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SUB HILBERT SPACES IN THE UNIT BALL OF C»

FREDERIC SYMESAK

ABSTRACT. Let ®(2) = (p1(2),--- ,¢i(2)) : BY — B" be holomorphic. We denote by Bq(z,w)
the weighted Berman kernel. We give a condition so that the kernel (1 - @(z)@(w)) B, (z,w)

is a reproducing kernel and we study the related Hilbert space.

1. INTRODUCTION

The aim of this note is to give a characterization of some reproducing kernels of spaces of
holomorphic functions on the unit ball of C". These kernels are obtained with the weighted
Bergman kernel B, (z,w) and bounded holomorphic functions ¢1(z), -+, ¢i(2).

We denote by B the unit ball of C" and by r(z) = Y., |z|* — 1 a defining function. Let
a > —1 and let dV,(z) = (—r(2))*dV (z). We denote by A2 the weighted Bergman space of B
with respect the measure dV,(z) [3]. It is a Hilbert space and its reproducing kernel is given

by Ba(z,w) = = Z@a)nJrHa' When « = 0, we denote by B(z,w) the usual Bergman kernel

and by A? the Bergman space. we have

Theorem 1.1. Let a > —1 and ®(2) = (p1(2), -+ ,¢i(2)) be holomorphic. The kernel
K, (z,w) = (1 — @(z)@(w)) B, (z,w) is a reproducing kernel if and only if supg |®(w)| < 1.

The reproducing properties of kernels of type (1 — p(2)p(w))B(z,w) was studied by F.
Beatrous and J. Burbea [1], for spaces of holomorphic functions on domains of C" and by S.
Saitoh for abstract kernels of Hilbert spaces of functions [5]. In the case of he unit disc of
C, when ¢ is finite Blaschke product, the characterization of the related Hilbert space was
obtained by K. Zhu [8] and [9] for Bergman space and by S. Sultanic for weighted Bergman
spaces [7]. The same questions was introduced by L. De Branges ang J. Rovnyak in the context
of Hardy spaces [6]. The following theorem gives the Hilbert space associated to the kernel
K, (z,w). We have

Theorem 1.2. Let o > 1 and let ®(z) = (p1(2), - ,¢i(2)) be holomorphic. The Kernel
K, (z,w) is a reproducing kernel of A%, if and only if there exists C > 0 such that 1—|®(2)|? <
C(—r(z)), z in B.

For —1 < a < 0, we denote by B? the diagonal Besov space. A holomorphic function f
belongs to B2 if and only if (I +N)f isin A2, |, where N = >__, 2;0,, is the normal complex
field [3]. We have
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Theorem 1.3. Let ®(z) = (¢1(2), -+ ,¢i(2)) be holomorphic. If there exists C > 0 such that
supg |[Npi(w)| < C 4, 1 <i <1, then

(1) If 0 < a < 1, Ku(2z,w) is a reproducing kernel of A? .

(2) Ko(z,w) is a reproducing kernel of the Hardy space H?.

(3) If -1 < a <0, K,(z,w) is a reproducing kernel of B2.

2. SUB-BERGMAN SPACES

Recall that the Bergman projection B, is the orthogonal projection from L*(dV,) onto A2,
Given a bounded function ¢ the Toéplitz operator of symbol ¢ is defined by T,,f = B.(¢f).
We consider the self-adjoint operator H given by

Definition 2.1. Let ®(2) = (¢1(2), -+ ,¢i(2)) be holomorphic. We set
I
Hf =Y oT5f [ €Al
i=1

We first estimate the norm of H. We have
Proposition 2.2. Let H as above. Then ||H|| = supg |®(w)|?.
Proof : Let f in A2. Then

l l
1H lleg < D IeiBa(@if)llaz < supl@(w)] 3 1 Ba(@if)laz.
i=1 i=1

Since B, is a projection, || B (@if)|laz < ||@if|laz, then

l
D 1Bal@if)llag < sup ()il flaz.

i=1
Ba(za w) . l —

Let fu(z) = m, win B. Then Hf,(2) = > ._, ¢i(2)@:(w) fu(2) and (H fu, fu)a =
|®(w)|?, where (-, ), is the inner product of A2. The relation (H f,, fu)a < HH”HfH?%i and the
fact that || f,|la2 = 1 finish the proof. O

Proof of the theorem 1.1: Assume that supg |[®(w)[*> < 1. Then H is a contraction and
the operator (I — H)Y? is well defined. It is a self-adjoint operator and it is well known that
(I — H)Y2A2? is a sub-Hilbert space whose reproducing kernel is given by (I — H)Bg(z,w) =
K, (z,w) see [6],[8] for details.

