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Stochastic Homogenization of Reflected Diffusion Processes

Rémi Rhodes*

February 16, 2009

Abstract

We investigate stochastic homogenization for Reflected Stochastic Differential Equations on a
half-plane when it is necessary to analyze both the homogenized equation and the boundary condi-
tion. We prove that the limiting process is a reflected non-standard Brownian motion.

1 Introduction

Statement of the problem. This paper is concerned with homogenization of Reflected Stochastic Dif-
ferential Equations (RSDE for short) evolving in a random medium, that is (see e.g. [12])

Definition 1.1. (Random medium) Let (2, G, 1) be a probability space and {,;x € R} a group of
measure preserving transformations acting ergodically on €):

1)VA € G, Vz € RY, p(r,A) = p(A),

2) If for any x € R?, 7, A = A then u(A) = 0 or 1,

3) For any measurable function g on (Q,G, u), the function (x,w) — g(T,w) is measurable on
(R? x Q, BRY) @ G).

More precisely, we suppose that we are given some coefficients o : Q@ — R4 and b,y : Q —
R? and a d-dimensional Brownian motion B defined on a complete probability space (Q', F,P) (the
Brownian motion and the random medium are independant). We want to describe the limit in law, as €
goes to 0, of RSDE:s of the type

(1) dX; = Eilb(TXte/Ew) dt + o (7xsjew) dBt + ¥(7x;s jew) dK7,

where X, K¢ are (F;):-adapted processes (F; is the o-field generated by B up to time ) with constraint
Xf € D, where D C R? is the half-plane {(z1,...,74) € R% 1z > 0}, K¢ is the so-called local
time of the process X°, namely a continuous nondecreasing process, which only increases on the set
{t; X; € OD}. The reader is referred to [15] (see e.g [22] for the weak existence) for strong existence
and uniqueness results of (1), in particular under the assumptions on the coefficients o, b and ~ listed
below. Those stochastic processes are involved in the probabilistic representation of second order partial
differential equations in half-space with oblique derivative boundary conditions (see [19] for an insight
of the topic). In particular, we are interested in homogenization problems for which it is necessary to
identify both the homogenized equation and the homogenized boundary conditions.
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Without the reflection term ~ (X5 /<) dK7, the issue of determining the limit in (1) is the subject
of an extensive literature in the case when the coefficients b, o are periodic, quasi-periodic and, more
recently, evolving in a stationary ergodic random medium. Quoting all references is beyond the scope of
this paper. Concerning the homogenization of RSDEs, there are only a few works dealing with periodic
coefficients (see [1, 2, 3, 21]). As pointed out in [2], homogenizing (1) in a random medium is a well-
known problem which remains unsolved yet. There are several difficulties in this framework that make
the classical machinery of diffusions in random media (i.e. without reflection) fall short of determining
the limit in (1). In particular, the reflection term breaks the stationarity properties of the process X® so
that the method of the environment as seen from the particle (see [17] for an insight of the subject) is
inefficient. Moreover, the lack of compactness of a random medium prevents from using compactness
methods. The main resulting difficulty is the lack of invariant probability measure for the process X°©.
The aim of this paper is precisely to investigate the random case and prove the convergence of the process
Xe towards a reflected Brownian motion. The convergence is established in probability with respect to
the random medium and the starting point x.

We should also point out that the problem of determining the limit in (1) could be expressed in terms
of reflected random walks in random environment, and remains quite open as well. Though we don’t
treat explicitly that case, our proofs may be adapted to the discrete framework.

Structure of the coefficients. Throughout the paper, we use the convention of summation over
repeated indices 27:1 a;b; = a;b; and we use the superscript * to denote the transpose A* of some given
matrix A. If a random function ¢ : 0 — R possesses smooth trajectories, i.e. Vw € () the mapping
r € R? — ¢(1,w) is smooth with bounded derivatives, we can consider its partial derivatives at 0
denoted by D;p, thatis D;p(w) = Oz, (7 +— @(T2w))|z—0-

We define @ = oo*. We assume that we are given an antisymmetric matrix-valued function H :
Q — R4 gych that H ij = 0 whenever ¢« = 1 or j = 1. For the sake of simplicity, we assume
that Vw € €2 the mappings 2 € R? — o (7,w), 2 — H(7,w) are bounded and smooth with bounded
derivatives of all orders. We further impose these bounds do not depend on w. Then, it makes sense to
consider the following coefficients defined on €2:

. 1
2) Vi=1,...,d, bj = §Diaij, Y = aji +Dz’sz'-

The entries of the d-dimensional vector b (resp. ) are (bj)1<j<a (resp. (7¥;)1<j<a)- Under these
assumptions, the generator of the Markov process X ¢ coincides (for a sufficiently smooth function f on
D) with

1
3) LEf = iami (aij (Tx/aw)arj f)

with boundary condition v, (7, /-w)0, f = 0 on dD. Note that, in the case H is chosen equal to 0, the
reflection term -y coincides with the so-called conormal field and the associated PDE problem is said to
be of Neumann type. From the physical point of view, the conormal field is the "canonical” assumption
that makes valid the mass conservation law since the relation a1 (7, /.w)0.,; f = 0 on D means that the
flux through the boundary must vanish. It is then natural to wonder if we can consider a larger class of
reflection coefficients v while preserving the mass conservation law. The answer is positive if « has the
structure described in (2) and this remark motivates our definition of ~.
We assume that a is uniformly elliptic, i.e. there exists a constant A > 0 such that

4) VweQ, Al<a(w) <A,



and, without loss of generality, we assume that a;; = 1.

Main Result. In what follows, we indicate by P the law of the process X¢ starting from 2 € D
(keep in mind that this probability measure also depends on w though it does not appear through the
notations). Let us consider a nonnegative function x : D — Ry such that [ pX(z)dr = 1. Such a
function defines a probability measure denoted by x(dx) = x(x)dx on D. We are now in position to
state the main result of the paper:

Theorem 1.2. The couple of processes (X¢, K). converges weakly, in i @ x probability, towards the
solution (X, K) of the RSDE ) ) -
X, =z + AYV?B, + TK;,

with constraint X; € D, K is the local time associated to X. In other words, for each bounded continu-
ous function F on C(D x Ry;R) and § > 0, we have

lim p® x{(w,z) € Qx D;
e—0

E;(F(X®, K®)) — E,(F(X,K))| > 6} =0.

The so-called homogenized (or effective) coefficients A and T are constant. Moreover A is invertible,
obeys a variational formula (see section 4 for the meaning of the various terms)

A= inf M[(I+ D¢)*a(I+ De)],
el

and T is the conormal field associated to A, that is T; = Ay fori=1,....d.

Remark 1.3. As explained in [2], the periodic framework remains not completely understood for general
bounded domains. Indeed, this latter situation gives rise to the issue of determining the limit in (1) when
the ratio between the period of the coefficients b, o and the period of ~ is irrational. That situation
breaks the periodicity properties of the model but can be understood with the theory of random media.
Let us explain why. Consider o : R* — R4, 1-periodic in each direction of R, and - {0} x RA-1
a-periodic in each direction with o € Q. That situation boils down to the random case in the following
way: the random medium is the 2d — 1 dimensional torus T = (R/Z) x (R/Z x R/aZ)%" equipped
with the induced Lebesgue measure dx. For any x = (x1,...,14) € RY, the translation 7, : T — T is
defined by

Tx(yla (yQaZZ)7 ey (ydvzd)) = (yl +LIT]_7 (92 +CC2,ZQ +I2)7 ey (Z/d +xdvzd +$d))

for any (yl, (y2,22), -+, (Yd, zd)) € T. 1) and 3) of Definition 1.1 are obvious. 2) results from the
equipartition Weyl theorem (o« & Q). Of course, the coefficients on the random medium are defined

byo : T > (y1,(y2,22), -, (Wa, 2a)) — o(y1,-.-,ya) and v : T > (y1, (y2,22), - -, (Y, 2a)) —
v(22,...,24). So Theorem 1.2 applies.

The organization of this note is the following. In Section 2, we gather the main notations and detail
the preliminary background necessary for the reading of the paper. Section 3 explains how to reduce the
problem by considering a function y with a particular structure that allows to use the Girsanov transform
to modify equation (1). The main objective of this step is to deal with a process admitting an invariant
distribution. Section 4 describes the ergodic properties of the problem and the construction of the so-
called correctors. The resulting ergodic theorems for the process X ¢ are stated in Section 5. The tightness
of X°¢ is proved in Section 6. Finally, we carry through the homogenization procedure in Section 7. The
appendix gathers the proofs of several auxiliary results.



2 Notations and preliminary background

Before proceeding with the proofs of our main result, let us first gather a few notations to which the
reader may refer throughout the reading of the paper.

Classical spaces. Given an open domain O C R", For k € NU {oo}, C¥(O) (resp. C*(O), resp.
C’If (0)) denotes the space of functions admitting derivatives up to order k over O (resp. with continuous
derivatives over O, resp. with continuous bounded derivatives over D). The spaces C¥(0©) and C*(O)
denote the subspaces of C*(O) whose functions respectively have a compact support in O or have a
compact support in O.

Let C’b1 2 denote the space of bounded functions f : [0,7] x D admitting bounded and continuous
derivatives 0, f, O, f, 0%, f and 02, f on [0, T] x D.

