] =&(q" - B); and ¢f = ¢'(Zi)11<0y-
We define £ = X, € L>®(Frp).

Step 2. The measure Q* < P but it is not equivalent to P.

Set Ay = {o =T}. Then

Q (A1) = | &(q-B)odP = [ &E(q-B)rdP =0
Ay Ay

while P(A;) > 0. Thus we have Q* » P and Q* < P. However, Q*@m ~ PQm
where m is the Lebesgue measure since Q* ~ P on F; for all ¢ < T. Clearly
(X7, Zilji<qy)o<t<t is a bounded solution of BSDE (g, §) where X7 = X, .

Step 3. In this step we prove that the dynamic utility function U(§) is the bounded
solution of BSDE (g, &) (B.1)) and U;(§) = Eg- [g + ftT f(a) du‘ft} for any t < T.

As X7 is a bounded solution of BSDE (g, £), we get

0ie) < o fe+ [ s

= Bofer [ a7

tAo

= X+ Bo[ [ () +oz)ydu— [ z.an.|7)
= X7+ Bo[ [ 1)+ 0l2,) - Zuaidul 7]
= X/, Q as. (34)

hence P a.s. because Q* ~ P on F; for t < T. Combining Lemma P.3 with inequality
(B.A4), we deduce that

T
U(€) = Eg- [5 —i—/t (@) du‘ft} =X/, Pas. forallte0,7T). (3.5)
14



Set n = & + h where h € LY (Fr), Plh > 0] >0 and h-E(¢" - B)s = 0.
Step 4. We show that Uy(§) = Uy(n), P a.s. for any ¢t < T and hence BSDE (g,n)
has no solution.

It follows from n = &, Q*-a.s. that

Ui(n)

IN

Eq {?7 + /tTf(qZ) dU‘ft]

= Fofe+ [ saai]
= Uy(§) foranyt<T.

Notice that U is monotone, i.e., U(§) < Ui(n), and so we have Uy (&) = Ui(n), P
a.s. for any t < T.

Suppose Y is a bounded solution of BSDE (g, 1), then we have for ¢t < T,
X7 =U§) =U(n) = Y,

and hence
=Yr=1limY; <lim X7 = X% =& P a.s.
n=Yr=lmY; < lim X3 r=5§ Pas,
a contradiction to the fact that P[n > £] > 0. Therefore, BSDE (g, ) has no solution.
O

Remark 3.1. From this theorem, together with what we have proved in Theorem [2.4
we get that BSDE (g, &) has a solution for all § € L>(Fr) if and only if g is at most

quadratic.

Remark 3.2. From the proof, we get n > & with P(n > &) > 0 and Uy(§) = Up(n).

Thus the utility function Uy is NOT strictly monotone when h—m\x\ =) _ .

—00 [a]?
Although the BSDE (g, &) (B.I) does not always have a solution, in the following

case it has.

Definition 3.1. We say that a random variable & € L (Fr) is minimal if n < £ and
P <& > 0 imply Up(n) < Un(§).
Theorem 3.2. Let £ € L°°(Fr) be minimal. Then U(E) is a solution of BSDE (g, £).

Proof. We prove it by contradiction. Let £ € L°(Fr) be minimal and suppose

U(€) is not a solution of BSDE (g, £). Then it follows from Corollary R.] that there
15



exists an increasing process C' with Cy = 0 such that P[Cr > 0] > 0 and

T T
Uy(€) = € — /t o(Z) du + /t ZudBy — Cr + C. (3.6)

Define 7 := inf{t € [0,T]|C; > k} AT, where k > 0 is such that P[C; > 0] > 0.
Since C' may have jumps, C can be unbounded. However, 7 is predictable so there
exists {7,}52; such that 7, T 7 and 7, < 7 on {7 > 0}. It follows that C,, < k and
P[C;, > 0] > 0 for n big enough. Denote by o a stopping time 7,, for n big enough,

then we have

UL(€) = Cy = U, (€) = Cy — / o(Z2) du + / ZudBu,
t t
which implies that (Uirs () — Ciaes Zt1{1<s) Jo<i<r is a solution of BSDE (g, Uy(§) —
C,). Thus by Lemma P.3, we deduce

Uo(§) = Up(§) — Co < Up(Us(§) — C5).

On the other hand, it is clear that Uy(§) > Up(Us(§) — C). Therefore, we have

UO(&) = UO(Uo(g) - Co)-

It follows from the above equality, the translability and the time-consistency of the

dynamic utility function that

UO(&) =Uy (Uo(g) - Co) =Uy (Uo(f - Co)) = UO(& - Co)'

This is a contradiction to the fact that £ is minimal. O

Remark 3.3. For g with at most quadratic growth m‘z‘_m% < 00, it follows from

Theorem B.3 that & is minimal for all € € L>®(Fr).

If g is superquadratic, there exists a bounded random variable ¢ such that U(() is

a solution of BSDE (g, ¢) and ( is not minimal. See Example B.1].

3.2 Non-uniqueness of the Solution

In this subsection, we shall prove that if the BSDE has a bounded solution, the bounded
solution is not unique. The main reason is that the generator g is superquadratic which
makes fot 9(Z,)dr grow much faster than fot Z.dB,. Following this observation, we can

construct other solutions.

16



Theorem 3.3. (Non-uniqueness) If the BSDE (g, &) with superquadratic growth
has a bounded solution 'Y for a & € L>®(Fr), then for each y < Yy, there are infinitely

many bounded solutions {X;}o<i<r with Xo = y.

Proof. Suppose (Y, Z) is a bounded solution of BSDE (g, £). Divide the time interval
[0, T] into [T(1—27"),T(1—-2"""1)), where n = 0, 1,2, ... and denote v, = T(1—27").
Suppose the new solution (X, Z’) has been constructed on [0, o] with Xy = y where
y < Yy such that X,, <Y, P as. Let us construct (X,Z’) on the time interval
[, A1)

Our idea is the following. Since ¢ is superquadratic, we can construct a process
Xa, +Vi, t € [an, apg1) such that limy_,, , V; = 400, Pa.s. and forany 0 < e < 1, V;
exceeds downwards —27" !¢ with a very small probability. The fact that the solution
Y is bounded implies that it is touched by the process X, + V; because X,, <Y,,.
We then get a new solution X; on this time interval [, ay+1] by stopping X, + V4
when it reaches Y.

First, let us construct the process V;.

