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Abstract

We investigate a functional limit theorem (homogenization) for Reflected Stochastic Dif-
ferential Equations on a half-plane with stationary coefficients when it is necessary to analyze
both the effective Brownian motion and the effective local time. We prove that the limiting
process is a reflected non-standard Brownian motion. Beyond the result, this problem is
known as a prototype of non-translation invariant problem making the usual method of the
”environment as seen from the particle” inefficient.

AMS: 60K37, 60F17,74Q99
Keywords: functional limit theoem, reflected Brownian motion, random medium, Skorohod
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1 Introduction

Statement of the problem

This paper is concerned with homogenization of Reflected Stochastic Differential Equations
(RSDE for short) evolving in a random medium, that is (see e.g. [[))

Definition 1.1. (Random medium). Let (2,G, u) be a probability space and {Tx;I € Rd} be a
group of measure preserving transformations acting ergodically on ), that is:

1) VA € G,V € R, (1, A) = u(A),

2) If for any x € R, 7,A = A then pu(A) =0 or 1,

3) For any measurable function g on (2, G, 1), the function (z,w) — g(Tuw) is measurable on

(R? x Q, B(RY) ® G).

The expectation with respect to the random medium is denoted by M. In what follows we
shall use the bold type to denote a random function g from © x R? into R™ (n > 1 and p > 0).

A random medium is a mathematical tool to define stationary random functions. Indeed,
given a function f : Q — R, we can consider for each fixed w the function z € R? ~ f(7,w). This
is a random function (the parameter w stands for the randomness) and because of 1) of Definition
[L1, the law of that function is invariant under R%-translations, that is both functions f(r.w) and
F(7y+.w) have the same law for any y € R%. For that reason, the random function is said to be
stationary.

We suppose that we are given a random d x d-matrix valued function o : Q — R¥>? two
random vector valued functions b,y : @ — R? and a d-dimensional Brownian motion B defined
on a complete probability space (', F,P) (the Brownian motion and the random medium are



independant). We shall describe the limit in law, as € goes to 0, of the following RSDE with
stationary random coeflicients

(1) de = 5_1b(TX§/aw) dt + U(TXf/EW) dBt —+ "}’(TX?/ELA}) dKf,

where X¢ K¢ are (F;):-adapted processes (F; is the o-field generated by B up to time t) with
constraint X§ € D, where D C R?is the half-plane {(x1,...,24) € R% 21 > 0}, K€ is the so-called
local time of the process X¢, namely a continuous nondecreasing process, which only increases on
the set {t; X; € 0D}. The reader is referred to [E] for strong existence and uniqueness results to
() (see e.g [P for the weak existence), in particular under the assumptions on the coefficients o, b
and ~ listed below. Those stochastic processes are involved in the probabilistic representation of
second order partial differential equations in half-space with Neumann boundary conditions (see
[@] for an insight of the topic). In particular, we are interested in homogenization problems for
which it is necessary to identify both the homogenized equation and the homogenized boundary
conditions.

Without the reflection term ~ (X7 /e) dK, the issue of determining the limit in (f]) is the
subject of an extensive literature in the case when the coefficients b, o are periodic, quasi-periodic
and, more recently, evolving in a stationary ergodic random medium. Quoting all references is
beyond the scope of this paper. Concerning homogenization of RSDEs, there are only a few works
dealing with periodic coefficients (see [El, E, , @]) As pointed out in [E], homogenizing () ina
random medium is a well-known problem that remains unsolved yet. There are several difficulties
in this framework that make the classical machinery of diffusions in random media (i.e. without
reflection) fall short of determining the limit in (f[). In particular, the reflection term breaks the
stationarity properties of the process X¢ so that the method of the environment as seen from
the particle (see [E] for an insight of the topic) is inefficient. Moreover, the lack of compactness
of a random medium prevents from using compactness methods. The main resulting difficulties
are the lack of invariant probability measure (IPM for short) associated to the process X¢ and
the study of the boundary ergodic problems. The aim of this paper is precisely to investigate the
random case and prove the convergence of the process X¢ towards a reflected Brownian motion.
The convergence is established in probability with respect to the random medium and the starting
point x.

We should also point out that the problem of determining the limit in (m) could be expressed
in terms of reflected random walks in random environment, and remains quite open as well. In
that case, the problem could be stated as follows: suppose we are given, for each z € Z? satisfying
|z| = 1, a random variable ¢(-, z) : @ —]0; +00[. Define the continuous time process X with values
in the half-lattice L = N x Z?~! as the random walk that, when arriving at a site = € L, waits
a random exponential time of parameter 1 and then performs a jump to the neighboring sites
y € L with jump rate ¢(7,w,y — x). Does the rescaled random walk £X;/.» converge in law
towards a reflected Brownian motion? Though we don’t treat explicitly that case, our proofs can
be adapted to that framework.

Structure of the coefficients

Notations: Throughout the paper, we use the convention of summation over repeated indices
Ele ¢;d; = ¢;d; and we use the superscript * to denote the transpose A* of some given matrix
A. If a random function ¢ :  — R possesses smooth trajectories, i.e. for any w € £ the mapping
z € R? — p(7,w) is smooth with bounded derivatives, we can consider its partial derivatives at
0 denoted by D, that is Dijp(w) = 0y, (z — @(T,w))|g=0- O

We define a = oo*. For the sake of simplicity, we assume that YVw € () the mapping = €
R? +— o (7,w) is bounded and smooth with bounded derivatives of all orders. We further impose
these bounds do not depend on w.

Now we motivate the structure we impose on the coefficients b and «. A specific point in
the literature of diffusions in random media is that the lack of compactness of a random medium



makes it impossible to find an IPM for the involved diffusion process. There is a simple argument
to understand why: since the coefficients of the SDE driving the R%-valued diffusion process are
stationary, any R%supported invariant measure must be stationary. So, unless it is trivial, it
cannot have finite mass. That difficulty has been overcome by introducing the ”environment
as seen from the particle” (ESFP for short). It is a Q-valued Markov process describing the
configurations of the environment visited by the diffusion process: briefly, if you denote by X the
diffusion process then the ESFP should match 7xw. There is a well known formal ansatz that
says: if we can find a bounded function f : 2 — [0, +o0o[ such that, for each w € Q, the measure
f(rpw)dx is invariant for the diffusion process, then the probability measure f(w)du (up to a
renormalization constant) is invariant for the ESFP. So we can switch an invariant measure with
infinite mass asociated to the diffusion process for an IPM associated to the ESFP.

The remaining problem is to find an invariant measure (of the type f(r,w)dz) for the diffusion
process. Generally speaking, there is no way to find it excepted when it is explicitly known. In
the stationary case (without reflection), the most general situation when it is explicitly known is
when the generator of the rescaled diffusion process can be rewritten in divergence form as

1 - Ty /eW
(2) Lof = §e2V(TI/Ew)5mi (e72V e ) @; + H i3) (70 /ew)0u, f),

where V : Q — R is a bounded scalar function and H :  — R9*? is a function taking values in
the set of antisymmetric matrices. The invariant measure is then given by e?V(7=/¢“)dz and the
IPM for the ESFP matches €2V (“)du. However, it is common to assume V = H = 0 to simplify
the problem since the general case is in essence very close to that situation. Why is the existence
of an IPM so important? Because it entirely determines the asymptotic behaviour of the diffusion
process via ergodic theorems. The ESFP is therefore a central point in the literature of diffusions
in random media.

The case of RSDE in random media does not derogate this rule and we are bound to find
a framework where the invariant measure is (at least formally) explicitly known. So we assume
that the entries of the coefficients b and -y, defined on €2, are given by

. 1
(3) V‘]Zl,...,d, bj:§Diaij, 'yj:ajl.
With this definition, the generator of the Markov process X© can be rewritten in divergence form
as (for a sufficiently smooth function f on D)

@) £ = 300, (ais (7202, )

with boundary condition v, (7, /.w)0z, f = 0 on D. If the environment w is fixed, it is a simple
exercise to check that the Lebesgue measure is formally invariant for the process X¢. If the ESFP
exists, the aforementioned ansatz tells us that u should be an IPM for the ESFP. Unfortunately,
we shall see that there is no way of defining properly the ESFP. The previous formal discussion
is however helpful to provide a good intuition of the situation and to figure out what the correct
framework must be. Furthermore the framework (E) also comes from physical motivations. As
defined above, the reflection term ~ coincides with the so-called conormal field and the associated
PDE problem is said to be of Neumann type. From the physical point of view, the conormal
field is the ”canonical” assumption that makes valid the mass conservation law since the rela-
tion a;1(7,/:w)0x, f = 0 on OD means that the flux through the boundary must vanish. Our
framework for RSDE is therefore to be seen as a natural generalization of the classical stationary
framework.

Remark. It is straightforward to adapt our proofs to treat the more general situation when the
generator of the RSDE inside D coincides with () In that case, the reflection term is given by
v; = a1 + Hji.



Without loss of generality, we assume that a1; = 1. We further assume that a is uniformly
elliptic, i.e. there exists a constant A > 0 such that

(5) VweQ, Al<a(w)<A'L

That assumption means that the process X ¢ diffuses enough, at each point of D, in all directions.
It is thus is a convenient assumption to ensure the ergodic properties of the model. The reader
is referred, for instance, to [E, @, @] for various situations going beyond that assumption. We
also point out that, in the context of RSDE, the problem of homogenizing (E) without assuming
(E) becomes quite challenging, especially when dealing with the boundary phenomena.

Main Result

In what follows, we indicate by P2 the law of the process X¢ starting from = € D (keep in mind
that this probability measure also depends on w though it does not appear through the notations).
Let us consider a nonnegative function x : D — Ry such that [ x(z)dz = 1. Such a function
defines a probability measure on D denoted by x(dz) = x(x)dz. We fix T > 0. Let C' denote the
space of continuous D x R -valued functions on [0, 7] equipped with the sup-norm topology. We
are now in position to state the main result of the paper:

Theorem 1.2. The C-valued process (X¢, K®). converges weakly, in u ® x probability, towards
the solution (X, K) of the RSDE

(6) Xt = $+A1/2Bt+fkt,

with constraints Xy, € D and K is the local time associated to X . In other words, for each bounded
continuous function F' on C' and § > 0, we have

lim 1@ x{(w,z) € Qx D; |EL(F(X°,K%)) — E.(F(X,K))| > 6} =0.

The so-called homogenized (or effective) coefficients A and T are constant. Moreover A is invert-
ible, obeys a variational formula (see subsection @ for the meaning of the various terms)

A= inf M[(I+ D¢)*a(I+ De)],
el

and T is the conormal field associated to A, that isT; = Ay, fori=1,...,d.