Random medium. The expectation with respect to the random medium is denoted by M. In what
follows we will use the bold type to denote a random function g from €2 X R? into R” (n > 1 and p > 0).
The space of square integrable (resp. integrable, resp. essentially bounded) functions on (£2,G, p) is
denoted by L2(Q) (resp. L'(Q), resp. L>°(1)), the usual norm by | - |o (resp. | - |1, resp. | - |s0) and
the corresponding inner product by (-, - ). The operators on L*(Q2) defined by T,.g(w) = g(7,w) form
a strongly continuous group of unitary maps in L?(€2). Each function g in L?(2) defines in this way
a stationary ergodic random field on R%. The group possesses d generators defined, for i = 1,...,d,
by D;g = limper 0 h ™ (The,g — g) whenever the limit exists in the L?(Q2)-sense ((e1, . . ., eq) stands
for the canonical basis of R?), which are closed and densely defined. Given ¢ € ﬂle Dom(D;), D¢
stands for the d-dimensional vector whose entries are D;p for ¢ = 1,...,d. We distinguish D; from
the usual differential operator 9, acting on sufficiently smooth functions f : R? — R (more generally,
for k > 2, 8’;2,1 iy denotes the iterated operator Oy, ... 0y, ). However, we point out that, whenever
a function ¢ € Dom(D) possesses differentiable trajectories (i.e. u a.s. the mapping = — (7,w) is
differentiable in the classical sense), we have D;p(T,w) = 0y, (Tow).

Denote by C the dense subspace of L?() defined by

C = Span {g*wag € L>(Q),pc C?(Rd)}

with g *x p(w) = [pa 9(Taw)@(x) dz. We point out that C C Dom(Dj), for all 1 < i < d, and
Di(g * ¢) = —g * O, . This last quantity is also equal to D;g * ¢ if g € Dom(D;).

We introduce the o-field G* C G generated by the subsets of 2 that are invariant under the operators
{T,;z € {0} x R4~1}, and M the conditional expectation with respect to G*, which coincides with the
orthogonal projection from L?(Q, G, 1) into the closed subspace L?(2, G*, 11).

We define the bounded antisymmetric matrix-valued function H : Q — R4 by H;; = D;H;; for
i=1,...,dand H;; =0ifi >2and j > 2.

Green’s formula. We remind the reader of the Green formula (see [16, eq. (6.5)]). Given a smooth
matrix-valued function ¢ : D — R4, and (p, 1)) € C?(D) x CL(D):

5) / O, (cijaxj ¢)¢($) dx = —/ €10z, () dx — / Cij0z ;02,9 (z) dv.
D aD D
As a consequence, by considering the following operator acting on C2(D)
o2V(z) 4 v
(6) ﬁ%/ - 2 Z aacZ (67 (m)aij (Tx/sw)amj )7

ij=1



where V : D — R is smooth, we have

/ Lyp(@)p(z)e >V do + % / (@ + H)ij(T,)ew) 0,0 (2) 0y, 0(x)e 2V ) da
D D
Q) = / 71’(Tx/ew)axi¢($)90($)6_2V(m) dx.

oD

Note that the Lebesgue measure on D or 9D is indistinctly denoted by d since the domain of integration
avoids confusion.

3 Reduction of the problem

Reduction of the problem. Suppose for a while that we can prove Theorem 1.2 for any function  that
can be rewritten as x (z) = ¢~2V(®), where V : D — R is a smooth function of the form

3) V(l'l,---,l‘d):AZL’1+A(1—|—:L‘%—{—---—|-;U3)1/2+C’

for some positive constant A and some renormalization constant ¢ such that |5 e V@) dr = 1.

It is then plain to see that Theorem 1.2 holds for any nonnegative function y not greater than
Ce=2V(®) | for some positive constant C' and some function V' obeying the above conditions. Indeed,
each measurable subset A C Q x D satisfies M [5 Tax(z) do < CM [ Tae=2V®) dz. In particular,
Theorem 1.2 holds for any continuous function x with compact support over D.

Consider now a general function x : D — Ry satisfying [5 x(z)dz = 1and x' : D — Ry with
compact support in D. Let A° C 2 x D be defined as

A® = {(w,2) € Q x D; |[E5(F(X®,K®)) — Eo(F(X,K))| > 6}.

From the relation Ml [5 T4 x(z)da < M [7|x(z) — X' (2)|dz + M [5 Tae X' (x)dx, we deduce

limsupM [ Tyex(z)dz < M/ Ix(z) — xX'(z)|dz,
e—0 D D
in such a way that the Theorem 1.2 holds for y by density arguments.

To sum up, it suffices to prove Theorem 1.2 in the case of a function y(z) = e~
function V' of the form (8). We gathered below the main properties of such a function V:

2V(@) for some

9) /_ e V@) gy = 1, and /_ e 2@ do = M < 400,
D D
(10) V is smooth and 9,V is bounded over D, as well as the derivatives of 9, V.
(11) sup / e V) gy = M < +oo.
SC120 Rd71

Girsanov’s transform. From now on, keep in mind that V' is of the form (8) and thus satisfies
(9), (10) and (11). Let us fix 7" > 0 and define the following probability measure on the filtered space
(V3 F, (Fi)o<i<T)

T g T
aps = exp (- /0 0,V (X5)oriy(7xe o) dBY = 5 /O 00,V (X5)aij (e cw)r, V (X5) dr ) dP.



Under P5*, the process Bf = By + fg 0 (Txz/ew)0:V(X7)dr (0 <t < T)is a Brownian motion and
the process X ¢ solves the RSDE

(12) dX; = 8_1b(TXt5/5w) dt — a(7xs/ew)0,V (X[) dt + o (7xz /ew) dB] + v(7xzjw) dK;

starting from X§ = x, where K¢ is the local time of X*®.
The guiding line of the remaining part of the paper is to establish estimates under PZ* and switch the
estimates to [P}, thanks to the inequality

(13) VA Fr-measurable subset, P%(A) < C’(IP’?C*(A))I/2

where C'is a constant only depending on 7', |a | and sup j |0, V| (not on €). The proof of such a relation
follows from the Cauchy-Schwarz inequality and the boundedness of @ and 0, V.

Notations for measures. Finally, P¢ (resp. P**) stands for the probability measure M i) D P;(-)e*w(”ﬁ) dx
(resp. M || D Pe*(-)e=2V(®) dz), and E° (resp. E=*) for the corresponding expectation. P} (resp. P5p)
denotes the probability measure e~ 2V (@) dx ® du on D x  (resp. the nonnegative finite measure
e~ 2V(®) de ® dpon D x Q). We further define M7, and M}, as the respective expectations.

4 Ergodic problems and correctors
Our first objective is to determine the coefficients of the homogenized equation both on the boundary
and inside the domain D.

Generator on the random medium associated to the diffusion process inside D. The construction
of the correctors inside the domain D is the same as in the stationary case (i.e. without reflection term)
and is therefore well known. So we just sum up the main tools and give references for further details.

We associate to the operator £ (Eq. (3)) an unbounded operator actingon C C L?(Q)

Following [7, Ch. 3, Sect 3.] (see also [20, Sect. 4]), we can consider its Friedrich extension, still denoted
by L, which is a self-adjoint operator on L?(£2). The domain H of the corresponding Dirichlet form can
be described as the closure of C with respect to the norm ||¢||% = |¢|3+|De|3. Since L is self-adjoint, it
also defines a resolvent family (U )xso. Foreach f € L?(Q), the function wy = Uy(f) € HNDom(L)
equivalently solves the L?({2)-sense equation

(15) Aw) — Lw) = f

or the weak formulation equation

(16) Vo e H, Mwx, )2+ (1/2)(aijDiwy, Dig), = (f,®)
Moreover, the resolvent operator U), satisifes the maximum principle (see Appendix A):

Lemma 4.1. For any functionf € L (2), the function Ux(f) belongs to L>°(Q2) and satisfies

[UA(F)loe < [floc/A

One can prove



Proposition 4.2. Given f € L?(2), the solution w, of the resolvent equation Mwy — Lwy = f (A > 0)
satisfies
Awy —M[f]]l2 — 0 as A — 0, and YA > 0, |\/2Dwy|y < A7V2|f],.

Proof. The first statement is a particular case, for instance, of [20, Lemma 6.2]. To follow the proof in
[20], forget the dependency on the parameter y, take H = 0 and ¥ = f. To prove the second statement,
choose ¢ = w), in (16) and plug the relation

(f.wa)2 < [fl2lwalz < 1/2N)[F[5 + (A/2)|wal3

into the right-hand side to obtain \w,|3 + (aijDi’Uj/\,Djw)\)2 < |fI3/). From (4), we deduce
A|Dwy |3 < |f|3/) and the result follows. O
Concerning the drift term b, the convergence is stronger

Proposition 4.3. For: =1,...,d, let u’A denote the solution of the resolvent equation (A > 0)
(17) ub — Lub, = b;.

Then there exists ' € (L*(Q))? such that

(18) Mub|3 + |Dul — ¢ — 0, as X — 0.

