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MODEL SELECTION AND RANDOMIZATION FOR WEAKLY DEPENDENT
TIME SERIES FORECASTING

PIERRE ALQUIER™ AND OLIVIER WINTENBERGER?

ABSTRACT. Observing a stationary time series, we propose in this paper new procedures in
two steps for the prediction of the next value of the time series. Following machine learning
theory paradigm, the first step consists in determining randomized estimators, or ”experts”, in
(possibly numerous) different predictive models. In the second step estimators are obtained by
model selection or randomization associated with exponential weights of these experts. We prove
Oracle inequalities for both estimators and provide some applications for linear, artificial Neural
Networks and additive non-parametric predictors.

1. INTRODUCTION

When observing a time series, one crucial issue is to predict first future value with the observed
past values. Since the seminal works of Akaike, see for example [fl], different model selection pro-
cedures have been studied for inferring how many observed past values are needed for predicting
the next value. Efficiency of different penalized empirical risk minimizers such that AIC, BIC,
Mallows, APE’s predictors have been proved when the observations satisfy a linear auto-regressive
model, see for instance Ing [L7]. The main issue in this context is to determine the order of an
efficient predictive linear autoregressive model and then to estimate its coefficients. There the
model fitted by the observations is assumed to belong into the same class than the predictive
models.

In the same time, model selection procedure have been hugely improved using learning theory
in the independent and identically distributed (iid for short) case, see Vapnik [B§] and Massart
[Bl]] among others. Results such that Oracle inequalities have been settled in very extended con-
text. Even if the true model does not belong into one of the models proposed by the experts
recent procedures ensure that the risk is as small as possible. However, few works have been done
for dependent observations, principally in two direction: penalized lest square and randomization
techniques. Baraud et al. [[] proved Oracle inequalities with respect to the quadratic loss and
under f-mixing condition. Their penalized empirical risk minimizers select an efficient predictive
model when the number of useful past values is known. Recently, the theory of individual se-
quences leads also to Oracle inequalities for risk of prediction. Randomization with exponential
weights of experts advices predicts the observations as if it was a deterministic sequence. We refer
the reader to Lugosi and Cesa-Bianchi [2(] for more details. Good predictors are then obtained
given the expert devices. But the form of the expert devices given the observations is not given
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2 P. ALQUIER AND O. WINTENBERGER

and then the form of the predictors is not tractable.

In this paper, we give Oracle inequalities for the L!-risk of prediction of some stationary time
series. We introduce two new procedures that find an efficient predictive model associated with
an efficient number of past values. To prove this we use the PAC-Bayesian approach introduced
by McAllester [29]. This general theoretical framework has proved to efficiently give Oracle in-
equalities in many iid frameworks, see Catoni [, B, fil, Audibert ] and Alquier [f]. There exist
procedures and Oracle inequalities in the dependent cases, see Baraud et al. [f] and Modha and
Masry B4]. In Modha and Masry [P4], their procedure use the a-mixing coefficients of the obser-
vations. To our knowledge, there is no efficient estimation of this coefficients and their procedure
is not implementable in practice. In Baraud et al. [{], the Oracle inequality holds only if the j3-
mixing coefficients and the prediction procedure satisfy together intricate conditions. Here again,
as J-mixing coefficients are not estimable there is no way to check those conditions. In this paper,
the prediction procedures are for the first time completely free of the dependence properties of the
observations. It represents an important progress for learning theory applications with dependent
observations. Let us mention that for the estimation of the transition density of Harris recurrent
Markov Chains, Lacour [IJ] gives also a procedure completely free of the dependence properties.

Let us assume that we observe (Xi,...,X,) from a stationary time series X = (X;)icz dis-
tributed as mp on X% where X is an Hilbert space equipped with its usual norm || - ||. For each 6
in the set of parameter © we associate a p(#)-autoregressive function fy from X' P(%) to X that rep-
resents a predictive model. Then each ¢ € © is associated with a predictor fp(Xn—1,..., X5—p6))-
The risk of prediction is the absolute loss R(6) defined as:

R(0) = 7o [|| fo(Xp(e), - X1) = Xpioy1a]] -

where here and all along the paper [h] = [ hdr for any measure 7 and any integrable function h.
The choice of this risk instead of the classic quadratic loss is due to its Lipschitzian property, very
well suited with the dependence context here. The main objective of thls paper is to determine
two different procedures that give estimators 6, with associated risk R(@n) satisfying an Oracle

inequality - in other words, R(Qn) is not far from infg R.

As we have to deal with different models and different delays in the same time, it is convenient
to split the set © in subsets of the form:

(=1

{%J Mp
= J e, with 6, = ],
p=1

where m, > 0 has to be fixed carefully. The set ©, consists in different predictive models that
need the same number of past values. To fix the idea, let us give the simple example additive non
parametric predictive models when X = R, see Subsection [L.d for more details. Let us define

P
=D filXa-
i=0
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Then we fix 0, = ((f;)o<i<p). We split

7
2

15]
@: U @p: U fl 0<z<p€-’4p}
p=1 p=1

| E—

where C' is a compact subset of R and A, is a compact subset of FPFL for F the set of integrable
functions from R to R. Under suitable conditions on F, there exists an ordered functional basis
(¢i)i>1. Then the index ¢ corresponds to the number of the firsts functionals in the basis that

we consider. Then f; = Z§:1 a; jp; for each i and ©, ¢ = {(a; j)o<i<p1<j<r}-

The common first step of our two prediction procedures consists on proposing a randomized
estimator pr for each subset ©,,. Then we propose two different estimators 6 and 6 of a
parameter 6 associated with an efficient predictive model. The first procedure is a model selection
that provides (p, E) It leads to the natural choice 6 = HA Our model selection criterion for each
indices (p,¢) is close to the following penalized emplrlcal risk criterion

A KndZ
(0 S22 (d, n),
Tn(0p,e) + n—p n(dp,en)

where 7, () is the empirical risk, d, ¢ is a measure of the complexity of ©, 4, highly related to its
dimension, and K, > 0 is independent of p,¢. The second procedure is a second randomization
step on the indexes (p, ) that gives (p, 6) and then leads to the corresponding estimator 6 = 9~
The exponential weights associated to each indices (p,¢) have the same form than the ones used
for randomizing expert devices in the theory of individual sequence. They deeply depends on a
parameter K,, > 0.

The value of K, has to be fixed arbitrarily and it has lot of consequences on the sharpness of
the Oracle inequalities we obtained. For bounded observations, the best is to fix it larger than
some constant depending on the (non-estimable) dependence properties of the observations. If we
fail, remark that a less good Oracle inequality still holds, see the results in Section fJ. For possibly
unbounded observations, we can fix it proportional to In(n) independently on the observations.
Such choice leads to an additional logarithmic term in the rate of convergence. But remark that
even for K, fixed as a constant we over-penalized the expected risk there is always additional
logarithmic terms in the rates of the Oracle inequalities, see below. So we can fix as a rule of
thumb K,, = C'ln(n) for some known C' and our procedure is free of the dependence properties
of the observations, see Subsection for more details.

Let us resume the main results of this paper for K, fixed to In(n). For bounded observations, we
prove a Probably Approximately Correct Oracle inequality: for n large enough, with probability

at least 1 — ¢
R ) ) dy o
R(Gn)gmln{mfR(@)—l—Cw In(dp,¢/€) In*(n )}7
pve @p’[ p
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where C' is a constant. For possibly unbounded observations, we obtain Oracle inequalities in
expectation. More precisely, we obtain that for n sufficiently large

mo[R(6,)] < min { inf R(6) + C dL’fp In(d,, () 1n2(n)} ,

Pl | Opy n—

where C' is constant. This result can be compared with those of Baraud, Comte and Viennet [f]
and Modha and Masry [B4]. They achieve respectively Oracles inequalities of the form

N

. d
wol(R(0pn)] < (1+ %)2 mzin { inf R'(0) + C’?’L’Z} for each p,

Op,¢ n—p

rlR (0] < (1+l)min{infR’(0)+C’<M> 1n(dpvg)}
C’ pt Ope D

where R’ is the excess quadratic risk, 0 < ¢ < 1 is a constant depending on the dependence struc-
ture of the observations and C is fixed by the statistician. Our Oracle inequalities are sharper
than the ones of [P4]. Baraud et al. [[J] achieve the opitmal rates and we fail, but with a loss in
the constant. Moreover, as already noticed, those authors are not fully adaptive in p.

