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A MAJORIZE-MINIMIZE LINE SEARCH ALGORITHM FOR
BARRIER FUNCTION

EMILIE CHOUZENOUX, SAID MOUSSAOUI, AND JEROME IDIER

Abstract. Criteria containing a barrier function i.e., an unbounded function at the boundary of
the feasible solution domain are frequently encountered in the optimization framework, in particular
in interior point methods for constrained optimization. Barrier function has to be carefully handled in
the optimization algorithm. When an iterative descent method is used for the minimization, a search
along the line supported by the descent direction is usually performed at each iteration. However,
standard line search strategies tend to be inefficient in this context. In this paper, we propose an
original line search algorithm based on the majorize-minimize principle. A tangent majorant function
is built to approximate a scalar criterion containing a barrier function. This leads to a simple line
search ensuring the convergence of several classical descent optimization strategies. The practical
efficiency of the proposal scheme is illustrated by means of an example of constrained quadratic
programming.
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1. Introduction. The aim of this paper is to address optimization problems
that read

min (F(x) = P(x) + puB(x)), p=0 (1.1)

x

where € R™, P is a differentiable function and B is a barrier function which makes
the criterion unbounded at the boundary of the strictly feasible

C={x|ci(x)>0,i=1,...m}

defined by some concave constraints ¢; so that the minimizers of F' belong to C. The
most popular example is the logarithmic barrier

B(z) = —Zlog(ci(m)). (1.2)

The barrier property is used by interior point methods [28] to solve constrained opti-
mization problems

min Fy(x) subject to ¢;(x) >0, (1.3)

a barrier function B being artificially introduced to keep the solution inside the feasible
domain. The augmented criterion can be expressed as

Fu(@) = Fy(@) + uB(@), (L4)

where ;1 > 0 is the barrier parameter and B is the barrier function associated to the
constraints ¢;. The minimization of £}, must be performed for a sequence of parameter
values p that decreases to 0 leading to the solution of (1.3).

A large family of optimization methods to solve (1.1) are based on iteratively
decreasing the criterion by moving the current solution xj; along a direction dy,

Tyl = T + agdy, (15)
1
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where ay, > 0 is the stepsize and dy, is a descent direction i.e., satisfying VF(:ck)Tdk <
0. In practice, such iterative descent direction methods consist in alternating the
construction of di and the determination of ax. The process of choosing the stepsize
ay, is called the line search. It is founded on minimizing the scalar function f(«) =
F(x + ady). Since the barrier function has a singularity at the boundary of C, it
causes the inefficiency of standard line search strategies often based on polynomial
interpolation [19]. In this paper we propose an original line search procedure based
on the majorize-minimize (MM) principle [12] by deriving an adequate form of a
tangent majorant function well suited to approximate a criterion containing a barrier
function. The convergence of classical descent algorithms is established when «y, is
obtained with the proposed MM line search strategy.

This paper is organized as follows: In §2, we discuss the role of line search in
optimization algorithms, and explain why special-purpose line search procedures may
be helpful in dealing with barrier functions. A new MM line search strategy is pro-
posed in §3 including methods to obtain a suitable form of tangent majorant function
and its minimizer. §4 gives the properties of the step size that allowing us to estab-
lish convergence conditions such as Armijo relation. We deduce from this properties
convergence results reported in §5 when the proposed MM line search is associated
with classical descent algorithms to solve (1.1). §6 illustrates the efficiency of the pro-
posed line search strategy through a numerical example in quadratically constrained
quadratic programming.

2. Line search strategies.

2.1. Problem statement. In line search methods, the stepsize is frequently
required to satisfy mathematical conditions ensuring the convergence of the descent
algorithm. According to the Wolfe conditions, «y is acceptable if there exists (c1,¢2) €
(0;1) such that

F(ay, + apdy) < F(zk) + craxg) dy, (2.1)
[VF (x4 candi)” di| < co|gf di| (2.2)

where gj, & VF (). There exist several procedures [21] for finding such an accept-
able stepsize: exact minimization of f(«), backtracking or more generally dichotomy,
approximation of f(«) using a cubic interpolating function [18, 21] or approximation
of f(a) by a quadratic function [17].

However, the barrier term B(x) implies that f(«) tends to infinity when « is equal
to the smallest positive step @ cancelling some constraint at @y + ady. Consequently,
we must ensure that during the line search, the step values remain in the interval
[0; @) since the function f is undefined for o > @. Moreover, due to the vertical
asymptote at &, methods using cubic interpolation or quadratic approximation are
not suited [19].

The typical line search in barrier-related optimization methods chooses «j, as a
fixed fraction close to unity of & [24, 10]. However, this simple approach do not ensure
the convergence of the optimization algorithm and can lead to a sequence of iterates
‘trapped’ near the singularity [19]. More elaborated line search strategies adapted to
barrier function optimization have been proposed in [8, 19, 14]. In [14], a line search
procedure for optimization of self-concordant functions [20] such as the logarithmic
barrier function is developped and leads to convergence when dy, is the direction of
nonlinear conjugate gradient with Conjugate Descent (CD) conjugaison. However,
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the computation of the step size requires the evaluation of the Hessian matrix which
tends to be expensive or even impossible for large scale problems.

The main idea in [8, 19] is to approximate the one-dimensional barrier criterion
along the search direction by function of the form

B(x + ad) = py + p1a + pea® — plog(ps — a) (2.3)

where the coefficients p; are chosen to interpolate B and its gradient at two trial
points. Making use of those specific interpolating functions, the line search strategy
generates a stepsize fulfilling (2.1) and (2.2). Unfortunately, the resulting algorithms
are not often used in practice, probably because the proposed interpolating functions
are difficult to compute.

In contrast, our proposal is not based on interpolation, but rather on majorization,
with a view to simplify the line search strategy and preserve the strong convergence
properties.