Define the random matrix-valued function ¢ € L*(Q;R*?) by its entries Cij = Ci = limy_,g Diui\,
the matrix

(19) A =M[(I+ ¢")a(l+ ¢)] which also matches M[(1 + (*)a]
(I denotes the d-dimensional identity matrix) and the d-dimensional vector

(20) T =M[(I+¢*)v] € R

Then A obeys the variational formula:

1) VX e RY X*AX = inf M[(X + De)"a(X + Dg)].
pE

Moreover, we have A > Al (in the sense of symmetric nonnegative matrices) and the first component T'1
of T satisfies T'y > A. Finally, T coincides with the orthogonal projection M1 [(I + ¢*)~].

Proof. The first part of statement (18) is quite classical. The reader is referred to [17, Ch. 2] for an
insight of the method and to [20, Prop. 4.3] for a proof in a more general context. So we just have to
prove (19), (21) and the properties mentioned below. In what follows, for each i = 1,--- . d, (¢} )n
stands for a sequence in C such that D!, — ¢ in L?(Q)% as n — +oc.

Let us first focus on (21). Fix X € R? whose entries are denoted by (X;)i<;<4. We have:
D(X;¢!) = X;Dl, — X;¢; = ¢X in L2(Q)¢ as n — +o0 and

X*AX =M[(X +¢X)"a(X +¢X)] = lim M[(X + D(Xip}))"a(X + D(Xip},))]
> inf M[(X + D) a(X + De)].



Conversely, from Lemma 4.4 below, we have:
(22) VY e RY, M[(Y +¢Y)*alX] = Jim MY + CY)*aD(X;¢')] = 0.
We deduce that M[(X + ¢X)*a(Dy — ¢X)] = 0 for any ¢ € C in such a way that, for ¢ € C:
M[(X + Dep)*a(X + Dp)] =M[(X + (X 4+ Dy — (X)*a(X + (X + Dy — ¢(X)]
=M[(X 4+ ¢X)*a(X 4+ ¢X)] + 2M[(X + ¢X)"a(Dy — ¢X)]
+ M[(Dy — (X) a(Dep — ¢X)]
ZM[(X +¢X)a(X + CX)}

so that (21) follows. By the way, (22) also proves that A =M[I+¢*)a).
Now we prove Al < A. Fix X € R?. From (4) and Cauchy-Schwarz’s inequality, we get

X*AX = M[(X + ¢X)*a(X + ¢X)] > AM[|X + ¢X|?] > AM[X + ¢X]|* = A|IX]%,

since M[¢ X] = 0. The estimate AT < A follows.

We now prove that I' = MI[(I + ¢*)~] coincides with the orthogonal projection M [(I + ¢*)~]. Note
that 4 can be rewritten as v = ae; + He; (see Section 2 for the definition of H and (2)). Clearly, the
result follows from the two relations listed below

i) My[(T+¢")Hei] =0, i) My[(I+4¢%)aei] = M[(TI+¢¥)aey].

Proof of i). The i-th entry Mi[(e; + Ce;)* Heq] of My [(I 4 ¢*)Hey] satisfies (0 denotes the Kronecker
symbol)

M [(e; + i) Hen] = My [(T+ ¢)ig DiH ) = Tim M [(6i5 + Djp;,) DiH i

Since H;; = 0if i = 1 or j = 1, the index k varies from 2 to d in the latter expression. By using Lemma
4.5 ii1) below, we deduce

lim M [(6ij + Djepy,) DeH jie] = — lim My D30}, H ji] = 0
because of the antisymmetry of H. i) follows.
Proof of ii). Because of the ergodicity of the measure p (2. of Definition 1.1), we stress that a function
W € L?(Q, G*, u) invariant under the translations {7,;z € R x {0}%~!} must be constant and therefore

satisfies M1 [¢p] = M[#)]. So we just have to prove that the entries M [(e; + {e;)*ae;] are invariant under
the translations {7,; 2z € R x {0}4~1}. To that purpose, we only need to check that

M[Ml[(ei + Cei)*ael]Dlgo} =0
forany¢=1,...,d and ¢ € C. By using Lemma 4.5 ii, we get:
MM [(e; + Cei)*aer] Dig] = M| (e; + Cei)*aeiMu [Digp]] = M[(e; + Cei)*aes DiMy[]].
Since DyM;[p] = 0 for k = 2,...,d (see Lemma 4.5 i), we have e; D1 M [¢] = DM [p]. We deduce
MM [(e; + Cei)*ae1] D] = M[(e; + Cei)*aDM[¢]].

Since M [¢] € C (Lemma 4.5 ii), the latter quantity is equal to 0 (Lemma 4.4). We complete the proof
of ii). Note that the above computations also prove that I'y = M[(e; + {e1)*ae;] = A1 > A. O



Lemma 4.4. The following relation holds:
23) VX R, Wi € H, M[(X +¢X)"aDy] = 0.

Proof. Since b, = %Dkaik, the weak form of the resolvent equation (16) reads, for any ¢ € H:
A(ul, )2 + (1/2) (ajijuZA, Dkw)Q = (1/2)(Dra;r, )2 = —(1/2)(aik, Dk¢)2. By letting A go to
0, we get from (18): (1/2)(a;xC’, Drvp), = —(1/2)(@ir, Drtp).,, that is:

(24) 0 =M][(C} + 0ij)ajuDitp] = M](e; + Ce;)*aDrp].
The result follows by linearity. 0

Lemma 4.5. The projection operator M saisfies the following elementary properties:
))Vk=2,...,dand Ve € Dom(Dy), DiM;[p] = M;[Drp] =0,
i)V € C, Mi[p] € Cand M;[D1yp] = D1M;[¢p],
i) Vk =2,...,dand Vo, € Dom(Dy), M;[Dypyp] = —Mi[p D).

Proof. The properties i) and ii) are easily derived from the identities M [T,,¢o] = M [¢] for any x €
{0} x RIL T,M; = M T}, forany x € R x {0}471, and M [3 * p] = M [2)] * p for any ¥ € L>=(1)
and p € C2°(RY). iii) results from i). Details are left to the reader. O

Generator on the random medium associated to the boundary reflection. We now focus on the
asymptotic behavior of the process X near the boundary. Generalizing the arguments in [21], it seems
natural to look at the unbounded operator in random medium H., whose construction is formally the
following: given w €  and a smooth function ¢ € C, let us denote by @, : D — R the solution of the
problem

L¥u,(z) =0,z € D,
(25 { Uy () = p(Tw), x € OD.

where

(26) L? f(2) = (1/2)aij(1,0)0% 1, | () + bi(7:0) s, f ()
whenever f € CZ(D). Then we define

(27 Hyp(w) = 74(w)0a, 1 (0).

Though we don’t need (and thus don’t prove) this fact, the operator H., is the generator of the {2-valued
Markov process Z;(w) = Ty, (w)Ws Where Yi(w) = X[l(_l(t) and the function K ! stands for the left
inverse of K': K~1(t) = inf{s > 0; K} > t}. The process Y describes the points on the boundary hit
by the process X! (the superscript 1 just means that you take ¢ = 1 in (1)).

The main difficulty lies in constructing a solution of Problem (25) with suitable growth and integra-
bility properties because of the lack of compactness of D. To get round this difficulty, we develop a set
of tools on the random medium that makes possible to solve the "third boundary value problem on the
random medium" and, as a byproduct, to construct /., through its associated resolvent family.

Now we give a few notations to pursue the analysis of /. In what follows, the notation (x1, y) stands
for a d-dimensional vector, where the first component z; belongs to R (eventually R, = [0; +00]) and
the second component y belongs to R4,



We denote by Q7 the product space Ry x Q equipped with the measure dyu™ =l dx1 ® dyp where
dzr is the Lebesgue measure on R,. Thus it makes sense to consider the standard spaces LP(Q™) for
p € [1;+00].

For each random function ¢ defined on 2, we associate a function ¢ defined on QT by

\V/(l'l,W) € Q+7 (,0+<l'1,0.)) = LP(TJJU‘))‘

Hence, we can associate to the random matrices a and H (defined in Sections 1 and 2) the corresponding
matrix-valued functions @ and H" defined on Q.

From now on, keep in mind that our main purpose is to define the Dirichlet form associated to H,.
Given ¢ € L>®(Q) and p € C°(D), the function ¢ ® p : QT — R is defined by:

0o plorw) = [ plroplr(ens)dy

The subspaces C(Q21) and C.(Q1) of L (Q1) are defined as the spaces respectively spanned by

C(Q%) = Span{p © p;p € L¥(Q),p € CZ(D)}
C.(0F) = Span{p ® p;p € L®(),p € CZ(D)}

and stand, in a way, for the spaces of test functions on Q. For any g € C(Q2"), we introduce a sort of
gradient Jg of g, which entries are defined by

. g(r1 + h,w) — g(r1,w)
= 1
dglow) =, tm | h
ag(x W) — hm g(xlaTheiw) - g(xl,W)
(h 1, B0 h

)

(28)

L i=2,....,d

In other words, if we fix w € €, 01g is defined as the classical derivative of the function ;1 € Ry —
g(z1,w) whereas 0;g (for i = 2,...,d) coincides with the random partial derivative D; of the random
function w € Q — g(r1,w), where 1 is fixed. We further stress that the relation dg = 0 does not imply
the expected relation "g = 0 is constant”". However, we will make use of the fact: dg = 0 = g(0,-) is
G*-measurable and 21 — g(x1, -) is constant.