To obtain such Oracle inequalities, sharp exponential inequalities are used in the dependent
setting. For this, weakly dependence properties on the observations are assumed. This dependent
setting might be more general than the mixing one, see the monograph of Dedecker et al. [[I(].
Here we use in the bounded cases the f,-coefficients (also called y-mixing coefficients) introduced
in Rio [RF] to derive a sharp Hoeffding inequality in the dependent framework. These coefficients
generalize the uniform mixing ones. In the unbounded cases we use generic models called chains
with infinite memory introduced by Doukhan and Wintenberger [[4] that includes many classical
econometric models such that ARMA, GARCH and LARCH. Here we work under restrictions
of additive forms that unfortunately exclude unbounded volatility models, see Subsection P.4 for
more details. Our dependent framework is not comparable with the 8- or a-mixing one as it deals
with some dynamical systems that are not mixing, see Andrews [f] and Dedecker and Prieur [[L]]
or details on these counter-examples.

The paper is organized as follows. First some notation, the framework and the predictors
are introduced in Section Pl Then the Oracles inequalities and some comments follow in Section
B. The main results of this Section are applied for Linear predictors, artificial Neural Networks
predictors and Non-parametric Auto-Regressive predictors in Section [ Finally the proofs are
collected in Section J.

2. PRELIMINARIES

Let X = (X;)iez be a stationary process taking values in a measurable Hilbert space (X, B)
(with norm ||.|| and scalar product (.,.)). Assume that X is distributed as .

2.1. The predictive models. For any p € {1,...,n — 1} and any ¢ € {1,...,m,} with m, > 0,
any parameter ¢ of the set ©, o, compact subset of R? for some ¢ < oo, is identified with a function
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fo : XP — X. Let us assume that there exists a sequence (a;(f)) je{l,p} satisfying the relation
p
(2.1) > a(0) < L.
j=1
such that for any (z1,...,2p), (Y1, ..., yp) € XP we have:
p
(22) Foer, ) = Folurs )| < D7 as(0) ey 5]
j=1

Moreover, we assume that the ©, are disjoint sets for all p € {1, ..., [n/2]} so that any § € ©
belongs to one and only one ©,. We write p(#) the corresponding value of p. Let us define the
set of indexes:

5]

M= J{p} x {1, ...mp}.

p=0
Finally, 7 denotes a o-algebra on O, and for any (p,¢) € M, T, ¢ denote the restriction of 7 on
Op,e-

2.2. The risk. For a chosen # € © from the observations, we check the ability of )2]9\, =
fo(XN—1,...; Xn_p(9)) to predict Xy for any N € Z. The error of prediction R(6) is the expec-
tation of the absolute loss of X by )?19\, which do not depend on N by stationarity conditional
on the value of 6:

R(©) = o | 51 - x|

The objective is to determine 6, such that its risk is close to R(0) where 0 € argmingee R(0).
We define also the values ¢, ¢ for any (p,¢) € M by 0, , € argmingeo, , R(0).

The risk R(6) cannot be computed as the distribution 7y is unknown. So we introduce its
empirical counterpart r,(0) as,

ra(6) = n—;pwt:}%ﬂ % - =7

2.3. The estimators. For any model (p,¢) € M let us choose a probability measure 7, ¢ on the
measurable space (0,7, () - an usual choice for m,, is the Lebesgue measure on 0, that is
often a compact subset of R? for some d > 0, but note that the choice of the various parameters
involved in this subsection is discussed later in the paper and illustrated by a simple example.
Let us also choose some prior weights on the models: w, ¢ > 0 such that Z(p’z)e M Wpe < 1. This
choice will be discussed later.

For any measure m and any measurable function h such that mwlexp(h)] < +oo, we define the
Gibbs measure w{h} through the equation:
dr{h}

dm

exp(h(6))

(23) rlexp()]

(0) =
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G= {8, 162{%J }

Now let us choose some K, > 1, see Remark for a discussion of this choice. For any
(p,¢) € M and X\ > 0 we define:

Let us put

R 1 1. |G AK?
S A, 2 n__.
R(p,t,\) 5 n/@p,l exp (—Arp(8)) dmp () + 3 nwp’z + n(l ~ 2)2

Now, we propose, for any model (p,¢) € M and parameter A € G the following estimation
procedure: draw
0;,‘75 ~ Tp{—=Arp}.
Then, we propose two procedures to select a model (p,¢) € M and a parameter A € G.
The first procedure is a model selection procedure, we choose

A,é,j\ =ar min  R(p,{, A
(b, £, A) = arg min (0. 4, N)
reg

and we have the estimator A

N AA

0= 9@ i

The second procedure proceeds by randomization on all the models. For any A € G, we define

the weights

exp (—R (p, ¢, /\))
S eren exp (—RE,EN)

and we draw (p*,¢*) randomly according to the weights (w$7£)(p7g) and finally choose

Pl

A= arglgleig}? <]5/\,€~)‘, /\)

and we have the estimator

j_ gX
0—913~[.

2.4. Assumptions on the observations. In order to achieve our main results, we need to
give some assumptions on the observations. We give below two very different settings of works.
One is based on a specific (but wide) unbounded model so-called chain with infinite memory (or
complete connection). The other one referred on the bounded case associated under a condition
of weakly dependence type. See section | for some examples.

2.4.1. Chains with infinite memory. We study chains with Infinite memory introduced in [[4]
and we refer to it as Assumption (CIM). Let & for ¢t € Z be independent and identically dis-
tributed variables distributed as p on a Banach space X’ called the innovations. We assume that
the innovations norm admits a Laplace transform, more formally that for all ¢ € R, we have
plexp(clléol])] < oo. We write this Laplace transform W(c) := plexp(c||&o||)]. We will say that
(CIM) is satisfied if X = (X})ez is the solution of the equation

(2.4) X = F(Xy-1,Xt—2,...;&) almost everywhere,
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for some function F : XYM\O0D s« x" — X. Assume also that there exits some w satisfying, for all
T = (Tp)ren\{0}> T = (7)) pem\{0} € X0} such that there exists N > 0 as xp = @, = 0 for all
k > N, the condition

(2.5) |F(z;y) — F(z';9/)| < Zag Ma; — 25+ ully —'ll,

(2.6) with Z a;(F) = a(F) < 1,
=1

Using directly Theorem 3.1 of [[l4] we derive the following propostion:

Proposition 2.1. There exists a unique stationary causal solution X of equation (B-4) satisfying
7[|| Xo]|"] < 00 for any 1 <r < 0.

2.4.2. Bounded weakly dependent processes. We refer to this case, described below as Assumption
(WDP). In all this subsection we assume that X is bounded, i.e. || X||c < co. In our context
the appropriate weakly dependence notion is relying on the coeflicients 6 (1) introduced by
Dedecker et al. [I0]. This is a version of the y-mixing of Rio [R6] adapted to stationary time
series. If Z is a bounded random variable on (£2, A, P), for any o-algebra & of A we put:

0.0(6,Z) = sup ‘E(f(Z)KS) - E(f(Z))(

feAr

where Aq is the set of real 1-Lipschitz functions and E is the expectation with respect to the
distribution of X. In our context it is convenient to define the o-algebra &, = o(Xy,t < p) for
any p € Z and

eoo,k(r):Sup{eoo(gpv(lew"anz))v ptr<gi1<---<Jje 1§€§]€}7

Y
o0

Assumption (WDP) refers to the cases where 6o (1) is well defined for the process X = (X¢)ez.
Let us give examples of time series satisfying (WDP).

Bounded chains with infinite memory are 6., weakly-dependent. Suppose that X is the solution
of equation (R.4) associated with an innovation which is bounded, i.e. ||/|co < 00, then we have
the following result,

Lemma 2.2. Under condition (R.Q) there exists a unique causal stationary process X solution of
the equation (B4). This solution is bounded by u||&ylleo/(1 — a) and

Boon(1) < g lSolloo S it {a(F)P 4+ ai(F

1—a(F) £ 0<p<r

The proof of Lemma P.9 is given in the section dedicated to proofs, actually, in Subsection p.5.
Uniform p-mixing sequences are also 0., weakly-dependent. Let us recall the definition of the
@-mixing coefficients introduced in [[Lf];
p(r)=  sup [n(B/A)—7(B)
(AvB)E GOX&T
where §, = o(Y;,t > r). The class of ¢-mixing processes is large, it includes in particular uniform
ergodic Markov Chains, see [[[].
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Proposition 2.3. If (X;)ez is a stationary bounded (by C > 0) process then
n
Ooom(1) <20 o(r).
r=1
The proof of the Proposition is given in Subsection [5.5.