2.2. Majoration-Minimization algorithms. In Majoration-Minimization (MM)
algorithms [12, 13], the minimization of a function f is obtained by performing suc-
cessive minimizations of tangent majorant functions for f. Function h(u,v) is said
tangent majorant for f(u) at v if for all u,

huwv) > fu)
{h@m)f@) 24)

The initial optimization problem is then replaced by a sequence of easier subproblems,
corresponding to the MM update rule

w/ T = arg min h(u, u’). (2.5)
u
Recently, a line search procedure based on an MM strategy has been intro-
duced [17]. The stepsize value oy, results from J successive minimizations of quadratic
tangent majorant functions for the scalar function f(a). Let consider the family of
parabolas

#'(0,09) = f(09) + (@ — ?) f(o) + gmd (o - o), (26)

tangent majorants of f(a) at a’,j = 1,...,J. The stepsize y is given by the recur-
rence

a®=0

E( v
Il — o ffjj),jzo,...,J—l (2.7)
Ozk:OéJ

The convergence of a family of non-linear conjugate gradient methods associated to
this line search strategy is proved in [17] whatever the value of J.

However, since the function f(«) resulting from problem (1.1) is unbounded,
there is no parameter m? such that the quadratic ¢’(a,a?) majorizes f(a) in the
whole definition domain of a.. Actually, it would be sufficient to majorize f(«) within
the level set £, = {a, F(xy + ady) < F(x))} but this set is difficult to determine or
even to approximate.
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3. Proposed line search strategy. Instead of a quadratic, we propose the
following form of tangent majorant function

h(a) = po + pra + p2a® — ps3log(a — a), (3.1)

which is reminiscent of interpolation functions (2.3).
According to MM theory, the stepsize «y, is defined by

a’ =0
T = argmin b (a, ), j=0,...,J—1 (3.2)
OékZOéJ

where h/(a, a/) is the tangent majorant function

W a.a?) = f(a?) + (@ = o) f(a) + Smi(a — al)?

. . A — of .
+ 97 {(o?—aj)log(ci a )—a—i—oﬂ] (3.3)
a—«
which depends on the value of f and its gradient at o/ and two design parameters
mJ, .

3.1. Construction of the majorant function in the linear case. It is easy
to check that h’(a, ) = f(«a) for all a. There remains to find values of m?,~7 such
that h’(a,a?) > f(«) holds for all a € [0;&). We assume that p(a) = P(z + ad) is
majorized by the quadratic function

@' (a,07) = plad) + (@ — ad) plad) + Zmi(a — a)?, (3.4)

and we focus on the majoration of B(x + ad) when this term can be written as linear
combination of

Zw(at +ady) with ¢(u) = —klog(u), K >0 (3.5)
or P(u) =ulogu (3.6)
or YP(u)=-u", re(0,1) (3.7

Consider the logarithmic barrier (1.2) involved in the resolution of problem (1.3) by
interior point method. In the following examples, B(x +ad) can read ), —x; log(a; +
aét).

Linear programming: c;(x) = [Ax], + p;

Quadratic programming: c;(x) = —3x’ A;x+al x+p; with A; symmetric definite
positive.

Semidefinite programming [27]: Minimizing P(x) under the matricial constraint
G(x) = 0 where G(x) is the affine function

G(:B) =Gy+x21G1+ ... + ,G,,.
The barrier associated to this constraint is

B(zx) = log detG(z) ™!
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The scalar function B(x + ad) reads — ), log(1 + aX) when \;,i = 1,...,{ are the
generalized eigen values of (>, d;G;, G(x)).

Second order conic programming [3]: Minimizing P(x) subjected to the conic
constraints ||A;x + b;||2 < cl'x + d;. The resulting barrier function takes the form

B(zx) = —Zlog(—HA,;:chbng —(cl'z + d,)?) (3.8)

In order to build a tangent majorant function of the barrier term B(x + ad), let
define by () = 324 5,50 ¥(ar + ady) and ba(a) = 37,5, o ¥(ar + ady). We will use the
following lemma dealing with function :

LEMMA 3.1. For all positive u, if ¢ is given by (3.5), (3.6) or (3.7) then

—(u) /() < 2/u (3.9)

Proof.
1) (u) = —nlog(u)., k>0

Y(u) = k/u? and P(u) = —2k/u® then
—d(u) /9 (u) = 2/u (3.10)
2) P(u) = ulog(u)

P(u) = 1/u and ¥ (u) = —1/u? then
—p(u) /) (w) = 1/u < 2/u (3.11)

2) P(u) =—u", re(0,1)
Y(u) = —r(r — Du"=2 and ¥(u) = —r(r — 1)(r — 2)u"~2 then since r € (0, 1)

~(u) /() = 2~ r)u < 2/u (3.12)

|
On the one hand, b; is strictly convex and its derivative is strictly concave. Ac-
cording to [9, Th.1], ¢](a,a?) = by (a?) + (a — ad)by (a?) + Fmj (o — a?)? is a tangent

majorant of by («) at o if

4 by (0) if o/ =0
mi =< b1(0) —bi(ad) + alby (o)
(ad)?/2
On the other hand, by is strictly convex but its derivative is also strictly convex.
Then the previous result cannot be used. by has a vertical asymptote in

(3.13)
elsewhere

=a = min —a;/6;. 3.14
a=a tllglilo at /oy (3.14)

Therefore we look for a tangent majorant of by of the form

o) = o) + (o~ () +9] [(a - o) 1o (22 ) 4o
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We define the following function, T(ar) = by(a)(@ — ) , whose derivatives are:
T(a) = by(a) (@ — o) — by(c) (3.15)
T(a) = by(a) (@ — o) — 2by(a) (3.16)

The second derivative of T reads also

Tla) = 62 [(575(@ — a)d(as + ady) — 20 (as + aat)} (3.17)

a < a then a; + ady > 0 and 6;(o — @) < a; + ady. Taking u = a; + ad;, Lemma 3.1
implies T'(«) < 0, which shows that the function T is strictly concave. Moreover, let
us consider the linear function I(«):