It follows from lim,_, *‘|7£|Z2) = oo that there exists a sequence {x}}32, such that for

any k > 0,
L g(xy) > 43
2. azi > m where 6 € (0,1) is a constant and &, = ap1 — a, = 27T
Set by = D 00 Tk Lia, 1086, anss—ok+1s,)(t) and V; = foin g(by) du — foin b,dB,, for

any t € [ana an-i—l)‘

We then have for t € [a, 41 — 0V T16,, anyr — 0VT26,),

8

Thus lim¢_.q,,,, fotm b2 du = oo and limy_q,, ,, fotm g(by) du =
Step 1. We have limy_.q, ., V; = +00 P a.s.
Define ¢(t) = fin b2 du for t € [an,ans1). Then ¢ is strictly increasing with
(o) =0 and

lim ¢(t) = +o0.
t—an41
17



—1
Setting B} & ffn ®) bydB,, we get a time changed Brownian motion with respect to

the filtration {FB"}. Tt follows from the construction of V that

B*
bz ot By = 60| 555 |

which implies that
lim V; =+o0, P as. (3.9)

t—>an+1

since
*

o) _
t—>£1+1 o) =0, P as.

Now we estimate the probability that V; reaches a small negative number —27"" e,

Step 2. Calculate the probability
P({w € Q| 3t € [an, any1) such that Vi(w) < =271},
Applying the submartingale inequality, we deduce that

P({w € Q| 3t € [an, any1) such that Vi(w) < —27""1e})
= P({w € Q[ 3t € [an,any1) such that 4"¢(t) — By < _on=lg)y

= P{weQ|3se0,00) such that 4"s — Bf < —27""l¢})

IA

exp{—2"¢}. (3.10)

Step 3. Construct the new solution (X, Z}) for all t € [an, api1].
Define

7 2inf{t > o, | V; = —2_"_15} A Qg
and

o 2 inf{t > an| Xa, +Vi > Yi} Aanyt
which are the stopping times when the process X, + V; touches X, — 277" lz and Y,
respectively. It follows from lim .., , Vi = +o0o P a.s. that Py < apy1] = 1. Define

T3 = inf{t > T ‘Xom —o e = Yt} N Q1.

Now we have three cases

1 < 72,73 < Qny1, Put Zj(w) = bilp<ry + Zilpsnys
1 < T2,T3 = Qp41, pUt Zé((d) = bt]‘{tSTl}; (311)

T1 = T2, put Z{(u)) = btl{tSTQ} + Ztl{t>7.2},
18



where (Y, Z) is the original bounded solution of the BSDE (g, §).

Thus we get

Zt/ = 1{71<72,7'3<oen+1}(btl{tgﬁ} + Ztl{t>7’3})
T Un<nm=an}btlit<n)
+ 1{71272}(bt1{t§7'2} + Ztl{t>‘rz}) (312)

= 1{tSTlAT2}bt + [1{7—1<7—277—3<an+17t>7—3} + 1{71272,t>72}]Zt’ (3-13)

Obviously, Z' is a predictable process.

Set
t

t
XtéXan+/ g(Z;)du—/ Z!dB, (3.14)

Qn n

for all ¢t € [, ap+1]-
Step 4. Some properties of X.

It follows from the construction that {X;}a,<¢<a,., has the following properties:
Lo Xilimy<n izm) = Yil{n<n i2m);
2. Xt1{71<72,732t2n} = (Xan - 2_n_15)1{'r1<72,732t2n}5

3' th{T1<T2,t>T3} = Kl{T1<T2,t>T3}‘

Therefore, we have

XOln+1 = Yan+1(1{72§ﬁ} + 1{71 <Tz,‘rg<oen+1})
+ (Xoln - 2_n_1€)1{7'1<72773:an+1}' (315)
So the induction assumption X,, <Y, implies X, ,, < Y,,,,. It is also clear that

the new solution X is bounded by || Y |loc +|y| + €.
Set A, 2 {w € Q|1 < 7,73 =0ani1}. Then P(A,) is the probability that D G

is not equal to Y, From (B.10), we get

n+1°
P(A,) < P({w e Q| 3t € [ay, ans1) such that Vi(w) < =277 1e}) < exp{—2"¢}.
Since Y jexp{—2"¢} < 400, the Borel-Cantelli Lemma implies that

P(MpZo Uk>n Ak) =0, (3.16)

which shows X =Yr =¢, P as.
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To sum up, (X, Z’) is indeed a new bounded solution with Xy = y.

The construction used many different constants. It is clear that this yields infinitely
many different solutions. O

Notice that in the proof we only use the fact that g is superquadratic to guarantee
that the new solution X is bounded below. This shows if g is at least quadratic , i.e.
EM_,OO% > 0, we can construct a process V; such that lim; .., , V; = +00 as well.

Thus we have the following conclusion.

Corollary 3.1. Suppose g is at least quadratic E"Z'_)OO% > 0 and, for & € L>°(Fr),
Y is a bounded solution of the BSDE (g, &), then for each y < Yy, there exists infinitely

many solutions X which are bounded above with Xy = y.

3.3 Non-stability of the solutions

The monotone stability plays an important role in the study of quadratic BSDEs (See,
e.g., I3, B]). Here we shall show that the same type of monotone stability does not
hold.

Theorem 3.4. (Non-stability) Suppose EZ_,OO% = 00. Then there exists a se-

quence of solutions {Y*}2° | of BSDEs (g, &) which increasingly and boundedly con-
verges to Y such that Y is not a solution of BSDE (g, &), where £ is the L* limit of

{&k122y-

Proof. 1t follows from mz_m% = oo that there exists a sequence {z;}7°,

with |z;,| — +oo such that g(z;,) > max{16*T|z;|?,2**1T}. W.lo.g., we suppose that

zi > 0.
Denote oy, := [g(z1;)] where [-] is the ceiling function and put Z*(t) £ 2,1 ax (LT 1T
i=1lap ' T oo

for all 0 <t <T'. Then it follows that

t 2 T
E U Zdeu} < / (Z8)? du
0 0

T
= (zk)2a— <167% =0, for k — oco.
k

However, we have

t t
N gz) (, (T T 9(zk)
/0 g(Zu) d’LL - /0 g(zk)lui:kl[%i—alz7alki] (u) d’LL € |: ag <t <ak ag I ag t:| )

7(t)



which implies

t
sup (/ 9(Zy) du — t‘ <27 0, (3.18)
0<t<T ' JO

as k — oo.

