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CONTINUOUS LIMITS OF DISCRETE PERIMETERS
ANTONIN CHAMBOLLE, ALESSANDRO GIACOMINI, AND LUCA LUSSARDI

AsTrRACT. We consider a class of discrete convex functionals which satisfy a (general-
ized) coarea formula, and study their limit in the continuum.
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1. INTRODUCTION

In the past ten years, optimization methods for image processing task have made a lot of
progress, thanks to the development of combinatorial methods (maximal flow/minimal cut, and
other graph-based optimization methods — see for instance [@], and [, and the references
therein). These methods are not new, the idea of representing Ising energies (i.e., discrete approx-
imations of perimeters) on graphs and computing minimum points using maximal flows algorithms
dates back at least to the 70s [@] However, the evolution of computers and development of new
algorithms [@], oriented towards specific applications, have contributed a lot towards the recent
increase in activity in this field. In image processing, the idea is to regularize ill-posed inverse
problems for finding sets (shapes) or partitions into labels of an image, by penalizing a discrete
variant of their perimeter. We try to consider, in this paper, the most general energies which can
be tackled by these methods, and even a little bit more: we consider discrete submodular energies,
defined on discrete subsets of a finite lattice V € hZ", h > 0, for which it is known that polyno-
mial algorithms do exist (see for instance [ﬂ, @, B]) We will show that, appropriately extended
into functions of general vectors in RY by means of the generalized coarea formula, these energies
are, in fact, convex. This is already known (although our setting is a bit different, as well as our
proofs which apply to other situations, including functionals defined in the continuous setting) in
discrete optimization, under the notion of Lovasz’ extension [@]

We will then study the continuous limit of our energies, as the discretization step h goes to 0 (and
the number of pixels/voxels in V to infinity), providing a very simple representation formula for
the limit. In particular, it will be obvious from this formula that simple approximation procedures
only provide “crystalline” energies, as already observed for instance in [E]

To be more specific, we consider in this paper an “interaction potential” F : {0,1}* — [0, +00),
which is a nonnegative function of binary vectors of {0,1}*, where ¥ C Z is a finite (small) set
of “neighbors”. We assume, in addition, that F' satisfies the submodularity condition

Fuhv)+ F(uVwv) < F(u)+ F(v)

for any u,v € {0,1}*, where (u A v); := min{u;,v;} and (u V v); := max{u;,v;}. Defining, for
z € RN and u a real-valued function, the vector u[z + h¥] = (u(x + hi)ex) € R*, we will study
the asymptotic behavior as h — 0 of functionals of the type

(1.1) Jn(E,Q):=hN"1 3" F(yelz + hY)),
€I (Q)NhZN

where here, Q is a bounded open subset of RY and E is a discrete subset of the discrete lattice
V = hZN N Q (F is also identified to the union of the cubes Q" = x + [0, [, x € E, and x is
1



2 A. CHAMBOLLE, A. GTACOMINI, AND L. LUSSARDI

its characteristic function). The notation I"({) stands for the points  such that z + hY C €, so
that the sum in ([L.1)) involves only the nodes x € hZN such that = + hY C Q.

The functional ([L.]) is a sort of nonlocal anisotropic discrete perimeter of E. In fact it penalizes
the boundary of F in a nonlocal way, since an interface at the boundary with a vertex x interacts
with the behavior of E on the cubes with vertices z 4+ h3. The nonlocality vanishes as h — 0 since
its radius of action is given by h diam(X). The anisotropy is introduced by the function F'; which
can weight interfaces with various orientations in different ways.

The main result of the paper concerns the asymptotic behavior of the discrete perimeters )
as h — 0 in the variational sense of I'-convergence (see Sectionﬂ for the definition) with respect to
the L'-topology on the family of discrete sets (that is L' convergence of characteristic functions).
Under mild assumptions on F' and 2, we prove that (see Theorem @) the discrete perimeters
I-converge to the continuous anisotropic perimeter which for a sufficiently regular set E (a set
with Lipschitz boundary for instance) is given by

(1.2) J(E,Q) = /OE Flvg - ) dA,

where vg is the inner normal at the boundary and (vg - X) = (vg - y)yex. More precisely the
class on which the I'-limit is defined is given by the family of sets with finite perimeter in . As
a consequence, for a general set E, the boundary involved in the functional (D) is the reduced
boundary 0*F, the inner normal vg is intended in a measure theoretical sense (see Section E), and
the area measure dA has to be replaced by the (N — 1)-dimensional Hausdorff measure H™ 1.
The function F' appearing in () is the extension to R* of the submodular function F' by means
of the formula

+o0
(1.3 F) = [ Flxguss) ds
— 00

where {u > s} := {z € ¥ : u(z) > s}. Formula (L) is a coarea formula for the function F' since it
relates the value F'(u) to the behavior of F on the “boundary” of the level sets {u > s} (compare
with equation (-J) which gives the classical coarea formula for functions of bounded variation).

In view of the result on dicrete perimeters, we obtain a I'-convergence result for the functionals
Jn(-, Q) extended to the class of piecewise constant functions u relative to the grid hZY. More
precisely we consider u of the form

u = Z Az XQhs a; € R
zehZN
and

(1.4) Jn(u, Q) =pN"1 " F(ufz + hY)).

eI (Q)NhZN
As the functional (@) could be thought as a discrete perimeter, the functional ) could be
considered as a sort of discrete total variation of the function w. Clearly it inherits the nonlocal

and anisotropic features of the discrete perimeter. We show that the I'-limit in the L!-topology is
given by the anisotropic total variation

(1.5) J(u, Q) :/QF (%.z) d|Dul,

where u belongs to the space BV (1) of functions of bounded variation (see Section fl), Du/|Du| €
SN¥=1 denoting the Radon-Nikodym derivative of Du with respect to its total variation |Dul.
This I'-convergence result is a simple consequence of the result on sets and of the fact that the
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functionals .Jj, satisfy the generalized coarea formula

+00
(16) Jh(“‘vQ) = / Jh(X{u>s}79) ds,

— 00
so that the behavior of Jj, on piecewise constant functions is completely determined by the discrete
perimeters for sets. We infer the result from general properties of functionals on L*(£2) that
satisfy a coarea formula like ([L.f]), which we study in Section [ This class of functionals, denoted
by GC(Q), was investigated by Visintin [[J, [[§ in connection with phase transition problems.
As a consequence of our I'-convergence result, the discrete total variations ([L.4) can be used
to approximate Total Variation Minimization procedures in image denoising involving ([.5) (see
Corollary [£.3).

The paper is organized as follows. Section E contains the notation employed in the paper,
and some basic facts concerning sets with finite perimeters, functions of bounded variation and
I-convergence. In Section [ we consider the class GC(f2) of functionals on L*(£2) which satisfy the
generalized coarea formula: In particular we prove that GC(Q?) is closed under I'-convergence, and
that the limit can be recovered by the behavior on characteristic functions of Borel sets. Section
E contains the main I'-convergence result formulated for the discrete total variations (E) We
exploit the reduction to the class of discrete sets, and Subsections EI and contain the proof
of the two inequalities characterizing I'-convergence for study the discrete perimeters.