() = $h(a,a?) (@ — a) = b(a!) (@ — a) + ) (a — o) (3.18)

According to [9, Lem. 3], the strictly concave function T'(«) intersects I(«) at most
twice. Yet:

() =T(a?) (3.19)
Let define
. aby(0) . if of =
Yy = ?2(0) - ba(ad) + ijliz(aj) 4 clsewhere (3.20)
(@ —ad)log(l —ad/a) + a
First, let consider the particular case o/ = 0. We have
T(0) = 1(0), T(0)=1i(0) (3.21)
Concavity of T'(«) leads to
(o) 2 T(a), @ € [0;a] (3.22)

Hence, according to [9, Lem. 5], bo is majorized by (b%(a,O) at o/ = 0.
Assume that o/ > 0. According to the value of Y,

ba(a’) = ¢3(a?, )

{bz(o) = ¢5(0,07) (3.23)

In other words, the function A(a,a?) = by(a) — ¢3(a, af) vanishes in 0 and in o
Then, there exists «, € [0;a?) such that the derivative A(a,,a’) vanishes

Alay, o )(@—ap) =0 (3.24)
and equivalently,
T(ap) = o). (3.25)

o’ and «,, are the only intersection points between I(«) and T'(«). Concavity of T'(«)
leads to

l(a) < T(a), a €]aP;al| (3.26)
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and
l(a) > T(a), a € [0;a,[U]la?; a] (3.27)

Noticing that & — a > 0, we could apply [9, Lem. 5] and then demonstrate that by is
majorized by ¢3(a,al).
Functions b; and by are strictly convex then for [ = 1,2,

bi(0) — bi(e?) + alby(a?) > 0, Vol €]0;a| (3.28)
Hence m{; > 0. Moreover, for all 0 < u < 1,
(1 —u)log(l —u)+u>0. (3.29)

Then ’yg > 0. Furthermore, mi and 'yg are the smallest positive parameters such that
¢} and ¢} majore respectively by and b since we have for [ = 1,2,

bi(0) — ¢7(0,07) = 0, Yo > o (3.30)
Finally, according to [9, Lem.6] and inequalities (3.22),(3.27), we have for [ = 1,2
bi(a) — ¢y, @?), Yo > . (3.31)

This equation will be useful to perform convergence analysis for conjugate gradient
algorithms. Results to design (m?,4?) are summarized in table 3.1. Figure 3.1 il-
lustrates an example of scalar criterion and the obtained majorant according to this
method.

3.2. Computing the minimizer. The MM recurrence (3.2) involves the com-
putation of the minimizer of h7(a, a’). The positivity of parameters m?, 47 leads to
the strict convexity of the tangent majorant. Hence, it has a unique minimizer, which
takes an explicit form. The case when & = +o0 is obvious since o/ is given by (2.7).
Let assume that & < +o00. a’/*! is the minimizer of the function h’(«, a?) which is
also the unique root of the function Q(«), verifying o < @, given by

Q(a) = (& — ) (a, ) (3.32)
whose complete expression is:
Q(a) = qi(a — o) +g2(a — ) + g3 (3.33)
with
@= —-m )
©= 7 - f(a)+m!(a-al) (3.34)

3= (a—ad)f(ad)

The calculation of this root depends on the value of ¢;. If ¢; equals zero, then @ is a
linear function whose unique root is:

Wl i B _ i (@=ad)f(ed) (3.35)

q2 ¥ — f(ad)
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and if ¢; is non zero, ) is a second order polynomial vanishing at

—q2 £/43 — 4q1q3

ol +
2q,

(3.36)

The minimizer of h7 (v, o) satisfies the constraint a/*! < &. Then, it is equals to the
smaller root of Q(a).

i g —RtVG —Apg —2q3
« =’ + = o’ + 5
2q1 2+ V@G — 4413

Table 3.2 summarizes the expression of the minimizer of b/ (a, o).

(3.37)

14 .
—fl®)
12} - = - hY(a, 0)
o o !

o 02 04 06 08 1
a

FIG. 3.1. Ezample of a tangent magjorant function h°(c, 0) for f(a) = (04—5)2—21121 log(i—a).
hO(e,0) is defined by (3.3) with m® =2, 4% = 1.55 and a = 1
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&= min —a;/d;
t]6: <0

m,, majorant curvature of p(«)

m? =my, + pmy =y

with
| h(o) il =0
my =4 b1(0) — bl(ij) +albi(a?) elsewhere
CORE
" = b2(0) — ba(a’) + a’by(a’) elsewhere

(@ —ad)log(l —ad/a)+ al

where by (@) = >4 15,50 b(ar + ady) and ba(ar) = 3,5, oo blar + ady).

TABLE 3.1
Computation of the parameters (m7,~v7) when B(x + ad) takes the form — >, log(as + ady)

) al ffsjj) it a=+4o0
J+1 ) -2
@ ol + 2q3 else (3.38)
G2+ Va4 —4q1q3
_ where _
@ =-m’, g =7 — f(&?) +mI(@—al) and g3 = (a — o/ ) f(a?).
TABLE 3.2

Computation of o7, the minimizer of the tangent majorant (3.3)
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4. Analysis of the stepsize series. The present section gathers technical re-
sults concerning the stepsize series generated by (3.2), which will be useful to derive
the global convergence properties of §5. We made the following assumption on the
criterion F':

ASSUMPTION 4.1. Gradient Lipschitz
The level set Lo = {x|F(x) < F(x0)} is assumed bounded. F(x) is differentiable on
a neighbourhood V of Lo and VF(x) is Lipschitz continuous on V, i.e., there exists
0 < L < oo such that

|VF(z) - VF(y)|| < Lz —yl|, Vx,yeV (4.1)