Define stopping times
t
v = inf{t > 0‘ | / Z{deu| > 2—k} AT (3.19)
0
and
v =infj>v. (3.20)

Applying the submartingale inequality, we get

t
sup !/ Z{deu| >2_k]
0<t<T  Jo

P[Vk<T] = P

T 2
< 4E [(/ ngBu) } <4k,
0
Thus we get
Plv=T] = 1= PlUp1{vx <T}
> 1-) Pl <T]
E>1
2
> —->0
-_ 3 9

which is due to the selection of sufficient large z, k > 1.

Since » ;1 Plvg < T] < o0, it follows from the Borel-Cantelli Lemma that
P[ ﬂnzluan{I/k < T}] =0,

which means P[Up>1Nk>n {vx = T'}] = 1. It implies that, for almost all w € §, there
exists N(w) such that for any £ > N(w), vg(w) = T. Thus we have P[v > 0] = 1.
Define yf = OMV g(Z%) du — OMV ZFdB,. We then deduce that

sup |yf —t AV

0<t<T
tAV tAV
<  sup ‘ / g(ZFYdu —t Av|+ sup ‘ / zkdB,
0<t<T 'Jo 0<i<T 'JO
< 2.27k (3.21)
which implies that
lim sup |yF —tAv|=0. (3.22)

k—oo g<t<T
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Set
Y =yp—8+ ) 42700, (3.23)
k=1

Notice that the stopping time vy is defined such that | fgmj ZFdB,| < 27F vt €

[0, T]. Combining (B.2])) with the definition of v, we get that

A A /N TP
> [t/\l/—2'2_k]—|:t/\]/-|-2.2_(k_1):|_|_4.2_(k_1)

> 0

which shows that {Yk},;";l is a nondecreasing sequence. Set ¢&¥ = Y for k > 1. Then
Y* is a solution of the BSDE (g, £¥). Tt follows from (B.22) that Y;¥ converges to t A v
as k — oo and &% — v in L. However, t A v is not a solution of the BSDE (g, v) for

t A v is an increasing process. O

Remark 3.4. Although t A v is not the solution of the BSDE (g, v), it is the dynamic

utility function of v, i.e. U(v) =t Av.
Proof. Indeed, setting the measure Q* such that Ep[%\}"t] = &(¢* - B); where
qf =g’ (2k)1 jon (L T Li}(t Av), we have
i=1lay, a2. day,
E |exp {1 /T(qk)2 dt} < exp {l(g'(zk))2T} < 00
2 Jo " - 2 '
So £(¢* - B); is a P-martingale and QF is well defined. Then
T
U(&F) < Eqr {Sk + / Fad) du‘ft}
t

= v+ B[ [ e + 9028 - i) an| 7]

= YF
Thus it follows from Lemma P that Uy(¢¥) = Y. If k tends to infinity, we get
U(v) =tAv,
since £¥ — v in L. O

Remark 3.5. v is not minimal since v > 0 with P(v > 0) > 0 and Uy(v) = 0.
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3.4 A solution to BSDE (g, v)

In the following, we find a bounded solution of BSDE (g, v) where 0 < v < T is a
stopping time. Of course we can then construct infinitely many bounded solutions for
the BSDE.

Step 1. For any yg < 0, construct an F—predictable process H which can be
dominated by t A v(w) and t Av(w) + (1 — %)yo for any t small enough.

Since g is superquadratic and continuous, we can get an increasing sequence {z;}°,

such that
glwi) = i*x}
for any ¢ > \/a + 1 where a = inf‘xbo% and x; = 1 for any i < /a + 1.
Set ky = x; when t € (307,11 0n, D pey 0] for @ > 1 where §, = m, and
a1 = Zoo—T1— is such that 2,48, =T.

=1 g(zn)n?

We then have

T o0
k)2 du = azf al. < 00,
o 2T

)

T )
aj
ky,)du = T;)————= < 00.
| stk > ote) o
Put H; = yo + fg g(ky) du — fg kudB,,.

Lemma 3.1. There exists Q* C Q with P(Q*) = 1 satisfying for any e > 0 and w € Q*
there is t-(w) such that, for any t < t.(w), t Av(w)+ (1 — +)yo < Hy(w).

Proof. It follows from the law of the iterated logarithm of Brownian motion that

there exists a set Q*, P(Q*) = 1 satisfying: for any ¢ > 0 and w € Q* there is t.(w) < v

[/Ot kudB,|(@) < (1 +s)\/2 </Ot kgdu> log log <1//Otkgdu>

for any t < to(w).

Set F(t) = [o g(ky) du—(1 +€)\/2 <fg k2 du) log log (1/ [y k2 du) — <%) t. Now
we want to prove F(t) > 0 for ¢ small enough. Calculating the differential of F' with

such that

respect to t, we have, for sufficiently small ¢,
1 )1 /2

1
F'(t) > g(ks) — 1+ LI vk? (— log log —
Ct Ct

T
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where 7y = (1 +¢ 272 and ¢; = [ k2 du. For t € o 10, > 0% 0y, we get
0 “u n=i+1 n=1i
1)1/2

Ct

1
Fl(t) > glay) — 1+ 2 vw?(— log log
T Ct

and

Ct

IV
S—
\g|
3
ﬂ
£
=2
3
=
IS
QU
N

for ¢ big enough. Thus

1 1/2
—; log log —4) .

. Yo 2 1
F/t>22x2—1—|——— :E(—
) ‘ T ay Zzozz’—i—l n ai Z;O:H-l n-

T
It follows from

Z’2

) ) 12
vy <7a1 ZZO:i+1 o lOg 10g a1 Z?:z#l n74>
that there exist 0 < tg < T such that for any ¢ < tg, F'(t) > 0. Since F(0) = 0, we

:+OO

lim
1—00

have, for any ¢ < tg,
F(t) > 0. (3.24)

Thus for any w € Q* and 0 < ¢t < tg A t-(w), we have

Hy(w) — [t Av(w)+ (1- %)yo] > F(t) > 0.

O
Step 2. Since H; and t A v(w) are {F;}+>o-predictable, we can define stopping

times:

t
7-11éinf{t>O‘Ht§t/\V+(1—f)yO}/\Ta

& inf{t>0|H; >tAv}AT.

Define a random time
2

A 1 T — Y%
n=haanm + el ara-pm
2
VTt Y
+ 1{7'1127'12}1{u>7—12>1/+(1—%)y0} Yo T
+ ey lezen T (3.25)

It is easy to verify that for any w € {r{ > 72}, m(w) Av + (1 — 71:(;‘)) Yo =T Av.

24




Lemma 3.2. 7y is a stopping time.