We define on C(Q") the norm

29 | o N

and W1 as the closure of C(Q2) with respect to the norm N. Obviously, the mapping
P:W!>g+wg(0,)) € L*(Q)

is continuous (with norm equal to 1) and stands, in a way, for the trace operator on the random medium.

Equip the topological dual space (W')" of W with the dual norm N’. The adjoint P* of P is given by

P*:p e L3(Q) — P*(p) € (W) where the mapping P*(¢) exactly matches

P*(p):g € W' — (g, P*¢) = (¢,9(0,))2.

10



For any A\ > 0, we further define on W' x W the following bilinear forms

1 _
30) Bx(g,h) = \(Pg, Ph)s + B /Q+ ((L+ + H+)Z'j 0;g Ojh d,u+
* 1 + 7 +
31) Bi(g,h) = A\(Pg, Ph)2 + B Q+(a - H )ij 0ig ajh du

From (4), the boundedness and the antisymmetry of H, it is readily seen that they are continuous and
coercive on W' x W', From the Lax-Milgram theorem, we can then define two continuous resolvent
families G : (W!) — W' and G5 : (W!)’ — W! such that:

(32) VF e (W'),vge W', B\(G\F.g)=F(g) and B}(GiF.g)=F(g).

We now tackle the construction of the resolvent family associated to H.,. For any A > 0 and ¢ €
L?(£2), we can then define the operators

(33) Ry: L*(Q) —  L*Q) and R}: L*(Q) —  L*Q)
$ = PGP (p) p = PGP ()

Given ¢ € L%(Q), we can plug F' = P*y into (32) and we get
(34) Vg e W', Bi\(G\P*p,g) = (g, P*p) and Bi(G5P*p,g) = (g, P*p),

that is, by using (30) and (31):

—_

(35 VgeW!', \Ryp, Pg)+ 3 /m(a+ +H");j 0:(G\P*p) 0,9 du™ = (g, P*),

* 1 I ] * Tk *
GO Vg W' ARig.Paht; [ (af—H, 0GP @) dgdit = (g.P")

Proposition 4.6. The families (R ) and (R} )y are both strongly continuous resolvent families, and.:
1)the operator Ry is the adjoint of R}, in L*(2).
2) given @ € L*(Q), we have:

e | JKer(ARy—1) & o =Mip] & ¢c | ]Ker(AR} 1)
A>0 A>0

3) for each function € L*(Q),

ARy ¢ — M [p]la — 0as A — 0.

Proof. The resolvent properties of both families can be deduced from the resolvent properties of the
operators GG and G. Details are left to the reader.
So we first prove 1). Consider ¢, 1) € L?(Q). Then, using (34), we obtain

(Rap, )2 =(PGAP*p,1)s = (GAP*p, P*¢) = BX (G P, G\P*p)
=B\ (G\P* ¢, G5\P*1p) = (P*p, GRP* ) = (¢, Ryv)2

so that Ry and R} are adjoint in L?(2).
We now prove 2). Let us consider a function ¢ € L?(12) satisfying ARy = ¢ for some A > 0. By
plugging g = G\ P*¢ € W' into (35), we obtain

1 * * * *
(BT ARapls + 2/Q+ al; 0i(GAP*p) 0;(GAP*p) du™ = (G\P*p, P*p) = (Ragp, ¢)a.
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Since ARy\p = ¢, the right-hand side matches (Rxp, )2 = A Rap|3 so that the integral term in
(37) must vanish, that is [, aj; 0;(GAP*p) 8;(GAP*p) du™ = 0. From (4), d(GyP*p) = 0 and
GA\P*p(0,-) is thus G*-measurable. Moreover, we have AG)\P*p(0,-) = APG\P*p = AR\ = ¢ so0
that ¢ is G*-measurable. Hence ¢ = M [¢].

Conversely, we assume ¢ = M [¢], which equivalently means ¢ is G* measurable. We define
the function u : 2t — R by u(z1,w) = ¢(w). It is obvious to check that u belongs to W' and
satisfies Ou = 0. So B} (u,-) = AP*p(-) for any A > 0. This means u = G} P*¢ in such a way that
AR\ = Pu = . The same argument holds to prove: ¢ = M [p] & ¢ € (U, oKer(AR} —1I).

We prove 3). Consider ¢ € L2(Q). Note that (37) remains valid for such a function ¢. Since
the integral term in (37) is nonnegative, we deduce A|Ryp|3 < (Raxp, )2 < |Rapl2|el2. Hence
AR |2 < |¢|2 and we can extract a subsequence, still indexed by A > 0, such that (ARy¢), weakly
converges in L?(€2) towards a function ¢. Now we want to establish that there is a unique possible weak
limit for the family (AR ) by proving ¢ = M, [¢].

By multiplying the resolvent relation (A — ) Ry\R,¢p = R, — R by i and passing to the limit
as . — 0, we get AR\p = @. Because of 2), ¢ is G*-measurable. Consider p € L?() that is
G*-measurable (i.e. Ml;[¢] = 7). Because of 2), we have AR 1) = 1. We deduce

(P, )2 = (p, AR\)2 = ;\E%(ARMP?@[% = (¢,9)2

and this proves that ¢ = M [p]. As a consequence, there is a unique possible limit for each weakly
converging subsequence of the family (ARy¢)x. The whole family is therefore weakly converging in
L2(9).

To establish the strong convergence, it suffices to prove the convergence of the norms. As a weak
limit, ¢ satisfies the property |@|o < liminfy o |AR)¢|2. Conversely, (37) yields

lim sup AR5 < limsup(ARxp, )2 = (&, )2 = 213

and the strong convergence follows. O

The remaining part of this section is concerned with the regularity properties of Gy P* . The proofs,
which may be omitted upon the first reading, are gathered in the appendix. Given u € L?(Q7), we will
say that u is a weakly differentiable if, for i = 1, ..., d, we can find some function ;u € L?(Q") such
that, for any g € C.(Q"), we have

/ ud;g dut = —/ Orug du™.
Qt Ot

For k > 2, the space W¥ is recursively defined as the set of functions u € W' such that O;u is k — 1
times weakly differentiable fori =1,...,d.

Remark 4.7. The above notion of differentiability on Q% extends that introduced in (28) for smooth
functions. That is the reason why we keep the same notation. Furthermore, we distinguish the operator

0; acting on a functions defined on Q* from the classical operator 8., acting on functions defined on a
domain of R%.

Proposition 4.8. If ¢ belongs to C, then G\P*¢ € (7o, WX
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Proposition 4.9. Given ¢ € C, the trajectories of G\P*p are smooth. More precisely, we can find
N C Q satisfying u(IN) = 0 and such that Vw € Q \ N, the function

iy :x = (1,y) € D =Ry x R s Gy P*o(xy, T(0,9)W)
belongs to C*®(D). Furthermore, it is a classical solution to the problem:

18 L¥u,(x) =0,z € D,
%) Niiw () — 7,(72) Dy s () = (), @ € OD.

Proposition 4.10. (Maximum principle) Given ¢ € C, we have |G\P* @[~ q+) < A Yol oo

S Ergodic theorems for the diffusion process

We now explain the connection between the operators in random medium and the asymptotic behavior of
additive functionals of the process X ¢ and K. The main advantage of considering the processes X*, K¢
under P* is that we can exhibit an invariant distribution for the process X ¢ (remind the definitions of
Pex Pe, Py, P at the very end of Section 3). More precisely

Lemma 5.1. The process X Eisatisﬁes:
1)For each function f € L'(D x Q;P%) and t > 0:

(39) E¥[f (X5, Txz jew)] dx = Mp[f].

2) For each function f € L'(0D x Q;Ph ) and t > 0:

t
(40) S| /0 FOXE e o) dKE] = M [£]

Proof. 1) We first suppose that f can be rewritten as f(z,w) = ¥(w)o(z), where ¥ € C and ¢ €
C2°(D). Fix T > t. From Lemma B.1, there exists a classical bounded solution w. € C*°([0,T] x D)N
C; 2 to the problem

Owe = Lywe on [0, T] x D, (7. /ew)0p,we = 00n [0, 7] x D,  and we(0,-) = f(-, 7. /cw),
where L, is defined in (6). Moreover, Lemma B.2 provides the probabilistic interpretation:

wa(tu 1") = Ei* [.f(X1567 TXf/sw)]'
The Green formula (7) then yields
&g/ we(t, 2)e 2V @) dy = / L5we(t, x)e 2V @) dx
D D
= —/ 'yi(Tx/Ew)Gxiwe(t,m)e_w(”) dr =0
oD
so that [5 BS*[f (X7, 7xe jew)]e 2 @ da = [5 f(x, 7, ew)e 2V () da. It just remains to integrate with

respect to the measure v and use the invariance under translations. The first point then follows from the
density of C2°(D) x Cin L*(D x Q;P%).
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Let us now focus on the second assertion. As previously, it is sufficient to consider a smooth function
f(z,w) = o(x)1p(w), 0 € C°(D) and 1 € C. Recall that the local time K¢ is the density of occupation
time at 0D (see [4, Prop. 1.19] with ¢)(z) = x1, Vy = ~ and a?(z) = 1). As a consequence,

— t _
Ee*[/o f(X:, TXﬁ/aW) dKf] —[Re* [ hm 6 / f erTXE/gw) 0.4 (Xl €) dr]

—hI%IEa* _1/ F(XE Txejew) g g (X)) dr]
5— 0

=t lim 6~ M [ f (&, Topew) Lo g1 (21)]
:tMBD[f(Z',Tx/Ew)].