Remark and open problem. The reader may wonder whether it may be simpler to consider the
case vy, = 01; where & stands for the Kroenecker symbol. In that case, v coincides with the normal
to OD. Actually, this situation is much more complicated since one can easily be convinced that
there is mo obvious invariant measure associated to X°.

On the other side, one may wonder if, given the form of the generator (E) inside D, one
can find a larger class of reflection coefficients ~v for which the homogenization procedure can be
carried through. Actually, a computation based on the Green formula shows that it is possible
to consider a bounded antisymmetric matriz valued function A : Q — R such that A;j = 0
whenever © = 1 or j = 1, and to set v; = aj1 + D;Aji. In that case, the Lebesgue measure
is invariant for X¢. Furthermore, the associated Dirichlet form (see subsection satisfies a
strong sector condition in such a way that the construction of the correctors is possible. However,
it is not clear whether the localization technique based on the Girsanov transform (see Section @
below) works. So we leave that situation as an open problem.

The non-stationarity of the problem makes the proofs technical. So we have divided the
remaining part of the paper into two parts. In order to have a global understanding of the proof
of Theorem (1.9, we set the main steps out in Section E and gather most of the technical proofs
in the Appendix.



2 Guideline of the proof

As explained in introduction, what makes the problem of homogenizing RSDE in random medium
known as a difficult problem is the lack of stationarity of the model. The first resulting difficulty
is that you cannot define properly the ESFP (or a somewhat similar process) because you cannot
prove that it is a Markov process. Such a process is important since its IPM encodes what the
asymptotic behaviour of the process should be. The reason why the ESFP is not a Markov process
is the following. Roughly speaking, it stands for an observer sitting on a particle Xy and looking
at the environment 7x:w around the particle. For this process to be Markovian, the observer
must be able to determine, at a given time ¢, the future evolution of the particle with the only
knowledge of the environment 7x:w. In the case of RSDE, whenever the observer sitting on the
particle wants to determine the future evolution of the particle, the knowledge of the environment
Txgw is not sufficient. He also needs to know whether the particle is located on the boundary 9D
to determine if the pushing of the local time K will affect the trajectory of the particle. So we
are left with the problem of dealing with a process X ¢ possessing no IPM.

2.1 Localization

To overcome the above difficulty, we shall use a localization technique. Since the process X°€ is
not convenient to work with, the main idea is to compare X ¢ with a better process that possesses,
at least locally, a similar asymptotic behaviour. To be better, it must have an explicitly known
IPM. There is a simple way to find such a process: we plug a smooth and deterministic potential
V : D — R into () and define a new operator acting on C2(D)

e2V(z) @ B
(7) ‘C;:/ = 2 Z aﬂﬂz (e 2V(I)aij (Tz/sw)amj ) =L - 6%‘/(‘@)0'1] (Tx/sw)amja
Q=1

with the same boundary condition «,(7,/.w)9,, = 0 on dD. If we impose the condition

(8) / eV @dr =1

D

and fix the environment w, we shall prove that the RSDE with generator £§, inside D and
boundary condition «; (7, /ew)ds, = 0 on D admits e?V(*)dz as IPM.

Then we want to find a connection between the process X¢ and the Markov process with
generator L3, inside D and boundary condition v,(7,/.w)dz, = 0 on dD. To that purpose, we
use the Girsanov transform. More precisely, we fix T > 0 and impose

(9) V is smooth and 9,V is bounded.

Then we define the following probability measure on the filtered space (V'; F, (Fi)o<i<T)
T T
dP* = exp ( - / 02, V(X7)oij(Txz jew) dB) — 5/ 02, V(X7)aij(Txe /ew) 0, V(X)) dr) dPs.
0 0

Under P=*, the process Bf = B; + fot 0 (7x:/ew)0;V(X;)dr (0 <t <T) is a Brownian motion
and the process X¢ solves the RSDE

(10) dX; = 5_1b(TX§/Ew) dt — a(Txs/ew)0:V(X7) dt + o (Txs/ew) dB] +y(7x: jew) dK;

starting from X§ = z, where K¢ is the local time of X*®. It is straightforward to check that,
if B* is a Brownian motion, the generator associated to the above RSDE coincides with (ﬂ)
for sufficiently smooth functions. To sum up, with the help of the Girsanov transform, we can
compare the law of the process X¢ with that of the RSDE ([Ld) associated to L3



We shall see that most of the necessary estimates to homogenize the process X € are valid under
P*. We want to make sure that they remain valid under ;. To that purpose, the probability
measure P must be dominated by P%* uniformly with respect to €. From (E), it is readily seen
that C' = sup,., (ES* [(:gi )2])1/2 < +0o0 (C only depends on T, |a|w and supp |[0,V]). Then
the Cauchy-Schwarz inequwality yields

(11) Ve >0, VA Fp-measurable subset , PZ(A) < C(PY (A))l/?

In conclusion, we summarize our strategy: first we shall prove that the process X¢ possesses
an IPM under the modified law P=*, then we establish under P* all the necessary estimates to
homogenize X€ , and finally we shall deduce that the estimates remain valid under P* thanks to
(I1)). Once that is done, we shall be in position to homogenize (fl).

To fix the ideas and to see that the class of functions V satisfying (§) (H) is not empty, we
can choose V' to be equal to

(12) Vi, ..., xq) = Ary + A+ 22+ +22)Y2 4 ¢

for some renormalization constant ¢ such that f 5 e 2V(®) dz = 1 and some positive constant A.

Notations for measures. In what follows, P (resp. P**) stands for the averaged (or annealed)
probability measure M [ P5(-)e V(@) dx (resp. M [;P5*(-)e V(@) dz), and E° (resp. E*) for
the corresponding expectation.

P} and P}, respectively denote the probability measure e~ V(@) dx ®dp on D x Q and the finite
measure e 2V (*) dx @ dy on D x Q. M7, and M, stand for the respective expectations.

2.2 Invariant probability measure

As explained above, the main advantage of considering the process X ¢ under the modified law
P2* is that we can find an IPM. More precisely

Lemma 2.1. The process X© satisfies:
1)For each function f € L'(D x Q;P%) and t > 0:

(13) E**[f (X7, 7x¢ jew)] = Mp[f].

2) For each function f € L*(0D x ;P4 ) and t > 0:

t
(14) | / FOXE 7y o) AKE] = M5 [ £].

The first relation ([LJ) results from the structure of £5, (see (1)), which has been defined so
as to make e~2V(#)dg invariant for the process X¢. Once ([L3) established, ([4) is derived from
the fact that K€ is the density of occupation time of the process X € at the boundary 9D.

2.3 Ergodic problems

The next step is to determine the asymptotic behaviour as € — 0 of the quantities

(15) /Of(TX,e/ew)dT and /Of(TX;/Ew)dKf.

The behaviour of each above quantity is related to the evolution of the process X € respectively
inside the domain D and near the boundary 0D. We shall see that both limits can be identified
by solving ergodic problems associated to appropriate resolvent families. What concerns the first
functional has already been investigated in the literature. The main novelty of the following
section is the boundary ergodic problems associated to the second functional.



Ergodic problems associated to the diffusion process inside D

First we have to figure out what happens when the process X ¢ evolves inside the domain D. In
that case, the pushing of the local time in ([ll) vanishes. The process X€ is thus driven by the
same effects as in the stationary case (without reflection term). The ergodic properties of the
process inside D are therefore the same as in the classical situation. So we just sum up the main
results and give references for further details.

Notations: For p € [1;00], LP () denotes the standard space of p-th power integrable functions
(essentially bounded functions if p = c0) on (Q,G, ) and | - |, the corresponding norm. If p = 2,
the associated inner product is denoted by (-, -)2. The space C2°(D) (resp. C°(D)) denotes
the space of smooth functions on D with compact support in D (resp. D). O

Standard background: The operators on L?(Q) defined by T,g(w) = g(m,w) form a strongly
continuous group of unitary maps in L%(2). Let (e1,...,eq) stand for the canonical basis of
R?. The group (T), possesses d generators defined by D;g = limper_—oh ™ (The,g — g), for
i =1,...,d, whenever the limit exists in the L?(Q)-sense. The operators (D;); are closed and
densely defined. Given ¢ € ﬂ?zl Dom(D;), Dy stands for the d-dimensional vector whose entries
are Dyp fori=1,...,d.

We point out that we distinguish D; from the usual differential operator J,, acting on differ-
entiable functions f : R? — R (more generally, for k > 2, 8:’;1 i, denotes the iterated operator
Oz, -0z, ). However, it is straightforward to check that, whenever a function ¢ € Dom(D)
possesses differentiable trajectories (i.e. p a.s. the mapping = — ¢(7,w) is differentiable in the
classical sense), we have D;p(T,w) = Oy, ¢p(Taw).

We denote by C the dense subspace of L?(Q2) defined by
(16) C =Span{g*p;g € L(Q),p € C(RY)}  where g p(w) = / g(rpw)p(x) dx
R4
Basically, C stands for the space of smooth functions on the random medium. We have C C

Dom(D;) and D;(g * ¢) = —g * 0., for all 1 <4 < d. This quantity is also equal to D;g x ¢ if
g € Dom(D;). O

We associate to the operator £ (Eq. (E)) an unbounded operator acting on C C L?(Q)
1

Following [{], Ch. 3, Sect 3.] (see also [, Sect. 4]), we can consider its Friedrich extension, still
denoted by L, which is a self-adjoint operator on L?(2). The domain H of the corresponding
Dirichlet form can be described as the closure of C with respect to the norm ||||% = |p|3+|Del3.
Since L is self-adjoint, it also defines a resolvent family (Uy)x~o. For each f € L?(€), the function
wy = U\(f) € HN Dom(L) equivalently solves the L?({2)-sense equation

(18) )\’U])\—L'w)\:f
or the weak formulation equation
(19) Vo € H, Mwx, @)z + (1/2)(aijDiwx, Djp), = (f,¢)2.
Moreover, the resolvent operator Uy satisifes the maximum principle:
Lemma 2.2. For any function f € L (Q), the function Ux(f) belongs to L>°(Q) and satisfies
[UA(F)loo < | Floo/ A
The ergodic properties of the operator L are summarized in the following proposition:

Proposition 2.3. Given f € L2(Q), the solution wy of the resolvent equation Mwy — Lwy = f
(A > 0) satisfies

Awy —M[f]l2 = 0 as A\ — 0, and YA >0, A\/2Dwy|s < A7Y2|f]a.