Proof. This is straightforward but for completeness we give a proof. The random
time 71 is defined by four parts without any intersections. For the first part, it is easily
verified by

{Iiamymt <ty ={rl <m}n{r <t} e F. (3.26)

For the second part, it is necessary to check that

2 _
{711sz}m{rf§u+(1—%)yo}m{TT1_yyOOT§t}eft.

It follows from ¢(1 — %) + yo < t that
{T yOT<t} {71<t1—?+y0}67-}

yO

which implies that T is a stopping time.

fwe {T1 yOT < t} then we have

t
(W) <t+ (- Hyo <t

Thus

{T1>T12}ﬂ{7'1<1/+(1——) }m{l <t}

= {TfZTf}ﬂ{Tfét}ﬂ{Tl T< }m{l yTgt}

= [{7—1 > Tl} M {7—1 < t}] N { 1 — T < A t}
e F. (3.27)
For the third part, observe that for any w € {r{ > v+(1—%)yo} N {V_T;#T <t}

we have

Combining with v(w) — 7 (w) < (522 — 1)yo, we get
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Therefore,

9
{711er}n{u>712>y+(1_%)y0}m{%+@/01ﬂ§t}
0

_ 2
= {7'1127’12}(1{7'12>1/+(1—%)y0}m{%—i_y01ﬂ§t}
0
o

= ({711 > 2y 0 {rf <t}) N ({T__yyOOT> vin{y <t}>

ﬁ<{7'12 + (% Dy <vin{r< t})

e F. (328)

The fourth part is obviously F;-measurable. Thus from (B.26) to (B.2§) we get that 7
is a stopping time. O

Define the predictable process Z on the set {t < 71} as:
Zlfi<my = kil grari nr2y- (3:29)
Lemma 3.3. Set X; = yo—i—fét 9(Zy) alu—f(;t ZydB,. We have X, = 11 Av+(1—7)yo.

Proof. The definitions of the stopping times yield that

T1 T1
X, = y0+/ g(Zu)du—/ Z.dBy,
0 0
T T
— y0—|—/ g(Zul{tSTl})du—/ ZUl{tST1}dBu
0 0
T T
= y0+/0 Q(ku)l{thllATf}d“_/O k’ul{tST%ATf}dB“
7_1 Tl
1 1
= <y0+/ 9(ky) du—/ kudBu>1{—rll<rf}
0 0

T12 7'12
+<y0 + /0 g(ku) du — /0 kudBu> 1{7'112712}

Tl
= (Tll ANV —+ (1 — _1)y0> 1{7'11<7—12} + (T12 N V)1{7—1127—12}

T
= (Tl AV + (1 — %)yo) 1{7—11<7—12} + (Tl ANV + (1 — %)y0> 1{7_1127_12
= TlAV+(1—%)y0

which completes the proof.
Step 3. Consider the solution in the time interval (11,T).

Construct H =1 Av+(1—3)yo + thI g(ky—r,) du — th1 ky—r, dBy, for any t > 7.

26



Set t = 7 + s where s > 0. We have

H? - (t/\u—l—(l—%)yo)

t
= Tl/\V—F(l—%)yo—(t/\V—F(l—T)yo)—i-/

T1

t t

g(ku—n) du — / ku—ﬁ dBu

T1

s T1+s
> / g(k) du — / kur, dBy + %yo —s. (3.30)
0 T

1

Applying the law of the iterated logarithm of Brownian motion to (B.3(), we get that
there is a set Q* € Q with P(Q*) = 1 such that for any € > 0 and w € Q* there exists

a sc(w) satisfying for all s < s.(w),
s
Y0 — S

T1+8
g w) du — /1 ky—r, dBy, + T

T1+s 7'1“‘S S
/ g du— 1+€) 2</ kq% T1du>10g10g<1// u T1du>+fy0_s
0 T1
g W) du — 1+a)\/2 </ k%ﬂ) 10g10g<1// kidU>+%yo—3
0 0

S

%

v

I
:ﬂh

It follows from (B.24) and (B.3() that

1+ S
H2 (W) > (r14 ) Av(w) + (1 — T ) Yo (3.31)
for all 0 < s < s.(w) A to.
Then similarly we can define stopping times:
t
o 2inf{t>n [ H StAv+ (1= Z)yop AT, (3.32)
ngéinf{t>7'1‘Ht2 Zt/\lj}/\T, (3.33)
and a random time
1 1 1 1 T22 yO
2=l T Mg g0 T, m
v — 135 + Yo
T e s ovra—puy ) L
+ lmanlizan T (3.34)

which is also a stopping time by a similar proof of 71 in Lemma ..
Step 3. Define the random times by transfinite induction.

The random time 7, for some ordinal number « is defined by the following rules:
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1. T0 :O;

2. If E[r,] < T, define 7} 2 inf{t > 7, | HF™ <t Av+ (1 - o} AT,

T§+1éinf{t>7'a|Hf‘+12t/\u}/\Tand

+ 1{T2+1 <Tai1} 1{V>T§+1>V+(1—%)yo}
+ 1{T2+1 ST;Jd} 1{T§+12V}T

2

T — Y
4 1 a+1

Tat1 = 1{Té+1<702¢+1}7-"+1 + 1{To%+1§’f;+1}1{T§+1§'/+(1_%)90} T — yo r

2
V—="Tat1 + Yo

T

(3.35)

where Hf‘Jrl =To AV + (1 =7 )yo + tha g(ky—r,) du — tha ky—r, dB, for t > 7,.

3. If B is a limit number and satisfies E[7,] < T, for all a < 3, then 75 £ lim,< g Ta-

We adopt the symbol wy for the first uncountable ordinal and let O be the well ordered

set of all countable ordinals, i.e. ordinals o < wq. Define

AE{a€O|E[r] <T, for all £ < a}.

(3.36)

Since {E[7q]}aca is strictly increasing, A is countable and hence there must exist

Bo with E[rg,] =T, hence 15, =T

Define the predictable process Z by

Zt = z : kt_Tk]‘{Tk<tSTk+TI%+1/\TE+1}
0<k<Bo

and the stochastic process

t t
Xt:y0+/ g(Zu)du—/ Z.dB,
0 0

for any ¢ € [0,T].

Similarly as lemma (B.3)), we have

-
XTkZTk/\V+(1——k)yo

T

for any k < (y. Letting k tend to (g, we get X7 = v.