3. MAIN RESULTS

We first give a result that holds with a probability that may be as close as one as possible, then
we give a result in expectation. Then some remarks on these two oracle inequalities are given. In
all the sequel, we work under the assumption that, for every (p,¢) € M there exists a constant
1 <dpe < oo such that

(3.1) sup { —Inmy,p [exp (;17( 7()1% — R (0p0)))] } a4,

Even if this definition of the ”dimension” of each sets ©, ¢ is non standard and comes artificially
in this form from the PAC-Bayesian approach, it is linked with the standard notions of dimensions
like the Vapnik or entropy one. More precisely we have the following result.

y>e

Proposition 3.1. Let dim € IN*, z > 0, and B, be the closed ¢*-ball in R¥™ of radius x > 0
and centered at 0. If we assume that ©,y = B, , for ¢, > 0, that m,, is the Lebesgue measure
on Oy and that @ — R(0) is a C-Lipschitz function then we have:

Ce 1
(3.2) dpe <dimx | 1+In{cpe| =V — .
’ R W

The proof of this result is given at the end of subsection [.4.

3.1. Oracle inequality with large probability. The following inequality is a PAC result. It
is very convenient to built confidence intervals of prediction, see [Rg for example for more details
on such confident intervals.

Theorem 3.2. Let us assume that relation (B.J)) is satisfied. Then for all n such that nln%n >
(8eK,)?, under (WDP), with mo-probability at least 1 — & he have:

24+ (kn/Kn)2 dp,g

—= In(d
1—p/n n n(dp,em)

. ~ 2k2 _
< ——r i
R(0) and R(9) < <1 Y Epn K%) dp,gliKn{R (6p0) + Kn

41n g’ln"
+ Cpt
Vdy e In(d, gn)
where
Xl + 2000n(1)
14+ L

The proof of this result is given in the section dedicated to proofs, more precisely in Subsection

-3 page [1.

(3.3) kn,
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3.2. Oracle inequality in expectation. The following oracle inequality holds in expectation.
it is a weaker result than the previous one of Theorem .4 but the setting is more general as it
holds under both (WDP) and (CIM).

Theorem 3.3. Let us assume that relation (B]) is satisfied. Then for all n such that nln*n >
(8eK,)?, we have:

wo[R(é)] and To[R(é)] < <1 Y 2k > inf {R(gpj)

k2 4+ K2 ) d,,<nKn
2 1 (kn/Kn)? [dye 4ln 1Zn 3(1+ L)¥(c*) In(n)
+ Ky | 2 [P n(d) o) + - :
L—p/n n Vdpnn(dy,m) v

where as previously
[ Xloo 4 2000,(1)

k, = ; under (WDP),
and where under (CIM),
(3.4) 02 —1+2§n: inf a(F)’"/k—i—ia-(F) oo oon gy, - on
' com = 0<k<r pr I ’ ~ 2(1 —a(F)) 1+ L

The proof of this result is given in Subsection page R1.
3.3. Comments on the main results.

3.3.1. Comparison with other results. Oracles inequalities in expectation have already been proved
in Modha and Masry [R4] and Baraud et al. [§]. Their approach are based on traditional mixing
coefficients and on classical penalized minimizers of the empirical risk estimators. As already said
in the introduction, except the fact that they work with the quadratic loss, their results are very
comparable with ours. Our rates are always smaller than those of Modha and Masry 4], as in
their case it depends on the decrease rates of the mixing coefficients. The results in Baraud et al.
[] are very competitive with ours. They achieve the optimal rate of convergence, i.e. the optimal
one in the iid case, but they pay it with a multiplicative constant larger than 1 in the oracle
inequality. More important, their approach depends on the (unobservable) mixing properties of
the observations through intricate conditions on the model dimension and on the penalization.
This drawback of their approach is due to the use of the G-mixing coefficients of the time series.
The weak dependence coefficients used here lead to a sharper Hoeffding type inequality than the
[-mixing coefficients, see Rio [B§] and its consequence the Theorem [.q of this paper. Then it
is for the first time possible to consider here predictors free of the dependence properties of the
observed time series. Remark that as the choice of the dependence framework is orthogonal to the
one of the estimation procedures, it should be interesting to study classical penalized empirical
risk minimizers in the weakly dependence framework used here.

3.3.2. Choice of the weights. When k, > K, the order of convergence of mo[R(0)] to R(8,) is
given by the expression
Inn

Kn[ dy s 02

kn

My | d +
n n (dpen) /ndp ¢ In (dp n)
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Kn ld N4
E %ln (dpjn)

In on d
L.t <4/ Py (dpem) .
/ndy ¢In (dy ) n

Then if the weights are chosen such that satisfying the condition

and so, by

as soon as

e—dp,e 1n*(ndy 0)
In(n)
As the sums of these weights have to be less than 1, such choice is possible if

Z et <1,

(p,)e M

(35) Wy, 0 >

If this condition is not satisfied, there may be a loss in the bound on the risk of the estimator
due to the choice of the weights. This loss is classical in learning theory and has nothing to do
with the PAC-bayesian approach used here. In some way it means that we cannot perform an
efficient model selection if we have too many models.

3.3.3. Choice of the parameter K,. The best choice for the parameter K, is k, that depends on
the known parameter L and on the non-observable dependence structure of the observations. So,
we will discuss in practice this choice is delicate. In the sequel of this discussion we work under
reasonable weak dependence and complexity conditions, i.e. that . (1) < 00, 0% o < o0
if (CIM) and (B.1]). For bounded ¢-mixing processes it is ensure by the summability of the
p-coefficients. If we do not have any reason to assume that the process is bounded, we can fix
K, =Inn/(1+ L) and wy, ¢ as in Subsection in order to obtain the oracle inequality:

. ~ — /d

mo[R(0)] and m[R(0)] < inlf {R (6,0) +C %’Z In(d, ¢n) ln(n)}
p7

for some constant C' > 0, as soon as n is sufficiently large. If we assume that the observations

are bounded, we can get a refinement choosing K, as an upper bound for k, = (|| X[ +

2000,00(1))/(1 + L). If we are lucky and the relation K, > k, is satisfied, we obtain under

(WDP) and with probability 1 — ¢

R(0) and R(0) < inf {R (Ope) +C Dot 1, dpv—”l} .
Pl n €
Remark that it is possible that L goes to infinity with n such that for any fixed K,, = K then
K > k, for large n. But then another loss in a power of In(n) appears as the "dimension” d, g
grows with L, see the application on Neural Networks predictors in Subsection f.3. If we do a
mistake in the upper estimate on k,, namely K, < k,, then a multiplicative constant ¢ €]1,2[
deteriorates the oracle inequality under both (CIM) or (WDP):

j 4

mo[R(9)] and mo[R(8)] < cinf {R (6p.0) +Cy/ % ln(dp,m)(knf} .
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Such choice of small K, no longer ensures the consistency of the estimator. So we recommend
to choose in any cases the parameter K, = Inn/(1 + L) that is free of dependence properties.
As a consequence, we do an over-penalization and the procedure is very conservative, see the
discussion based on simulations at the end of Subsection [L1]

4. APPLICATIONS

In this section we investigate several possible predictors. Note than in all the applications,
we work on unions of compact subsets of parameters ©,,, of R%™ for some dimension dim € N
associated with the prior measure m,, that is the Lebesgue one. The "dimension” d,, is then
closely related to dim thanks to Proposition B.1].

4.1. Linear predictors. Let us first consider the case of linear auto-regressive predictions. More
precisely, in the case X = R we consider predictive models of the form:

p
fo(XN-1,...; Xn—p) =00 + Z 0 XN—i,
i1

where 6 € ©,, C RPT! with by definition, for some cp >0,

P
Op =6p1= {9 eRF, 0] = Z 10i] < Cp} :
i=0

In this simple case m, = 1 for all p such that the index ¢ can be omitted in the sequel. Using
Proposition B.1 it follows that

e 1
d,gp+1<1+m<c< v_1_ )))
pes+l) P\p+1 ¢, [0,

where 0, = argming_, R(6). Let us fix the weights equals to w, = 277~ for all p € {1, ..., [n/2]}.
Then the relations Z(lﬁe v Wpe < 1 and (B.5) is satisfied for large n and we have the following

Corollary of Theorem

Corollary 4.1. Let us assume that there exists &€ > 0 such that for any p, ||0,|1 < c, — €. Forn
large enough, let us assume that that (CIM) or (WDP) is satisfied, that K, > k', then there
exists a C = C(cp, &, Kn, | X|l) under (WDP) or C = C(cp, &, Kn, 0% ,,) under (CIM), such
that

1<p<n/2

mo[R(9)] and m[R(0)] <  inf {R (6,) + CKn\/gln(n)}.