Boundary ergodic problems

Second, we have to figure out what happens when the process hits the boundary 0D. If we want
to adapt the arguments in @], it seems natural to look at the unbounded operator in random
medium H,, whose construction is formally the following: given w € {2 and a smooth function
@ € C, let us denote by i, : D — R the solution of the problem

20 2oy

Uy () = p(Tew), € OD.

where the operator L* is defined by

(21) L f(z) = (1/2)aij(row)0; o, f () + bi(Tow) 0z, f(2)
whenever f : D — R is smooth enough, say f € C2(D). Then we define

(22) H, (@) = 74(w)ds, 1, (0):

Remark. Choose e =1 in ([I) and denote by (X', K') the solution of (fl). The operator H., is
actually the generator of the Q-valued Markov process Zi(w) = Ty,(,)w, where Yi(w) = Xllcl(t)
and the function K1 stands for the left inverse of K': K~'(t) = inf{s > 0; K} > t}. The
process Z describes the environment as seen from the particle whenever the process X' hits the
boundary 0D.

The main difficulty lies in constructing a unique solution of Problem (E) with suitable growth
and integrability properties because of the lack of compactness of D. This point together with
the lack of IPM are known as the major difficulties in homogenizing the Neumann problem in
random media. We detail below the construction of H., through its resolvent family. In spite
of its technical aspect, this contruction seems to be the right one because it exhibits a lack of
stationarity along the ej-direction, which is intrinsec to the problem due to the pushing of the
local time K¢, and conserves the stationarity of the problem along all other directions.

First we give a few notations before tackling the construction of H,. In what follows, the
notation (z1,y) stands for a d-dimensional vector, where the first component z; belongs to R
(eventually Ry = [0; +00)) and the second component y belongs to R4~1. To define an unbounded
operator, we first need to determine the space that it acts on. As explained above, that space must
exhibit a a lack of stationarity along the e;-direction and stationarity along all other directions.
So the natural space to look at is the product space Ry x Q, denoted by Q*, equipped with the

measure du™ =4 dz; ® dp where dx; is the Lebesgue measure on R;. We can then consider the
standard spaces LP (1) for p € [1; +oc].

Our strategy is to define the Dirichlet form associated to H,. To that purpose, we need to
define a dense space of test functions on Q7 and a symmetric bilinear form acting on the test
functions. It is natural to define the space of test functions by

C(QF) = Span{p(a1)p(w); p € C2([0; +00)), ¢ € C}.
Among the test functions we distinguish those that are vanishing on the boundary {0} x Q of QF
C.(Q") = Span{p(z1)p(w); p € C((0; +00)), ¢ € C}.

Before tackling the construction of the symmetric bilinear form, we also need to introduce
some elementary tools of differential calculus on Q7. For any g € C(27), we introduce a sort
of gradient dg of g. If g € C(21) takes on the form p(x1)p(w) for some p € C([0; +o0)) and
¢ € C, the entries of Jg are given by

5lg(x1,w) :amlg(l'l)@(W), and? for i = 27"'7d7 8ig(xl7w) :p(‘rl)chp(w)



We define on C(Q21) the norm
23) NigP =190+ [ logd*.

which is a sort of Sobolev norm on QF, and W' as the closure of C(Q") with respect to the norm
N (W! is thus an analog of Sobolev spaces on QF). Obviously, the mapping

P:W!'3 g g(0,) € L}(Q)

is continuous (with norm equal to 1) and stands, in a way, for the trace operator on Q7. Equip
the topological dual space (W')" of W! with the dual norm N’. The adjoint P* of P is given by
P*:p € L?(Q) — P*(p) € (W!)" where the mapping P* () exactly matches

P*(p):g e W' (g, P*p) = (¢,9(0,"))2.

To sum up, we have constructed a space of test functions C(2%), which is dense in W for the
norm N, and a trace operator on W',

We further stress that a function g € W1 satisfies 9g = 0 if and only if we have g(x1,w) = f(w)
on QF for some function f € L%(Q2) invariant under the translations {r,;z € {0} x R¢~1}. For
that reason, we introduce the o-field G* C G generated by the subsets of € that are invariant
under the translations {7,;2 € {0} x R%~!}  and the conditional expectation M; with respect to
g

We now focus on the construction of the symmetric bilinear form and the resolvent family
associated to H.,. For each random function ¢ defined on €2, we associate a function ¢ defined
on Q1 by

V(z1,w) € QT, ¢ (21,w) = @(13,w).

Hence, we can associate to the random matrix a (defined in Section EI) the corresponding matrix-
valued function at defined on Q. Then, for any A > 0, we define on W! x W! the following
symmetric bilinear form

1
(24) By(g,h) = AM(Pg, Ph)s + 5/ a:rj 8ig<9jhdu+.
Q+

From (E), it is readily seen that it is continuous and coercive on W' x W!. From the Lax-Milgram
theorem, it thus defines a continuous resolvent family G : (W!)" — W' such that:

(25) VF € (W', Vg e W', B\(G\F,g) = (g,F).
For each A > 0, we then define the operator

(26) Ra: LXQ) —  IXQ) .
¢ = PGP'(p)

Given ¢ € L?(Q2), we can plug F = P*¢ into (2§) and we get
(27) Vg e W', Bi(GiP'p.9) = (9, P p),

that is, by using (R4):

1
(28)  VYgeW', A(RipPohty / @l 0(GrPR) g di” = (9(0.). @)z,
Q

The following proposition summarizes the main properties of the operators (Rx)x>0, and in
particular their ergodic properties:



Proposition 2.4. The family (Ry)x is a strongly continuous resolvent family, and:
1) the operator Ry is self-adjoint.
2) given @ € L*(Q) and X > 0, we have:

p eKer(ARy—I) & ¢ =Mj[ep].

3) for each function ¢ € L*(Q2), [ARx¢ —Mi[p]l2 — 0 as A — 0.

The remaining part of this section is concerned with the regularity properties of Gy P*¢.

Proposition 2.5. Given ¢ € C, the trajectories of GyxP*p are smooth. More precisely, we can
find N C Q satisfying p(IN) = 0 and such that Vw € Q\ N, the function

Uy :x = (21,y) € D GAP*p(x1,T(0,)w)
belongs to C*(D). Furthermore, it is a classical solution to the problem:

(29) { L¥U,(x) =0,z € D,

My, (x) — v (Taw) 0z, 0 (x) = @(Tsw), & € OD.

In particular, the above proposition proves that (Ry) is the resolvent family associated to
the operator H.,. This family also satisfies the maximum principle:

Proposition 2.6. (Maximum principle). Given @ € C and A > 0, we have:

|GAP* @~ (0+) € Ao

2.4 Ergodic theorems

As already explained, the ergodic problems that we have solved in the previous section lead to
establishing ergodic theorems for the process X¢. The strategy of the proof is the following. First
we work under P** to use the existence of the IPM (see Section @) By adapting a classical
scheme, we derive from Propositions E and @ ergodic theorems under P** both for the process
X € and for the local time K*©:

Theorem 2.7. For each function f € L'() and T > 0, we have
t
(30) lim E°* [ sup | / f(rxzjew) dr — tM[f]” =0.
e—0 o<t<T Jo "
Theorem 2.8. If f € L?(Q), the following convergence holds
¢
(31) lim I’EE*[ sup |/ f(Txe/ew) dKjf—Ml[f](w)Kfﬂ =0.
e—0 o<t<T Jo "
Finally we deduce that the above theorems remain valid under P° thanks to (L1]).
Theorem 2.9. 1) Let (f.). be a family converging towards f in L'(Q). For each fired § > 0

and T > 0, the following convergence holds

t
(32) lim P¢ [ sup | [ fo(7xejew)dr —tM[f]| > 6} =0.
e—0 o<t<T Jo "

2) Let (f.)e be a family converging towards f in L*(Q). For each fivred 6 > 0 and T > 0, the
following convergence holds

t
(33) lim ]TDE[ sup ‘ / Fo(Txzjew) dK; — My [f]Kﬂ > 6} =0.
e—0 0<t<T Jo "
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2.5 Construction of the correctors

Even though we have established ergodic theorems, this is not enough to find the limit of equation
() because of the highly oscillating term e7'b(7x;sjew) dt. To get rid of this term, the ideal
situation is to find a stationary solution u’ :  — R to the equation

(34) — Lu' = b;,.

Then, by applying the It6 formula to the function w?, it is readily seen that the contribution of
the term a_lbi(rxf /ew) dt formally reduces to a stochastic integral and a functional of the local
time, the limits of which can be handled with the ergodic theorems @

The problem is that the lack of compactness of a random medium makes you cannot find a
stationary solution to (@) As already suggested in the literature, a good approach is to add
some coercivity to the problem (@) and define, for i = 1,...,d and X > 0, the solution u} of the
resolvent equation

(35) uf — Lul, = b;.

If we let A go to 0 in of (@)7 the solution u% should provide a good approximation of the solution
of (B4). Actually, it is hopeless to prove the convergence of the family (u? )y in some LP(Q)-space
because, in great generality, there is no stationary L?(Q)-solution to (B4). However we can prove
the convergence towards 0 of the term Auf and the convergence of the gradients Du:

Proposition 2.10. There exists ¢* € (L*(Q))¢ such that
(36) Mud|2 + |[Dul —¢a — 0, as A —0.

As we shall see in Section @, the above convergence is enough to carry out the homogenization
procedure. The functions ¢ (i < d) are involved in the expression of the coefficients of the
homogenized equation (E) For that reason, we give some further qualitative description of these
coefficients:

Proposition 2.11. Define the random matriz-valued function ¢ € LQ(Q;RidXd) by its entries
Cij = ¢} =limy_o D;ul. Define the matriz A and the d-dimensional vector T' by

(37) A=M[(I+¢"a(l+ )], which also matches M[(1+ ¢*)al,

(38) [ =MI[(I+¢ )] eRY,

where 1 denotes the d-dimensional identity matriz. Then A obeys the variational formula:
(39) VX eRY, X*AX = qi’réfc M[(X + Dp)*a(X + D).

Moreover, we have A > Al (in the sense of symmetric nonnegative matrices) and the first compo-
nent I'y of T satisfies Ty > A. Finally, T coincides with the orthogonal projection My [(I+ ¢*)~].

In particular, we have established that the limiting equation (ﬂ) is not degenerate, namely
that the diffusion coefficient A is invertible and that the pushing of the reflection term I' along
the normal to 0D does not vanish.