(3.37)

(3.38)

Therefore, we constructed a solution (X, Z) for the BSDE (g,v) with Xy = yo < 0.
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Example 3.1. In this example, our goal is to construct a bounded random variable
¢ such that U(C) is a solution of BSDE (g,() and ¢ is not minimal when g is su-
perquadratic. Define ¢ = H_1,.2, then (HtTllAle, ktl<rinezy)ost<r is a solution to the
BSDE(qg,¢). It follows that

U(¢) = HTH.

Indeed, for any t € (0,T)], set the probability measure Q' via Cﬁ% = &(q* - B)r with

gk = g/(ks)l{t<s<7'11/\'rl2}' We then have

1 [T 1 [T
E{exp@ / rqzwzds)kexp(5 / rg’<ks>\2ds)<oo,

which implies Q' ~ P. We deduce that

0i6) = B [c+ | " gty ds

1 2
ft] = HtTlATl, for any t € (0,77,

1 2
by the same argument of ([3.3). Since H* ML s continuous and U.(¢) is cadlag, we get

Uo(€) = yo-
However, ¢ is not minimal since ¢ > yo with P(¢ > yo) > 0 and Up(yo) = yo. O

4 Existence of solution to BSDEs in the Marko-

vian case

From the last section, we know that the BSDE with superquadratic growth is ill-posed.
However we will show that in some particular Markovian case, there exists a solution
for such a BSDE.

Define the diffusion process X%® to be the solution to the following SDE:

dXs = b(s,Xs)ds+o0dBs, t<s<T,
Xs = z, 0<s<Ht,
where b : [0, 7] xR" — R" is continuously differentiable with respect to = with bounded

derivative b, and o : [0,T] — R™? is a constant (matrix).

Let us consider BSDE (B1]) with ¢ = ®(X5"):

T T
Y, = (E(Xélx) — / 9(Z,.)dr +/ Z.dB,, s€][0,T], (4.1)
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where g : RY — R, is a continuously differentiable convex function with g(0) = 0. We

suppose it is superquadratic m‘ =00 *‘|7£|Z2) = o00. f: R - R, U {oo} is the Fenchel-

Legendre transform of g:

f(z) = sup (22 — g(2)),
2ER4

then f is also convex and f(0) = 0.

4.1 Lipschitz case

Let us first consider the case when @ is sufficiently smooth.

Theorem 4.1. Suppose that ® is bounded and Lipschitz. Then there exists a unique
solution (Y"*, Z%*) to BSDE ([.1) such that both processes Y'* and Z"* are bounded.

Furthermore, the solution is a dynamic utility function of the following form

yir (4.2)

_ mf{EQ [@(X;””) + /ST f(qu)du‘}"s] ‘Q ~ P}
= inf{EQ [@(X;w) + /ST f(%)du‘fs] ‘Q ~ P,

B[ [ stayan

Fl<201@ o vre [O,T]}
for any s € [0,T].

Proof. First, let us suppose that ® € C! and that ®, is bounded. We apply a
truncation argument to prove the existence of solution. Let us introduce the trun-
cation function: for an integer N, py : R™*? — R* is smooth, such that V|z| < N,
pn(z) = 1; and V|z| > N + 1, py(z) = 0. Then it is obvious that pyg is a bounded
Lipschitz function. Hence for any N, there exists a unique solution (YN e g N BT to

the following BSDE:

T T
Vo= o(xi) — [ (owa)Zdr+ [ 2.a8, (43)
On the other hand, we denote by (FV:% VNit:#) the unique solution to the following

BSDE:

T T
Fy = &y (X5 )V, X5" — / (ong)-(ZNEV,. dr + / V, dB,, (4.4)
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where fsT V.. dB, means
> [ vias,
1<i<d”®
with V? denoting the i-th line of the d x n matrix process V.
We then have (see, e.g., [14]):

zhite — _pNite(g xtey=ls, (4.5)

As for any N, (png).(ZN%%) is bounded, we can apply a Girsanov transformation to

get:

T
FN = @, (X5 )V, X5 + / Ve dBte, (4.6)

s

where BV is a Brownian Motion under an equivalent probability measure QVit?.
Taking the conditional expectation with respect to the measure QY% one finally
deduces that

V] < @a lloo - | Va X7 [

which implies that

230 = | FY (VLX) ol
< ol ) @a lloo -?IP=l=T (4.7)

= ¢
The same argument (recall that g(0) = 0) gives us also that
YV <[ @ oo -

Taking N > ¢, then the solution (YNt ZNit2) to BSDE (fJ) is actually a solution
to BSDE ([L.1).

In the case when ® is bounded and Lipschitz, we can also prove, by a standard
approximation, that there exists a bounded solution (Y% Zb%) with |Zb%| < ¢ with
c=| o] L - elbell=T where Lg is the Lipschitz constant of ®.

It is routine to prove the uniqueness of the bounded solution (Y%, Zt%) where Zt*
is also bounded.

Finally, as g,(Z%%) is bounded, and

T
Egnis [/ f(gz(Zi’””))du‘fr] <2 @ ||no, for N >c, Vre[0,T).
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We conclude that Y% is a dynamic utility function of the form (£.3). O

Remark 4.1. A new solution (Y, Z) can be constructed by the same technique as before

with the process Z unbounded.

We define
u(t, ) ==Y, (4.8)

where (Y5®, Zb7) is the unique bounded solution to (1)) with Z5* bounded. Since ®
is Lipschitz, (Y%, Z%%) is also the unique bounded solution to #3) with N > ¢. An

important property is that u(¢, x) is deterministic.
Remark 4.2. [t follows from the classical result of Markovian BSDFEs that
vie =yhr ZbT =0, fors<t.
Besides, (Y4, Zb%) has the Markov property:
YH = u(s, X5®), for s >t.

Furthermore, we have a uniqueness, a stability theorem and a strict comparison

theorem for the BSDEs. Thus we get the following proposition.

Proposition 4.1. Suppose that ® is bounded and Lipschitz, then u(t,x) defined by
({-8) is bounded and continuous on [0,T] x R™ and a viscosity solution to the PDE:

w(t, ) + Ltrace(0o T ug, (t, 7)) + ug(t, 2)b(t, 2) — g(—uy(t, z)o) =0,
u(T,z) = ().

(4.9)

4.2 A Priori estimates of 7

Now we suppose that both ® and &, are bounded. Let us first suppose that b = 0 and
n = d, o is the identity to explain our main idea. In this case, erp’x =z + Br — B;.