2. NOTATION AND PRELIMINARIES

Let A be an open subset of RY. We will say that A has a continuous boundary if A can be
covered by finitely many balls B such that, in each ball, BN A is the subgraph of a continuous
function (after an appropriate change of coordinates). If these functions are Lipschitz continuous,
we say that A has a Lipschitz boundary.

For any p € [1,4+o00[ we will denote by LP(A) the usual space of all p-summable functions on
A, and by L*°(A) the space of measurable functions on A which are essentially bounded. Given
u,v € L1(A), we set

(2.1) u A v :=min{u,v} and u Vv = max{u,v}.

In the following, we recall some basic facts concerning function of bounded variation and sets
with finite perimeter which we need in the following sections, together with some basic definitions
and results concerning I'-convergence.

Functions of bounded variation and sets with finite perimeter. For an exhaustive treat-
ment of the subject, we refer the reader to .
We say that u has bounded variation in A and we write u € BV (A) if u € L'(A) and

(2.2) |Du|(A) = sup {/ udivpdz : p € CHA),||¢]]eo < 1} < +o0.
A

|Du|(A) is referred to as the total variation of w.
If E C Ais a Borel set, we say that E has finite perimeter in A if yg € BV (A), and we set

Per(E, A) :=|Dxg|(4).
Per(E, A) is called the perimeter of E in A. Tt turns out that

Per(E,A) =HN"1(0*ENn A), and Dxrp = veHN'LO"E,
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where 0* E denotes the reduced boundary of E, which, up to a H~ ~'-negligible set, coincides with
the (larger) set of points  such that there exists a unit vector vg(z) with

E—
: —{yeRY :y-vp(x) >0} as 0 — 0 in Lj,.(RM).

The unitary vector vg(z) is usually referred to as the interior normal to E at x. HY 1 denotes
the (N — 1)-dimensional Hausdorff measure, which is a generalization to arbitrary sets of the usual
(N — 1)-area measure. The points of 0*E are also called regular points of OF.

If u € BV(A), the following coarea formula holds:

—+o0

+oo
(2.3) |Du|(A) = / Per({z € A:u(z) > s}, A)ds = / | DX (u>s}(A) ds.

Finally we recall the following compactness result (which is a variant of Rellich’s theorem). If A is
bounded and with Lipschitz boundary, and (u,)nen is a sequence in BV (A) such that [Ju,[|11(4)+
|Duy|(A) is bounded, then there exist a subsequence (up, )reny and a function v € BV(A) such
that

Up,, — U in L'(A)

and

|Dul(4) < liminf | Duy, | (4).

I'-convergence. Let us recall the definition and some basic properties of De Giorgi’s I'-convergence
in metric spaces. We refer the reader to [f, [ for an exhaustive treatment of this subject. Let (X, d)
be a metric space. We say that a sequence F, : X — [—00, +-00] I'-converges to F' : X — [—00, +00]
(as n — o0) if for all u € X we have

(i) (T-lim inf inequality) for every sequence (un)nen converging to u in X,

lim inf F, (u,) > F(u);

n—oo

(ii) (T-lim sup inequality) there exists a sequence (uy)nen converging to u in X, such that

lim sup F), (uy) < F(u).
n—oo
The function F is called the I'-limit of (F,)nen (with respect to d). Given a family (Fj)p>o of
functionals on X, we say that F} ['-converges to F' as h — 0 if for every sequence h,, — 0 we have
that Fj, I'-converges to F' as n — oc.
I’-convergence is a convergence of variational type as explained in the following Proposition.

Proposition 2.1. Assume that the family (Fp)pso T-converges to F and that there exists a
compact set K C X such that for all h >0

SR ) = g )

Then F admits a minimum on X, infx Fp, — minx F' as h — 0, and any limit point of any
sequence (up)p>o such that

fm (o) =k Fio)) =0

is a minimizer of F.
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3. GENERALIZED COAREA FORMULA

In the following, let Q@ C RY be an open and bounded set.

Definition 3.1. Let J: LY(Q) — [0,+oc] be a proper functional. We say that J satisfies the
generalized coarea formula if for every u € L*(Q)

+oo
(3.1) J(u) = / T (gusey) ds,

— 00

with the convention J(u) = +o0o if the map s — J(x{u>s}) 5 not measurable. We denote by
GC(Q) the class of functionals satisfying (B.1]).

The class GC(f2) has been introduced by Visintin [[[§] and investigated, in the discrete case,
by Chambolle and Darbon [ﬁ} In a slightly different setting, the formula (@) is a variant of the
extension introduced by Lovész in [@] and well-known in combinatorial and linear optimization.

An example of functional satisfying (B.]) is given by the total variation (R.3) in view of the
coarea formula (@) Other examples are treated in ]:

J(u) = /Q @)~ u(@)lle = g~V dedy, Ve € (0.1)
X

and

J(u) = / (ess sup u — ess inf u)hiﬂﬂ) dxdh, Vre (0,1).
QxR+ By (2)NQ B (z)NQ

The next Proposition contains some elementary consequences of formula (@)

Proposition 3.2. Let J € GC(QY). Then for every u € L*(Q) the following facts hold:
(i) J(Au) = AJ(u) for every X\ > 0;
(i) J(u+c) = J(u) for every c € R;
(iii) J(c) =0 for every c € R.
Moreover if J is convex, for every u,v € L' () we have

(iv) JuAv)+ JuVo) < Ju)+ J(w).

Proof. Let A > 0, u € L*(Q) and ¢ € R. Then

+oo +oo
T0w = [ e ds = [ Icuen)dt = M)

and
+oo “+o0
Tt = [ Iqumea)ds= [ Tocusn)de= I
so that (i) and (ii) follow.

Let us prove (iii). In view of (ii), it suffices to show that J(0) = 0. Suppose by contradiction
that J(0) > 0. Then for every u € L>(§2) we have

+oo o0
(3.2) () = / T(X(ussy) ds > / J(0) ds = +oc.

— 00 €SS Ssup u
Q

By the generalized coarea formula, we deduce that J(u) = +oo for every u € L'(2). But this is
against the fact that J is proper, so that point (iii) is proved.
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Let us show (iv). Since we have
2

J(X{u>sy A X{o>sp) T I (Xquss} V X{oss}) = /0 T (XU {503 AX (050 FX 00} VX ooy >1}) AE

—+o0
J(X{X{u>s}/\X{v>s}+x{u>s}vx{v>s} >t}) dt’

— 00

by the generalized coarea formula (@) we get

J(X{u>s} A X{v>s}) + J(X{u>s} \ X{v>s}) = J(X{u>s} A X{v>s} + X{u>s} \ X{v>s})
= J(X{u>s} + X{v>s})'

Notice that if J is convex, by point (i) we deduce that J is subadditive. Then we obtain

(3.3) J(X{u>s} A X{v>s}) + J(X{u>s} \ X{v>s}) < J(X{u>s}) + J(X{v>s})'

Observe that for any s € R we have {u Av > s} = {u > s}N{v > s} and {uvVv > s} ={u>
s}U{v > s} so that

X{unv>s} = X{u>s} A X{v>s} and X{uvv>s} = X{u>s} \ X{v>s}-

We conclude by (B.3)
+oo
J(uwAv) + J(uV v) = / T (unossy) + T (avesey )] ds

— 00

+oo
= / [J(X{u>s} A X{v>s}) + J(X{u>s} \ X{v>s})] ds

— 00

+oo +oo
< / T(ussy) ds + / T(Xosey) ds = J(u) + J(0)

— 0o

so that (iv) follows and the proof is complete. O

We will need the following Lemma concerning the approximation of Lebesgue integral by means
of Riemann sums.