2.6 Homogenization

Homogenizing () consists in proving that the couple of processes (X¢, K€¢), converges as ¢ — 0
(in the sense of Theorem [L.9) towards the couple of processes (X, K) solution of the RSDE ().
We also remind the reader that, for the time being, we work with the function x(z) = e=2V(®),
We shall see thereafter how the general case follows.

First we show that the family (X¢€, K€). is compact in some appropriate topological space.
Let us introduce the space D([0,T]; R.) of nonnegative right-continuous functions with left limits
on [0,7T] equipped with the S-topology of Jakubowski (see Appendix E) The space C([0,T]; D)
is equipped with the sup-norm topology. We have:

11



Proposition 2.12. Under the law P, the family of processes (X¢). is tight in C([0,T]; D), and
the family of processes (K€¢). is tight in D([0, T]; Ry).

The main idea of the above result is originally due to Varadhan and is exposed in 7 Chap. 3|
for stationary diffusions in random media. Roughly speaking, it combines exponential estimates
for processes symmetric with respect to their IPM and the Garsia-Rodemich-Rumsey inequality.
In our context, the pushing of the local time rises some further technical difficulties when the
process X ¢ evolves near the boundary. Briefly, our strategy to prove Proposition P.12 consists in
applying the method [@, Chap. 3] when the process X¢ evolves far from the boundary, say not
closer to 0D than a fixed distance 6, to obtain a first class of tightness estimates. Obviously, these
estimates depend on 6. That dependence takes place in a penalty term related to the constraint
of evolving far from the boundary. Then we let § go to 0. The limit of the penalty term can
be expressed in terms of the local time K€ in such a way that we get tightness estimates for the
whole process X ¢ (wherever it evolves). Details are set out in the appendix G

It then remains to identify each possible weak limit of the family (X€¢, K€).. To that purpose,
we introduce the corrector uy € L?(Q;R?), the entries of which are given, for j = 1,...,d, by the
solution w to the resolvent equation

M) — Luj = b;.

Let ¢ € L?(2;R?*9) be defined by ¢;j = limx—o Diui (see Proposition ) As explained in
Section .5, the function w, is used to get rid of the highly oscillating term e 'b(Txs jew) dt in (M
by appling the Itd formula. Indeed, since p-almost surely the function ¢ : & — wy(7,w) satisfies
A\p — L¥¢p = b(r.w) on R?, the function = — wu,(7,w) is smooth (see [§, Th. 6.17]) and we can
apply the It6 formula to the function x +— eux(7,/.w). We obtain

1
eduy(Tx:sj-w) :ELu)‘ (Txz/ew) dt + Dujy(7x;: jew) dK; + Dulo(7x:j.w) dBy
1 * *
(40) :E(Au)‘ — b)(Txf/Ew) dt + Du/\'y(Tth/Ew) dK; + Du/\a(TXta/Ew) dB;.

By summing the relations ([f]) and (f]) and by setting A = €2, we deduce:

t
(41) X5 = — e (e (xz jew) — thea (7ce o)) + € / es (e jot) dr
0

t t
+ / (I+ Dule)y(Txejew) dKT + / (I+ Dul.)o(Tx:/ew) dB;.
0 0

=0 -G+ G +G¥ + Me.

So we make the term 5_1b(TX§ /ew) dt disappear at the price of modifying the stochastic integral
and the integral with respect to the local time. By using Theorem @, we should be able to
identify their respective limits. The corrective terms G¢ and G?¢ should reduce to 0 as € — 0.
This is the purpose of the following proposition:

Proposition 2.13. For each subsequence of the family (X<, K¢)., we can extract a subsequence
(still indexed with € > 0) such that:

1) under P, the family of processes (X<, M, K¢). converges in law in C([0,T]; D)xC([0, T]; R%)x
D([0,T];Ry) towards (X, M, K), where M is a centered d-dimensional Brownian motion with co-
variance

A=M[I+¢")a(l+ )]
and K is a right-continuous increasing process.

2) the finite-dimensional distributions of the families (Gy)z, (G7%). and (G¥ —TK*®). con-
verge towards O in P*-probability, that is for each t € [0,T)]

¥6 >0, lim PE(|G?5| > 5) 0 (i=1,2), lim ]TDE(|Gf’5 _TKE| > 5) ~0.
e—0 e—0
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Proof. 1) The tightness of (X¢, K¢) results from Proposition . To prove the tightness of the
martingales (M®)., it suffices to prove the tightness of the brackets (< M*= >)., which are given
by

t
< M® >,= / (I+ Dul:)a(I+ Duz)(7xe/ew) dr.
0

Proposition and Theorem P.g lead to < M¢ >;— At in probability in C([0, T]; R?*?) where
A=M[(I+¢")a(I+¢)]. The martingales (M?). thus converge in law in C([0,T]; R?) towards a
centered Brownian motion with covariance matrix A (see [H])

2) Let us investigate the convergence of (G*¢). (i = 1,2). From the Cauchy-Schwarz inequality,
Lemma P.1 and (B), we deduce:

t
lim E=* [|5u€2 (e jew)[? + | / etz (Txe ow) drﬂ < (1+1) lim (e*|ucs[3) = 0
e— 0 Py
We conclude with the help of ([L1]).

Finally we prove the convergence of (G¢). with the help of Theorem @ Indeed, Proposition
ensures the convergence of the family ((I+ Du’,)y). towards (I+¢*)y in L*(2) as € — 0.
Furthermore we know from Proposition that I' = M [(I4+¢")~]. The convergence follows. [

Since the convergence of each term in (@) is now established, it remains to identify the
limiting equation. From Theorem @, we can find a countable subset S C [0, T such that the
finite-dimensional distributions of the process (X¢, M€, K¢). converge along [0, 7]\ S. So we can
pass to the limit in (t1]) along s,¢ € [0, 7]\ S (s < t), and this leads to

(42) X, = X, + AV2(B, - B,) + T(K; - K,).

Since () is valid for s,t € [0,T]\ S (note that this set is dense and contains T') and since
the processes are at least right continuous, (i) remains valid on the whole interval [0,7]. As a
by-product, K is continuous and the convergence of (X¢, M¢ K¢). actually holds in the space
C([0,T]; D) x C([0,T}; R?) x C([0,T]; Ry) (see Lemma [F.3).

It remains to prove that K is associated to X in the sense of the Skorokhod problem, that is
to establish that {Points of increase of K} C {t; X} = 0} or fOT X} dK, = 0. This results from

the fact that Ve > 0 f X}¥dK: = 0 and Lemma [F.4. Since uniqueness in law holds for the
solution (X, K) of Equatlon @ (see @]), we have proved that each converging subsequence
of the family (X¢, K¢). converges in law in C([0,T]; D x Ry) as e — 0 towards the same limit
(the unique solution (X, K) of (f)). As a consequence, under P¢, the whole sequence (X¢, K¢).
converges in law towards the couple (X, K) solution of (E)

Replication method

Let us use the shorthands Cp and C. to denote the spaces C([0,T], D) and C([0,T], Ry ) respec-
tively. Let E denote the expectation with respect to the law P of the process (X K) solving the
RSDE (f) with initial dlstrlbutlon P(Xo € dz) = e 2V dz. From [J], the law P coincides with
the averaged law [ P )e=2V (@) dx where P, denotes the law of (X, K) solving (f2) and starting
from x € D.

We sum up the results obtained previously. We have proved the convergence, as ¢ — 0, of
Ef[F(X¢, K*¢)] towards E[F(X, K)], for each continuous bounded function ' : Cp x C; — R.
This convergence result is often called annealed because E° is the averaging of the law P¢ with
respect to the probability measure P7,.

In the classical framework of Brownian motion driven SDE in random media (i.e. without
reflection term in (fl})), it is plain to see that the annealed convergence of X¢ towards a Brownian
motion implies that, in P},-probability, the law P%, of X® converges towards that of a Brownian
motion. To put it simply, we can drop the averaging with respect to P}, to obtain a convergence in
probability, which is a stronger result. Indeed, the convergence in law towards 0 of the correctors
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(by analogy, the terms G'¢, G*¢ in (@)) implies their convergence in probability towards 0.
Moreover the convergence in P},-probability of the law of the martingale term M*® in (@) is
obvious since we can apply [[I] for P%-almost every (z,w) € D x Q.

In our case, the additional term G*¢ puts an end to that simplicity: this term converges,
under the annealed law P?, towards a random variable I'K, but there is no obvious way to switch
annealed convergence for convergence in probability. That is the purpose of the computations
below.

Remark and open problem. The above remark also raises the open problem of proving a so-
called quenched homogenization result, that is to prove the convergence of X€ towards a reflected
Brownian motion for almost every realization w of the environment and every starting point
x € D. The same arguments as above show that a quenched result should be much more difficult
than in the stationary case .

So we have to establish the convergence in P%,-probability of ES [F(X¢, K¢)] towards E, [F (X, K)]
for each continuous bounded function F' : Cp x Cy — R. Obviously, it is enough to prove the
convergence of ES[F(X¢, K¢)] towards E, [F(X, K)] in L?(D x Q,P%). By using a specific feature
of Hilbert spaces, the convergence is established if we can prove the convergence of the norms

(43) M, [(]Ei[F(XE, K“‘)])Q} — Mj [(Ez[F(X, K)])Q} as e — 0,

as well as the weak convergence. Actually we only need to establish (@) because the weak
convergence results from Section E as soon as (@) is established.

The following method is called replication technique because the above quadratic mean can
be thought as of the mean of two independent copies of the couple (X¢, K¢). We consider 2
independent Brownian motions (B', B2) and solve (fl}) for each Brownian motion. This provides
two independant (with respect to the randomness of the Brownian motion) couples of processes
(X=1 K=1) and (X%2, K=2). Furthermore, we have

Mp [(EE[F(Xi KE)])Q} =M} [ES, [F(X=!, K=Y F(X52, K5?)]]

where ES . denotes the expectation with respect to the law P of the process (X1, K&1, X2 K*©2)
when both X&' and X2 start from x € D. Under M, P, the results of subsections E, @
and Proposition remain valid since the marginal laws of each couple of processes coin-
cide with P. So we can repeat the arguments of subsection @ and prove that the processes
(X1 Ko X2 K2), converge in law in Cp x C4 x Cp x D4, under MK EE | towards a process
(X1, K1, X2 K?) satisfying:

(44) Vie[0,T], X'=Xl4+AY?Bl1TK!, X2=X24+AY2B? 1 TR2

where (B!, B?) is a standard 2d-dimensional Brownian motion and K*', K2 are the local times
respectively associated to X', X2. Let P denote the law of (X!, K!, X2, K?) with initial distri-
bution given by P(X} € dx, X2 € dy) = 6.(dy)e 2V #)dz and P,, the law of (X', K, X2, K?)
solution of ([i4) where both X' and X? start from = € D. To obtain (i), it just remains to
remark that

E[F(Xl,Kl)F(X2,K2)] :/ I_me [F(XI,KI)F(X27K2)} €—2V(z)d$
D

= [ B[P KRR [P R e,

D

since, under ]F’M_, the couples (X', K') and (X2, K?) are adapted to the filtrations generated
respectively by B' and B2 and are therefore independent. [l
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2.7 Conclusion

We have proved Theorem for any function y that can be rewritten as x(z) = e~ 2V(@)  where
V : D — Ris defined in ([1d). It is then plain to see that Theorem [L.d holds for any nonnegative
function x not greater than Ce=2V(*), for some positive constant C' and some function V of the
type (@) Theorem thus holds for any continuous function x with compact support over D.