It is a simple consequence of Theorem B.9 in this context so the proof is omitted.
Linear predictors are expected to be efficient when the observations are solutions of a linear
autoregressive model. Let us assume that (Xr7)ez is a stationary solution of an AR(oco) model

o
(4.1) Xp=ao+ Y aiX;i+&, forallteZ

i=1
where & are iid. Here we do not distinguish degenerate cases, i.e. (a;);~¢ may or may not be
a sequence of infinitely many non zero numbers. So AR(p) for p < oo or AR(c0) models are
considered in one shot. Assume that

(AR) Zi>0 lai] < 1,
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and that £; are normally distributed as pu. Then it is easy to check that we are in the case
CIM. Moreover, the distributions of X;1; conditional on (X;, X¢_1,...,X;_,) are gaussian then
symmetric and the median is also the mean in order that

§p = (ap, a1,a2,...,ap).
In this classical case, we have a corollary of Theorem .2

Corollary 4.2. Let us fix ¢, = 1 for all p, w, = 2771 and K,, = In(n)/2. Then there exzists a
constant C' = C(u, (a;)ien) linear predictors 6 and 0 satisfy, for sufficiently large n:

mo[R(0)] and mo[R(6)]

> lail + plléol] [p_n®n Inn
SAAEES {WO 2 +2¢ =3 \/;u—p/n)}wﬁ'

1>p

The proof is omitted as it is a simple consequence of Corollary [.1].

Despite its apparent complexity, the procedure used here can be effectively implemented, using
Monte Carlo methods, see for example Catoni [§] for an effective implementation of PAC-Bayesian
methods. Actually, in this case the performance of the predictions is clearly not optimal on simula-
tions when compared with the estimators in Ing and Wei [[[J] on the same set of experiments. Our
procedure is clearly too conservative due to the minimax-type approach used here that focusses
on pessimistic bounds based on the worst cases. The improvement of the practical performances
of predictions will be the subject of future works. However, if the reader is interested, the code
for the computation of the estimator is available upon request to the authors.

4.2. Neural networks predictors. In this section we consider the bounded case (WDP) where
I X |loo < 1. The neural networks predictors proposed here are close to those in Modha and Masry

[B4]. The procedure approximates a natural good predictor given by my(X,—p, ..., X,) where
mp(z) = med(Xo|(X_p,...,X_1) =z) for all z € R?,
the median of the distribution of Xy conditional on p past values (X_,, ..., X_1). This non-linear

predictor is the optimal one with respect to the L!-risk.

We will now present the predictors which are parametric families of functions based on the
abstract neural networks used in Barron [f]]. Let us assume that ¢ : R — R is a Lipschitz
sigmoidal function such that its tail approach the tails of the unit step at least polynomially fast.
More precisely, let us have the assumptions:

(NN): Assume that
(1) ¢p(u) — 1 as u — oo and ¢(u) — 0 as u — —o0,
(2) ¢(u) — ¢p(v) < DjJu—v| for all u,v € R and for some D] > 0. Set D; =1V Dj.
(3) |p(u) — Lyso| < D5/|u|P? for u € R, u # 0 and for some D3 > 0 and D} > 0. Set

Dy =1V Dé
(SN): Assume that there exists a complex-valued function 7, on R? such that for z € R?,
we have
myla) = my(0) = [ (€ = Dy ()
and that

[l (w)ide < ¢ < o0
RP
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for some C}, > 0. Set C, = 1V C,.
Then the predictors express as parametric families of functions. More precisely, they are neural
networks with dimension, or ”"hidden units”, £ and memory, or ”time delay” or "lags”, p. Let
a; € RP. b € R and ¢; € R for 1 < i < {. Setting 6 = (a, b;, ¢i, o) for some ¢y € R, we remark
that the dimension of one predictive model is £(p + 2) + 1. The predictors are defined as

¢
fo = clip <co + Z cid(a; -+ b2)> , for all z € R?,

i=1
where clip(y) =y A1V (—1). Now we restrict the parameters to be in the following ball. Define

= 2(2D3+1)/D3D;/D3E(D3+1)/(2D3)

where D1, Dy and Dj are as in Assumption (NN). Define also a compact subset

¢
1 1 1
By = {6; 2 leil < Cp+ 55 max flailly < 7+ 555 max b < 7+ o7}
1=
where || - [|; denotes the /!-norm. Remark that here the constants are added in each direction to
have a secure zone of width 1 in the ¢'-norm around the classical parameter set:
l
B,,= {9;; leil < Cps e llaill < 765 max [bil < 72}
1=
With the help of this secure zone, we have an Oracle inequality where the infinimum is taken
on the classical sets B, for whom the optimal 6, , has got the good approximation properties,
see [f]. Moreover as ¢ — ng,g is bounded by 1 it implies that for large values of p, ¢ it holds
dps < (l(p+2) +1)(1 +1In(Cp V €ry + 1)) applying Proposition B.J. Finally, let us fix the largest
possible value for ¢ as m, = [\/n/p]. It is enough for having a good approximation thanks to
Theorem 3 of [ff]. Then we have the following result for neural networks predictors construct on

Bp,Z(E):

Corollary 4.3. Let us assume (WDP) with || X||oc < 1, Oso,00(1) < 00, (NN) and (SN) with
Cp < C'p° for some C',c > 0 and all p > 1. Then if we take w, = 1/n and K, is fized to some
K, for all € > 0 there exists a constant C = C(C', ¢, Dy, Dy, D3, K, ) such that for n sufficiently
large, with probability at least 1 — ¢,

R(0) and R(F) < inf {7?0 | X0 — med(Xo|X_1,..., X )]+ C
1<p<+/n/ In(n)

The proof of this corollary is given in Subsection f.6. Following the approach of Modha and
Masry [P4], our estimator is said to be a memory universal predictor with rate In®/ 4(n)/nt/2,
The rate here is better than the one obtained for the L?-risk in [4], (In(n)/n)? where 0 < ¢ < 1
depends on the mixing properties of the process. Remark that the choice of w,, is not optimal
as it does not satisfy the relation (B.§). This implies a loss, due to that we do not manage to
estimate ) exp(—d, ¢) here. However, this loss due to the weights is less than the one due to the
fact that here L, the Lipschitz constant of the predictors, goes to oo with n. It implies the loss
of a square root of the Logarithm through the ”dimension” d, s, see the proof for more details.
Finally, remark that the result is not easily implementable as artificial networks predictors depend
on the constants (), which are not observable.

pl/4 34,
nl/4
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4.3. Non-parametric auto-regressive predictors. In this section, we propose the following
setting coming from economic modelization and studied in [f]. Let us assume that the process
(Xt)tez is a solution of the equation:

Xe=fi(Xer) + -+ fpo(Xi—py) + &,  forallt € Z

where & ~ N(0,0%) =: u, f; are functions R — R supported by a compact set and pg is some
unknown finite integer. Remark that, up to scale changing of X, functions f; are supported by
[—1,1]. In order to be in a particular case of (CIM), we assume that for any i € {1,...,po},

(4.2) Ja; € (01 ¥(z,2') €[22, |fi(z) = fil2)] < @il — 2|

with a1 + ... +ap, < 1.
Actually, we assume more regularity on every f;: they belong to the Holder class H(s;, L;) for
s; > 1. This means that f; is derivable |s;| times and that

(4.3) aL; > 0,Y(z,2') € [-1; 1]27 ‘fi(\'sij)(flf) _ fi(l'SiJ)(flf/)’ < Lilv — a:/’Si_LSiJ-
Remark that if ([L.3)) is satisfied with the relation

Po
(4.4) >

i=1
then ([.9) follows. Is it well known, see for example Tsybakov [T, that if (¢;(.));>1 is the Fourier
basis on [—1,1], namely ¢or(z) = /2 cos(2rkz) and ¢op1(x) = V2sin(2rkz), Assumption (.3
implies that f; belongs to a Sobolev class with regularity s; and so that there is a constant
~i = v(Lj, s;) such that for any m € IN'\ {0},

f}”(o)( T

HD )]+ 1<

1 n 2
min 3 [ [0 = aie0] ds b <yim

(a1ye..,am)ER™ 1

Then natural predictors arise as of the form

p L
Xny1 = Zzei,jsﬁj(Xn—i) =: fo(Xn,..., Xn—p)

i=1 j=1

for any p € {1,...,|n/2]}, any £ € {1,...,m, = n} and any 6, , € R satisfying the relation

p /L
Ope =140 € R, D 67,(2/2)% < L?

i=1 j=1

This ensures that any fy is an L-Lipschitz function. Finally, let us define for any ¢ € {1,...,n},
i €{1,...,|n/2]} the coefficients 0, , € RP’ that satisfy the relation

p

and we obtain as a consequence of Theorem B.2:
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Corollary 4.4. Let wyy =n"2, K, =In(n)/(1+ L) and s = inf{sy, ..., sp, }. Let us assume that
Equations (L3)) and (f.4) are satisfied and that there exists ¢ > 0 such that for any ¢ € {1,...,n}
we have .

po L 2

L= 3" 0n07,2/2) | ze

i=1 j=1

Then there is a constant
C = C(po,a,L1,51,.... Lpy, Spgy, €)
such that R B .
mo[R(0)] and mo[R(0)] < u(|€0]) + Cn~ =+ In?(n).