Let consider € V and d a descent direction, so that f (0) = d¥g < 0. The case
f (0) = 0 is excluded from this study since in this case the resulting stepsize is zero.
The stepsize series is obtained from the recurrence (3.2). To build some properties
of the stepsize series, we will need the following assumption on the curvature of the
tangent majorant:

ASSUMPTION 4.2. Majorant curvature
There exists some constants 0 < v1 < v such that:

villdl* < W (o, 0”) <volld|* V) (4.2)

4.1. Properties of the stepsize series. (3.2) produces monotonically decreas-
ing values {f(a’)} and the series {a} converges to a stationnary point of f(a) [12].
The behaviour of the series is described by

(@ — o) f(a?) <0,Vj >1 (4.3)
According to the capture property developped in [13],
F(x+ald) < F(x),Vj>1 (4.4)
Then
zx+aldeV,Vj=1 (4.5)
and since f(0) < 0, it can easily been shown that
al >0,V >1 (4.6)

Furthermore, according to the expression of the minimizer of the tangent majo-
rant, if f(a?) < 0, then
— . . —2
qs < Tl _ o < qs
q2 q2

(4.7)

4.2. Lower and upper bounds for the stepsize. PROPERTY 4.1. If the
constraints c;(x) are linear, there exists v, > 0 such that
—g'd _ ,_ —g'd

<o < .
viid|]> = T v d)?

(4.8)
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Proof. If & = +oc then the tangent majorant of F'(x +ad) = f(a) at ap =0is a
quadratic function with curvature m®. This majorant is minimized at a! = — f(0)/m°
and according to assumption 4.2, we have:

—g'd _ ,_ —g'd

—— <o < ——— 4.9
vldl? < S v )
Let us assume for the sequel that @ is finite. According to equation 4.7:
(v — T (A T
—@-0g'd__ ., —(a-0g'd )
(a@—0)m0 +1gTd (a—0)m° ++g7d
Hence:
—gTd —gTd
mit g =55 mt s =5
The quantity —g”d/a is positive. Moreover, according to assumption 4.2,
~0
nlld]> <m®+ — (4.12)
Then we establish the right part of inequality (4.8)
T
—g'd
g 92 4.13
ALk 419)
Let us show that there exists v > 0 such that:
0 T
mo+ L9 y)q)? (4.14)
a
Assumption 4.2 implies that there exists v5 such that
~0
m® + — < vold]? (4.15)

Assume that ¢;(z) = al'x + p; with for i = 1,...,m, a; € R"*1, p; € R. Since B is a
barrier function, there exists ¢y > 0 such that for all x € V, for all i = 1,...,m,

ci(z)=alz+p; > e (4.16)
Then we have:
_ €0 €0
2 = 4.17
@ max —ald max —ald (4.17)
ilaTd<0 i
Let ¢ be an index such that
L = argmax —a; d (4.18)
i
‘We have
az (4.19)
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Hence

—gTd d
—g< |g | <ig7dl Td| (4.20)
a
According to Cauchy-Swartz inequality:
lg" dlla} d| < ||gl]|a.][Id]* (4.21)
lla.|| is majorized by

¢ = max Ja] (4.22)

Since {a;} contains at least a non zero vector so ( is strictly positive. According to
assumption 4.1, there exists n > 0 such that

gl <n, V& € Lo (4.23)

Thus,

T
74 (1.29)
Then Property 4.1 holds for all (x, d), if we put:

v=max (vo,va +n¢) =1 +n(, VvV =1 (4.25)

0

REMARK 1. The extension of Property (4.1) to the case of nonlinear constraints
is not obvious. As a matter of fact, we were not able to establish an equivalent to
inequality (4.19) for concave nonlinear constraints c;.

4.3. Sufficient decrease condition. Given a current solution x and a current
descent direction d, the stepsize a must induce a sufficient decrease of F. The first
Wolfe condition (2.1) measures this decrease. It is equivalent to

Fl@) = £(0) < craf(0). (4.26)

First, we establish some technical lemmas which appear to be useful in the sequel.
Lena 4.1, Let ar € R and ((a) = ar [log(5%5) - 2.

(0%

1

and

Proof. We define :

gla) == — (4.27)
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The calculation of function g gives :

@ al [a(a—«a)
= |1 ——| |— 4.28
gle) = [1oe (25 ) - 2] |22 (4.29)
It could be noted that lim g = % and
a—0
'(a)—l+ lo - —2‘12+g Yo # 0 (4.29)
RU=75 S\a—a a ad  a?]’ '

We introduce the reparametrization u = £. u € (0,1) for a € (0,@). So the function
g(c) has the same sign as ag(a) = p(%) = p(u).
() = 1+ (~log(1 — ) —w) (~ 5 + (4.30)
plu) = og u) —u Sty .
After manipulating inequalities, we find that
2u
plu) <0< log(l—u)+ 5o <0 (4.31)

The function log(1 — u) + 5% is decreasing on [0;1] and vanishes at u = 0. This
implies that p is negative and then the function g is decreasing. Finally, we obtain :

1 .
¥(0) < goi(); Yo €l0;al (1.32)
.0
LEMMA 4.2. Vj > 1, there exists ¢j'** such that
ol < c?“axal. (4.33)
with
2uo L i1 v v
max _ (1+7)-7>1 4.34
“ ( T2 ) TI)71 (4.34)

Proof. Assume that f(aj) < 0. According to equation 4.7

ot i < —2/(e)

S —— , . 4.35
(v = fla)) /(@ = a?) +m? 439)
Thereby:
4 4 ~2f(o’)
J+1 _
! ol < 7@ = oF) + (4.36)
According to assumption 4.2:
1 _
Id])? > o (7v°/a+m°) (4.37)

and

V(@ —ad) +m? > v|d|? (4.38)
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thus we have

Y/ @—ad)+m! > (yo/cwrmo)ﬂ >0 (4.39)
vy
Then, by (4.36):
. . . Qv
J+l < i gy 2 4.40
0 € o 4 ()| e (140