Consider now a generic function x :_D — R satisfying fD x(x)dz =1and ' : D — Ry with
compact support in D. Let A* C €2 x D be defined as

A® = {(w,z) € Qx D; |E5(F(X®,K%)) — E.(F(X,K))| > 6}.
From the relation Ml [ Ta- x(z)dz <M [5 |x(z) — X' (2)|dz + M [5 Ta- X' (z)dz, we deduce

limsupM | T4ex(x)de < M[ Ix(z) — X' (z)|dz,
b b

e—0

in such a way that the Theorem @ holds for x by density arguments. The proof is completed.

Appendix

A Preliminary results

Notations: Classical spaces. Given an open domain O C R" and k € NU {oc}, C*(O) (resp.
C*(0), resp. CF(O)) denotes the space of functions admitting continuous derivatives up to
order k over O (resp. over O, resp. with continuous bounded derivatives over D). The spaces
C*(0) and C*(O) denote the subspaces of C*¥(O) whose functions respectively have a compact
support in @ or have a compact support in O. Let C’Z} 2 denote the space of bounded functions
f:]0,T] x D — R admitting bounded and continuous derivatives 0, f, 0. f, 02,f and 92, f on

[0,T] x D.

Green’s formula:

We remind the reader of the Green formula (see [[3, eq. 6.5]). We consider the following operator
acting on C?(D)

(45) Ly = Z D, (€7 Wy (14 /w)0s, ),

ij=1

where V : D — R is smooth. For any couple (p,1) € C?(D) x CL(D), we have

[ Geterwta)e @ dot 5 [ a(r0)0n 0000, vl da
D D

1

(16) =5 | (@@ do

Note that the Lebesgue measure on D or 0D is indistinctly denoted by dz since the domain of
integration avoids confusion.

PDE results:

We also state some preliminary PDE results that we shall need in the forthcoming proofs:

Lemma A.1l. For any functions f € C°(D) and g,h € C°(D), there exists a unique classical
solution w. € C*>([0,T]; D) N CL? to the problem

(47)

Oywe = LYywe + gwe +h on [0,T] x D, ~,(7./ew)0z,we =0 on [0,T] x 0D,  and w:(0,-) = f.
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Proof. First of all, we remind the reader that all the coefficients involved in the operator EE
belong to C2°(D). From [[13, Th V.7.4], we can find a unique generalized solution w. in C
the equation

dw, = Lyw, + guw. + L, f +gf +h, w.(0,-)=00n D, ~(./.w)dy,w.=0on [0,T]x dD.

From , IV.10], we can prove that w’ is smooth up to the boundary. Then the function
we(t,x) = wl(t,z) + f(z) € C>([0,T] x D)N Cp?

is a classical solution to the problem ([[7). O

Lemma A.2. The solution w. giwen by Lemma @ admits the following probabilistic represen-
tation: ¥(t,x) € [0,T] x D,

we(t,x) = K" [f(Xf) exp (/Ot g(Xf)dr) + /Ot h(X:)exp (/Org(Xi)du)dr]

Proof. The proof relies on the It6 formula (see for instance [@, Ch. II, Th. 5.1] or [@ Ch. 2,
Th. 5.1]). It must be applied to the function (r,z,y) — w:(t — r,z)exp(y) and to the triple of
processes (r, X& fo (X¢)du). Since it is a quite classical exercise, we let the reader check the
details. O
B Proofs of subsection

Proof of Lemma @ 1) Fix t > 0. First we suppose that we are given a deterministic function
[+ D — R belonging to COO( ). From Lemma [A.]), there exists a classical bounded solution
w. € C([0,1] x D) N C}? to the problem

Opwe = Lywe on [0,t] x D, ~,(7./ew)0z,we = 0 on [0,¢] x D,  and w.(0,-) = f(-),
where L3, is defined in (@) Moreover, Lemma @ provides the probabilistic representation:
we(ty ) = B [(X7)].
The Green formula ([if]) then yields

) / we(t,x)e 2V dy = / L5 w.(t, z)e™2V @ dy
D D

1
= _5/ ’Yi(Tz/sw)amiwg(t, ;v)e*QV(m) de =0
oD
so that
) [ Eireie @ do = [ f@e @
D b

It is readily seen that (@) also holds if we only assume that f is a bounded and continuous
function over D: it suffices to consider a sequence (f,,), C C°(D) converging pointwise towards
fover D. Since f is bounded, we can assume that the sequence is uniformly bounded with respect
to the sup-norm over D. Since @) holds for f,, it just remain to pass to the limit as n — oo
and apply the Lebesgue dominated convergence theorem.

We have proved that the measure e=2V(#) dz is invariant for the Markov process X¢ (under
P<*). Its semi-group thus uniquely extends to a contraction semi-group on L(D, e 2V(®) dx).
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Consider now f € Ll(_l_) x ;P%) and € > 0. Then, p almost surely, the mapping z +—
f(, 7, ew) belongs to L' (D, e~2V(@) dz). Applying ([i§) yields, u almost surely,

[ B g e o = [ o)
D b

It just remains to integrate with respect to the measure p and use the invariance of p under
translations.
Let us now focus on the second assertion. As previously, it suffices to establish

/Ei*[/tf(Xf) dKf}e*QV(z) dr =t f( ) —2V(z )d:C
D 0

oD

for some bounded continuous function f : 9D — R. We can find a bounded continuous function
f: D — R such that the restriction to D coincides with f (choose for instance f = fop where
p: D — 9D is the orthogonal projection along the first axis of coordinates).

Recall now that the local time K7 is the density of occupation time at 9D (see @, Prop. 1.19]
with 1(z) = 21, Vo = v and a*(z) = 1). Hence, by using ([ig),

t
/Ei*[/ f(X5) dKﬂe*2V(z) d;p:/ EE* hm5 / f (X1e) dr}efzv(x) do
D 0 b
:Hm/ Ei* [(5—1/ f(Xf)]l{o 5](Xﬁ’5)dr}e_2v(m) dx
0—0 D 0 ’
~tlim s [ f@)Lg(e)e ) do
6—0 D ’

=t f(@)e 2@ dz. O
oD

C Proofs of subsection

Generator on the random medium associated to the diffusion process inside D

Proof of Proposition [2.3. The first statement is a particular case, for instance, of [Lg, Lemma 6.2].
To follow the proof in [E], omit the dependency on the parameter y, take H = 0 and ¥ = f.
To prove the second statement, choose ¢ = w) in (@) and plug the relation

(fwx)2 < |fl2lwalz < 1/QN)[FI5 + (A/2) w3

into the right-hand side to obtain A|jwx|3 + (ai; Dawx, Djwy), < [f|3/A. From (), we deduce

A|Dwy|3 < |£|3/) and the result follows. O
Proof of Lemma @ The proof is quite similar to that of Proposition @ below. So we let the
reader check the details. |

Generator on the random medium associated to the reflection term

Proof of Proposition (R4). The resolvent properties of the family (Ry)y are readily derived from
those of the family (Gx)x.
So we first prove 1). Consider ¢, € L?(©2). Then, by using (Rf) and ([£7), we obtain

(Rap, ¥)2 =(PGAP*@,1)2 = (GAP* @, P*1p) = B\(GAP* 9, G\P*¢)
:B)\(G)\P*QD,G)\P*'I,D) = (GAP*l/’aP*‘P) = (‘paR)\’l:b)Q

so that Ry is self-adjoint in L2(2).
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We now prove 2). Consider ¢ € L?(f2) satisfying ARy¢ = ¢ for some A > 0. We plug
g=G\P*p c W' into (9):

1
(49)  AlRapls + 5/ af 0i(GAP*p) 9;(GrAP* @) du™ = (PGAP* ¢, ) = (Rap, p)a.
Qt

Since AR ¢ = ¢, the right-hand side matches (Rxp,®)2 = A\|Rap|3 so that the integral term
in (B9) must vanish, that is Jor ajj Di(GAP*9) 9;(G\P*p)dut = 0. From (), we deduce
O(GAP*p) = 0. Thus, GAP*p(0,-) is G*-measurable. Moreover, we have A\GAP*p(0, ) =
APGA\P*p = AR)p = ¢ so that ¢ is G*-measurable. Hence ¢ = M [¢p].

Conversely, we assume ¢ = M [¢p], which equivalently means that ¢ is G* measurable. We
define the function u : @ — R by u(z1,w) = (w). It is obvious to check that u belongs to W
and satisfies Ou = 0. So Bx(u,-) = (-, A\P*p) for any A > 0. This means u = \GxP* in such a
way that ARy = APGA\P*p = P(AG\P*p) = Pu = ¢.

We prove 3). Consider ¢ € L?(2). Since the relation (i) is valid in great generality, (i)
remains valid for such a function ¢. Since the integral term in (@) is nonnegative, we deduce
NRrpl3 < (Rap,p)2 < |Rapl2|pl2. Hence [ARxpla < |p|2 for any A > 0. So the family
(ARx¢p)x is bounded in L*(Q) and we can extract a subsequence, still indexed by A > 0, such
that (ARx¢)x weakly converges in L?(Q) towards a function ¢. Our purpose is now to establish
that there is a unique possible weak limit @ = M, [¢] for the family (ARx)x.