Then equation ({.§) turns out to be
ZN;t,x — _FN;t,x
S S °
On the other hand, BSDE (£.4) becomes:

dZéV;t,x _ _(pNg)Z(ZéV;t,x)V;N;t,x ds + V;N;t,x dBs, 0<s<T;

N (4.10)
ZNT — @, (x + By — By).
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This gives the following framework (taking N >|| @, ||c0):

dYs = g(Zs) ds — Zs dBs;
dZs = =g.(Zs)Vs ds + Vs dBs; (4.11)
Yr =¢ € L>®(Fr), Y bounded,
where F [fOT |Z,|? dr} < +o00 and fOT |V;|?dr < +0o P a.s. Thus we get special second
order backward stochastic differential equations (see [f] for a definition).
Theorem 4.2. In the framework ([[.11), suppose there is a solution and
1) The probability measure Q with % = E&(9.(Z)B)r is equivalent to P;
2) Z is a Q-martingale.
We then have
1Zs] <2 € ||oo (T — )73, Vs e[0,T). (4.12)

Furthermore, if f(g.(-)) : R? — RT is convex, we also have:
Flo:(Zs) <211 € llo (T = 5)7", Vs €[0,T). (4.13)
Proof. Under the measure ), we get
dY, = — f(9:(Zs)) ds — Z,dB, (4.14)

where Bg =B, — f »)dr is a Q-Brownian Motion.
Since Y is bounded and [; f(g:(Z;))dr is an increasing process, it follows from

Lemma @ that fos ZrdBf2 is a BMO martingale under the measure Q:

T
EQ [/ |Zr|2d7‘

which implies, by Jensen’s inequality,

fs} <42,

|Z) (T —s) <4 € I3
ie.
|Zo <21/ € oo (T — )72,
It follows from equation ({.14)) that
EQ[/ flg:(Z
= —Eql€ — Yi|F]

201 oo -
33
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If f(g.(-)) is convex, then applying Jensen’s inequality, we get

F(9:(Z5)) <21 € [loo (T —5)7"

O
In fact the condition 1) in the theorem is a constraint to make the process {Z; }o<i<r
not grow so fast as we constructed in the non-uniqueness theorem. In this case, the

solution is unique. We have the following remark.

Remark 4.3. Suppose there is a bounded solution Y and the probability measure @)
with % = &(9,(Z)B)r is equivalent to P, then the solution is unique and

T
Y, = Eo [s+ [ #auzar fs} 0<s<T

Let us consider the original BSDE ([[-])) again. Taking N > ¢ as in the proof of

Theorem [L.1], we deduce the following “general” framework:

dYs = g(Zs)ds — ZsdBs,  Yr = ®(Xr);
dFs = g.(Zs)Vsds — Vs dBs, Fr = ®,(X1)VyXr; (4.15)
Zs = —Fy(V.Xs) o,
where ® and ®,, are bounded. Under the probability measure @, B? = Bs— fos 9.(Zy)dr
is a Brownian Motion, and the “general” framework becomes:
dY, = —(9:(2s)) ds — Z,dBY,  Yr = &(Xr);
dF, = —V,dBS, Pr = ©,(X7)V, X7 (4.16)
Zs = —Fy(V.X,) o
Recall that
AV, X = by (X,) Vo X,ds,

from which we deduce
d(VaXs) ™ = =(VaX,) AV Xo) (VaXs) T = =(Va Xs) 7 10a(Xs) ds.
Applying [t6’s formula, we deduce
dZy = —(dF)(VoXo) ™l + Fo(VaXo) 70 (X))o ds.
We suppose that there exists a constant A > 0 such that

Vn e R", |77T0'0Tbg(:n)77| < )\|77T0|2. (4.17)
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We then have

d(exp(Xs)Zs) = Aexp(\s)Zsds + exp(As)Fs(VoXs) 1o (X))o ds + dM,

= FJ(MN —by(Xs))ods + dMs,
where M is a (Q-martingale and
F¥ = —exp(\s)Fs(VX,) L.
Finally,
d|exp(As) Zs|* = d(M)s + 2[A|Fyo* — Ffoo by (X,)(Fy)"]ds + dM},
where M* is a Q-martingale, hence |exp(\s)Zs|? is a Q-submartingale.

Proposition 4.2. Let us suppose that ® is bounded and Lipschitz, b and o satisfy
the assumption ({[.1%), and (Y'®, Zt%) is the unique bounded solution to BSDE ([{.1).

Then there exists a constant c; > 0 such that
1Z5%) < ey || @ ||oo (T — 8)"2, Vs € [0,T). (4.18)

Proof. First let us consider the smooth case when ® and ®, are bounded. Since

Zb% is of the framework ([.16), from Lemma P.9, we have

T
EQ[/ | Z" | dr

from which we deduce that

fs} <4 o>,

T
Eq [/ exp(27)| Z5% 2 drr

7| < 1o o
As exp(2Xs)| Z57 2 is a Q-submartingale, it follows that
exp(2Xs)| Z;°[1(T — s) < 4exp(2AT) || @ ||3.
ie.
207 < er || @ oo (T —5)72,

where ¢; = 2exp(AT).
We can get the same estimate by a standard approximation when ® is only bounded

and Lipschitz. O
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Remark 4.4. As an example, let us take g(z) = |z|? for ¢ > 2. Since | exp(A\s)ZE™|? is

a Q-submartingale, it is clear that | exp(\s)Z5"|7 is also a Q-submartingale for q > 2.

It follows from (f.14) that
2510 < €y 1@ oe (T )5 € [,T),

where Cq > 0 is a constant depending only on g and \. Suppose u is the bounded

classical solution to the following PDE:

w(t,z) + trace(0o T ugy (t, ) + ug(t, 2)b(t) — |ug(t, z)o|? = 0,
u(T,z) = ®(z).

(4.19)

Since

2 = (5, X07) (V. X15) Lo, W € [1.7),

we deduce that

Jus(t, )| < (Cq || @ [loo) /(T — 1) 711,

The same type of estimate is given by Gilding et al. in [L0] using Bernstein’s technique,

in the case when b =0 and o is the identity.

4.3 Lower semi-continuous case

Notice that Z%* is bounded when @ is bounded and Lipschitz. The bound, however,
depends on the Lipschitz constant. The advantage of the estimate in Proposition [£.2
is that the estimate only depends on || @ ||oo. This allows us to weaken the hypothesis

further.