If f(a?) > 0, o+t is smaller than o/ then (4.40) still holds. According to assumption
4.1, VF is Lipschitz hence:

/(@) = f(0)] < L||d||*o (4.41)
Using the fact that |f(a?)| < |f(a?) — £(0)| 4 |f(0)], and f(0) negative, we get:
|f(e?)] < Lo’||d|f* — £(0) (4.42)

Using theorem 4.1 and (4.37)

-f(0) <a'v|d|? (4.43)
< aly%(mo +70/&) (4.44)

Given (4.42),(4.37) and (4.44) jointly with (4.40), we get:

O —
2v3 |:Laj (m + 70/

ot <ol ¢
(m° +0/@)11

) vl m® /)| @)

551
Hence
. ) 2u9 L
oIt < o [1 + 2 } +20' 22 (4.46)
Vi vy

This corresponds to a recursive definition of the series {f***} with:

max _ max val vva
ijl = Cj a |:]. + 2V%:| + 2712 (447)

Given c*** = 1, we could deduce the general term of the sequence and have (4.34). O
LEMMA 4.3. Let ¢ < 3. The sequence {a’ }j>0 is defined by (3.2). Ifa > ot >
o, then:

fad) = f(@?™h) +e(a?™ —al) f(a?) = 0 (4.48)

Proof. The property is trivial if a/*! = 7. Assume that a/*t! > a7. According

to equation (4.3), for all ¢ < 3,

—_

(0! — ) f(ad) > 3 (07! — o) f(a) < 0 (4.49)

[\)

The tangent majorant has the form:

W (a,a?) = f(a!) + (a —a’) f(a?) + %mj(a —a’)? +y(a—d) (4.50)
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if we set a; = 7. Let us define:
(@) = B (a,0’) = f(a!) + (a = o’) f(a)) (4.51)

= %mj (@ —a?)? +(a — o) (4.52)

According to Lemma 4.1, for all (o — o) in (0;& — o), hence for all « €]a?; al:

pla— o)) 1 453
(@ al)pla—ad) - 2 )

Moreover, noting that:
1 . s 1 . , .
imJ (a— o) = 5(04 — o) [m! (o — )] (4.54)

we deduce:

T(a —ad) 1
(a — ad)F(a — ad) S 2 (4.55)

h7(a,ad) is a tangent majorant of f in a’:
W (ot al) = f(a/Th) = f(a?) = f(a*)+(a? T —a) f(a?)+7(a’* —al) > 0 (4.56)

And according to (4.55):
Flad) = F@™) + (a7 — ad) f(al) + 5(aT T — )T —a?) 20 (457)

We made the assumption that a/*! is strictly higher than a’. So, a/*t! > 0. The
derivative of h7(«, o) is canceling at this point:

ot —ad) = —f(a?) (4.58)

This quantity is positive according to inequality 4.3. Then we have
, , 1 . L
Flad) = faT*) + S (@7 — a?) f(a?) > 0.

d

We are now able to establish that the proposed MM line search procedure gener-
ates steps fulfilling the first Wolfe condition (4.26):

PROPERTY 4.2. The stepsize (3.2) fulfills (4.26) with

¢ = (2¢32%) 7 e (0;1) (4.59)

Proof. First, taking 7 = 1 in lemma 4.3, we obtain that the first Wolfe condition
holds in a!, the minimizer of h(a,0) if ¢; < 1 i.e,
F(0) = f(a") + eral f(0) > 0 (4.60)
We have

F0) = f(a?) = F(0) = f(ah) (4.61)
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According to equation (4.60),

F(O0) = flab) + %al £(0) >0 (4.62)

Moreover, according to Property 4.2

J
al = ilax (463)
Cy
Hence:
1 .
£(0) — f(a?) + WOKJJC(O) >0 (4.64)
J
0

The sufficient decrease condition (2.1) holds for arbitrary small values for o and
can conduce to ‘false’ convergence to a non-stationnary point. In order to avoid
too short steps, a second condition is required, for example the second Wolfe con-
dition (2.2). It turned out difficult or even impossible to fulfill the curvature condi-
tion (2.2) for any value of J. Fortunately, the stepsize series ensures a condition that
is nonetheless sufficient to lead us to convergence results. Lemma 4.4 will be useful
to obtain a minoration of the stepsize values.

LEMMA 4.4. Vj > 1, there exists c™™ such that

o > ming! (4.65)

with

141120
emin _ — 1T v /IJ: M ¢ 0,1/2) (4.66)
1

Proof. Let ¢ be the concave quadratic function:

d(a) = f(0) +af(0) + m%2 (4.67)

with m = —(m° ++°/&) /11 L. We have ¢(0) = f(0) and $(0) = f(0) < 0. So ¢ is
decreasing on RT. Let us consider a € [0,0’]: © + ad € V. According to assumption
4.1, we have
[f(a) = £(0)] < [|d|*L]a] (4.68)

and according to assumption 4.2,

(@) = f(O)] < (m® +7°/a)Lafin (4.69)
Then we obtain:

|f(@)] < (m® ++°/a@)Lafvi — f(0) (4.70)
Hence:

d(a) < f(a), Vae€[0,07] (4.71)
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Integrating (4.71) between 0 and o yields

d(a) < fa) (4.72)
The value of ¢ in ayy,;, reads
. 0 0/ 12
¢(amin) = f(O) + Cminalf(o) - mer J /aL (lena )
. Vi o0 (4.73)
= f(0)+a'f(0) (cmm + 2, Lal)
—f(0)2l/1
According to (4.36):
2£(0)
1
Choosing cpin = %;?L/Ul, we have
L 1
Cmin T+ Crzninz = 5 (475)
Then according to equation (4.60):
1 ..
(b(amin) = (b(cminal) 2 f(O) + §Oélf(0) > ho(ala 0) (476)

On the other hand, o is positive. Assume that there exists j such that 0 < o/ < aupin.
According to (4.72) and given that ¢ is decreasing on RT, we get:

f(@?) = ¢(a?) > ¢(amim) = h°(a',0) (4.77)

which is in contradiction with the majorant property of h. O
Finally we obtain a minoration of the stepsize values:
PROPERTY 4.3. Forallj > 1,

T
. . —g d
ol > cmin (4.78)
e
Proof. According to property 4.1, the following minoration holds for a':
—ald
1> 79 (4.79)

al> 99
~ vlld]?