The minimax rate of convergence with respect to si, ..., sy, is achieved up to a loss in lnz(n).
Remark that the choice of the weights wj, ¢ is not optimal as it does not satisfied condition (B.5).
But it has no effect in the rate in the Oracle inequality as the loss coming from the weights is
smaller than the one coming from the over-penalization. Reark also that the result in [[] achieves
the minimax rate of convergence with no extra logarithmic factor. This minimax rate is achieved
for the excess L2-risk, not of prediction, but empirically on the distribution of the observed values.
We argue that our risk is more natural in the time series forecasting context. However, note that
in [{] it is assumed that py < pmax for some known ppa, satisfying some relation with the 3-mixing
coefficients of the observed process. It is restrictive as that model selection procedure depends
on Pmax and on G-mixing coefficients that are not observable.

5. PROOFS

To present the proofs in a unified version wether we work under (CIM) or (WDP), we
truncate the observations if we are under (CIM). This method entirely stands in view of the
result of Lemma R.3. More precisely, we truncate the innovations & and replace them with
&= (& NC)V (—0). Now we denote X = (X})sez the solution of the equation

X =F(X¢1,X¢-9,X¢-3,...:&), ae. forall t € Z.

This solution exists and satisfies weak dependence conditions, see Lemma P.9 for more details.To
treat both cases in the same way, we denote in the sequel X := X and || X||o = C under (WDP).
Moreover, we will use the notation 7, R the risks associated with X.

We will now present some useful Lemmas. Their proofs are postponed at the end of the Section.

5.1. Useful Lemmas. The first Lemma gives a bound on the deviations of the risk of X. The
result derives simply from the Rio’s "Hoeffding’s type” inequality stated in [R].

Lemma 5.1. For any A > 0 and 0 € © we have:
— A2k2
molexp(A(R(0) — 7, (6 Sexp(—"),
exp(A(F(0) 7 (0)))] Oy
where k, depends on the nature of the observations, more precisely is given by the relations
uC (14250 infocner {a(F)7* + 5232 a5(F) })

(14 L)(1 — a(F)) ’
[ X o + 2000.n(1)
1+ L '

(CIM)  k, =

(WDP) k, =
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The proof of this Lemma is given in Section .4
We now give a result particularly useful for the so-called ” PAC-Bayesian” randomization tech-
nique proposed by Catoni [[{, §]. Given a measurable space (FE, &) we let ./\/lﬁr(E) denote the set
of all probability measures on (E, ). The Kullback divergence is a pseudo-distance on M1 (E)
defined, for any (m,7’) € [M’(E)]? by the equation
m[ln(dr/dr")] if 7 < 7,
K(m, ') =
+00  otherwise.

Lemma 5.2 (Legendre transform of the Kullback divergence function). For any 7 € M. (E),
for any measurable function h : E — R such that ww[exp(h)] < 400 we have:

(5.1 rlexp(h)] = exp ( sup (ol - fc<p,m)> ,

peML(E)
with convention oo — oo = —oo. Moreover, as soon as h is upper-bounded on the support of w, the
supremum with respect to p in the right-hand side is reached for the Gibbs measure w{h} defined

The proof of this Lemma is omitted here as it can be found in [ or [§].
With the help of Lemma [.9, we then can prove a general PAC-Bayesian bound from Lemma
B It consists in an upper-bound for the mean risk of Gibbs estimators in all sub-models.

Lemma 5.3. Under the assumptions of Theorem we have for any X > 0 and (p,f) € M:

— 222
(5.2) mo [exp|  sup (AR =Tn] = K(p,mpe)) ————5 || <1,
’ peML(©,) { vt} n(l—p/n)?

where k, has the same expression than in Lemma [5.].

The proof of this Lemma is given in Section f.4.

From this result, we derive another PAC-Bayesian bound on the mean risk of any aggregation
estimators of all Gibbs estimators. The techniques were developed by Catoni [, [ in the iid
or exchangeable setting for classification on the basis of the seminal paper of McAllester [R2]
and extended by Audibert [ to regression with quadratic loss and Alquier [ff] to a general loss
function. The scheme use here follows [f].

Lemma 5.4. For any measurable function p,;: X" — ML (0,,) for (p,0) € M and for any
measurable family of weights 12);"[ X" — [0, 1] with

D sl
(p,6)eM
under the assumptions of Theorem we have:

— dpy. A2E2 Wp, ¢
A)\ _ p7 n p7
0 sup E Wy eppe |€Xp [ AR —Tp) —In - i
e P [ ( M My T n@—p/n)? G,
7\ (p)eM "
Xpeyem Wpe =1
Pp,e € M}F(ep’e)
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— A2k2 ¢
Vo sup {exp <)\p ([R—=Tn] = K(ppe, Tpe) — L +1In Y, )} <1,
[ reg . ! penr n(l—p/n)? 4
(p,0) € M
Pp,e € Mi(ep,f)
where k, has the same expression than in Lemma [5.].
The proof of this Lemma is given in Section .4
Finally, we present a Lemma that gives a usefull inequality under (CIM). We recall that ¥
denotes here the Laplace transform of the norm of |||, that is assumed to be finite.

Lemma 5.5. Let us define the following random variable:
g(C) = sup |rn(0) — T, (0)|.
6co
We have under (CIM) the following inequality, for any ¢ > 0:

mlg(C)) < T

The proof of this Lemma is given in Section [.4.

U (c)C exp(—cC).

5.2. Proof of Theorem B.24. We are now able to give the proof of our main theorem. Let us
apply Lemma p.4. As it holds for any probability measure p,, it holds for p,, = m, {—Ar,}
associated to any A = G. We use the inequality Vx € R,exp(z) > Lgs (z) and the associated
Markov inequality:

(A IE) > 0) < moplesplAe <
where A = A(R—T7,) —In dppe n(l)‘_z;/zn)Q +1n cle f for any A € G. Here we used the fact that

dmp ¢

Ppe is a probability conditional on (X7,...,X,) in order that mgp,, ¢ is a well defined probability
measure. Moreover we have used elementary convex inequality to get rid off with the sum of the
weights @ R they are fixed. With probability 1 — e on the drawmg of the data with respect to

o and on the drawing of all the estimators 9;‘76 with respect to ij and on the drawing of p and
£ according to 12)1))‘76, we have, for any (p,¢) € M:
/s . Ak 1. [dpps 1, Gy, 11
] A\ cm A n -1 D, A g | b, “1ln=.
(5:3) i (tgp’é) ="n <9p’é> * n(l—p/n)? + a0 dmp.¢ (0 > * a0 Wy ¢ * N e

Using the same technique but with the second part of the result of Lemma [.4 we obtain for any
(p,f) € M, X € Gand pe M(0,,),

_ — A2 1 gl 11

Note that (f.J) is equivalent to

R(6 1 k2 1 \Q\wké 1
) < — _ Mn P,
(9”’0 - A n /ep,z exXp (=Ara(8)) mpe(d6) + n(l—p/n)? + h) In Wy ¢ A In

(5.5) +7y (@g) — 7 (Q;g)
1y, AR - KD

< K ~1
_R(p,E,A)—F)\H e n(l—p/n)2+

7o (%) = (B0s)
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so we obtain

A
N 1y, AR - K2
(5.6) R(0) < R(p.tA) + 525+ ( e -

£ n(1—p/n)?