We complete the proof with the invariance of ; under the translations {7,; z € R9}. O
We are now in position to state an ergodic theorem for the process X ¢ inside the domain D

Theorem 5.2. For each function function f € L'(Q2) and T > 0, we have

41 limI_EE* sup ‘/ F(7xe/ew )dr—tM[fH] 0.
e—0 0<t<T

Proof. We first suppose that f belongs to C. Even if it means replacing f by f — M][f], we assume
M f] = 0. Consider the solution vy € L?(2) N Dom(L) to the resolvent equation

(42) )\’U)\ — L’U)\ = f
We let the reader check (or adapt the proof of Proposition 4.9) that 1 a.s. the function ¥ : 2 € R? —
v (T,w) satisfies A (z) — L¥Y(z) = f(mow) z € R So 9 is smooth [8, Th. 6.17]. Applying the Ito

formula to the function x — vy (7,w) then yields

dvx(Txsjew) = Divpoij(Tys jew)dBy? — 70,V (XF)ai; Djox(1ys jow) dt
+ 8_2L'U)\(7'th/€w> dt + 8_1Di’0)\’yi(7’X§:/€UJ) thE

In the above expression, we replace Lvy by Avy — f, multiply both sides of the equality by 2 and
isolate the term f(7x:/.w) dt. We obtain

t t . t
/f(Txg/eW)dT:f:‘/ Di'U)\O'ij(TXf/aw)dB:]_52(UA(TXf/aw)_U)\(TXS/ew))+/ )\UA(Txg/aw)dr
0 0 0
t t
(43) —|—5/ Div,\‘yi(TXfa/aw)dKﬁ—e/ 0z, V(X7 )aizDjvr(Txe jew)dr
’ 0

def
€ AIE)\ A2,E,A+A§),€,)\ +A?,E,>\+A?,€,)\'

Let us investigate the quantities ALSA, A2 A3SA ALEA and A%, Using the Doob inequality and
Lemma 5.1, we have:

Ea*[ sup ’A%’E’A‘Q] :EQTM*D [|Div)\aij\2] < C€2|D’U)\’%
0<t<T
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for some positive constant C' only depending on T and |o|o. Hence E¥* [ supg<;<r A} ’E’)‘|2] — 0as
e — 0, for each fixed A > 0. Similarly, we can prove

E*[ sup [APSY + sup [APS?] -0, ase — 0.
0<t<T 0<t<T

By using Lemma 4.1, we have
E*[ sup |APM?] <4et|f2A2 -0, ase— 0.
0<t<T

From (43), we deduce

t
limsup E**[ sup | F(7xe/ew) dr ] < limsup E¥*[ sup |Af’€’)‘]2] < T| w3
e—0 0<t<T Jo e—0 0<t<T

From Proposition 4.2, we have |[\vy|o — 0 as A goes to 0. So it just remains to choose A small enough
to complete the proof in the case of a smooth function f € C. The general case follows from the density
of Cin L'(2) and Lemma 5.1. O

Ergodic theorem for the local time. We now investigate the ergodic theorem for the local time K*
Theorem 5.3. If f € L?(R2), the following convergence holds
(44) lim Ea* sup | / F(7xeew) dK; — My [f] (w)Kfu =0.
e—0 0<t<T

Proof. Once again, from Lemma 5.1 and density arguments, it is sufficient to consider the case of a
smooth function f € C. Even if it means replacing f with f — M, [f], we assume M [f] = 0. Let us
define, for any A > 0, uy = Gy P* f and f) = Ry f. We still use the notation @)} (z) = wy(x1, 70 5)w)
for any 2 = (x1,y) € Ry x R%!. We remind the reader that the main regularity properties of the

function %}, are summarized in Proposition 4.9. In particular, 1z a.s., the mapping x — @},(x) is smooth

and we can apply the Itd formula:

d(eu}(Xi/e)) = [T LG5 (X /2) — 00,V (XF)aij (Txz jow) O, Wy (X7 /)] dt
+ 00 (X )03 (7x ow) dB} + (g jow) O, W (X [€) AK

T Pw

Since L¥@), = 0 inside D and ~,;0,,u), = \f, — f on 9D, we deduce
t t
/ F(rxejew) dK; = — (aﬁfd‘(Xf/E) — 8@5}()(8/6)) —/ 0z, V(X7 )aij(Txe jew W) O, N (XE Je) dr
0 0

t
[ 0 X s ) 37+ [ A )
(45) =A+ AP+ AP+ A

The next step of the proof is to prove that A!® LAQ"E , A% converge to 0 as ¢ goes to 0 for each fixed
A > 0. Clearly, from Proposition 4.10, we have E=* [ supy<;<7 |A;°[?] < 4€2|uy | () — 0
<t< -

Let us now focus on A?"g. We use the boundedness of 0, : V,a;; (1 <14,j < d)and Lemma 5.1 (the
constant C' below may change from line to line but does not depend on A, €)

E**[ sup \Af’aﬂ <OTM}, [|0za0(-/€))?] CT/ M|owy ( )]2</ e~ V(@) dy)dxl
0<t<T € Rd-1
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By using (11) and by making the change of variables u = z/¢, the latter term is not greater than
CM'eT fQ+ |0y |2dut and therefore converges to 0 as € — 0. By combining the same argument with
the Doob inequality, we prove that E¢* [SUPogth |Af ’5]2] — 0 as e — 0. As a consequence (see (45))

t T
limsup E**[ sup | F(7xe/ew w)dK;|] < 1imsupI_E€*[/ |)\f)\(TX5/€w)\dKﬂ.
e—0 0<t<T 0 e—0 0
By using Lemma 5.1 in the right-hand side of the previous inequality, we deduce, for any A > 0,

t
limsup B[ sup | [ f(7xz/.w) dKS|] < \)\f/\lgT/ e V@ dp < M'T|Nf o
e—0 0<t<T Jo aD
From Proposition 4.6 point 3), we can choose A small enough so as to make the latter term arbitrarily
small. So we complete the proof. O

Ergodic theorems under P°. With the help of (13), we reformulate theorems 5.2 and 5.3:

Theorem 5.4. 1) Let (f.)c be a family converging towards f in L'(Q). For each fixed § > 0 and T > 0,
the following convergence holds

t
(46) lim P* [ sup | | Fo(ryejew) dr — tM[f]| > 5} ~0.
=0 o<t<T Jo
2) Let (f.)- be a family converging towards f in L*(Y). For each fixed 6 > 0 and T > 0, the
following convergence holds

47) lim]P’ sup |/ Fo(ryeew) dKE — My[f Kt\>5}—0
e—0 0<t<T
Proof. 1) From (13), we only have to check that (46) holds under P**. It follows from Theorem 5.2 and
the estimate (obtained with Lemma 5.1)
t

hml—EE*[ sup | [fs_f](vaTXﬁ/Ew)drq ST‘fs_fh
e—0 o<t<T Jo

The same argument holds for (47). 0

6 Tightness of the process X*

We now investigate the tightness of the process X (and K¢). To that purpose, it is sufficient to establish
the tightness of the process %fg b(Txe/ow) dr + fotfy(TXTg/Ew) dK:. Roughly speaking, the guiding
line of our proof may be expressed as follows: on the first hand, we estimate the functional when X*
evolves far from the boundary and then we study the limit behaviour of these estimates when we relax
the constraint of being far from the boundary. The first part of the proof is inspired by [17, Chap. 3] and
is based on the Garsia-Rodemich-Rumsey inequality:

Proposition 6.1. (Garsia-Rodemich-Rumsey’s inequality). Let p and V be strictly increasing contin-
uous functions on [0, +o00[ satisfying p(0) = ¥(0) = 0 and lim;_. V(t) = +oo. For given T > 0 and
f € ([0, T]; RY), suppose that there exists a finite B such that;

(48) / / t_s(‘))’>dsdt<B<oo

Then, forall0 < s <t <T: |g(t)— ]<8f “L(4B/u?) dp(u).
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Fix w € Q and a smooth function p € C§°(D) satisfying p(z) = 0 whenever z1 < 6 for some 6 > 0.
Foranye > 0and j = 1,...,d, define the "truncated" drift

49 bE — egv(x)a —2V(2) .
( ) p,](xﬂw)_ 2 xi(e a,](Tx/gw)p(m))

that belongs to C£°(D) too. We additionally define the set
C?{’E ={fe C’g(D);'yi(Tx/Ew)axif(a:) = 0forx € 0D}

and the norm |¢|%, = [, ¢*(2)e™2V®) dz on L?(D;e~2V(*)dz) (and (-, -)p the associated inner prod-
uct).
For k > 0 and w € Q, let 5" € C*°([0,T] x D) N C,* be the bounded solution of

oby"™ = Lyg"™ + kb ;(bg™ +1) on [0,T] x D, v;(7./.w)0,45" =0 on [0,T] x 9D

with initial condition ¢, (0, ) = 0 on D (see Lemma B.1). Then u. , = ¢5" +1 € C’b1 2 is a bounded
classical solution of the problem
(50) Owu" = Lyul™ + kb5 us™ on [0,T] x D, ~4(7./ew)0z,ul® =0 on [0, 7] x 0D,

p.j w

with initial condition uZ;"(0,-) = 1 on D. Lemma B.2 and a straightforward calculation provide the
probabilistic representation

t T
(1 a) =B / kb5 (X2 w) exp ( / b5 (X5 w) du)dr] 41
0 0
t
:]E‘;*[exp (H/O b, (X7, w) dr)]

Lemma 6.2. For each w € ), we have the estimate |uZ"(t,-)|3, < e2mS" (0 < t < T), where
7" = sup(, L5 ¢ + Kb, ;) p and the sup is taken over {¢ € 03,57 9|2, = 1}.
Proof. We have:

Oelug™ (¢, )| =2(uG", " (¢,)p

=2(u", L3 uS" + Kb, juS"(t,))p < 205 (WS (8, )| B
Since |ug" (0, -) ]2D = 1, we complete the proof with the Gronwall lemma. O

Proposition 6.3. Foranyx >0, >0and0 < s,t <T

E“[exp(‘m/g b5 (X5, w) dr|)] < 2exp (CK*(t - s)),

for some constant C that only depends on A and sup,cp |p(x)|.