Assume now that K,(z,w) is a reproducing kernel, then for any finite sequences (wj;)
K, (w;,wy) is a definite positive matrix. Let w be a point in the ball, then K, (w,w) =
(1 — |®(w)|?) Bo(w,w) > 0, then |®(w)|* < 1. O

Proof of the theorem 1.2: The proof involves the Douglas criterion [2] we mention here
the statement.

Douglas criterion : Let Hy, Ho and ‘H be Hilbert spaces. Let A from H;y into H and B
from Ho into H be bounded operators.

There exists A > 0 such that AA* < ABB”* if and only if Im(A) C Im(B).
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In the definition, the relation AA* < ABB* means that A\BB* — AA" is a positive operator.

We consider the coordinate functions ®¢(z) = (z1, - - , 2z,) and we denote by H its associated
operator. The kernel of the Hilbert space (I — Hp)Y?A2 is given by (1 — 2W) Ba(z,w) =
¢aBa_1(z,w). Then (I — Hy)/?A% = A2 _| by the uniqueness of the reproducing kernel.

If we suppose that K,(z,w) is a reproducmg kernel of A2 |, from the Douglas criterion, there
exists A > 0 such that I — H < A\(I—Hp). Let fin A2. Then (I—H)f, f)a < M(I—Hy)f, [)a-
Let w in B. The function f(z) = Ba(z,w) gives 1 — [®(w)]* < A(—r(w)).

The sufficient conditions follows from the result :

Proposition 2.3. Let ®(2) = (p1(2), -, ¢1(2)) be holomorphic. If 1 — |®(2)]*> < C(—r(z2)),
there exists A > 0 such that

1

X([_HO) < I —H < M1 — H,).

Proof of the proposition 2.3 : Let o > 1. The right part of the ”"inequality” follows from
two technical lemmas :

Lemma 2.4. There exists C > 0 such that for f in A2,
(I = H)f. fa < CUSIE:

Proof : Let f in A2. Then
1) (I~ H)f, [ / / Koz, w) ()T (= () (—r(2))2dV (w)dV (2).

Let K(z,w) = Ku(z,w)(—r(w))***?(—r(2))/>**/2 and notice by K the integral operator
given by

(2) /K z,w)g(w)dV (w), g € L*(B)

Assume for the moment that K is bounded in L?(B), the Chauchy-Schwarz inequality gives
(I = H)f, o < IKFrO) ) 2@ fllaz,, < CIFIZ:

a4+l T

It remains to study the boundedness of K. This follows from the Schur criterion [10]. We have
C

only to prove that there exists C' > 0 such that K(z,w) = m
— 2W

8.1.4.,

(3)

Recall that, [4] prop

-0 1w

(1= 12() )1 = [@(w)?) ~ (=r(2))(=r(w))

Therefore there exists C' > 0 such that |1 — ®(2)®(w)| < C|1 — zw| then |K(z,w)| has the

desired pointwise estimate.
We finish the proof of the proposition with the following result :

Lemma 2.5. Let o« > —1. There exists C > 0 such that
1
SIS, <4 = Hof fla < CIfI2s o f € A2
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Proof : The proof is direct. Let f(z) = Z a,m2™. Recall that

Fimy+1)---T'(my, + 1)
I(jm|+n+1+«)

where |m| =my + --- +m, [4]. Let us remark that (1 — 2w0)B,(z,w) = ¢Ba_1(z,w). Then

(1= ) = [

B

12" 12z = ca ,

Baﬂmwﬁ@médeWV@Q:CEZE#%%%E.

and
Cimy+1)---T'(m, +1)
(Im|+n+a)l(ml+n+1+a)