By multiplying the resolvent relation (A — p)RyR,¢ = R, — Rag by p and passing to
the limit as p — 0, we get AR\@ = ¢. This latter relation implies (see above) that @ is G*-
measurable. To prove @ = M [p], it just remains to establish the relation (¢, 1) = (@, )2
for every G*-measurable function ¥ € L2?(2). So we consider such a function 1. Obviously, it
satisfies the relations M [1p] = ¢ and AR v = 1 (see the above item 2). We deduce

(8071/))2 = (807)\R>\¢)2 = }\%(ARﬂPﬂph = (¢7¢)2

As a consequence, we have @ = M;j[p] and there is a unique possible limit for each weakly
converging subsequence of the family (ARx@)x. The whole family is therefore weakly converging
in L%(Q).

To establish the strong convergence, it suffices to prove the convergence of the norms. As a
weak limit, ¢ satisfies the property |@|2 < liminfy_q [ARx¢p|s. Conversely, (i) yields

lim sup ARxo|3 < limsup(ARx, @)z = (&, 0)2 = @l
and the strong convergence follows. O

The remaining part of this section is concerned with the regularity properties of the operator
G P* (Propositions E and E) and may be omitted upon the first reading. Indeed, though they
may appear a bit tedious, they are a direct adatation of existing results for the corresponding
operators defined on D (not on Q). However, since we cannot quote proper references, we give
the details.

Given u € L?(Q"), we shall say that u is a weakly differentiable if, for i = 1,...,d, we can
find some function d;u € L?(+) such that, for any g € C.(Q):

/ udigdp™ = — Oiug du™.
Q+ Q+

It is straightforward to check that a function u € W! is weakly differentiable. For k& > 2, the
space W* is recursively defined as the set of functions u € W' such that d;u is k — 1 times weakly
differentiable for i = 1,...,d.

Proposition C.1. If ¢ belongs to C, then G\P*p € (re, W,
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Proof of Proposition . The strategy is based on the well-known method of difference quotients.

Our proof, adapted to the context of random media, is based on [E, Sect. 7.11 & Th. 8.8]. The

properties of difference quotients in random media are summarized below (see e.g. [@, Sect. 5]):
i) for j=2,...,d, r € R\ {0} and g € C.(924), we define

1

Ajg(xly ) = (g(II)TT‘ij) - g(Ilaw))'

-
ii) for each r € R\ {0} and g € C.(021), we define

1
Aig = ;(9(301 +rw) = g(r,w)).

iii) for any j =1,...,d, r € R\ {0} and g, h € C.(2+), the discrete integration by parts holds
/ Alghdu™ = —/ gAj,Th dp™
o+ o+

provided that 7 is small enough to ensure that AJg and AJh belong to C.(24).
iv) forany j =1,...,d, r € R\ {0} and g € C.(2) such that Alg € C.(Q), we have

/ |Adgl? dyt < / 18,91 du*.
O+ O+

Up to the end of the proof, the function GyxP*¢p is denoted by w. The strategy consists
in differentiating the resolvent equation By(u,-) = (-, P*¢) to prove that the derivatives of u
equations of the same type. For p = 2,...,d, it raises no difficulty to adapt the method explained
in , Sect. 5] and prove that the ”tangential derivatives” 9,u belongs to W' and solves the
equation

(50) Ba(@yu,) = (-, P*Dyp) — F, ("),
where F, : W! — R is defined by
Fy(g) = (1/2) - Dyaf; ud;g du™.

In particular, d;;u € L*(QT; u™) for (i,) # (1,1). We let the reader check the details.

The main difficulty lies in the "normal derivative” 0;u: we have to prove that 0u is weakly
differentiable. Actually, it just remains to prove that there exists a function 03w € L2(QF; u™)
such that Vg € C.(Q4):

(51) oY ugdut = — O1udrgdut.
o+ o+

To that purpose, we plug a generic function g € C.(£24) into the resolvent equation (@) The
boundary terms (P*p,g) = (¢, g(0,))2 and A(Pu, Pg)2 vanish and we obtain:

d
Z/ a;-;aiuajgdf:
— Ja+

i,j=1

We isolate the term corresponding to ¢ = 1 and j = 1 to obtain (remind that a1; = 1)

/ Oubgdu™ = — Z / a;rjaiuajg du™
or (i.§)#(1,1)
/ 0j awa ugdut + Z / :gafjugd,u .
7J)75 (1,1) (4,)#(1,1)
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Since d;;u € L2(Q; ™) for (4,5) # (1,1), we deduce that

/ Drudrgdu™ < C(/ g*dut)"?
O+ Q+

for some positive constant C. So the mapping g € Cc(Q4) — [, O1udigdu™ is L2(QF; u't)-
continuous and there exists a unique function denoted by 9%, u such that () holds. As a conse-
quence, Oyu is weakly differentiable, that is u € W2. Note that (@) only involves the functions
a,  and their derivatives in such a way that we can iterate the argument in differentiating (@)
and so on. So it is clear that the proof can be completed recursively. O

Proof of Proposition [2.3. The function w still stands for Gy P*. From Proposition [C.1, we have
u € Ny WF and it is plain to deduce that u a.s. the trajectories of u are smooth and

(52) Vo = (z1,y) € D,  0p,lw(x) = diu(w1, 7(0,4)w).

We let the reader check that point (it is a straightforward adaptation of the fact that an infinitely
weakly differentiable function f : D — R is smooth).
It remains to prove that ,, solves (@) To begin with, we state the following lemma

Lemma C.2. For each function v € W1, we define v, : (x1,y) € D v(x1,70,)w). Then for
every ¢ € C°(D) and ¥ € C we have:

M) [ (3u() = 740500005 (0))e0) dy] = Ba(o, 9+ 0) + M[$(w) | L0 (z)o(a) da]
oD D
where the function ¥ x o : QT — R belongs to W' and is defined by:

W) = [ olor—blne) dy

Let us consider ¢ € C°(D), ¢ € C. We first point out that
Ba(uw 9 x0) =(x 0. P'p) =Mlp(w) | 9(ri0.)w)e(0,—y) dy] = M[9(w) /BDSO(Tyw)Q(y) dy].
Then, by using Lemma @ and the above relation, we obtain

M6() [ (Nialt) = i) ) = plr) oo) dy] = MEb(w) [ L (wolo) ]
Since the above relation is valid for any 1 € C, we deduce that p a.s. we have
| i) = (000, ) = ol o)y = [ L (w)ea) da
By choosing in turn a generic function g vanishing or not on the boundary, we deduce that p a.s.
we have: L%, =0 on D and i, (y) — v;(Tyw) 0z, G (y) = @(ryw) for y € 0D. O
Proof of Lemma [C-3. First apply the Green formula ([if]) (with V = 0 and € = 1):
/6 A (y) = 7i(myw)0a 0 () ely) dy = / Ao, (y)e(y) dy + % /

oD D

;i (Tow)0n, Vs (2)0n, p(a) ds

+[L“ﬁw(x)g(x)dx.

D

Then we multiply the above relation by 1 and integrate with respect to M. By using the invariance
of ;1 under translations, we have

M9 (w) / Ao (y)o(y) dy] =AM (W)v(0, ryw)o(y) dy] = AM[v(0,w) [ P(T-yw)o(y) dy]
oD oD oD

=A(Pv, PY * 0)2.
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With similar arguments and (@), Wwe prove
1
= / Qi (Tow) 0y, 0y (2) 0, p(x) da = M/ a; 000 x odu™.
2 D ‘ ! R+ J

The lemma follows. O

Proof of Proposition @ We adapt the Stampacchia truncation method. More precisely, we
introduce a function H : R — R of class C1(R) such that

iWVs €R, |H'(s)| <C, ii)Vs>0, H'(s) >0, i)Vs <0, H'(s) =0.

We define K = |@|oo /A and uy = G5 P*p. We let the reader check that H(uy — K) € W!. Then
we plug g = H(uy — K) into (2§) and we obtain:

1
)\(PU)\,PH(’U,)\ — K))Q + 5/ a;;- O;uy 8ju)\H/(u)\ — K) d‘u,Jr = (PH('U,)\ — K),(P)Q-
Q+

By subtracting the term A(K, H(Pu) — K))2 in each side of the above equality, we obtain:

AMPuy — K, H(Puy — K))2 + %/ a;-';- Ouy O;urH' (uy — K)dp™ = (H(Puy — K), ¢ — AK)s.
ot

Observe that the right-hand side is negative since ¢ — AK < 0 and H(s) > 0 for any s > 0.
Furthermore, the left-hand side is positive since H'(s) > 0 and sH(s) > 0 for s € R. We deduce
that both terms of the left-hand side reduce to 0. The relation A\(Puy — K, H(Puy — K))2 =0
and the properties of H (sH(s) > 0 for s € R and sH(s) > 0 for s > 0) ensure that Puy — K <0,
that is

(53) PH(uy — K) = 0.

The relation § [o, @ diux d;urH' (uy — K) dut = 0 and (f) prove that [ux|* H'(uy — K) =0
ut a.s.. In particular, we deduce that

(54) O(H(uy— K)) =0.
By gathering (FJ) and (F4), we deduce N(H(uy — K)) = 0 (recall the definition of N in (R3)).
So H(uy — K) = 0 and this means u) < K. O

D Proofs of subsection 2.4

Proof of Theorem @ We first suppose that f belongs to C. Even if it means replacing f by
f—M]f], it is enough to treat the case M[f] = 0. We consider the solution vy € L?(Q)NDom(L)
to the resolvent equation

(55) )\’U)\ — Lv)\ = f
For the same reason as in the proof of Proposition E, p a.s. the function ¥ : x € RY — vy (1,w)
satisfies \J(z) — LY (x) = f(r,w) © € R% So ¥ is smooth [, Th. 6.17]. Applying the It formula

to the function x — v (7zw) then yields

d’l})\(Tth/au}) :EilDi'U)\O'ij (Tth/aw)dB:j — EilaxiV(th)aiij’U)\(Tth/aw) dt

+ €_2L’U)\(TX§/EW) dt + 5_1Div,\7i(TX§/sw) dK;.
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In the above expression, we replace Lvy by Avy — f, multiply both sides of the equality by &2
and isolate the term f(7x:/.w)dt. We obtain

t t t
/ f(qug/aw)dT :E/ Div)\o'ij (Txf/gw)dB:J —52(1))\(TX§/EW)—v)\ (TXS/EW)) —|—/ /\'U)\(qug/aw)dT
0 0 0

¢ ¢
(56) —l—s/ Div,\'yi(Tth/sw)dKf—s/ 02, V(X;)aijDjvx(Txz jew)dr
0 0

def
:Az,é‘,)\ _ A?,E,)\ +A§),8,)\ +A?,8,)\ _ A?,E,)\'

Let us investigate the quantities AL AZeA ABSA T ALEA and A5SA Using the Doob in-
equality and Lemma @, we have:

E**[ sup |Ai’5’)‘|2] < 4e’TMy, [|Divaoi;|?] < Ce?| D3
0<t<T

for some positive constant C' only depending on T" and |0 |« Hence E¥* [ supg<,<r |A,‘}’€”\|2} -0
as ¢ — 0, for each fixed A > 0. Similarly, by using the boundedness of a,~,d,V, we can prove

E[ sup [APSM + sup [APSM?] -0, ase— 0.
0<t<T 0<t<T

From Lemma P.3, v is bounded by |f|e/A. We deduce

E[ sup [APM?] <4e[f2A72 =0, ase—0.
0<t<T

By taking the limsup,_, in (F) and by using the convergences of ALSA AZEA ABEA ABEA
towards 0, we deduce

t
limsup B[ sup | [ f(rxzjew)dr|] < limsupE[ sup [A7=]].
e—0 0<t<T 0 e—0 0<t<T

Furthermore, from Lemma R.1|, we have

T
limsup E*[ sup |Af’5’A|] < limsup/ Ee* [IAvA(Txesew)|] dr = T|hvy|1 < T[Avy|a.
e—0 0<t<T =0 Jo

From Proposition E, we have [Avy|a — 0 as A goes to 0. So it just remains to choose A small
enough to complete the proof in the case of a smooth function f € C. The general case follows
from the density of C in L'(Q2) and Lemma P.1|. O

Proof of Theorem @ Once again, from Lemma EI and density arguments, it is sufficient to
consider the case of a smooth function f € C. Even if it means replacing f with f — M;[f],
it is enough to consider the case Mj[f] = 0. Let us define, for any A > 0, uy = G \P*f and
f\ = Rxf, the definitions of which are given in Section E (boundary ergodic problems). We still
use the notation @jy(z) = wx (1, 7(0,,w) for any x = (x1,y) € D. We remind the reader that the

A are summarized in Proposition E In particular,
(x) is smooth and we can apply the It formula:

main regularity properties of the function «,

p a.s., the mapping = — @)

d(eay (X5 /e)) = [e7 ' LYU (X[ [e) — 0a, V(X{)aij(Txs jew)0n, U (X[ [€)] dt
(57) + 00, 0y (X{ J€)0ij(Txe jow) dB] T+ (Txe/ew) O, iy (X5 J2) dS

Ti Pw

In the above expression, we use the relation L*%) = 0 inside D. Furthermore, since ~,0,,u(z) =
Ay (Tow) — f(Tpw) on D and dK§ = Tpp(X;7)dK;, we deduce

Vi(Txz)ew) 00, Wy (X /€) KT = (Afy = ) (7x; o) AEG.
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Hence, (F7) yields
¢ ¢
/ F(Txejew) dK = — (aﬂ;\)(Xf/e) — et (X5 /e) —/ 893].V(Xff)aij(Txf/gw)amluw(XE/e)
0 0

t
[0 o ons ) B + [ A
0
(58) =— AP°— AP+ AP L ALE

The next step of the proof is to prove that Al°, A22 A3 converge to 0 as € goes to 0 for each
fixed A > 0. Clearly, from Proposition @, we have

I_EE*[ sup |A%75|2] < 452|“A|2Loo(9+) — 0.
0<t<T e—0

Let us now focus on Af’s. We use the boundedness of 9;,V,a;; (1 <i,j < d) and Lemma @:

E[ sup |APF]?] < Tlal% x sup|8 VI x M, [|0za0(-/2)?].
0<t<T

Furthermore

MDHB U (/£)| } |8u,\(x1/e,Ty/sw)|2e_2v(”“’y) dr1dy
(ml,y)ED

(59) =M |8u>\(:1:1/5,w)|2(/ e V(=LY dy)d:cl.
R+ Rd*l

We point out that the function V' given by ([[J) satisfies

(60) = sup / e VLY gy < 40,
Rd—1

Ilzo

By gathermg @ and @ and by making the change of variables u = z;/e, we deduce that
M, [|02a0(-/)|?] is not greater than €S [, |dur|?dp™. So E¥*[supyc,<p |Af’€|2] converges
to 0 as ¢ — O By combining the same argument with the Doob inequality, we prove that
mE* 3,212
E=* [supg<icr |A7]?] — 0 as e — 0.

So, taking the limsup,_, in (F§) and using the above convergences yields

t

T
lim sup E€* [ sup | f(TXE/Ew) dK5|] < lim sup E* [/ AN A(Txe 7)) dKf]
e—0 0<t<T e—0 0

By using Lemma EI in the right-hand side of the previous inequality, we deduce, for any A > 0,

t
lmsup B[ sup | | f(rx/ew) AR < TMGpAfA] = AfA LT / eV do < STINS 2.
e—0 0<t<T oD

From Proposition E item 3, we can choose A small enough so as to make the latter term
arbitrarily small. So we complete the proof. O
Proof of Theorem @ ) From (@), we only have to check that %) holds under P=*. This
follows from Theorem E and the estimate (obtained with Lemma [2.1))

t

lim I_EE*{ sup | | (f.— f)(TXi/Ew) dr|} <T|f.- fl-
e—0 0<t<T Jo

The same argument holds for (BJ). O
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E Proofs of subsection 275

Proof of Proposition . The statement () is quite classical. The reader is referred to [@, Ch.
2] for an insight of the method and to [@, Prop. 4.3] for a proof in a more general context. [
Proof of Proposition . In what follows, for each i = 1,--- ,d, (%), stands for a sequence in
C such that Dg? — ¢ in L2(Q)? as n — +oc.
Let us first focus on (B]). Fix X € R? whose entries are denoted by (X;)1<j<4. We have:
D(Xl) = X; D! — X;¢, = ¢X in L*(Q)? as n — +oo and
XTAX =M[(X +¢X)"a(X +¢X)] = lim M[(X + D(Xig;))"a(X + D(Xip},))]

> inf M[(X + Dp)*a(X + D).
peC

Conversely, from Lemma below, we have:

(61) VY e R4 MY +¢Y)*alX] = im M[(Y +¢Y)*aD(X;¢%)] = 0.

The above relation and Lemma [E.] again yield M[(X + ¢X)*a(D¢ — ¢X)] = 0 for any ¢ € C.
So, for every ¢ € C, we have:
M[(X 4+ Dyp)*a(X + Dyp)] =M[(X 4+ (X + Dy — ¢X)*a(X + (X + Do — (X))
=M[(X + ¢X)*a(X 4+ ¢(X)] + 2M[(X + ¢X)*a(Dy — ¢X)]
+M[(Dyp — ¢X)*a(Dy — ¢X)]
>M[(X 4+ ¢X)*a(X + ¢X)]

so that (BY) follows. By the way, (F1) proves that A also matches M[(I + ¢*)a].
Now we prove Al < A. Fix X € R?. From (E) and Cauchy-Schwarz’s inequality, we get

X*AX = M[(X +¢X)"a(X +¢X)] > AM[|X + ¢X|?] > AM[X + ¢X][* = A|XP?,

since M[¢X] = 0. The estimate AI < A follows.
Now we prove that I' = M[(I 4 ¢*)~] coincides with the orthogonal projection My [(I 4 ¢*)~].
Remind that « can be rewritten as v = ae;. So we just have to establish the relation

(62) M;[(I4¢")aer] = M[(I+ ¢")ae].

Proof of (pJ). Because of the ergodicity of the measure v (2. of Definition [L.1)), we stress that a
function ¥ € L?(2,G*, i) invariant under the translations {7,;z € R x {0}?~!} must be constant
and therefore satisfies M [¢p] = M[#)]. So we just have to prove that the entries M [(e; +e;)*aeq]
are invariant under the translations {7,; > € R x {0}4~!}. To that purpose, we only need to check
that

M[Ml[(el + Cei)*ael]chp} =0

for any i = 1,...,d and ¢ € C. By using Lemma @ ii below, we get:
M[Ml[(el + Cei)*ael]chp} = M[(el + Cei)*aelMl[DlgoH = M[(ez + Cei)*aelDlMl [QD]] .

Since DyM;[¢] = 0 for k = 2,...,d (see Lemma [E.9 i), we have e; D1M;[¢] = DM, [p]. We
deduce
M[Ml[(el =+ Cei)*ael]Dlgo] = M[(el =+ Cei)*aDMl [QD]] .

Since M [¢] € C (Lemma [E.J ii), the latter quantity is equal to 0 (Lemma [E.1)) and we complete
the proof. Note that the above computations also prove: I'y = M[(e; + {e1)*ae1] = A11 > A, O

Lemma E.1. The following relation holds:
(63) VX eRY, vip € H, M[(X +¢X)*aDyp]| =0.
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Proof. Since b; = %Dkaik, the weak form of the resolvent equation (@) associated to f = b;
reads, for any 1 € H:

Aul, )2 + (1/2) (aeDjul, Dpyp), = (1/2)(Draik, )2 = —(1/2) (@, Ditp),.
By letting A go to 0 and by using (B6]), we obtain: (1/2) (ajkC}Dkw)Q = —(1/2) (aik,Dk¢)2.
We deduce M[(dij + C;)ajkal/J} = 0, which means nothing but
(64) Mi(ei + Cei)"aDy] = 0.
The result follows by linearity. O

Lemma E.2. The projection operator My saisfies the following elementary properties:

i)Yk =2,....d and ¥ € Dom(Dy), DyM|p] = My [Dye] = 0,

ZZ) VQO € C, Ml[go] € C and Ml[chp] = DlMl[QD],

i) Vk =2,...,d and Ve, € Dom(Dy), M;[Dyptp] = —My[p D).
Proof. The properties i) and ii) are easily derived from the identities M [T, ¢] = M;[¢] for any
r € {0} x R T,M; = M7, for any z € R x {0}47, and M [¢ * p] = My[ep] x p for any
P € L>®(Q) and p € C(RY). iii) results from i). Details are left to the reader. O

F J-topology

We summarized below the main properties of the Jakubowski topology (J-topology) on the space
D([0,T);R) (set of functions that are right-continuous with left-limits on [0,T]) and refer the
reader to [[L]] for further details and proofs. We denote by V the set of functions v : [0,7] — R
with bounded variations. The J-topology is a sequential topology defined by

Definition F.1. A sequence (x,)n in D([0,T];R) converges to o € D([0,T];R) if for every
e > 0, one can find elements (vp c)nen C V such that
1) for every n € N, supjg gy |70 — vne| <e,

2)Vf:[0,T] — R continuous, fOT r)dvp, fo r)dvo.e (1) as n — +00.
By gathering L, Th. 3.8] and [fL1], Th. 3.10], one can state:

Theorem F.2. Let (Vy)o C D([0,T];R) be a family of nondecreasing stochastic processes. Sup-
pose that the family (Vo (T))qa is tight. Then the family (Va,)q is tight for the J-topology. More-
over, there exists a sequence (Vy,)n C (Va)a, a nondecreasing right-continuous process Vo and a
countable subset C' C [0,T[ such that for all finite sequence (t1,...,t,) C [0,T]\ C, the family
(Va(t1), ..., Vau(tp))n converges in law towards (Vo(t1), ..., Vo(tp))n-

Equip the set VI ([0, T; R) of continuous nondecreasing functions on [0, T'| with the J-topology
and C([0,T];R) with the sup-norm topology. We claim:

Lemma F.3. Let (V) be a sequence in V} converging for the J-topology towards Vo € VI .
Then (Vy,)n converges towards Vy for the sup-norm topology.