Proof. By stationarity (Lemma 5.1) and Lemma 6.2, we have

B [exp (s [ 15,(X.0)dr)] < B [exp s / w) dr)]

—Mp [ (¢ — s,0)] < MG (t - 5,-)|p < Mlexp((t — s)n5")].
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It remains to estimate 75", For any function ¢ € C such that |¢|% = 1, we have

(b5,5(w), 9*)p = —(ai; (7. /w)pd, D, $)p < A7 sup |p(2)[10:¢]p = Cl02¢|D
BAS

where we have set C = A~!sup,.p |p(x)]. As a consequence (the sup below are taken over {¢ €

C2°, |95 = 1))

7E® = sup(, £5:6 + Kb ;0)p
< sup { — (1/2)(aij(7./ew) 0z, 6, 92;0) p + £(0, 5 (-, w), ¢*)p }
<sup{ — (A/2)|0,0|D + kC|0:0|p} < K*C?/(2A).

Gathering the previous inequalities yields E=*[ exp ( [ b (X5, w)dr)] < exp (C'K?(t — s)) where
C' = sup,cp |p(z)]?/(2A3). We complete the proof by repeating the argument for —b7, ; and using the
inequality exp(|z|) < exp(—x) + exp(z). O

Let us now make a specific choice of p. For each n € N*, let us consider the bounded con-
tinuous function p, : D — R defined by p,(x) = 0if 11 < n7 Y pu(x) = n(z; — n7t) if
n~! < 21 < 2n7! and 1 otherwise. With the help of a regularization procedure, Lemma 5.1 and
the inequality sup,cp |pn(2)| < 1, one can prove that Proposition 6.3 remains valid for p,. Since
Sup,cp |pn(x)| = 1 for each n, we deduce

t
(51)  VneNV0O<st<T, E™[exp (yn/ b, (X5 w)dr|)] < 2exp (CR*(t — s))

for some constant C' only depending on A.

Our objective is now to determine the limit of fst 0. j(Xf,w) dr to pass to the limit as n — o0
in (51). So we expand (49) with respect to the operator 0, and, by using the relation Oy, p,(z) =
n]I[%;%] (z), we obtain

t t
1
/0 bfyn,j(va w) dr :/0 [gbj(TXf/aw) - aziv(Xf)aij(TXf/aw)] pn(Xﬁ) dr
(52)

¢
+/ aij(Txejew)nds, 2 (X7) dr
0

1.2
n’n

From [4, Prop 1.19], f(f a;j(Txejew)ndlis, 2 (X7) dr converges almost surely towards fg a1 (Txe/ew) AK
as n — o¢. in such a way that applying the Fatou Lemma as n — +oco in (51) yields

t
(53) VO<s,t<T, E™[exp(|n(A4] - A§)+/£/ a1 (Txe/ew) dK;|)] < 2exp (CKZQ(t —3))

where we have set Af’j = fg [%bj(rxi/sw) — 0x,V(X5)aj(Txe jew)] dr.
Proposition 6.4. We have the following estimate of the modulus of continuity
. ) t
(54) E”( sup |A? — ASY —i—/ a1;(Txe/ew) dKﬂ) < CVéIn(571h),
[t—s|<8;0<s,t<T s "

for some constant C' that only depends on T, A.
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Proof. The result follows from Propositions (53) and 6.1 (with p(t) = v/, 9 (t) = ¢! — 1 and =1 (¢) =
In(t + 1)). Since that step of the proof does not differ from [17, Ch. 3,Th 3.5], the reader is referred to
this paper for further details. 0

Let us now introduce the space D([0,7]; R;) of nonnegative right-continuous functions with left
limits on [0, T'] equipped with the S-topology of Jakubowski (see Appendix C). The space C([0,7]; D)
is equipped with the sup-norm topology.

Proposition 6.5. Under the law P**, the family of processes (X¢). is tight in C([0,T]; D), and the
family of processes (K¢ ). is tight in D([0, T|; Ry).

Proof. Let us first investigate the tightness of X*. The tightness of the process A{ ‘+ fg ay; (TXf /Ew) dK:
in C([0, T]; R) results from Proposition 6.4. Then, observe that

- . t t t .
X{® =y + A7 +/ a1j(Txz jew) dK; +/ () — @1j)(Txz jew) AT +/ 0ji(Txzjew) dB;".
0 0 0

Hence, the tightness of X* results from the tightness of the martingale part, which follows from the
boundedness of o and the Kolmogorov criterion, and from the tightness of fot (v; — a1)(Txejew) AK,
which follows from Theorem 5.3 (recall that M [y; — a1;] = My [D; H j;] = 0). B

Let us now investigate the tightness of the family (K¢).. From Lemma 5.1, we have E¥*[K5] =
T [op e 2V(®) dz. Theorem C.2 ensures that (K°¢). is tight in D([0, T]; R ) (remind that K is increas-
ing). O

To sum up, under P**, the family (X¢, K¢). is tight in C([0, T]; D) x D([0, T]; R;) equipped with
the product topology. From (13), the family is tight in C([0,T]; D) x D([0,T];R.) under P¢. The
purpose of the next section is to identify the limit of each converging subsequence.

7 Homogenization

We now focus on the proof of Theorem 1.2 in the case x(z) = e~2V(®)_ The first step consists in
introducing the function u, € L_Q(Q; Rd‘), the entries of which are given, for j = 1,. .., d, by the solution
), to the resolvent equation Au}, — Lu} = b;. Let ¢ € L?(€2; R?*%) be defined by ¢,; = limy_ Dy,
(see Proposition 4.3).

Since, p-almost surely, the function ¢ : = +— wy(T,w) satisfies A\¢ — L¥¢ = b(r.w) on RY, the
function wu) (-, w) is smooth (see [8, Th. 6.17]). Hence, we can apply the It6 formula to the function
x +— = + uy(m,w) and obtain

¢
(55) X[ =z — E(u£2 (Tth/Ew) — U2 (TXS/EW)) + 6/ U2 (Txe /ew) dr
0
¢ ¢
0 0

=2 -G+ G+ G+ M.

Proposition 7.1 below investigates the convergence of the various terms involved in (55) (see the proof
at the end of this section).

Proposition 7.1. For each subsequence of the family (X¢, K¢)., we can extract a subsequence (still
indexed with € > 0) such that:
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1) under P%, the family of processes (X ¢, M¢, K¢). converges in law in C([0, T]; D) x C([0, T]; R?) x
D([0, T);Ry) towards (X, M, K), where M is a centered non-standard d-dimensional Brownian mo-
tion with covariance

A=M[I+¢")a(l+()]

and K is a right-continuous increasing process.
2) the finite-dimensional distributions of the families (th’e)g, (G?’E)E and (G*¢ — T K*®). converge
towards 0 in P¢-probability, that is for each t € [0,T)]

8 > 0, hn%]?&(mﬁ > 5) =0 (i=1,2), lin%]fDEOG?’s _TKE| > 5) ~0.
E—> E—>

Conclusion. We can find a countable subset S C [0, 7 (see Theorem C.2) such that the finite-
dimensional distributions of the process (X¢, M¢, K¢). converge along [0, 7]\ S. So we can pass to the
limit in (55) along s,t € [0, 7] \ S (s < t), and this leads to

(56) X, = X, + AY*(B, — B,) + (K, — K,).

Since (56) is valid for s, ¢ € [0, 7] \ S (note that this set is dense and contains 7") and since the processes
are at least right continuous, (56) remains valid on the whole interval [0, 7]. As a by-product, K is con-
tinuous and the convergence of (X¢, M¢, K¢). actually holds in the space C([0, T]; D) x C([0, T]; R%) x
C(]0,T];R4) (see Lemma C.3).