Lemma 3.3. Let f € L'(R), t €]0,1] and let us set

Sn(t) = %Zf (%) :

kEZ

Then up to a subsequence we have

+oo
lim sn(t) = / f(r)dr for a.e. t €]0,1].

Proof. For any n € N we easily get

/;mf(T)dT:%Z/Olf<kZT) dr.

keZ
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Then for t €]0, 1] we have
1
/

| @i —sw|a= [ smar- 130 (2

- o0 kEZ
-/ z/ () dr—%2f<¥>
keZ keZ

() s ()

kEZ

But

() - (5 v
/ [ (5 = () [ () o () e
[ le=s (49w [ ro-r(+2)

The last terms tend to zero by continuity of the translation operator in L!(R). We conclude that

Sp — /m f(r)dr in L(0,1)

so that, up to a subsequence, pointwise almost everywhere convergence follows. (I

kEZ

kGZ

dr.
L*(R)

In view of (B.I]), functionals in the class GC(Q) are completely determined by their behavior on
characteristic functions of Borel sets contained in {). The next result gives a sufficient condition
for the convexity of lower semicontinuous functionals in GC(£2) in terms of the submodularity
property (iv) of the previous Proposition only on characteristic functions.

Proposition 3.4. Let J € GC(Q) be a lower semicontinuous functional such that

(3.4) J(xene) +J(xpuE) < J(xe) + J(xE')

for every pair of Borel sets E, E’ in Q. Then J is convez.

Proof. Since by Proposition J is positively one-homogeneous , it is sufficient to show that
(3.5) J(u+v) < J(u)+ J(v)

for any u,v € L1(9).
We claim that the following representation formula holds for every function u which is positive,
bounded and with integer values:

(3.6) J(u)zmin{ZJ(XEi):le,uzZXEi}.
i=1

i=1
In order to prove (B.H), we can clearly assume that J(u) < +oco and J(v) < 4+0c. Hence by (B.1)
the maps s — J(X{u>s}) and s — J(x{v>s}) belong to L' (R).
Firstly let us assume 0 <« < 1 and 0 < v < 1. For every n € N, n > 0, let us set for ¢ €]0,1]

1 1
BEP I T D B e

keN
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By applying Lemma , we can choose t €]0, 1] in such a way that

1 '
keN 0
and
1 '
[ TS By PN
€

By construction u,, — u and v, — v in L'(Q2). Then by positive homogeneity, and assuming the
representation formula (B.q) holds, we get

JW””“—J<%;;wwtw+&w%q>S%g;ﬂwww%)+J@@ﬁyﬁ-

The right-hand side converges by construction to J(u) + J(v), and thus, by lower semicontinuity
of J, we have that (B.3) follows.

In the case m < u < M and m < v < M, one can easily show again that (@) holds by
considering the functions (v — m)/(M —m) and (v — m)/(M — m), and taking into account the
general properties of J.

Finally, for u,v € L*(Q) and for T > 0, let us consider up := —TVu AT and vy :== —TVvAT.
Since ur — u and vy — v in LY(Q), by the lower semicontinuity of J we obtain

J(u~+v) <liminf J(ur 4+ vr) < liminf(J(ur) + J(vr)) < limsup J(ur) + limsup J(vr)

— 400 T—+o00 T—+oco T—+o0
T T
= i J(Xqussy) ds + i J(X(ussy) ds = J(u) + J(v),
ML O (X{u>sy) ds + lim » (Xqv>sy) ds = J(u) + J(v)

so that (B.5) follows.
In order to conclude the proof, we have to check claim (B.). Let M := maxu. Since u is
positive and integer valued, we can write u = Zﬁl X{u>i}- Forany i€ {1,..., M} we have

/ 1 J(X{u>sy) ds = T (X {uzi})

so that
M

+oo
Jw=A T0tuss) ds = 3 T0tqussy):

i=1
Hence
m m
J(u) > inf{ZJ(XEi) m>1,u= ZXEI} .
i=1 i=1
In order to prove the opposite inequality let u = > " | x g, for some Borel set E; C Q and m > 1.
Observe that for any r,s € {1,...,m} with r # s we also have

U= XE,nE, T XEUE, T Z XE;-
iET
i#£S
From (B.4) we get

J(xe.ne,) +J(xB.08,) + Y J(xE) <Y J(xE).
ir i=1
i#£s
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Then by induction it is easy to see that

m m M
i=1 i=1 i=1
Hence claim (@ holds true, so that the proof is concluded. ]

The following Proposition deals with the stability of the class GC(§2) with respect to the I'-
convergence.

Proposition 3.5. Let (J,)nen be a sequence of convex functionals in GC()) such that there
exists a functional J defined on characteristic functions of Borel sets which satisfies the following

conditions:

(a) for every Borel set E C Q and for every sequence of Borel sets (Ep)nen contained in €
such that xg, — xg in L*(Q) we have

j(XE) <liminf J,(xg,);

(b) for every Borel set E C Q) there exists a sequence of Borel sets (Ey)nen contained in §)
with xg, — xe in LY(Q) and such that

limsup J,(xg,) < J(xE).

Then setting
+oo
J(u) = / J(X{u>s}) ds,
we have J € GC(Q) and the sequence (J,)nen ['-converges to J in the L'-topology.
Conversely let (Jp)nen be a sequence of functionals in GC(SY) which T'-converges to a proper
functional J: LY(Q) — [0,400]. Then J € GC(Q) and its restriction J to the family of charac-
teristic functions of Borel subsets of ) satisfies conditions (a) and (b).

Remark 3.6. Notice that it follows that for conver functionals in GC(f), the T'-convergence
is equivalent to the I'-convergence on the corresponding (submodular) set functions, that is, the
restriction to characteristic functions of the original functionals. However, the last statement in
Proposition @ is also true without assuming any convexity of the functions .J,,. Notice that there
exist functionals in GC(2) which are lower semicontinuous but not convex, so that convexity
cannot be gained by relaxation. (It suffices to consider functionals of the form ([L4) with Q and
h chosen in such a way that the summation involves only one square, and the function F' is not
submodular on binary vectors.)