First let us study the estimator 6. For any A > 0, let us choose w;g = 1 when (p,¢) minimizes
R (p,£,)\) and 0 otherwise. Remembering that (p, ¢, \) = argmin R (p, £, \), we obtain:

~

(5.7) R (é) < inf R(p, 0N + M

1
P LA n(1—p/n)2 A Ine + g(C)1crmy-

Now, we are going to upper bound the term R (p,¢,)\). From inequality (p.4) we derive that

1 _ 1
EN /@ exp (—Arn(8)) mpe(d6) = inf { /@ Tn(ﬁ)p(de)—l-XIC(p,ﬂp,g)}

)\ j4 pEMﬁr(@p’[) p,L
< inf /
PEML (©p,e) (C)

< inf /
pEM}F(Qp,Z) Gp,é

A Ak2 1 g
In exp | —=R(0) | mpe(df) + —2— + —1n +qg(C)1 .
[ e (<570 matan) + 2 s i P genon

T (0) p(df) + %’C (P, Wp,é)} + 9(C)Lcm)

P,

_ 2 k2 1 g
mewm+xnmmm}+n F 9L (O e

(1—p/n)2 X ecwyy

> o

So we obtain:

; 2 A s AE2Z+K2) 1. (g
(5'8) R(p,f, /\) < _XIH/GP,K €xXp <_§R(9)> Tp,Z(de)‘Fm—l-xln

an .
Ewp!%-g( ) civ)

Now, let us remark that, as soon as A > 2e, we have that

A — A
—Inm,, [exp <—§ (R - R(9p7g))>:| <dpln 5

as we work under Assumption (B.1) and it easily follows that

—Inmy, |:exp <_%R>] < —lnmpy, [exp <—%R>} + %WO[Q(C)]H(CIM)
:_mmm%m<—%W—R@w0]+%M%@+%MM@MmM)

A~ A
<dpeln g+ ER(QM) + §7T0[9(C)]11(CIM)-

We plug this result into the inequality (.§) to obtain:
(5.9)

A o A
< < In® 3 +1
R(p, £, ) < R (0pe) + b\ (dpvé Mot " ew, .

2 2
LY, M+ K

(L —p/mjz T 0O+ mla(CDon.
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Now we can conclude to the result of Theorem B.2. We work under (WDP) so that (g(C) +
mo[g(C)]) L (cim) = 0 and that R = R. Tt remains to collect the informations of the inequalities

(@) nd @) We obtain:

T g AE2 —K2) 1
) < ~n -~ n
(5.10) R(@)_I;%{R(p,e,n}+ TR Alna
. - 1 9] Ak + K7)
< inf - In?Z +1 L Z
_;%’A{R(Hpj) + 3 <d n 5 —|— n&?wp,z> + n(1—p/n)?
MEZ—K2) 1

N — =lne
n(l—p/n)* X

So it remains to get rid of the two last terms. First of all, let us control (1/X)In(1/e). Remember
that X is a the minimizer of

) 2
R, ) = ——ln/ exp (=Arn(0)) dm ;(0) + Ly dol, M .
A 0, P A wg n (1 -~ % )

1 AK2

2\ 2
n(1-%)
where G is a decreasing function as

2
G'(\) = %ln/@ exp (—Ar,(0))d )\/ T il —=Arn}(0 )—% lni

R w
284 p,L

and we can check that each of these three term is negative. So this means that A > \ where ) is
the minimizer of

AK?2

n<1—£>2’
n

it appears that A is known in explicit form and so we obtain

twmlcimlo fn gyl 2

1
=TT (1-f) Vamlg] ¢ VP

So, Inequality becomes

S ing] +

In

1
€

>

D0,

(511) R(9) < inf {R(é,,,g) i1 (dp,gln 2 im >+ Ay +K2)}

A EWp. ¢ n(l —p/n)?
AE2 — K2) 2K, | 1
n-—.
n(l—p/m)?  n €
Let us now consider two cases: k, < K,, and k,, > K,,. If k, < K,,, Inequality becomes
91\, ME+ED |, 2K,
cupe) Tn—pm2 S TR

1
In —.
€

D0,

. _ 1
(5.12) R(0) < inf {R (Op,e) + X <dp,g In? % +1In
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and let us replace the infimum with respect to A by the specific value

1—p/n
A (p, 0) = Kp /m /d,n In(dyen)

that well balances the second and the third term of the sum in (f.9). Now if n? > A\*(p,£) > 4e
then we can find a X' € G such that X > 2e and X < \*(p,£) < 2X'. This holds if, for example,
p<n/2, nln?n > (8¢K,)? and dy ¢ < nK,. This leads to the following inequality

(5.13)
[
A _ k2 /K, + 2K, [d Knln g
R(O) < inf  { R(Op0) | Fn/ K 1 2K 2L (dy ) + n!
dp i <nkn ’ 1—p/n n ’ (1 —p/n)\/d,mIn(d,n)
L 2K 1
N

Now, let us consider the case where k,, > K, (this is the difficult case). We have

Ak — K2) _ Ky — K ) (k5 + K7)
n(L—p/)? ~ kZ + K2 n(l—p/n)?

k- Ko | 1 1G] | Aka + K7)
<rad [T, @) iy 0) S ( ﬁf
bl Db, n 1 —_ =
]{72
mpmf R(p, ¢, \)

by definition of (p, / 5\) and so, using Inequality 5.10, we obtain

X k‘2 K2 _ 1 |G| (k2 +K2)
. < - n n n
(5.14) R(0) < <1 + k2 —|—K2> in {R(HM) 3 <dpgln 2 1 Ewp,z> * n(1 —P/n)z}
+ 2K, 1
vn e

The same particular value of A leads to

A k2 + K2 2 _ K2 _ 2 /K, + 2K, |d
(5.15) R(9)§< n ¥ "+k" "> inf {R(9p74)+]%/—+ 2L 1n(dy en)

k2 + K2 k24 K?) d,e<nKn 1—p/n n
g
Kol L 2K 1
n-.
1—p/n \Vdpmln(d, m) vn e

If we combine and on both cases, and if we remark that |G| < logy(n?) < 31n(n), we
obtain

A %2 _ 2+ (kn/Kn)® [dps
< - n i B She LYl L
R(6) < <1 Vv T K%> dpyelgiKn{R (6p0) + Ky,

1—p/n n n(dp,em)
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41In —g’llun?
+ P,
\% dpm ln(dp,én)
that ends the proof.

5.3. Proof of Theorem B.3. Here we deal with both cases (WDP) and (CIM) at the same
time. We also use the results given in the Proof of the Theorem B.3. More precisely, it as
been shown that for any (p,¢) such that d,, < nkK,, the following inequality can not hold with
probability larger than e:

2
2/l J00t 1 )

1—p/n n

. 2k; 7
R(0) and R(0) > (1 v m) {R (Op.c) + Ko

3lnn
41Hm

+
dp enIn(dy, )

} + (9(C) + mo[9(C)) Lcrmy

and so for
) ) 2% - 2+ (kn/Kn)? [dpe
R(@) and R(@) > <1 V m) {R (9p7g) + Kn W % ln(dp,gn)
4]p 3nn

+ EWp, ¢
Vdp enIn(dy m)

Let us now deal with f (the proof for @ is similar). For any (p,£) with d,,; < nk,,

} + (9(C) + 2m0[9(C))) L (cim) = an(p, £) + bu(p, £) log %

R(0)—an(p,0) 1
o | € 2bn (p,f) 2 E‘_§ S E,
this leads to

R(0)—an(p,0) oo R(0)—an (p.0) oo 1
7o | 2on0) = 7o le 2n) > ¢l dt < 1A = dt =2
0 0

0 [R(é) — an(p, z)] < 2b,,(p, £) In 2.

and so

Replacing ay,(p, ¢) and b, (p, £) by their definitions we obtain

~ 2k2 — 2 (]{Tn/ n)2 D VA
< n + K d ,
un [R(@)] <1 V 7]{1121 KT%) {R (Qp’g) + Kn —1 /n —n ln(dp,gn)
41n 12Inn

Wp, ¢

_|_
V dp,Zn ln(dp,gn)

Under (WDP) we then get the desired result. Under (CIM), we use the result of Lemma .5
to choose C in order to well balance k,(C) given in Lemma [5.1] and g(C). We fix it equal to

mn (14257 infocker {alF)/* + 32 a;(F) })

2c* 2(1 —a(F))

} + 3m0[g(C)] 1L (cm)

c* =
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Remark that this choice is independent of p,£. This ends the proof for 6 and the same results
hold also for 6.