It remains to prove that K is associated to X in the sense of the Skorokhod problem, that is to
establish that {Points of increase of K} C {t; X} = 0} or fOT X} dK, = 0. This results from the fact

that Ve > 0 f(;f X} dK ¢ = 0 and Lemma C.4. Since uniqueness in law holds for the solution (X, K)
of Equation (56) (see [22]), we have proved that each converging subsequence of the family (X ¢, K¢).
converges in law in C([0,T]; D x R,) as € — 0 towards the same limit (the unique solution (X, K) of
(56)). As a consequence, the whole sequence (X¢, K¢). is converging. O
Proof of Proposition 7.1. 1) The tightness of (X¢, K¢) results from Section 6. To prove the tightness of
the martingales (M¢)., it suffices to prove the tightness of the brackets (< M¢ >)., which are given by

t
< MF >= / (I+ Du2)a(l + Dug2)*(Txzjew) dr-
0

Proposition 4.3 and Theorem 5.4 lead to < M¢ >;,— At in probability in C ([0, T]; R9*9) where A =
M[(I + Du.2)a(I + Du.z)*]. The martingales (M¢). thus converge in law in C([0, T]; R?) towards a
centered Brownian motion with covariance matrix A (see [9]).

2) the convergence of (G%¢). (i = 1, 2) follows (18), Lemma 5.1 Theorem 5.4:

¢
lim E* [|au£z (Txz/ew)]* + |/0 e (Tyepew) dr|*| < (1+1) gii%(ezmazg) =0.

e—0

From (13), we deduce P¢ (|th€| +|G¥| > 5)} = 0 for any § > 0. The convergence of (G*¢). results
from Theorem 5.4 and (20). ]

Replication method

Let us use the shorthands C'p and C to denote respectively the spaces C([0, 7], D) and C([0,T],R).
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Remark 7.2. For the sake of clarity, we sum up the results obtained previously. We have proved the
convergence, as ¢ — 0, of E°[F(X¢, K¢)] towards E[F (X, K)), for each continuous bounded function
F : CpxCy — R. Here E denotes the expectation with respect to the law P of the process (X , K), solv-
ing the RSDE (56) with initial distribution P(Xo € dx) = e~ 2V@ dx. From [22], the law P coincides
with |5 P.(-)e=2V @) dx where P, denotes the law of (X, K) solving (56) and starting from x € D.

Remark 7.3. In the classical framework of Brownian motion driven SDE (i.e. without reflection term in
(1)), it is plain to see that, under the invariant measure, the convergence in law of the process X ¢ towards
a Brownian motion (the so-called annealed convergence) implies the convergence in probability of the
law of X¢, as stated in Theorem 1.2. Indeed, the convergence in law towards O of the correctors (the
terms GV, G** in (55)) implies their convergence in probability towards 0. Moreover the convergence
in probability of the law of the martingale term MF¢ in (55) is obvious since the brackets converge in
probability (it does not cost much more to prove that they converge almost surely). In our case, we have
proved that the additional term G*¢ corresponding to the local time converge, under the annealed law
P, towards a random variable T K, but there is no obvious way to switch from convergence in law to
convergence in probability. That is the purpose of the computations below.

So we have to establish the convergence in ;@ x-probability of E[F (X ¢, K*¢)] towards E,[F(X, K)]
for each continuous bounded function F' : C'p x C; — R. To that purpose, we will prove

(57) lim M, [(E; [F(X®, K°)] - E,[F(X, R)})Q] —0.
The expression M7, [(]E; [F(X¢, K®)] - E.[F(X, I_()])z} expands as
M [ (BS[F (X2, K9))?] — 2Mip [BS[F(XC, KOR, [F(X, )| +Mp | (B [F(X, K)))?].

Clearly, the mapping  — E, [F(X, K)] is bounded and continuous. So

G:(x,k) € Cp x Cy = F(z,k)Ey ) [F(X,K)]
is bounded and continuous. From Remark 7.2, the following convergence holds as € — 0

Mip [BS [F(X7, KB [F(X, K)]| = E[G(X*, K°)] - BIG(X, K)]| = Mp| (B, [F(X, K)))?]
So, we just have to prove that
(58) M [(E;[F(XE,KE)])Q] — M}, [(I’Em[F(X, K’)])Q} ase — 0.
We consider 2 independant Brownian motions (B, B?) and solve (1) for each Brownian motion. This
provides two independant couple of processes (with respect to the randomness of the Brownian motion)
(X1 K1) and (X*2, K=?). Furthermore, we have
M | (BS[F (X, K9)])?| = M3 [BS, [F (X5, K5 P(XE2, K52)]]

where ¢ denotes the law of (X!, K&! X2 K®?2) when both X! and X*? start from = € D, and
[E%,, the corresponding expectation. Under M, P;,, the results of Section 5 and 6 remain valid since the

TX° 7
marginal laws of each couple of processes coincide with P%. So we can repeat the arguments of Section
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7 and prove that the processes (X1, K1, X2 K#2)_ converge in law in Cp x Cy x Cp x D, under
M5 EE,, towards a process (X1, K1, X2 K?) satisfying:

xxTo
(59) vt e [0,T], X}=Xt+AYV2B} + K}, X?=X2+AYV?B}+ K2,

where (B!, B?) is a standard 2d-dimensional Brownian motion and K, K? are the local times respec-
tively associated to X', X2. Let P denote the law of (X!, K'!, X2, K?) and P, the law of (X!, K'!, X2, K?)
solution of (59) where both X! and X? start from & € D. Under P, the initial distribution of the limiting
process is given by P(X} € dx, X? € dy) = 6,(dy)e=2V @) dzx. To obtain (58), it just remains to remark
that

E[F(X', K)F(X? K?)] = / Epo [F(X', KYF(X2, K2)]e 2 @ dy
D

- / E, [F(X', KY]E, [F(X2, K2)]e Y @de,

D

since, under P, the couples (X!, K'!) and (X2, K?) are adapted to the filtrations generated respectively
by B! and B? and are therefore independent. O

Appendix

A Proofs of section 4

We stick to the notations introduced in Section 4.

Proof of Proposition 4.8. The strategy is based on the well-known method of difference quotients (see

[8, Sect. 7.11 & Th. 8.8] for instance, on which the proof below is based). The main properties of

difference quotients in random media are summarized below (see e.g. [20, Sect. 5]):
forj=2,...,d,7r € R\ {0} and g € C.(€2), we define

; 1
Ag‘g(l‘bw) = ;(g('xlaﬂ"ejw) - g(ZElaw))'
ii) foreach r € R\ {0} and g € C.(924), we define
1
Alg =~ (gar +1,w) — glr1,w))

iii) forany j = 1,...,d,7 € R\ {0} and g, h € C.({24), the discrete integration by parts holds
/ Alghdu® = —/ gA? hdut
Qt+ Qt+

provided that 7 is small enough to ensure Alg, Alh € C.(). '
iv)forany j =1,...,d,7 € R\ {0} and g € C.(£2;) such that Alg € C.(Q ), we have

| 1aigPaut < [ joigf au.
Q+ O+

Up to the end of the proof, we omit the parameter A from the notations and note u for G, P*p. The
strategy consists in differentiating the resolvent equation B)(u, -) = P*¢(+) to prove that the derivatives
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satisfy some equation of the same type. For p = 2,...,d, it raises no difficulty to adapt the method
explained in [20, Sect. 5] and prove that the "tangential derivatives" d,u belongs to W and solves the
equation

(60) Bx(Opu,-) = P*Dpe(-) — Fp(+),

where F}, : W! — R is defined by
Fy(g) = (1/2) /Q (Dt + Dy H ) diudsg di

In particular, 9;;u € L2(QF; u') for (i, j) # (1,1). We let the reader check the details.
The main difficulty lies in the "normal derivative" Ju: we have to prove that Jyu is weakly dif-

ferentiable. Actually, it just remains to prove that there exists a function 0%,u € L?(QF; u) such that
Vg € Co(Q4):

61) / 8%1ugdu+ = —/ Orudigdu™.
Q+ Qt

To that purpose, we have to plug a generic function g € C.(€24) into the resolvent equation (35). The
boundary terms (P*e,g) = (¢, g(0,-))2 and A(Pu, Pg)2 vanish. We obtain (remind that @;; = 1 and
Hy =0)

/+81u81'gdu+ = — Z /+ +H )1]8 ué)]gdu
¢ (i)A(11) 7
Z * 4+ HY)j0ugdu” + Z / (a+ H)i;0 ug du”
(4.9)#(1,1)

Since 0;;u € L*(Q2+; u™) for (i, §) # (1, 1), we deduce that

oudrg it < C( [ gt dut)"”

Q+ Q+

for some positive constant C. So the mapping g € C.(Qy) — [ Orudigdu™ is L2t uh)-

continuous and there exists a unique function denoted by 9%, u such that (61) holds. As a consequence,
O1u is weakly differentiable, that is uw € W?2. Note that (60) only involves the functions a, H, ¢ and
their derivatives in such a way that we can iterate the argument in differentiating (60) and so on. So we
complete the proof recursively. 0

Proof of Proposition 4.9. The function w still stands for G P*¢. To begin with, we state the following
lemma (see the proof thereafter)

Lemma A.1. For each function o € C°(D), x € C and v € W, we define v, : (v1,y) € D —
v(w1, T(0,y)w). We have:

D Mx) [ fota)da] = [ vGeo o) dit,

2) Mx(w) [ (@ H)y(r)0niul@)dn,ola) da] = [ (a* + H)y0000,000 2) d*

where é(:pl?y) - Q(l‘lu —y)foreach (xlvy) € D.
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We first prove that p a.s., the function x — @, (z) admits weak derivatives in the classical sense on
D. So we consider p € C2°(D) and we want to compute [}, U,0,,0(x) dx fori = 1,...,d. To that
purpose, we consider x € C. By using Lemma A.1 above and the relation 9;(x ® 0) = x © (0, 0), we
have

Mx(w) [ s ow)de] = [ uixo @ro)dut = [ udixo o) dn’

=- / dyu(x © g)du’t = —M[x(w) / Oiu(x, To yw)e(z1, y) deidy
Q+ (z1,y)€D

It follows that p a.s.