(I = Ho)f, f)a = lam|’

m

Notice that

I'(my+1)---T'(m, +1)
2 _ 21 . m112 _ 2 n
Hf”‘ﬁﬂ _C;’am‘ HZ HA?I+1 _C;’aml F(|m|+n+2+a) ’

The equivalence follows from the relation I'(z + 1) = 2I'(2).
For the left part of the ”inequality” (of the proposition 2.3), we consider the auxiliary operator

H givenby Hf = B, (|®|?f), @ > —1. Let us remark that ||I;T|| < supg |®(w)|? and (H f, f)o =
i1 (@it Balif))a < Xii (@it if)o = (HF, fla, then

(4) I-H<I—H

We have the following result :

Lemma 2.6. Let H as above. There exists A > 0 such that I — Hy < NI — H).

Proof : Let us remark that 1 — [®(0)]? < 2|1 — ®(2)®(0)], the relation (3) gives

Lo 1-9(=z00)P _ C
L—[2(2)2 = 1= [@(0)]* (1 = [@(2)[2)(L = [2(0)]*) ~ (=7r(2))

Then —r(z2) < C(1 — |®(2)|?) and ||f||§vJr1 < C{(I — H)f, f)a. It remains to apply the lemma
2.5 to achieve the proof.

O
Proof of the theorem 1.3 : The proof is similar for 0 < a < 1 but require a minor
modification to use the Schur criterion. We recall that for u an v holomorphic functions [4],

/B w(w)o(@) (—r(w))*dV (w) = / (N + (0 + 1+ o) Dyu(w)olw)(—r(w))* dV (w)
(5) _ / w(w)(F + (n+ 1+ ) Io(@)(—r(w))*+dV (w),
In this case the kernel of (I — Hy)Y2A2 is given by (1 — 2W) Ba(2,w) = ¢Ba_1(z,w) thus

(I — H0)1/2Ai is the weighted Bergman space A2 | when 0 < a < 1, the Hardy space H? for
a = 0 and the Besov space B, for —1 < a < 0.
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For f in A2,

(I—H)f(z) = /B(N +(n+1+a))Ky(z,w)f(w)(=r(w))*dV (w)

and the relation (1) becomes

(1= ). f)a= [N+ (s Lt @)D = DS GTE(-r(2) V()

B
Let

K(Z,w) = (—r(z))a/2+1/2(_T(w))a/2+1/2 v
(N+n+1+a))(N+ (n+ 1+ a))Ky(z,w)
and K be the integral operator given by (2). Then

(I=H)f, o= /BK(f(-)(—T(-))W)(Z)W(-T(Z))”de(d

K(zw) = > I+ m+1)N)* I+ (n+1)N) (1 — d(2)@(w))
| X(I+ (n+1)N)'"5(I + (n+ 1)N)'""'B,(z,w).
Then there exists C' > 0 such that
|1 - @(2)®(w)|
|1 — zw|rt+1tet?

i INei(w)[ + 2 INei(2)| | (i INwi(2)]) (i [N ei(w)])

’1 _ Z@|n+1+a+1 ‘1 _ Z@|n+1+a ) ’

K(zw)] € Clor(2)) /2 (—r(w)) /172

+

Recall that |1 — ®(z)®(w)| < C|1 — 2w| and supg |[Ny;(w)| < C, then
C(=r(2)2(=r(w))"/?

|1 _ Z@|"+2

|K(z,w)| <

Let us remark that (—r(z)) and (—r(w)) are bounded by a constant times |1 — zw|. Then

|K(z,w)| < T oot The operator K is bounded in L*(B) and the relation (1) gives
— zw|"

(I—=H)f,[)a <C|fl32 . The lemma 2.5 gives I — H < A(I — H,). O]

a+1

The theorem 1.2 and 1.3 characterize the sub-Hilbert space (I — H)"?(A,), this space is the

analogue for the unit ball of C" of the complementary space. The space (I — H)Y?(A,) is also

a complementary space. It is a consequence of the relation (4) and the lemma 2.6 that there
exists C' > 0 such that

1 ~
6([—HO)<<1'—H<<1'—H

Under the condition on ¢ given in the theorem 1.2 and theorem 1.3, we have

(I = H)"*(Aa) = (I - H)'*(Aq).
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