Proof of Proposition . Notice that J is, by construction, lower semicontinuous on characteristic
functions, so that the map s — j(x{u>s}) is measurable for every u € L1(£2). Hence the definition
of J is well posed.

In order to prove the I'-convergence result, we need to check I'-lim inf and I'-lim sup inequalities
(see Section []). Let us start with the Ilim inf inequality. Let u, — wu in L'(Q). Up to a
subsequence, we can assume that x(u,>s} — X{u>s} i LY(Q) for a.e. s € R. By Fatou’s Lemma,
the generalized coarea formula (B.1)) and assumption (a) we get

—+oo —+oo N
liminf J, (u,) > / lim inf Jp, (X fu,>s}) ds > / J(Xfussy) ds = J(u)

n—oo
— 00

so that the I'-lim inf inequality follows.
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Let us come to the I-lim sup inequality. We can clearly assume that the map s — J (X{u>s})
belongs to L(R). Notice that the subspace given by (finite) linear combinations of characteristic
functions is dense with respect to the energy J. In fact, if 0 < u < 1, by Lemma @ we can choose
t €]0, 1[ such that

1 .1
EZX@D%}_’U in L' ()

keN
and (since J(0) = J(1) = 0)
1 B 1 +oo
%E&E%J(X{DT}) :/0 J(Xqussy)ds = /700 J(X{u>sy) ds.

The case m < u < M follows considering the function (v —m)/(M —m). Finally, for u € L'(Q),
let us set up := =T VuAT — u for every T > 0. Since ur — u in L'(Q) and J(ur) — J(u)
as T — +o00, the density in energy follows by a diagonal argument. By general results of I'-
convergence, it suffices to prove the I'-lim sup inequality for u equal to a linear combination of
characteristic functions. Since J is invariant under translation, it is not restrictive to assume that
u = Z?Zl arXe, with ap > 0 for every k =1,...,m, and E,, C E,,_; C --- C E;. In this way
we have

J(u) =) ard(xm,)-
k=1
By condition (b), we can find Borel sets E}' such that
XE,? — XE in Ll(Q)

as n — oo, and

limsup Jn (xzp) < j(XEk)

n—oo
Setting uy, == Y pr, agXxep, we have u, — u in LY(Q). Since J,, is convex and positively one-
homogeneous, and hence subadditive, we deduce

akj(XEk) = J(”)?

NE

lim sup J,, (u,) < Zak limsup J (xgr) <

n—00 n—00
k=1

b
Il

1
so that the I'-lim sup inequality is proved.

Finally, the fact that J € GC(Q) follows since J and .J coincide on characteristic functions.
The proof of the first part of the Proposition is thus complete.

Let us come to the second part. Clearly .J satisfies condition (a). In order to prove condition
(b), let E be a Borel subset of Q, and let u,, € L'(Q) be such that u, — yg in L*(Q) and
limsup,, ., Jn(u,) < J(xz). Since for any & € (0,1)

1-06
Jn(un) > /(5 Jn(X{un>s})d57

there exists s, € (6,1 — J) such that

1
' n Up >8 < n\Un)-
(37) TnXfun>0)) S 75 Tntn)
Let us set EJ := X{y,>s,}. We have clearly that Xgs — XE in L*(Q) and by (B-A) we deduce
1 1 -
lim sup Inlxms) < 75 lim sup Inlun) < 7557 (x5)

Let us choose now § = 1/m. There exists n,, such that for every n > n,, we have

IXgrm = xEllLr <1/m
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and 1
In m) < ———J
gy) € Tg7m T ce)
Moreover we may assume that n,, T co. If we set F,, := E,ll/m for ny, < n < ny41, we have that
(Ern)nen is the recovering sequence for which the I'-lim sup inequality holds.
Finally, the fact that J € GC(Q) follows now from the first part of the Proposition, and this
concludes the proof. O

4. DISCRETE APPROXIMATION OF ANISOTROPIC TOTAL VARIATION

Let N > 1 and ¥ C Z" be a finite set, and let F : {0,1}* — [0, +00) be a nonnegative
submodular function, i.e. F(u Av) + F(u Vv) < F(u) + F(v) for any u,v € {0,1}*, with
F(0) = F(xs) = 0. We extend F to all vectors u € R¥ into a convex function by letting (see
Proposition B.4)

+oo
(11) F) = [ s ds
where {u > s} = {z € ¥ : u(x) > s}. We let
(42) pr = max|e|

and we assume, in addition, the following coercivity assumption:

(A) X contains 0 and the canonical basis (e;)¥.; of RV, and there exists ¢ > 0 such that for
any u € R,

N
F(u) 2 ¢ ules) —u(0)].
=1

Notice that ([L.]) is a discrete version of the generalized coarea formula (B.1]).
Given h > 0 and x € hZ" let us set

(4.3) QM =z +h0,1[".
Let V, denote the space of functions u: R — R such that
u = Z u(z)xqn -
x€hZN
Notice that we have V,, C L} (RY).
Let © € RY be an open and bounded set. We denote by V3 (€2) the restriction to 2 of the

functions in Vj,. Let moreover I"(Q) denote the set of z € R such that z +hY% C 2. We consider
the functional Jj(-,Q): LY(Q) — [0, +oc[ defined as

RN N Flulz+hE]) if w € Vi(Q)
(4.4) Jn(u, Q) = aeIM(Q)NhZN
+00 if u e LY Q) \ Va(Q),

where for any x € I"(Q), u[z + hY] is the vector (u(x + hy)yes) of R*.

The aim of this section is to study the asymptotic behavior of the functionals Jy(-,) as the
size mesh h vanishes: it is expected that they approximate some anisotropic total variation. The
following Proposition shows that the functionals Jj (-, Q) satisfy the generalized coarea formula

()2

Proposition 4.1. The functional Jy, (-, Q) is convex and belongs to GC (). Moreover, there exist
Cy > Cy > 0 such that for any open sets A, B with A CC B CC Q, and for any u € Vj,(§2), we
have, if h is small enough,

(4.5) Cy|Dul(A) < Jp(u,B) < Ca|Dul(Q).
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Proof. From ([L.1]), we get that also .J;, satisfies (B.1)). The submodularity of F' yields (B.4), hence
Jy, is convex.

To show the estimate (@)7 it is enough to assume that u € V4,(€2) is a characteristic function
(the general case then follows from the coarea formula). In this case, the left hand side inequality
follows from assumption (A), while the other follows from the fact if that F(u[z + hX]) > 0 for
some x € I"(B) N hZY, then u takes different values on the set  + hY so that its variation on
B(x, psh) (where py; is given by (£3)) is at least AN -1, O

For every v € RY we set
Fv-%) = F((v-y)yes)

The main result of the paper is the following.

Theorem 4.2. Let Q C RY be a bounded, open and Lipschitz domain, and let Jy, := Jy,(-,€2) be
defined as in (@) for h > 0. Then the family (Jy)n>o I'-converges in the L*-topology as h — 0
to the functional J: L*(Q)) — [0, +oc] given by

Du )
(4.6) J(u, Q) = /QF <w ' E) d|Du| ifue BV (Q)
oo if ue L'(Q)\ BV(Q),

where for w € BV () the function Du/|Du| stands for the Radon-Nikodym derivative of Du with

respect to its total variation |Dul.