5.4. Proofs of Lemmas B.1, 5.3, .4, b.5 and of Proposition B.1].

Proof of Lemma @ The proof of this Lemma is based on the application of a useful inequality
from Rio [RF] on X. Let us first recall this result:

Theorem 5.6. Let Y = (Y;)iez be a stationary time series bounded by C distributed as my on
XZ. Let h be a 1-Lipschitz function of X™ — R, i.e. such that:

(516) V(xlvylw--axnvyn) € in) h($17 vy Iy ) y17 ayn

}jmh ill

Then for every t € R we have:

2
7o [exp(t(mo[h( X1, ..., Xp)] — A( X1, ..., X))))] < exp <t§n(0 + 2,900,n(1)>2>.

Proof of Theorem . We achieve this version of Theorem 1 of [P remarking that we can rewrite
the inequality (3) in @] as, for any 1-Lipschitz function g:

I'(g ) = [E(g(Xet1, - Xn)|Fe) = E(g(Xes1, -+ Xn))lloo < Ooon—e(1).
It leads to the result of Lemma .6 when bounding """, (C' + 0o (1))? with n(C + 00 n(1))? as
Suplgrgn 00077»(1) S 600771(1) O

We now apply the result of Theorem p.§ on ¥ = X to obtain the result of Lemma b.1. Let us
fix A\ >0, (p,l) e M,0€0O,pand t = (1+ L)\/[n —p(8)] and the function h defined by:

1 n
h(z1, ..., zp) = I i:l%ﬂ Hl’z — fo(wi-1, ...,xz’—p(e))H .

We easily check that h satisfies condition in order to apply Rio’s inequality. Note that:
h(z1, .oy p) — B(Y1, oy Yn)

1 n
< -
AP
i=p(0)+1
n

sz — fo(wi-1, --->93i—p(9))H - Hyz — fo(yi-1, --->yi—p(9))H

1
< T L Z @i —vi — fo(@iz1, s mipe) + fo(Wim1, s Yimp(o)) ||
i=p(0)+1
1 - 1 -
<—— > wi—willt—— D | fo@iots o Tipe) = FoWim1s s Viep(o))]
1+L 1+ L
=p(0)+1 i=p(0)+1
1 n n p(6
S——= > lwm—wl+—= D D ajO) iy —viyl
1+ L. 1+ L
i=p(0)+1 —p(@ )+1 =1

n

1 L
§1+—L, Z ”xi—yiHJrH—L;Hxi—yiH
i -

=p(0)+1
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<3 e —ul.
i=1
The direct application of Theorem f.f ends the proof under (WDP). Under (CIM) k,, is com-

puted in view of the estimate of 6 (1) obtained in Lemma R.9. O

Proof of Lemma [.J. Integrate the inequality in Lemma p.1] with respect Tp,e o0 Oy ¢ (then p(f) =
p) for any (p,¢) € M in order to obtain:

21.2
Wp’g[ﬂ'o[exp()\(ﬁ - Fn))“ < €xp <m> ’

Fubini’s Theorem implies that

=

Applying Lemma p.9 for 7 = m,, and h = A(R—7,,) — A%k2/(n(1 — p/n)?) on ML (0,,,) leads to
the inequality:

21.2
0 [exp( sup {)\p[ﬁ — 7] — K(p, ﬂp,g)} — #)] <1l

peML (1) (1—p/n)?
This ends the proof. O
Proof of Lemma p-4. First, let us choose A € A. Let hz);,f denotes, for any (p,¢) € M:
N - A2k2
DS pp,gej}tlf(ep,e) {Aope[R—Tn] — K (ppe,mp) } — n( = p/n)

From Lemma [.d applied on the different M’ (6, ) we have, for any (p,¢) € M:

o Z Wp, ¢ €XP (h;‘j) <1.
(p,0)eM

Now we apply Inequality (b.1)) in Lemma p.Afor m = 3=, pycns wp 0y and b =37, pyens h e, .,
and we obtain

/ / /
o | exp sup E wy, ohpe — E wy, o In(wy, o/ wy ) <1
! —
0eM Yp =1 | (p.)eM (p.0)EM

and, by Jensen’s inequality, and replacing h;\,ﬁ by its definition,

— d
(5.17) mo sup Z w, ¢ sup exp <)\pp,g [)\(R —Tp) —In %]
2pem Wpe=l | (poyem PpEML (O 0) Tp.t

21.2
_ Ak, 2—|—lnwf)’z <1.
n(l—p/n) wy, ,

By Jensen again, we obtain a bound for the first term in the sum bounded in Lemma [.4:
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- dpp e

/ = P,
0 sup E W, ¢ Sup Pp.e [exp ()\(R —7p) —In ar
2poem Wpe=l | (poyem Pp e EML(Op,r) pit

/\2k‘2 Wy ¢
n In =2 < 1.
n(d—p/n)? “w;)] H =

Finally, we sum this inequality over all A € G to bound the first expectation.
The second expectation is bounded by choosing specific weights w;) ¢, in the supremum in

inequality (B.17) such that w/ , = 1 for (p,£) = argmaxy{hy¢}:

— A2E2
0 sup exp | App e[ R —Tn] — K(pp,e, Tp e —7n+lnw74>} <1
(. 0) € M { ( bl ) = Kby, o) n(1 —p/n)2 P
Ppe € MYL(Op0)
Again a summation over all A € G leads to the result. This ends the proof. O

Proof of Lemma p.j. From the proof of the Lemma [.1, we already know that |7, () — r,(0)] <
(1+L)>" ;|| X; — X;||. This bound holds uniformly on ©. Now we are reduced to estimate
mo[[[ Xo — Xol|]. For this, we use the assumption (B.§) and the stationarity of X and X. More
precisely:

o[l Xo — Xoll] < wpllléo — Eolll + D aj(F)mol|X—; — X ]|
j>1

< upll|€olLgy>c] + a(F)mo[| X—j — X ][]

The result follows from the estimate pu[[|$ol|1)je,>c] < plexp(c|éol])]C exp(—cC) for any ¢ >
0. t

Now give the proof of the useful Proposition B.1].

Proof of Proposition [3.]. Let us introduce a parameter ¢ > 0 then we have
1 _ 1 _
— Inm,, [eXp (—7 (R - R(GM)))] —(= - Inm,, [eXp (—7 (R —R(0p) — C))]

< _% I, (R(0) — R(B,y) < )

Then we directly derive from the definition of d,, , that

inf<>0{C’7 —Inmp,, (R(@) - R(HP,E) < C)}

dy o <su
Pt = 7>E In~y
So
. ¢ . = . Cep ey Cp,
— dimln < dim AN~vC(c,,— ||0 + dimIn —V S .
¢ Cone VC(epe = [10p.el]) P

Now if dim < vC(cpe — ||0pc]) then we get the estimate dim(1 + In(Cepy/dim))/In~y which
decreases with . We then get the desired bound when the supremum is established for v =
eV dim/(C(cpe—110pel])). If dim > yC(cpo—|0,.0]]) then we get the estimate (YC(cpe— [|0p.0]]) +
dimIn(cye/(cp.e — ||0pell)))/ In~y which increases with 4. Then we have to consider the case v as
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large as possible, that is when dim = yC(cp ¢ — [|0,.¢]|) but then we are going back to an already
treated case. O

5.5. Proofs of results stated in Subsection [2.4. We first prove the existence of a solution
of the chains with infinite memory (B.4). Then we prove the §,-weak dependence properties of
this solution when innovations are bounded and of the bounded ¢-mixing processes.

Proof of Proposition [2.1. Let us fix some 7 > 1. Then pu[||&]|"] < oo from the Jensen’s inequality
as & admits finite moments of exponential orders. Now we want to apply Theorem 3.1 of [@] to
F' that satisfies

I1£°(0; &)l Il < wf|éolr < o0,

denoting | - ||, for the L™-norm (u[-"])'/"

following relation

. We also have for any » = (z;)jen and 2’ = (2) jen the

1F(x5€0) — F(2":60)[lr < Z% M — 25l

Using assumption (2.6) we obtain the existence of a unique causal stationary solution to equation
(B-4) such that 7[||Xo||"] < co. Finally this result holds for all 1 < r < oo and we have proved
the proposition. O

In the sequel, we prove results of Lemmas .9 and P.3. These two estimates of the f-coefficients
are obtained via a common classical technique that we present shortly below, see [[J]] for more
details. The so-called coupling techniques consist in constructing a version (X;);ez distributed
as (Xi)iez and such that (X} )¢>o is independent of &y = o(X;,t < 0). If this process (X} )i>o
is well defined, then it gives sharp estimates of the quantity 6 (1) as we have the following
version of the Kantorovitch-Rubinstein duality, see [L1] for more details:

Lemma 5.7. For any version (X; )iez we have

(5.18) Ooom(1) < D IE(IX; — X11/S0) |l oo-
=1

For the sake of completeness, we recall the proof of this lemma.