/ Uy ()0, 0() dr = —/ Ou(z1, 70y w)o(T1,y) dr1dy.
D (931,y)€D

Hence, u a.s., u,, admits weak derivatives (in the classical sense) of first order and they are given by
O, Uy () = 8iu(a:1,7(07y)w) for z = (x1,y) € D. Recursively, we can prove that, u a.s., 1, ad-
mits weak derivatives (in the classical sense) of all orders and they are given by 8]:;'1“-96% Uy(x) =

i
we deduce that, i a.s., 4, belongs to the classical Sobolev space [ lﬁ’z(l—)) (the space of functions hav-
ing weak derivatives of all orders that are locally square-integrable). From the Sobolev embeddings, 1,
belongs to C>°(D).

It remains to prove that %, solves (38). We first prove that L“u,, = 0 on D. To that purpose, let us
consider ¢ € CZ°(D) and prove that [ L@, (x)o(x) dz = 0 p a.s. by establishing

u(z1, T W), for z = (71,y) € D. Since those weak derivatives are locally square-integrable,

Vx €C, M[X(w)/

D

LUy (z)o(z) dz] = 0.

By integrating by parts and using Lemma A.1, we obtain:

*M[X(W) /DL‘”QZW(JC)Q(x) dx] = (1/2)M[X(w)/ (@ + H);j(T,w)0r, Uy, ()0, 0(x) dm]

D
~(1/2) / (a* + H™)i;00d;(x © 8) dyr+
Ot

the last equality resulting from the relation x ® g € C.(27). )
Finally, we identify the boundary condition. Let us consider p € C2°(D), x € C. By using the
Green formula (5) and Lemma A.1, we have

M[x(w) /8 (Mo () — 74 (7)o (1)) () ]

D
—M[x(w) /8 N )elw) dy] + (1/2M[x() /D (@ + FT)ij (720) B, i ()0, 0() d]

APuPx© D) +(1/2) | (@ + 0,000 2) d”

=B (u,x ©®9) = (x ©® 8, P*p) = M[x(w) /6D e(ryw)o(y) dy]
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so that 1 a.s. Ay, (y) — v, (Tyw) 0, (y) = p(Tyw), y € OD. O

Proof of Lemma A.1. Consider ¢ € C2°(D) and x € C. We use the invariance of ;1 under translations:

M[X(w) / Uy 0(x [/ Ju(r1, 7o yw)o(r1,y) dxldy]
D :El )y
[ [ Xoyeuln ey dedy]
:El )y
After making the change of variables u = —y, it is readily seen that the latter quantity exactly matches
Jo+ u(x ® 9) du™. We let the reader follow the same strategy to prove 2). O

Proof of Proposition 4.10. We adapt the Stampacchia truncation method. More precisely, we introduce
a function H : R — R of class C*(R) such that

i)Vs €R, |H'(s)] < C, ii)Vs >0, H'(s) >0, 1ii)Vs <0, H'(s) =0.
We define K = |p|oo/A and uy = G\ P*p. We let the reader check that H(uy — K) € W'. Then we
plug g = H(u) — K) into (35) and we obtain:

1
AN Puy, PH(uy — K))a + / CL;; Oy, 8ju>\H'(u,\ — K) d,uJr = (PH(u) — K),p)2.
O+

2

Hence

1
)\(PU)\ — K,H(P’u,)\ - K))Q + / a;; aiU)\aj’U,)\H/(U)\ — K) du+ = (H(Pu)\ — K),QO — )\K)Q.
QO+

2

Observe that the right-hand side is negative since p—AK < 0and H (s) > 0 for any s > 0. Furthermore,
the left-hand side is positive since H'(s) > 0 and sH(s) > 0 for s € R. We deduce that both terms
of the left-hand side reduce to 0. This implies Puy < K and (from (4)) [Ouy|? H' (uy — K) = 0
pt as., in particular PH(uy — K) = 0 and § [, [QurH'(uy — K)[*dp™ = 0. In other words,
N(H(uy — K)) =0. So H(uy — K) = 0 and this means u) < K. O
Proof of Lemma 4.1. The proof is quite similar to that of Proposition 4.10. So we let the reader check
the details. 0

B Proofs of Section 5

Lemma B.1. For any functions f € C2°(D) and g, h € C°(D), there exists a unique classical solution
w. € C=([0,T); D) N 05’2 to the problem

(62)

Oywe = Lywe + gwe +hon [0,T] x D,  ~,;(7./ow)0z,we = 00n [0,T] x ID,  and we(0,-) = f.

Proof. First of all, we remind the reader that all the coefficients involved in the operator L3, (see the

definition of L5, in (6)) belong to C°(D). From [14, Th V.7.4], we can find a unique generalized
solution w, in C’,} 2 to the equation

Q. = Lyw. + gw. + L f +gf +h, wl(0,-) =00nD, ~(7./:w)dpw. =0o0n[0,T] x dD.
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From [14, IV.§10], we can prove that w’ is smooth up to the boundary. Then the function
we(t,z) = wl(t,x) + f(z) € C>([0,T) x D) N C}*
is a classical solution to the problem (62). ]

Lemma B.2. The solution w. given by Lemma B.1 admits the following probabilistic representation:
B t
V(t,@) € [0,T) x D, wi(tx) = BS| F(X7) exp (/ g(X;7)dr)|.
0

Proof. Applying the It6 formula to the function (r,z,y) +— w.(t — r,x)exp(y) and to the triple of
processes (r, X2 fo (X% )du) yields (see for instance [10, Ch. II, Th. 5.1]):

T

(w(t — . X7 exp /0 9(X5)du) ) = exp /O 9(X2)du) ((—Bywe + Lorwe)(t — r, XE))dr
exp ( /0 9 ) du) Dyt — 7, XE)orij (e o) B
+we(t — 7, X%)g(XE) exp (/OT 9(X5)du)dr
rexp ([ g0t 3r o)t = r XD,

that is, by using (62),
t t r
fepresn ([ o(xidu) —unteo) - [ hx7) exp( [ g(xX2)du)ir
t T
+ / exp (/ 9(X5)du) Op,we(t — r, X7 )0y (TXf/Ew)dB:j.
0 0

Since w, € C; 2| the stochastic integral is a martingale and its expectation reduces to 0. So it just remains
to take the expectation in the above expression to prove the Lemma. O

C J-topology

We summarized below the main properties of the Jakubowski topology (J-topology) on the space D([0, T; R)
and refer the reader to [11] for further details and proofs. We denote by V the set of of functions
v : [0,7] — R with bounded variations. The J-topology is a sequential topology defined by

Definition C.1. A sequence (x,,), in D([0,T];R) converges to xo € D(]0,T];R) if for every ¢ > 0,
one can find elements (v, ¢ )neny C V such that
1Vn € N, suppq) [Tn — Une| <&,

2) for each continuous function f : [0,T] — R, fo 7)dvn, fo r)dvg (1) asn — +0o0.

Gathering [11, Th. 3.8] and [11, Th. 3.10], one can state:
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Theorem C.2. Let (V,)o C D([0,T];R) be a family of nondecreasing stochastic processes. Suppose
that the family (Vo (T))q is tight. Then the family (V) is tight for the J-topology. Moreover, there
exists a sequence (Vy,)n, C (V)a, a nondecreasing right-continuous process Viy and a countable subset
C C [0, T such that for all finite sequence (t1,...,t,) C [0,T]\ C, the family (V;,(t1), ..., Va(tp))n
converges in law towards (Vy(t1), ..., Vo(tp))n-

Equip the set V1 ([0, T]; R) of continuous nondecreasing functions on [0, 7] with the J-topology and
C([0,T]; R) with the sup-norm topology. We claim:

Lemma C.3. Let (V,,),, be a sequence in V} converging towards Vi € V. Then (Vy,),, converges
towards Vy for the sup-norm topology.

Proof This results from Corollary 2.9 in [11] and the Dini theorem. ]

Lemma C.4. The following mapping is continuous

(z,v) € C(0, T: R) x V ([0, T]; R) — /0 2, dv(r) € C(0,T]; R).
Proof This results from Lemma C.3 and the continuity of the mapping

(2,0) € C([0, T} R) x VZ ([0, T]; R) - /0 apdo(r) € ([0, T R),

where both C([0,T];R) and VI ([0, T]; R) are equipped with the sup-norm topology. The reader may
find a proof of the continuity of the above mapping in the proof of Lemma 3.3 in [18] (remark that the
S-topology on C'([0, T]; R) coincides with the sup-norm topology). O
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