Since J(-,Q) satisfies the generalized coarea formula (see Proposition B.f), we can also write
for u € BV (Q)

+oo
(4.7) J(u, Q) = / Pers, p({u > s},Q) ds,

— 00

where for any finite-perimeter set E in €2
(4.8) Pers, p(E,Q) = / F(vg-%)dHN 1.
0*ENQ

In particular
J(XE; Q) = PeTgyp(E, Q)
for any finite-perimeter set £ in €.
The following Corollary is a consequence of the I'-convergence result of the previous Theorem.

Corollary 4.3. Let Q C RY be a bounded open set with Lipschitz boundary, g € L°°(S2), and let
up, be the solution of

(4.9) ueI%ilI(lQ) In(u, ) + Jlu — 9”%2(9)'

Then up, converges in L*(Q) for h — 0 to the minimizer u € BV () of

(4.10) it 0,2+ u gl

where J is the T'-limit of the family (Jp)n>o0 given by @)

Proof. Without loss of generality we can suppose up € V() for any h > 0. Moreover, as a
consequence of the submodularity property (iv) in Proposition , we have that the functional Jj
decreases by truncation. This entails that ||up|le < ||g]loo for every h > 0.

Taking into account (fL.§) we get that the total variation of wy, is uniformly bounded. By
compactness in BV, we deduce that there exists u € BV (€2) and a sequence hy — 0 such that
up, — uin L1(Q). The convergence is indeed in every LP for every 1 < p < +oo0 since (up)n>0 is
bounded in L>=(9Q).
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The fact that the limit v is a minimizer of ) is a consequence of Proposition EI Since
this minimizer is, in fact, unique, we conclude that the entire family (up)n>o converges to u as
h — 0. O

Remark 4.4. Notice that equality ([l.7) implies that the I-limit J(u, ©2) satisfies (L) for every
u € BV(Q). In fact a direct computation shows that (f.g) holds for simple functions. The
extension to the whole BV (Q) follows by a density argument. Let v € BV(Q), and let (un)nen
be a sequence of simple functions converging in L!(Q) to v and such that |Du,|(2) — |Du|(Q) as
n — oo. From Reshetnyak continuity theorem (see [f, Thm 2.39]) we deduce that

(4.11) lim [ F ( D -2) d| D, :/F (&-2> d|Dul.

n—eeJa [ Dy | Q |Du|
Since |Duy, |(2) — |Dul(2), by coarea formula in BV (§2) we get, up to a subsequence, Per({u, >

s},Q) — Per({u > s},Q) for a.e. s € R. Using again Reshetnyak continuity theorem (applied to
the measures v dH 1L 9*{u,, > s}), we deduce that

lim Pery p({u, > s},Q) = lim F(v-%)dHN !

N0 o {uy, >s1NQ
:/ F(v-%)dHN™ = Pers p({u > s},9Q).
O*{u>s}NQ

By the generalized coarea formula for J and the Dominated Convergence Theorem we conclude
that
lim J(up, Q) = J(u, Q)

n—oo

so that in view of (fl.1)), the representation ([L.§) is proved.

The rest of the Section is devoted to the proof of Theorem @ In view of Proposition @ and
of Remark [£4, in order to study the I-limit of the family (J;)s>0 we can consider the restriction
of Jp, to characteristic functions of sets, and show that it I'-converges to the anisotropic perimeter

given by ([L§).

By definition, we need to show that given any sequence h,, | 0, we have for any Borel set
E CQ:

o if g, € V4, (Q) converges to xg in L'(2), then

(4.12) liminf J;,, (xg,,,Q) > J(xg,Q);
e there exists a sequence (Epm)men With xg,, € Va,, (Q) such that xg,, — xg in L*(Q) and
(4.13) limsup Jp,,, (xg,,,Q) < J(xg,Q).

We prove inequalities ([.12) and (f.13) in subsections [t.1 and .9 respectively. We will use the

following “continuous” variant of Jp,, defined on any function and not just on piecewise constant
functions of the class V},: we let, for any u € L1(Q),

(4.14) T, Q) = % /l oy Pl 131

Let @, is the open unit cube centered in 0 with a face orthogonal to v, and
(4.15) I ={reRN:2.v >0}

We have the following result:

Lemma 4.5. There holds

(4.16) F(u-%) = lm Ji(x1,, Q)
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Proof. One has

1
Ji(x1,, Q) = E/Ih@ )F(XIU[:C—i-hE])d:v.

Now, letting u(z) := v -z, we have, for any s € R and = € RN, xp, [z +hX] = X{y>s} [z + sv + hZ],
so that we may write

12 (4
(417) Ji(x1,,Qv) = / <—/ F(x{u>s}[x+su+h2])dx> ds
hJim@.)

~1/2
12 (4
—-1/2 I"(Qu)+sv

Now, as soon as |s| < 1/2 — pxh,

/ F(X{uss)ly +hE]) dy = / F(X{uss}ly + X)) dy,
"(Qu)+sv "(Qu)

and it follows from (4.17) and the co-area formula that

(418) Jli(XIwQV) = Jli(quu) + €n
where the error €, > 0 is

1
€ = E/ </ F(X{u>s}[y+h2])dy—/ F(X{u>s}[y+h2])dy> ds.
%—pzh<|s\<% I"(Qu)+sv "(Q.)

One easily checks that ¢, < 2(maxy F)p3h — 0 as h — 0, and ([£14) follows from (f.1§) and the
observation that

h
Ji(u, Q) = F(V'E)% — Fv-%)

as h — 0. O

4.1. T-liminf inequality. We prove here the inequality (J.12). First of all, we may assume
(upon extracting a subsequence) that the liminf in (4.19) is a limit, and, also, that it is finite
(otherwise there is nothing to prove), so that in particular sup,, Jy, (x&,,,Q) = C < 4+o00. For
any A CC Q, it follows from (f.§) that for any m large enough, C1|Dxg,,|(A) < C so that (by
lower semicontinuity of the total variation) also F must have finite perimeter in 2.

We consider the non-negative measures

Hom = hr]Yz_l Z F(xE,, [+ hnX])ds,
zeIhm (Q)Nhy, ZN

such that Jp, (x&,,,Q) = wm(Q). Since they are uniformly bounded, we may also assume that
there exists a measure g such that p, — p as measures. We therefore have

(4.19) w(Q) < liminf Jy,, (x5,., Q)

hence the thesis follows if we show that p > F(vg - S)HVN 1L 0*F as measures.