Proposition 4.3. Let us suppose that ® is bounded and lower semi-continuous, and b
and o satisfy the assumption ([f.17). Then there exists a bounded solution (Y"*, Z'*)
to BSDE ({{.4) such that

25 < er | @ Jloo (T — )72, Vs €[t,T). (4.20)
Proof. For each integer m > 0, construct the function

@,,(u) = inf{®(p) + m|p —u| : p € R"}.
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Then @,, is well defined and globally Lipschitz with Lipschitz constant m. Moreover,

(®,,)m>0 is increasing and converges pointwise to ® with

Let (Y% Z™b%) be the bounded solution to BSDE (g, Qm(Xth)) It follows from

the classical comparison theorem that
_ H ) Hoo§ XO;t,m § Xm;t,x S Xm-l—l;t,m SH d ||007
and from Proposition @,
12| <oy || @ ||oo (T — )72, s€[0,T). (4.21)
For any fixed T" € (0,T), (Y""%, Z™%%) satisfies
. T T
vt =gt - [ ua @i [ zpttan, et )
S S

where

_1
M=ci || @ o (T =T 2.
Moreover, by Lemma .3,
T
B[ izrepalr| <apo k.
S
The classical stability theorem (see N. El Karoui et al [§]) for Lipschitz generators

implies

lim FE

m,m’— oo

T/
m;t,x m/;t,x
| |z -z

2
dr] =0.

So define

Y4 = lim Y"™b* Z" = lim 2™,
—_ [ 9 = =
m—o00 m— 00

Then by passing to the limit when m — oo in ({.29), we conclude that for any fixed
T € (0,T), (Y5, Zb") satisfies

T’ T’
Y, =Yp — / 9(Z,)dr +/ Z, dBy, Vs € [0,T"], (4.23)

and

T
vl <l e B| [ 1ZePaln| sal o se )
S
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On the other hand, we have

lim Y5 > lim Y% = &,,(X7") for any m € N, P a.s.

s—T s—T
which implies lim, Y% > @(X%w), P a.s.
Since ®,,, is bounded and Lipschitz for any m € N, it follows from Theorem
that Y™ < E[®,, (X5")|Fs]. We then get

lim Y% = Iim lim Y75*
s—T s—T m—00 ™

< @F lim E[®,,(X5")|F)

= T Blo(X})|7)

= O(XL"), Pas.

Hence lim,_7 Y5 = &(X5").

Finally, passing to the limit when 7" — T in ([£29), we conclude that (Y"*, Z'%)
is a bounded solution to BSDE ([.1]). By passing to the limit when m — oo in (f.21)),
we derive ([.2() immediately. O

4.4 Bounded and Continuous Case

In the smooth case, the dynamic utility function is a solution to BSDE ([L.1]) by Theorem

[.T]. This remains true in more general case.

Proposition 4.4. Let us suppose that ® is bounded and continuous, and b and o
satisfy the assumption ([f.17). Then there exists a bounded solution (Y**, Z%*) such
that

T
v = int {Bo[o(Xp) + [ fla)ar|7)

QNP}.

Proof. By the same technique as that used in Proposition [i.g, let us define the
function

Dy (u) = sup{®(p) — mlp —u| : p € R"}

for each integer m > 0. Then ®,, is also bounded and globally Lipschitz with Lipschitz

constant m. (®y;,)m>0 is decreasing and converges pointwise to ® with
| @ [loo> B > .
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Let (Y™, Z™b%) be the solution to BSDE (g, ®,,(X5")). It follows from the same
argument as that in Proposition [£.d that by setting

YT = lim ymite, Zb = Tim Z™te,
m—0o0 m—00

(Yt’x, Zt’x) satisfies () On the other hand, since
X;n;t,x < }—/;m;t,x < E[ci)m(X%m)‘fs]’

we deduce that
Yi* <V < Bl@(Xp")|F,

which implies that
lim Y}® = &(X57).

S—
Hence (Y%, Z%%) is also a bounded solution to BSDE (g, (IJ(X;:B)) Lemma P.3
implies that any bounded solution of BSDE is less than or equal to the corresponding

dynamic utility function,

T
Yo < eSS.inf{EQ [@(X’fr’x) +/ f(QT)dr‘]:S] Q~ P}'
Finally, as
i ) T
ymte — ess.inf{EQ [(I)m(X;x) +/ flar)dr|Fs] | Q ~ P}
and ®,,(X%") converges decreasingly to ®(X5"), we deduce
i T
}/st,m 2 eSS.inf{EQ [@(X;—:x) +/ f(QT)dT‘fs] Q ~ P}

Combining the above, we conclude that the solution Y% is a dynamic utility function.
O

Notice that we used " to approximate ® in the lower semi-continuous case. In
the continuous case, we can show that both Y™ and yhe converge to the same

limit. Now first let us consider the uniformly continuous case.

Theorem 4.3. Suppose that ® is bounded and uniformly continuous. We then have

VIT = U, (B(X5) = Vi, (4.24)
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Proof. Tt follows from the uniform continuity of ® that both (®,,)m>0 and (®,,,)m>0
converge to ® with the norm || - ||oo-
Indeed, the uniform continuity of ® implies that, for any € > 0, there exists J. > 0,

such that if [p — u| < é(e), then

|®(p) — P(u)| <e.

By the definition, we get
D(u) = B, (u) = sup{®(u) — ®(p) — mlp —uf : p € R"}.
But we have

®(u) — @(p) —mlp — ul

= (®(w) = @) {p-ul<s} + (2(u) = P(P))1fjp—ujzs) — MIP — ul
[ [loo
Oc

< et P —ul —mlp —ul

from which we deduce that if m > 2%, then
0< (I)(’LL) _Qm(u) < E,\V/u € an

hence,

lim [ @ — D, lno=0.
m—00

Combining with the convergence of a dynamic utility function and

T
Yt = ess.inf{EQ [im(Xth) - / f@)dr| 7] @ ~ P}’

we get

T
yLe = US(@(X;’I)) = ess.inf{EQ [@(X;x) +/ f(qr)dﬂfs]

Q ~ P}.
By the same argument or simply by Proposition [£.4, we have

Vi = U(@(X5) = Vi,

Let us now consider the general case: ® is bounded and continuous.
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Theorem 4.4. Suppose that ® is bounded and continuous and f satisfies the assump-

tion: there exists a constant M such that

o= IrT111]‘14{f(:17)} > 0. (4.25)
We then have
VIt = Uy(@(X5)) = YL, Vs € [0,7]. (4.26)