Proof of Lemma [B.7]. To compute a bound on the coefficients 0.(&, Z) for this solution we first
need to introduce coupling arguments coming from Dedecker et al. [[[J] associated with the 7
coefficients defined as

Too(8,Z) = || sup

fen

B(1(2)l8) - E(72)| -

First note that this coefficient is in fact the same than 6,,. But we prefer in this section this
formulation as it lets appear the supremum on the class of Lipschitz function, the Weisserstien
metrics. If the space is enough rich, we have, as in [[J], the Kantorovitch-Rubinstein equation

(5.19) To(6,2) = inf [E(|Z —Z7]/6)]l

where V is the set of the random variables Z* distributed as Z but independent of S.
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To bound 7o (1) for all n we have to consider a version of the whole process (X;):cz denoted
(X[ )tez such that (X} )¢ is independent of &y = o(X¢,t < 0). As we equip X with the norm
l(z1,...,2zn)| = Doy |l@il] we immediately get the inequality

Toon(1) < IB(I(X1, -, Xa) = (XT, o, XDI80)lloo < D IE(IX: = X7 [[80)|oo-
1=1

O

We conclude the proofs of Lemmas and 2.4 by choosing carefully the version in order to get
efficient bounds on ||E(||X; — X/ |||Mo)|lec for all i. As there exists plenty of different coupling
schemes in the literature, we now have to chose one that gives (X[ );cz that give efficient bounds

for each Lemmas. In the Lemma P.9 we use the forward coupling, see [RJ for more details on
this techniques. The maximal coupling of [[5] is used for the proof of Lemma P.3.

Proof of Lemma B-3. We apply theorem 3.1 of [[4] checking the relations (here F'(0;0) is fixed to
0 for convenience)

1F(0;&0)[lr [l < UHSOHOO < 0,

1F(x; &) — F(a';60) [0 < Zaj ETEA

where || - [l denotes the L®(x)-norm. As (R.6) holds, we can conclude of the existence of a
unique causal stationary solution to (R.4) such that || Xg|lec < 00. Moreover, it follows easily from
the construction that || Xo|leo < u||éo]lcc/(1 — a).

Now let us use the coupling Lemma p.7 on X; that we construct as follows. Let (£*);cz be a
stationary sequence distributed as (& )¢z, independent of (&):<¢ and such that § = & for t > 0.
Let (X[ )iez be the solution of the equation

Xi=F(X{_1, X{ 9,3 &), a.e..
Let p # 0 be an integer and (Xt(p))tez be the solution, bounded by u||€y||c0/(1—a), of the equation
(5.20) X7 = FOXP L X 6),

with F®)(x1,...,2p:8) = F(21,...,2,0,...;€) for all (21,...,2,) € XP. Let (X, x®° )t be the
solution of Equation (p.2() with the innovation (£*);ez. This coupling scheme is the forward
coupling one for the (X, (v ))teZ for all p. We have

IE(1 X — X7 1Mo)lloc
< IB(IX, = XP||Mo)[loo + [B(|XP) = X2 | Mo)lloo + IEIX; = XP[|Mo) oo

Remark that

IB(IX5 — XP|||Mo) oo < HE<HF@><X£”’1,.. XP6) — FOXD, XD 60)]IMo) oo

T

IA

Zaj WEXP, — X2 1IMo) e
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Denote uy = sup;>; HE(HXJ(»p) —X](-p)*H\MO)HOO for all t € Z that is bounded with 2u||{p/e0 /(1 —a)
by construction Moreover for all n > 0, u, < a(F)u,—p and then u, < a(F )["/ P14, Using
that 7o < 2||X Hoo < 2ulléplleo/(1 — @) and that [n/p] +1 > n/p we obtain

B(IX® — X Mo) | < 205000 4 gy

For the other terms we use the Lipschitz condition on F

ulléolloe - . " ull€oflso
IE(IX~XP /Mo oo < 222237 aj(F) and (X ~XP" |/ Mo)llso < 22223 a(F
= —
Finally, merging those two bounds we get

B~ XMoo < 20500 e Jagry 30

- —a 0<p<r

We conclude by using (p.1§) in Lemma p.7. O

Proof of Lemma B.3. Here we will consider the maximal coupling scheme of [[§]. There exists a
version (X[ )¢ez such that

|IP(X; # X[ for some t > 7|S¢)||oc = sup |P(A/B) — P(B)| = ¢(r).
(A,B)€ GoxTr

Now let us denote X' the state space of (Xi)icz. As || X¢||oo < C we can always fix X’ such that
|z —y|| <2C1,», for every z,y in X. Thus we have:
IE(IXs — X71/S0) IE(1X: — X71/60) oo
2C|E(Lx,£x;/G0) oo
20| P(X; # X7/60)lloo
2Cp(1).

VAN VAN VAR VAN

The last inequality follows from the rough bound
P(X; # X; /&) < P(|JX: # X[ /S0).
t>i

We conclude by using (f.1§) in Lemma [.7. O

5.6. Proofs of results in Section H. We proof the Corollaries and [£.4 of Theorem [B.2
applied in the context of Neural Networks and projection in the Fourier basis predictors.

Proof of Proposition [f.3. Firstly we check that all the predictors are L-Lipschitz functions of the
observations. For any x,y € RP, as the function called clip is 1-Lipschitz, we have

)4
[fo(@) = fow)] <1 cu(@lar - =+ br) — dlak -y + bi))]
k=1
14

0 14 D
< D1 Y lellag - (z =)l < DY leilllarlillz = ylloo < Dillllarllilloe Y lerl > lai — wil.
k=1 k=1 i=1

k=1
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Then when 6 € B, we are sure that L = Dy (7 + (3¢)71)(C,, + 1/3) is a convenient Lipschitz
constant.

Secondly we use the approximation estimates given in [[f]. More precisely, using Jensen to
estimate IL;-risk by LLo-risk, we know that
20,
NG
Then using Theorem B.9 there exists some constant C' > 0 such that for sufficiently large n and
as soon as

o Hmed(Xo | X 1., X)) — fgpl(X_l,...,X_,,)H <

21 K> ’

we have

mo[R(0)] and mo[R(0)) < inf {R (Op) +C <\/%1n( en) + \/_ﬂl;ll: - )}

Then let us remark that (p-21)) is always satisfied for sufficiently large n as in fact L goes to oo
with n through 7, and ¢. On the opposite, using the estimate of d, , and the assumption on C),
we know that for n large and for some constant C' it holds dj, < CplIn(n). Combining with the
approximation bound, it holds

p7

mo[R(A)] and mo[R()] < inf {71'0 [| Xo — med(Xo|X_1,.... X )|+ —=+C pt ln3/2(n)} .

When fixing ¢ = /n/pIn~/2(n) the result follows. O

Proof of Proposition [f.4. Let us apply Theorem and we obtain for some constant C' the rela-
tion

mo[R(0)] and mo[R(0)] < inf {R (6,0) + Cy/ % In(d, ¢n) ln(n)}

p7
: 7 dpo.¢
< n%f R (Opy0) +C n7 In(dy, ) In(n) » .

R (0py,0) = gig(g 0 HX;D—H - f@pol(Xpy ---,Xl)H

Po
< o ”Xp+1 - Zfi(Xp—i)
i=1

Now, we have

Ppo Po n
Do filXpi) = DD e (Xpmi)
=1

i=1 j=1

) + inf B,
0cO

fz Xl 262]90] Xl

p([€ol) + inf Z?To

Now, note that the hypothesis on the process implies that X; has a density upper bounded by
1/v2mo? and so we obtain
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R (po,6) < p(l6ol) + \/—;g(g /ﬁ(x)—Zez-,j@j(a:) da
=1 j=1

p(|ol) + \/—elgg 3 /|:fi(33) - 292',]-903'(:1:)} 2d:1:

Zfil Vi 075,

0
LS < o +
V2ro?

So now we have

dPO £

(5:22)  molR(O)) and 7ol R(D)] < o)) + it { ¢ ZET 4 €[l )t

=

Now, we estimate d, ¢ using Propostition B.] and we obtain

bumr(ion(o(5 1)

We plug it into Equation (5.22) to obtain for some C' > 0 and sufficiently large n

mo[R()] and 70[R(0)] < pu(|ol) +inf o £7° \/i% +C poe In (pofn) In(n)

1
In particular fixing ¢ proportional to n2+1 leads to the result. O
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