It is therefore enough to compute the Radon-Nikodym derivative of the measure p with respect
to HN~1L9*E, and to show it is above F(vg - ). We know from [, Thm. 5.52] that it is given,
for HNt-a.e. x € 0*E, by

lim w4+ rQy)
r—0 HNfl((.I =+ ’I”Ql,) n 8*E)
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for any v € RY with unit norm, where @, is as before the open unit cube centered in 0 with a
face orthogonal to v. In particular, at a regular point x¢ of 0*FE we can choose v = vg(zg) (the
inner normal to F at xp) and the limit becomes

. ,UJ(-fO + TQU)
4.2 = lim ————.
(4.20) ¢ ST N
Let us now show that £ > F(v - ¥). We can assume ¢ < +00. Notice that since zg is regular, we
also have

. 1
lim —N/ Ix1, (y — x0) — xe(y)|dy = 0.
r To+21Q,

r—0

For a.e. r > 0 (small), we have
w(xo +71Qy) = n}gnoo tn (o +7Qw)
and

/ Ix1, (y — 20) — xp(y)|dy = lim Ix1, (¥ — 20) — XE,, (v)| dy.
To+21Q,

M= Jro+2rQ,

Hence, using a diagonal argument, there exist sequences m,, and r,, such that h,,, /r, — 0,

/ — lim Umn(I0+TnQu)

and 1
lim —N/ Ix1, (y — x0) = XE.., (¥)| dy = 0.
20+2710 Qu

For each n, we now make the change of variable y = 29 4+ 7,2, and we define E!, = (E,,, —
20)/rn C (Q — x0)/rp. It follows

N-—1
(4.21) (= lim <hmn> 3 F(xe, [+ (i, /7))

TN eQunl(hin /)N —wo /7]
and
(4.22) lim Ix1,(2) = xp: (2)|dz = 0.
n—oo 2QU
We let h!, = hy,, /rn (which goes to 0), and let 0, = z¢/hm, — [€o/hm,]| (the vector whose
coordinates are each the fractional part of the corresponding coordinate of xg/hyy,, ). The limit

in (£.21) becomes:

(4.23) ¢ = lim W/N7! > F(xg, [z + h,%)).
e zEQLNK, (ZN —0y,)

Letting E) := E/! + h},0,,, we clearly still have

(4.24) lim Ix1,(2) = xEr(2)|dz = 0.

n—oo Q
v

From now on, to simplify, we will denote E!/ and h/, by, respectively, E,, and h,,. We consider
a basis (v1,...,vy) of RV such that each v; is orthogonal to a face of Q,, and with vy = v. We
choose 1 > 0 (small). Writing = sy + 2’ = (s,2’) with 2/ - 14 = 0, we have (using Fubini’s
Theorem)

n | q 1/2—n /
(4.25) / — / / X1, (%) = X&, (2)]dz’ ds | dn
0 n 1/2—77—/7)3}171 [_1/2)1/211\771

1/2
- pz/ / X1, (%) = xE, ()| dz'ds
1/2—770_/)2}171 [_1/271/2]]\]71

which, thanks to ([L24), goes to 0.
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Hence, up to a subsequence, we may assume that for a.e. n € [0, 7],

1 1/2—7]
(4.26) . \/1</2 X /é B Ix1, (sv1 + x’) —xg, (sv1 + :17/)| di'ds — 0
n —N—pxin Vg

as n — 0o. The same holds if we replace in () v, with any of the v;, i =2,..., N — 1, or if we
replace the interval [1/2 — n — psh,, 1/2 — 1] of integration in the first integral with the interval
[-1/2+n,—1/2+n+ pshy]. Let us therefore choose a n > 0 such that all the above mentioned
limits are 0, and let Q7 = (1 — 21)Q,.

We now extend periodically E, N Q] in the directions vy,...,vy_1, into a set En C vt +
[—1/2 4+ 1,1/2 — n)v, by letting & € E,, if and only if & = 2 + (1 — 21) Ef;l k;v; for some point
z € B, N Q" and integers k; € Z. Tt follows from ([.2) that

(4.27) ¢ > liminf Jy (xz ,Q7),

where J is as in ([t.14), and (recalling ([.3)),

(4.28) sup [Dxp [(QF) < sup|Dxg, |(int(Q})) + 2N < +oo.
neN neN

We claim that for any 7 € vt, we also have

(4.29) Jh (X5, Q0) = i, (Xg, T+ @) — €n
for some error €, — 0 which is independent on 7.
Assume to simplify that 7 = sv; for some s € R. If s is (1 — 2n) times an integer, then (%.29)
is obvious. If not, we may assume without loss of generality that 0 < s < 1 — 27. We have
1

Jh, (X, s +QF) = ) ( Qn)F(XEn[x—l-hnZ])d:c.
n S (sv14Q)

The domain of integration is split into three parts Dy = I (svy + Q1) NI (Q7), Dy = 1" (svy +
QM) NIM((1—2n)v1 +Q7), and D3 = " (svy + Q1) \ (D1 U D). Since Dy and (D2 — (1 —2n)v1)
are disjoint subsets of I"»(Q1), it follows

1
(@30 (g + QD) < IR0, QU + 5o [ Flxg o+ bS] do.
n J Dg

We have D3 C S;” U ((1 — 2n)1y + Sy ), where for i = 1,..., N — 1,
Y 1 1 1
+ . .
Si = I:;:lzm ty 0= pshe SEm <G =, oyl < 5 -0 Vi

Let us show that (1/h,,) fsf F(xg [r+h,X])dz — 0 as n — oo. We have, using the notation

x =sv; + 2/, 2 - vy =0, and the change of variable s = 1/2 — n — h,¢,
=
(4.31) hi +F(XEn[:zc—|—hnE])dw — /p / ) F(v,(&,2)) da’ dé
n Js; 0 Jim1/24n,1/2-mv -1

where for each ¢, 2/, v, (&, 2") € {0,1}* is the vector Xg, [(1/2=n—hp)v1+2"+h,X]. We observe
that from ([.2), we have (using the same change of variable, and observing that y;, depends only
on z'y)

12>}
L ) =X, (1/2 = g ' 0

as n — oo. In particular, up to a subsequence, we may assume that each component of the
vector v, (€, x') converges to x, (xy) as n — oo, for a.e. (§,2’). Notice that these components
take only the value 0 or 1, hence, they must be equal to xj, (2/y) for n large enough. Since
F(0) = F(xs) = 0, it follows that F(v,(£,2')) — 0 a.e., and since F' is bounded we find (using
Lebesgue’s theorem) that the integral in the right-hand side of (4.31]) goes to 0.
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In the same way, we can show that (1/h,) [4- F(xz [z + hnX])dz — 0, so that (E:29) follows
1 n

from ([.30) and the inclusion D3 € S;”U((1 —2n)v; + S7). In the general case (if 7 is not parallel
to 1), we can show in the same way that ([£.29) holds provided
| Nl
€n = — F(xz [z+ h,X])dz;
e 2 [, FO,

i=1
our choice of n guarantees that ¢, still goes to zero.
Let un: @ — [0,1] be the average of x on each hyperplane orthogonal to v, given by