Proof. This results from Corollary 2.9 in [Ell] and the Dini theorem. (|

Lemma F.4. The following mapping is continuous
(z,v) € O([0, T);R) x V ([0, T); R) /0 2y dv(r) € C(0, T} R).
Proof. This results from Lemma E and the continuity of the mapping
(@) € COLTER) x VE(O.TFR) — [ avdu(r) € CO.TR),
where both C([0,T];R) and V([0,T]; R) are equipped with the sup-norm topology. The reader

may find a proof of the continuity of the above mapping in the proof of Lemma 3.3 in [@] (remark
that, in [[[7], the S-topology coincides on C([0,7]; R) with the sup-norm topology). O
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G Proof of the tightness (Proposition 2.12)

We now investigate the tightness of the process X¢ (and K°¢). Roughly speaking, our proof is
inspired by [@, Chap. 3] and is based on the Garsia-Rodemich-Rumsey inequality:

Proposition G.1. (Garsia-Rodemich-Rumsey’s inequality). Let p and ¥ be strictly in-
creasing continuous functions on [0, 4o00[ satisfying p(0) = ¥(0) = 0 and lim;_,oc V(1) = +o0.
For given T > 0 and f € C([0,T);RY), suppose that there exists a finite B such that;

(65) / / t_S(l))|)dsdt<B<oo

Then, for all0 < s <t<T: |gt)—g(s)| < 8f0t_s U1 (4B/u?) dp(u).

To apply Proposition @, it is necessary to establish exponential bounds for the drift of X¢.
Indeed, suppose that we can prove the following exponential bound: for every 0 < s,t < T

(66)
exp ‘/ — 00, V(X5)aij] (Txe jew)] dr—i—/s a1;(Tx:/ew) dKfD] < 2exp (CK*(t—s)).

for some constant C' > 0 depending only on A (defined in (f)). Then we can apply Proposition
[G.1] as detailed in [[[d, Ch. 3, Th 3.5] (set p(t) = V%, 1(t) = ¢! — 1 and ~1(t) = In(t + 1) in
Proposition [G.1) to obtain

Proposition G.2. We have the following estimate of the modulus of continuity

(67)
t t
fEE*( sup }/ [lbj — 8xiV(Xf)aij} (Txf/gw)] dr—l—/ alj(rxi/aw) dKfD < C\/gln((rl),

|t—s5|<8;0<5,t<T €
for some constant C that only depends on T, A.

We easily deduce the proof of Proposition : we first work under P€*. Let us investigate
the tightness of X*. Observe that

t t t
Xg,s :xj—l-/o [ébj (Txg/gw)—axiV(Xf)aij (Txg/aw)} d?"—l—/o ai; (Txf/aw) dKi—l—/O o'ji(TXf/EW> dB:fl
The tightness of the martingale part follows from the boundedness of o and the Kolmogorov
criterion. The tightness of the remaining terms results from Proposition @ So X¢ is tight
under P,

Let us now investigate the tightness of the family (K¢).. From Lemma @, we have E*[K5] =
T [, e 2V@ dz. Theorem .3 ensures that (K°). is tight in D([0,7];R4) (remind that K¢ is
increasing).

To sum up, under P*, the family (X¢, K¢). is tight in C([0,T]; D) x D([0,T); R4) equipped
with the product topology. From ([[]), the family is tight in C([0,7]; D) x D([0,T};Ry) under
Pe. O

We have thus shown that the proof of Proposition () boils down to establishing (@) So
we now focus on the proof of (@) We want to adapt the arguments of , Chap. 3]. However,
the situation is more complicated due to the pushing of the local time when X°€ is located on the
boundary 0D. Our idea is to eliminate the boundary effects by considering first a truncated drift
vanishing near the boundary: fix w € Q and a smooth function p € C§°(D) satisfying p(x) = 0

whenever x; < 6 for some # > 0. For any ¢ >0 and j =1,...,d, define the ”truncated” drift
< eV (@) —2V (z)
(68) bp,j (Ia W) = 2 8961 (6 Qa;j (Tm/aw)p(x)) )
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which belongs to Cp° (D). Our strategy is the following: we derive exponential bounds for the
process fo X £,w)dr. These estimates will depend on p. Then we shall prove that we can
choose an approprlate sequence (pn)n C Cs°(D D) preserving the exponential bounds and such that

the sequence (fot bS, (X5, w) dr)n converges as n — oo towards the process involved in (E)
The exponential bounds are derived from a proper spectral gap of the operator L, - +xb? .-
with boundary condition v, (7,/.w)0z,- = 0 on dD. The particular truncation we choose in (@)
is fundamental to establish such a spectral gap because it preserves the ”divergence structure” of
the problem. Any other (and maybe more natural) truncation fails to have satisfactory spectral
properties.
So we define the set

C%* ={fe Cf(D);'yi(Tm/aw)azif(x) =0 for x € 0D}

and consider the Hilbert space L?(D; e~ Vi )d:v) equipped with 1ts norm |-|p and its inner product
(-)p. Given & >0 and w € Q, let 5" € C=([0,T] x D) N Cp** be the unique solution of

oS = LyyYg™ + /@b;j(djf;" +1) on [0,T] x D,  ~;(7./ew)0x; 5" =0 on [0,T] x 0D

with initial condition ¥/%*(0,-) = 0 on D (see Lemma [A.). Then u5* = 5% + 1 € Cp% is a
bounded classical solution of the problem

(69) Ous™ = LyuS™ + kb5 us™ on [0,T] x D, ~(7./ew)dz,us® =0 on [0,T] x 9D,

w p]w TiPw

with initial condition u5*(0,-) = 1 on D. Lemma [A.9 and a straightforward calculation provide
the probabilistic representation

T

t
u " (t,x) =E* {/ Kb}, (X7, w)exp (/ Kb}, (X, w) du)dr} +1
0 0
¢
=E* {exp (H/O b (X5, w) dr)]

Lemma G.3. For each w € Q, we have the estimate |[uS"(t,-)|%, < ™" (0 < t < T), where
Tt = sup(, L, ¢ + kb, ;¢)p and the sup is taken over {¢ € C2<, |¢ 2D = 1}.
Proof. We have:

Oulug" (8 )[p =2(ug", 0" (8 )b
=2(ug", Lyug" + 505 juG™(t,))p < 2m5 g (t,)[D-

w 0,7 Uy
Since [ug®(0,-)|% = 1, we complete the proof with the Gronwall lemma. O

Proposition G.4. For any k >0, >0 and 0<s,t<T

E** [exp (‘/{/S b (X5,w) dr|)] < 2exp (Cr*(t — s)),

for some constant C' that only depends on A and sup,cp |p(z)].
Proof. By stationarity (resulting from Lemma P.J) and Lemma [G.3, we have

t t—s
E**[exp (H/ b5 (X5, w)dr)] <E[exp (FL/ bS (X5, w)dr)]
s 0

(70) =M [ug"(t — s,2)] < Mug"™(t — s,-)|p < Mlexp((t — 5)75")].

It remains to estimate 72;*. For any function ¢ € C,%’E such that |¢|2, = 1, we have

(65(-,w), 6°)p = —(ai;(7.)ew)pd, 8z, 0)p < A" sup |p(2)]|020|p = C|020|p

xzeD
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where we have set C = A~ 'sup,.p |p(x)|. As a consequence (the sup below are taken over

{o€Che, [0h, =1})

75" = sup(@, L6 + kb5, 6)
< sup { = (1/2)(a5j (7./ew) 0,6, 00, &) p + (05 (-, w), 6°)p }
(71) <sup { — (4/2)|0:015 + KC|0a0|p} < K2C?/(2A).

The last inequality is obtained by optimizing the expression —(A/2)x? + kCx with respect to the
parameter = € R. Gathering ([() and (1) then yields

E**[exp (/@/S b5 (X5, w) dr)] < exp (C'K*(t — s))

where C' = sup,¢p [p(z)[*/(2A%). We complete the proof by repeating the argument for —b¢ ;
and using the inequality exp(|z|) < exp(—x) + exp(x). O

As explained above, we can replace p in Proposition @ with an appropriate sequence (py, ), C
C°(D) so as to make the sequence (fot be, (X5, w) dr)n converging as n — oo towards the
process involved in (@) Let us construct such a sequence. For each n € N*, let us consider the
piecewise affine function p, : D — R defined by:

1 1, .. 1

, pn(x) =n(zy — =) if

pn(z) =0if 24 < —
n n n

2
<z < —
n

, and 1 otherwise.

Note that p,, is continuous and sup,¢p |pn(z)] < 1. With the help of a regularization procedure
and Lemma @, one can prove that Proposition @ remains valid for p, instead of p, where

t t

1
/ b, (X7,w)dr :/ [gbj(Txf/Ew) — BIiV(Xf)aij(TXq;/sw)} on(X5)dr
(72) 0 0

¢
+ / @ij(Txzjew)ndis, 2 (X7) dr.
0 n’n

You can obtain the latter expression by expanding (@) with respect to the operator d,,.
Since sup,¢p |pn(z)| =1 for each n, we deduce

t
(73) Vn e N,V0 < s,t <T, I_Ea*[exp(|/£/ b, (X5, w)dr])] < 2exp (CK*(t — s))

for some constant C' only depending on A. Now it remains to pass to the limit as n — oo in @)
From [, Prop 1.19], fot a;j(Txzjew)nlL,21(X[) dr converges a.s. towards fot a1(Tx:jew) dK; as
i

n — oo. Fatou’s Lemma (as n — +00) in () then yields (66). So we complete the proof. O
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