Proof. First, in the special case X;x = x + B — By, let us consider y b —ymbe,

It follows from ([£.2) that
?gn;m . X?Qn;t,x
o T T
- ess.inf{EQ [, (XL )+/0 £(qu) du] (QNP, EQ[/O Flgu)du] <2 || }
. T T
—essinf{Fo[8,(X) + [ fla)dul|[Q~ P.Bg[ [ fla)du] <219 | |
= [yt t 4
< ess.sup{EQ [B (X57) — @, (X57)] ‘Q ~P, EQ[/O Flau)du] <21 @ || }
Denoting ®,,, — ®,, as ¥,,, then ¥, is continuous. We then analyze
T
U, (x+ Bpr —By) = \I/,7L<:1:—|—Bj€2 —BtQ +/ qudu>,
t

in three parts. First, we have, for N > M,

T
Q Q
EQ [\I’m <JE + BT — Bt + /t qudu> 1{|fthudu\>N}]

< 2||<I>||ooQ<{|/thudu‘>N}>
< 2, Colh add]

Combining with

pa e
T T
EQ[/t |Qu|1{|qu<M}dU}+EQ[/t |01 jqu 201y o

T
M
MT + EQ[/O Ef(qu)l{\qule} du}

IN

IN

IN

M
MT+2— | @ |,

we deduce that

T
Q Q “a
Eq {\I/m (m + By — By +/t qudu) 1{\fthudu|>N} < N’
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where ¢; > 0 is a constant. Second, we have

T
Q Q
Bo| W (w+ BF — B + /t Bl ) 1150 501N 7 uaui<ny)

Eq[|B? — BY|]
< 20| @ floo —HL—
_ &

N

where co > 0 is a constant independent of ) and m. Third, we have

T
Q Q
Eq W’”(w +Br — By +/ qudu)l{lB?—B?\SN,\ftT qudu|SN}]

t
< sup ¥, (y).
ly|<|z|+2N

It follows from the preceding three estimates that

c1+c
Eg[Wm(z+Br —B)] < =2+ sup  WUp(y),
ly|<|z|+2N
which implies that
— omt,z mit,z — 1+ ¢
lim (Yo" —=Y,") < lim [7 + sup \I/m(y)]
m—0 mooo L N y<la 4N
_cate
= T

Since ?gl;t’x — Y5 >0, by letting N tend to oo, we deduce that
Y =y4e (4.27)

Combining with the Markov property of Y"* and Y we conclude that ?Z’x =Yyl

ES

forany 0 <s<T.

Notice that essentially we have made use of the simple fact that

lim sup ¥,,(y) =0,

m—00 \yISC

where ¢ is a constant. So in the general case,

s S
szm:”/ b<u,xgw>du+a<gg_33+/ Ww),
t t

since b is Lipschitz, applying Gronwall’s inequality, we get

T
‘X%:c‘ < sup ’X};’x‘ SC<1+/ ‘Qu’du—i_ sup ‘BSQ_BtQ’> ’
t<s<T t tse<T
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where C > 0 is a constant. Hence the same proof works. O
Now we define

() =Y, um(tx) = YT

and

u(t, z) == Up(®(X5")). (4.28)
We have the following theorem.

Theorem 4.5. Suppose that ® is bounded and continuous and f satisfies the assump-

tion: there exists a constant M > 0 such that

o= |;I|1:iljg4{f(w)} > 0;

and that b and o satisfy the assumption ([[.17). Then u(t,x) defined by ([.23) is
a bounded and continuous deterministic function on [0,T] x R™ and it is a viscosity

solution to PDE ([[.9).

Proof. Theorem [i.4 implies that {@™(t,z)}%°_; (resp. {u™(t,z)}°_;) converges
decreasingly (resp. increasingly) to u(t,z). Combining with the continuity of @™ (¢, x)
and u™(t, z), we deduce that u(t,z) is continuous.

By Dini’s theorem, they converge to w uniformly in any compact set. This implies
that u is a viscosity solution by the stability theorem of viscosity solutions to PDEs

(see, e.g., [) - O

Acknowledgments This research was sponsored by a grant of Credit Suisse as
well as by a grant NCCR-Finrisk. The text only reflects the opinion of the authors.
We also thank M. Ben-Artzi for stimulating discussions regarding the connection with

viscous Hamilton-Jacobi equations.

References

[1] M. Ben-Artzi, P. Souplet and F. B. Weissler, The local theory for viscous
Hamilton-Jacobi equations in Lebesgue spaces. J. Math. Pures Appl. 81 (2002),
343-378.

[2] J. M. Bismut, Conjugate convex functions in optimal stochastic control. J. Math.

Anal. Appl. 44 (1973), 384-404.
43



[3]

[12]

[13]

[14]

P. Briand and Y. Hu, BSDE with quadratic growth and unbounded terminal value.
Probab. Theory Related Fields 136 (2006), 604-618.

P. Briand and Y. Hu, Quadratic BSDEs with convex generators and unbounded
terminal conditions. Probab. Theory Related Fields 141 (2008), 543-567.

P. Cheridito, H. M. Soner, N. Touzi and N. Victoir, Second-order backward
stochastic differential equations and fully nonlinear parabolic PDEs. Comm. Pure

Appl. Math. 60 (2007), 1081-1110.

M. G. Crandall, H. Ishii and P. L. Lions, User’s guide to viscosity solutions of
second order partial differential equations. Bull. Amer. Math. Soc. 27 (1992),
1-67.

F. Delbaen, S. Peng and E. Rosazza Gianin, Representation of the penalty term
of dynamic concave utilities. arXiv:0802.1121v1 [math.PR] 8 Feb 2008.

N. El Karoui, S. Peng and M. C. Quenez, Backward stochastic differential equa-
tions in finance. Math. Finance 7 (1997), 1-71.

H. Follmer and A. Schied, Convex measures of risk and trading constraints. Fi-

nance Stoch. 6 (2002), 429-447.

B. H. Gilding, M. Guedda and R. Kersner, The Cauchy problem for u; = Au +
|[Vuld. J. Math. Anal. Appl. 284 (2003), 733-755.

E. Jouini, W. Schachermayer and N. Touzi, Law invariant risk measures have
the Fatou property. Advances in mathematical economics. 9, 49-71, Adv. Math.
Econ., 9, Springer, Tokyo, 2006.

M. Kobylanski, Backward stochastic differential equations and partial differential

equations with quadratic growth. Ann. Probab. 28 (2000), 558-602.

E. Pardoux and S. Peng, Adapted solution of a backward stochastic differential
equation. Systems Control Lett. 14 (1990), 55-61.

E. Pardoux and S. Peng, Backward stochastic differential equations and quasilin-
ear parabolic partial differential equations. Stochastic partial differential equations
and their applications (Charlotte, NC, 1991), 200-217, Lecture Notes in Control
and Inform. Sci., 176, Springer, Berlin, 1992.

44