Then, using lemma 4.4, we obtain relation (4.78). O

5. Convergence results. This section discusses the convergence of the iterative
descent algorithm

Tpt1 = T + ard, k=1,..., K (51)

when d, satisfies g dj, < 0 and the line search is performed using the proposed MM
strategy.
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5.1. Zoutendijk condition. The global convergence of a descent direction method
is non only ensured by a ‘good choice’ of the step but also by well-chosen search di-
rections dj,. Convergence proofs are often based on the fulfillment of Zoutendijk
condition

> lgi||* cos? O < oo, (5.2)
k=0

where 0, is the angle between dj and the steepest descent direction —gy,

cos O = —gj di/(l|gkll |dx]])- (5:3)

Inequality (5.2) implies that cosy ||gk| vanishes for large values of k. Moreover,
provided that dj is not orthogonal to —gj, (i.e., cosf > 0), condition (5.2) implies
the convergence of the algorithm in the sense

i {lgi || = 0. (5.4)

The property holds for classical line search methods such as backtracking or Wolfe
line search [21]. In the case of the proposed line search, the following result holds [5].

PROPERTY 5.1. Let oy be defined by (3.2). Then Zoutendik condition (5.2)
holds.

Proof. First, note that for all k, dj # 0, because we make the assumption:
g,{dk <0
According to Lemma 4.2, the first Wolfe condition holds for ¢; = 25%
J
F(xy) — F(pi1) > —crongy di
According to equation 4.78:

min _ggdk
vl del?

QE =2 C

Hence:

(gidy)?

F(xy) — Fop) > COW

20

min

with ¢g = (¢™"¢y)/v > 0. Assumption 4.1 and the boundedness of £y implies that
the limit limg_, o F'(xy) is finite. Therefore:

T g2
00 > [F(xg) — limg— oo F(xk)] /co = Z (glfikdﬁz) (5.5)
k

5.2. Gradient related algorithms. A general convergence result can be es-
tablish by using the concept of gradient related direction [1]. A direction sequence
{dy} is said gradient related to {@;} if the following property can be shown:
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For any subsequence {xy}, that converges to a nonstationary point, the corre-
sponding subsequence {dy}, is bounded and satisfies

limsup gid <0 (5.6)
k—o0,keC

Roughly, this means that dj does not become ’too small’ or 'too large’ relative
to gk, and that the angle between dj, and g, does not get too close’ to 90 degrees.

The following convergence result holds:

THEOREM 5.1. [25]
Let {xi} a sequence generated by a descent method @1 = ) + ardy. Assume that
the sequence {dy} is gradient related to {x)} and that Zoutendijk condition (5.2) holds
then the descent algorithm converges in the sense limy_. ||gx| = 0.

As we will show, Theorem 5.1 leads to the convergence of the truncated Newton
method and the projected gradient method for constrained optimization.

5.2.1. Preconditionned gradient algorithms. Let consider the family of de-
scent algorithms when the search direction has the form

di, = —Byg;

with By a positive definite symmetric matrix. In the steepest descent method By
is simply the identity matrix I, while in Newton’s method By is the exact inverse
Hessian V2F (zy). In quasi-Newton methods, By, is an approximation to the inverse
Hessian that is updated at every iteration by means of a low rank formula. Since By,
is positive definite, dj is a descent direction. Moreover, if we assume that the matrices
By, have a uniformly bounded condition number, that is, there exists My, Ms > 0
such that

M|z]* < 2" Bez < Mol|2|?, (5.7)

it can be seen that {dj} is gradient related (provided @j is nonstationnary for all
k) [2] and the descent algorithm converges in the sense limy_. ||gk|| = 0 according
to Theorem 5.1.

5.2.2. Truncated Newton method. The truncated Newton method corre-
sponds to an inexact form of the Newton method where the search direction is com-
puted by applying the conjugate gradient method to the Newton equations. Since the
conjugate gradient iterations are stopped before convergence, this method is known
as truncated Newton method. The direction dy, is computed by solving approximately
the linear system V2F(zy)d = —gi, with I, CG iterates. Let make the following
assumption:

ASSUMPTION 5.1. For all x € V, H = V?F(x) is a symmetric positive defi-
nite (SPD) matriz. Let v1(H) > 0 and vo(H) > 0 denote the smallest and largest
eigenvalues of H. The matriz sequence H = {V2F(mk)} has a uniformly bounded
spectrum with a stricly positive lower bound i.e., there exist v1(H),v2(H) € R such
that

va(H) > va(Hy) > v (Hy) > 11 (H) > 0, Vk
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LEMMA 5.1. [16]
Let {x} be a sequence generated by the truncated Newton method and assume that
assumption 5.1 holds. Then there exists n1,m2 > 0 such that

mllgk|® < —di g (5.8)
dill® < nollgrl?

Thus, the direction sequence {dy} is gradient related to {xj} [2] and Theorem
5.1 implies the convergence of the algorithm.

5.2.3. Feasible directions methods for constrained optimization. Con-
sider the constrained problem

minimize F(x) (5.10)
subject to x €C

where C is a nonempty, closed, and convex set. We examine here the properties of
convergence of algorithms belonging to the class of the feasible direction methods.

Given a feasible vector x, a feasible direction at x is a vector d # 0 such that
x + ad is feasible for all & > 0 that are sufficiently small [2]. Starting with a feasible
vector g, the method generates a sequence of feasible vectors according to

Tpt1 = Tp + apdy

where dj, is a feasible direction at x; and also a descent direction, and the step size
is chosen positive and such that x;; € X. In the case where X is a convex set, a
feasible direction method can be written in the form

Tpr1 = T + ar(T) — k)
where ay, € [0,1) and if @y, is nonstationnary
x, € X, gf(x),—xp)<0.