1 / /
n = — - dx’ .
() (1 =2yt /erm Xg, (@ + @) de

It is clear that w, depends only on x - v. Since
/ [un — X1, | dv < / Ixg, —xr,|dz,
Q7 QJ

up = x1, in LY(QD).
Notice that for a.e. x € Q?, the vector u,[x + h,X] is also the average on the hyperplane through
z orthogonal to v of the vectors xz [+ hnX], so that, by Jensen’s inequality and using (E29)

T (X5, @0) 2 i, (un, @) — én
Together with (f£27), it yields
(4.32) ¢ > liminf Jj (un,Q)).

we deduce

It is clear that ({.2§) also yields a uniform bound on the total variations |Du,|(Q7), n € N.
Let us fix £,0 €]0,1[. By the generalized coarea formula for Jy;, » and the coarea formula in BV
we get

1
C = Ji, (un, @) + &[Dun|(Q)) = / [Th, (X fun o1 Q) + MV TH 0 {un > s} N Q7)) ds
0

1—46
> / 5. (e Q1) + MY 10 (> 5} 1 Q1)) ds
)

for some positive constant C. We deduce that there exists s,, €]d,1 — d[ such that

(4.33) Ti (s Q1) + €l Dun|(Q)) = (1= 26)J5, (Xgun>s0y Q)
and

(4.34) C > (1 —20)HN 710 {un, > 5,1 N Q).

We have

Un = X{un>sn} — X1, in L' (QZ)
By (i.34) and since u,, depends only on z - v, we deduce that there exists, up to a subsequence,
an odd number M independent of n such that

M
0 {vn =1} = Q1 n | J(akv+vh)
k=1

with . )
—5-1-77 <al <ad <..<dl < 5
Without loss of generality, we can assume that a® — 0 forevery k =1,..., M, v, =0ifz-v < a},

and v, = 1 if z-v > aM. Indeed, if some of the points a® do not go to zero as n — oo, we can
lower the energy J; (vn,@))) by “removing” from v,, the corresponding discontinuities.
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If M > 1, let us consider the function 0y, = X{z.,>a2}. Since v, V ¥, is both a translate of v,
(of (al — a2)v) and of xp, (of a2v), for n large we have

Jh, On, Q) = Ji (vn V0, Q) = Ji, (X1, Q))-
By the submodularity property of F, we obtain setting v} := v,, A 9,, that for n large enough,
T, (0, Q1) < J5 (vn, Q7).

If M = 3 then v, = X{s.,>q3} 18 a translate of xr,. If M > 3, then we can reiterate this argument,

1
n
replacing now a2

2 with a: after a finite number of steps we eventually find a translate of y, with

energy lower than Ji (v,, Q). Hence, for n large enough,

(4.35) Jh, (X1, Q0) < Ji, (vn, Q).
By ([£16) and a straightforward scaling argument, the left-hand side of (f3§) goes to (1 —
2n)N"I1F(v - %) as n — co. Recalling ([.32)) and ([£33), we deduce
(4 2sup [ Dul(@1) > (1-20)(1— 2N 1P(v ),
neN

and since €, 0 and 1 can be chosen arbitrarily small we deduce that ¢ > F(v - ¥). It follows that
p> F(v-2YHN =1L 9*E, which together with (JL.19) yields ({.13).

4.2. T-limsup inequality. Let us now show the inequality (f.13). We first show the following
generalization of the formula (J1.14):

Lemma 4.6. Let A C Q be an open set, and assume HN~1(0I, NOA) = 0. Then
(4.36) Jim Ji(x1,, A) = HN AL, NAF(v-%).

Proof. Let ¢ > 0. Let ()Y, be a basis of RY, with vy = v, and let us consider the family Q. of
all cubes @ C A, of side ¢, centered at the points sz\il ek;v; for k; € ZV, and such that each face
is orthogonal to some v;.
We have obviously
lim Ji(xr,, 4) > ) liminf Ji(xz,. Q)
QeQ.
while (by ([.1§) and a simple scaling argument) for each Q,

lim Ji (1, Q) = VTR D).

Hence,

lim Ji(x1,, 4) > HN oL | Q) F(v-D),
QEeQ.
letting then € — 0, it shows “>" in (|L.34).
To show the reverse inequality, we let, for each ¢ > 0, A = UQGQE @, and first observe that
for any n > 0,
Tixn,A%) < Y T, (1+m)Q)
QeQ.
as soon as h < ne/(2pyx), where here (1 + )@ denotes the cube of same center as @, and dilated

by the factor 1 4 7. Taking the limit h — 0, we find
(4.37) limsup J¢ (xr,, A%) < (14+n)NTHYNYOLNA)F(v-X) < HYHOLNA)F(v-X) + On.
h—0

for any n > 0. Now,

1
T A) = Jilu A9 + 5 [ Flxa,fo +h¥]) de
(AT (A%)
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so that ([L.36) will follow from ([L.37) if we show that

1
(4.38) E / Flxu, e+ hs)) dz — 0
b Jincananas)

as h — 0 and € — 0. The integrand above is zero when z is at distance larger than hpx to the
interface 01, and = € A is out of the domain of integration as soon as it is at distance larger than
hps; to A\ A°, for instance when z € Ay, := { € A : dist(¢,0A) > 2¢}. Hence, the error ([1.39)
is bounded by

(4.39) (maxc F) (A A2c) N (8Ivh+ [=hps, hoslv)|
Let G C 01, be a relatively open set which contains I, N 0A. We claim that there exists dp > 0
small such that the projection of (A \ As) N (01, + [—6,d]v) onto I, is contained in G for any
d < dp: if not, one finds a sequence ¢, — 0 and points x,, € (4 \ 4s,) N (O, + [~0n, d,|v) which
project outside of G, but then, any limit point of this sequence should be in 94 N J1, but outside
G, which is not possible.

Then, if we choose ¢ < 50/2\/N, and h small enough, we have

(A\ Aoo) N (OI, + [—hps, hps]v) C G+ [—hps, hps|v
so that the limsup of ()7 as h — 0, is less than
s (mEaxF) HNTH@).
Since we assumed that HN~1(0I, N 0A) = 0, HY~1(G) may be chosen as small as we wish so
that ) holds. Hence the Lemma is proved. (]

Now, we show the following estimate:

Lemma 4.7. Let A C Q be an open set with continuous boundary, and let E C §) be a finite-
perimeter set such that HN =Y (0*EN A\ 9*EN A) =0. Then,
(4.40) limsup Ji (xg, A) < (2px mSXF) HNHO*ENA).

h—0
Proof. Since A has a continuous boundary, for A small enough, x4+ hX contains points of Lebesgue
density of E both zero and one only if x is close enough to 0* FNA, namely, dist (z, 0* ENA) < hps.
Hence,

1 € A :dist(z,0*ENA)<h
Ti(xp, A) = —/mA) Flxsle +hs)de < 12 ist (= VS hosH o ).

h h by

By standard results on the Minkowski contents [[l, Thm 3.2.39], the last fraction goes to
2psHN~1(0*E N A) as h — 0, which shows the Lemma. O

We deduce the following:

Corollary 4.8. Let Q C RY have a continuous boundary, and let E C ) be a set whose boundary
is made of a finite union of subsets of (N — 1)-dimensional hyperplanes. Then

lim J¢ (xg, Q) :/ F(vp(r)- ) dHN (z),
h—0 dENQ

where vg(x) is the inner normal to E at x.