The gradient projection method is a particular case of feasible direction method
where

x), = Px @) — skgx]

with Px[.] denoting projection on the set X and sy, is a positive scalar.
Convergence analysis of feasible direction methods is very close to those of descent
direction methods in the unconstrained case. In particular, we have the following
property
PROPERTY 5.2. [2]
Let {x1} a sequence generated by any of the following feasible direction methods
e conditionnal gradient
e gradient projection with parameter s, = s constant
e scaled gradient projection with s, = s constant and uniformly bounded scaling
matrices
Then, the direction sequence {dy} is gradient related to {xy}.
Thus, since the MM linesearch ensures Zoutendijk condition, Theorem 5.1 implies
the convergence of those three constrained optimization algorithms.
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5.3. Convergence of conjugate gradient methods. This section is focused
on the convergence of the nonlinear conjugate gradient algorithm (NLCG) defined by
the following recurrence

Tpt1 = Tk + apdy
di, = —cysign(gl ci) (5.11)
¢k = —gp + Bpdp_1

First, let us consider the conjugacy formulas of the form:
Bo=0, Bp=p"*=gly, 1/Dy, Vk>0 (5.12)
with

Dy = (1 — pu; — wi)|g—1|* + pedi_1yr—1 — widi_1Gr—1
Yk—1 = Gk — Gk—1

Mk S [Oa 1]7 Wi € [Oa 1- ,u'k]

Expression (5.12) allows us to cover the following conjugate gradient methods:

00 = glyeoa/dl gk Hestenes-Stiefel (HS)
270 = gFyk—1/llgk-1? Polak-Ribire-Polyak (PRP)
2’1 = —glyk—1/dl_gr- Liu-Storey (LS)

In the sequel, Assumption 4.1 will appear to be sufficient for the global convergence
of the CG method when ;, = 0 and wy, € [0, 1], which encompasses the PRP and the
LS cases, but not the HS case. Let us consider the following stronger assumption to
deal with the more general case € [0,1],wy € [0,1 — 1].

ASSUMPTION 5.2. Assumption 4.1 holds and F' is strongly convex on V: there
exists A > 0 such that

VF(z) - VF(@)]" (x—2') > Nz —2/|%, Vo2’ € N

We have the following convergence result:

THEOREM 5.2. The NLCG algorithm is convergent in the sense liminfy_, . gi = 0
when «y, is defined by (3.2) and By is chosen according to the PRP and LS methods,
and more generally for p = 0 and wy € [0,1]. Moreover, if assumption 5.2 holds,
then we have liminfy .. gr = 0 in all cases.

Proof. We have previously established:

e the inequality on aj (Property 4.78)

e the step size minorization oy, < ¢?**aj, (Property 4.2)

e the step size majorization 0 < ™"}, < ay (Property 4.4)

e the verification of Zoutendijk condition (Property 5.1)
Thus, the proof of Property 5.2 is identical to that in [17]. This result can be viewed
as an extension of [17, Th.4.1] for a new form of tangent majorant. O

The convergence results can be extended to others conjugacy formulas if we make
an additional assumption on the tangent majorant:
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ASSUMPTION 5.3. For all a > o

fla) =i (a,a?) <0

REMARK 2. The assumption holds if mi and vi are chosen according to the
strategy develloped in §3 assuming that the parameter m% ensures

pla) — ¢/ (a,a?) <0, Va > o’

LEMMA 5.2. Let us assume that f(O) < 0. Then, if assumption 5.8 holds, the
series defined by (3.2) is increasing. Moreover, the derivative of f at o’ is negative
for all j.

This lemma means that for all iteration k of the overall algorithm, we have the
inequality:

gidi1 <0 (5.13)

Lemma 5.2 leads to an important result for the convergence properties of conju-
gate gradient methods:
LEMMA 5.3. Sufficient descent condition

Assume that assumption 5.8 holds and suppose that the successive directions dj
are given by the conjugate algorithm gradient:

diy1 = —Ggrt1 + Brdy

If By is mon negative, the sufficient descent condition holds for each iteration k i.e,
there exists some 0 < ¢ < 1 such that for all k:

gt di, < —cl|gx|?

In particular, dj, is a descent direction.

Lemma 5.3 is a direct application of a remark made in [11, Part 4]. It is a
consequency of inequality (5.13). We can directly use this result to proove global
convergence of Fleetcher-Reeves (FR) method when:

2
FR _ ||9k+1\2| >0
gl

According to Lemma 5.3, the FR method always generates descent directions with
our choice of step, if we assume that assumption 5.3 holds. Then we can use [6]
result: The Zoutendijk condition holds according to theorem 5.1 and dj, is a descent
direction. So the FR method converges in the sense:

likminf llgrll =0
Let consider now the conjugacy formula PRP+, proposed in [11]:

T
. 9io1(gr+1 — Gi
Bk - max(ﬁ,ljRp, 0) with BERP = =kt ||g:|| )
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According to [21], PRP+ method has led to the better convergence results during
numerical tests when compared with others conjugacy formulas. The convergence of
the PRP+ method associated with the MM line search is a direct application of [11,
Th.4.3]. The PRP+ method converges in the sense:

liminf ||gg|| =0
k—o0

Finally, we can state a similar convergence result in the convex case for the Dai
and Yuan (DY) conjugacy formula:

DY _ g1l
df (gr+1 — gr)

Let us make the following assumption:
ASSUMPTION 5.4. Assumption 4.1 holds and F is convex onV: For every (x,y) €
V we have

Flwz+ (1 —w)y) <wF(x)+ (1 —w)F(y), Ywel0,1]

According to Lemma 5.2, if assumption 5.4 holds, for all iteration k£ of the overall
algorithm, we have the inequality:

9i1di] < |gi di] (5.14)

Let us show recurrently on k that, with DY method, dj, is always a descent direction.
For k = 0, we have dy = —go, hence dj is a descent direction. Consider an index k
when g{'dj, < 0. If this quantity is zero, ay = 0 and then the algorithm will finish.
Let us assume that ggdk < 0. Then, according to Lemma 5.2, g,?_Hdk < 0 and
moreover, according to inequality (5.14), \g,{+1dk| < |gidy|. Then, the coefficient
DY s positive:
DY _ k11l >0
y d;‘:(gkﬂ - gk) -

And according to Lemma 5.3, dj41 is a descent direction. Now we can use [6] result to
show the global convergence of DY method: The Zoutendijk condition holds according
to theorem 5.1 and dj, is a descent direction. If assumption 5.4 holds, then the DY
method converges in the sense:

lim inf g = 0

THEOREM 5.3. Let oy be defined by the recurrence (3.2), and let assumptions
4.1, 4.2 and 5.3 hold. Then, we have convergence in the sense liminfy_, . gr = 0 for
the PRP+ and FR. Moreover, if assumption 5.4 holds, we have convergence in the
sense liminfy_ .., g = 0 for the DY method.
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6. Numerical example. The goal of this section is to analyse the performance
of descent optimization algorithms when the step size is obtained by the proposed
MM line search procedure.

Let consider the following quadratically constrained quadratic optimization prob-
lem

1
min Fy(z) =po + af x + inAoa: (6.1)

1
s.t.:gi(x) = —§IBTAiIB +ajz+pi =0
where A;,i =0, ..., m are positive semidefinite (n x n) matrices. (6.1) can be solved
with an interior point method. The augmented criterion has the form (1.4) where the
barrier function is

B(x) = —Zlogqi(w) (6.2)

For a decreasing sequence of p, the augmented criterion F),(x) is minimized using
Newton method:

dy, = —V?F, (@) VEF, () (6.3)

The stepsize ay, must be inferior to & defining the limit of feasibility of F),(x, + ady).
In this example, @ can be computed exactly. Given x; and a descent direction dy,

gi(x + ad) = G102 + o+ g3 (6.4)

with ¢ = —%d{Aidk, g2 = —%d{Aimk — %:cfAidk +al'dy, and g3 = —%w{Aiwk +
al'xy+p;. Hence @ is the smallest positive root of the concave polynomes ¢;(x+ady).

A classical choice for «y is ensured by backtracking line search. Starting with the
feasible step a = 0.99 &, the stepsize is reduced until it fulfills Armijo condition (2.1).

In the context of interior point methods, [20] developed a damped Newton method
to minimize the augmented criterion F),. The Newton direction dj, is damped by a
factor ay, € (0,1] ensuring that @y + aydy is feasible and the criterion decreases by
at least some fixed amount. Defining the Hessian norm

[ulle = \/u"V2E,(2)u, (6.5)

the damping factor is given by

1

- - 6.6
EaPATS (6.6)

&95

Its convergence properties are based on the self concordancy of F,, [20]. The interior
point method for the resolution of the constrained problem (6.1) is given on table 6.1.

We propose to compare the backtracking and the damping procedure with our
MM line search. In particular, we take 20 random problems of size n = 400, m = 200.
The line search parameters are fixed to ¢; = 0.01 and J = 1. Table 6.2 reports
the performances of the overall interior point algorithm associated with different line
search procedures for the minimization of F),. The algorithm is initialized with a
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1) Set u=1,t=0, K =0, and a tolerance ¢ and select a feasible point x
2) WHILE (6.7) not ensured,
Compute Newton direction of F),
Compute step size
K@) — K(t)+1
3) L0
4) IF p < ¢, RETURN
ELSE Set p=60p ,t =t+ 1 and go to step 2.

TABLE 6.1
Interior point algorithm

Backtracking | MM | Damping
E(K) 283.5 66.2 134.9
o(K) 26.33 1.13 2.73
E(T) 1538.2 16.07 40.13
o(T) 879.98 1.61 1.33
TABLE 6.2

Means and standard deviations of the total inner iteration numbers Y, K(i) and the time before
convergence T with € = 10~8 over 10 random problems.

uniform null object and u = 1. The convergence of the inner iterations is checked
using the following stopping rule [3]

1 _
S(dfg)? <1070 (6.7)

It can be noted that the Newton algorithm with MM line search requires less
iterations than the backtracking or damped Newton approaches. Moreover, although
it requires the exact computation of @, it is faster than the two other procedures. Let
us emphasizes that the damping strategy is dedicated to the particular case when d is
the Newton direction. It must be modified when the minimization of F}, is obtained
by means of others algorithms (See [14] for the conjugate gradient case). On the
opposite, the design of the proposed MM line search does not depend on the descent
algorithm used.
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Conclusion. In [17], a simple and efficient quadratic MM line search method
has been proposed. However, it is restricted to gradient-Lipschitz criteria, which
excludes the case of barrier functions that is encountered for example in interior point
methods for constrained optimization. This case can be handled with the MM line
search method presented in this paper. This method benefits from strong convergence
results, it is still very easy to implement, and shows itself at least as efficient as classical
techniques on practical problems.

Then, it can be used in several constrained programming applications using in-
terior point methods [27, 4, 15] and more generally in optimization problems when
the criteria contains a barrier term such as maximum entropy reconstruction [26] or
image processing under Poisson noise [22].

Since the proposal scheme requires the exact computation of the step to the
boundary of the feasible region, it is restricted to problems when the constraints are
simple such as linear and quadratic programming. In case of nonlinear constraints,
we advise to proceed with the procedure described in [19] to build the stepsize.

In this paper, the analysis is limited to the logarithmic barrier function and the
entropy function. The extension of the present results to other forms of barriers such
as cross-entropy [23] or inverse function [7] should be discussed.
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