Proof. By assumption, 0E N Q) = Ulj\il P; where P; C (z; + 01I,,) for some z; € RY and v; € RY
with unit norm, moreover we assume that v; = v on P; (v; points towards the interior of E). (We
also assume that the P; are “maximal”, in the sense that P; N P; # 0 = v; # v; for any i # j.)
Let S =QnN Uf\il OP;, where the OP; is the relative boundary of the face inside the hyperplane
(z; + 01,,): it is a (N — 2)-dimensional set, with HY~2(S) < +oo.
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We choose ¢ > 0 and build a finite covering (4;)21? of 9E N Q with bounded open sets
with continuous boundary, as follows: Apry1 = {z € Q : dist (z,09) < e}, Apyo = {z € Q,:
dist (z,S) < €}, and A; is a neighborhood of P; \ (Aar+1 U Apr+2) which does not intersect P; for

j #i. By Lemmas @ and @,
M
lim Jj(xe, Q) — S HNTHPNA)F (v - %) < C(HNTHOEN Aprya) + HY TN (OE N A )
i=1
with C' = 2psy, maxy, F'. Letting € — 0 shows the Corollary. O

We are now able to show the following Proposition, which essentially shows the I'-convergence
of Jy, to J on the restricted class of polyhedral sets.

Proposition 4.9. Let Q C RY have a continuous boundary, and let E C Q be a set whose
boundary is made of a finite union of subsets of (N — 1)-dimensional hyperplanes. Then, there
exist sets Ey, with xg, € Vi(Q), xE, — x& in L'() as h — 0, and

lim Jy(xE,, Q) = / Fvg(z) - S)dHY ' (z) = J(xE, Q).

h—=0 OEND
Proof. We have, making in ) the change of variable x = z +y with z € hZ" and y € [0, h[,

1
Ji(xe, Q) = h_N/ DY Fixely +z+hE])) dy
ORI zem@)—y)nnzy

so that (by Corollary [L.d) we can choose for each h a yj, € [0, h[V such that
(4.41) limsup RV Y Fxplyn + 2 +h3)) < J(xp,Q),
h=0 2€ (I (2)—yn)NAZN

we can assume moreover that no point in yy, + hZ™ N Q lies on OF.
For each € > 0 we let 2. = {z € Q : dist (z,09Q) > ¢}. We fix ¢ > 0, and define Ef as follows
(for h small enough):

XE; = Z XE(Yn + 2)xgr + Z XE(2)Xxqr
2€Q.NhZLN 2€(Q\Q:)NhZN
where Q" is the cube defined in ([.3). It is not difficult to show that XE: — Xg in L' as h — 0,
in fact, it converges locally uniformly in Q \ OF. We have if h is small enough
(4.42)
Jn(xe:, Q) < BNV > F(xg; [z +h3]) +pV ! > F(xpg [z + hX])
z €I (Q)NhZN €I (Q\Q2:)NAZN

<Vt Y F(xelyn + 2 + h3)]) + AV > F(xgg [z + h3))
2€(I"(Q)—yp)NRZN 2E€ I (Q\ Q2 )NRZN

Now, thanks to ({t.41]) we get
(4.43) limsup Jp(x gz, Q) < J(xE, Q) + limsup RNt Z F(xEg [z + hX]).
h—=0 h=0 " ern(@\Que)nhzN

In the sum, on the other hand, F'(xg: [ + hX]) is not zero only when some point of = + hX: lies in
Ef and some other in Q \ Ef, and such z are at distance at most h(1 + px) from OE N (Y, so that

QF c {£€Q\Qy,, w : dist(&,0ENQ) < h(1+ VN +px)}
Therefore, the sum is bounded by

S € Q\ Q. yy  dist (§0ENQ) < h(1+ VN + py)}
h )




CONTINUOUS LIMITS OF DISCRETE PERIMETERS 21

which goes to 2(1 + VN + ps)HN"HOE N (Q\ Q2.)) as h — 0. We deduce from ([.43) that

limsup Jn (xg:, Q) < J(xp,Q) + CHYN T OEN () Qo)) -
h—0
Since HN"L(OE N (2 \ Q2)) — 0 as € — 0, using a diagonal argument, we deduce the thesis of
the Corollary. O

Corollary 4.10. Let Q C RY have a continuous boundary, and let E be a polyhedral set in §) in
the previous sense. Then,

(F_%%Jh('aﬂ))(XE) = J(xe, Q).

Proof. Tt follows from ([.12) (which has been shown in Subsection [i.1]) and from Proposition ..
O

Now, we are in a position to show that () holds.

Proposition 4.11. Let Q be a bounded open set of RN with Lipschitz boundary, and let E C
be a set with finite perimeter in Q. Then for every h > 0 there exists Ey, with xg, € Vi(Q2), such
that xg, — xg in L*(Q) as h — 0 and
(4.44) limsup Ji(xg,, Q) < J(xg, Q).
h—0

Proof. Since € is Lipschitz, we can extend E outside of Q into a finite-perimeter subset of RY
(still denoted E) such that |Dxg|(02) = 0. Then, standard approximation arguments show that
there exists a sequence of polyhedral sets G™ such that yg» converges to xg strongly in L'(RY),
and with

Jim [Dxg-(RY)| = [Dxp|RY).

This can be seen, for instance, by approximating yg by smooth functions (by convolution) and
then approximating these smooth functions by piecewise linear functions, such as “P1” finite-
elements. Then, an appropriate thresholding of these functions provides the sequence G™. The
Reshetnyak continuity Theorem (see section ), and |Dyg|(09) = 0 yield

nILH;oJ(XGn’Q) = J(xe, Q).

By Proposition @, we know that for each n there exists G} converging to G™, such that
limsup;,_,o Ju(G}, Q) < J(xan,§). We construct the family (Ej)p>o from the G}, by a diag-
onal argument as follows. For every n there exists h,, such that h, | 0 as n — oo such that for
every h < hy, we have [[xgp — xanllL1@) < 1/n and Ju(xep, Q) < J(xgn, Q) + 1/n. If we set
Ey, .= G}, for hpi1 < h < hy,, the result follows. O

5. EXAMPLES

Let us describe a few cases. First of all, the standard nearest-neighbor interaction on a square
grid corresponds to the situation where ¥ = {(0,0), (1,0), (0,1)} and, for u € R®, F(u) = |u(1,0)—
u(0,0)| + |u(0,1) — u(0,0)|. It is obvious, in this case (as in any other case where F' is a sum of
pair interactions) that the I'-limit of .J, is the anisotropic total variation given by (|L.J), in this
case, [, |Duly where [p|ly = |p1] + |pz| is the 1-norm in R?.

Less trivial situations are when F' cannot be reduced to a sum of pair interactions, such as, still
with the same set X, the functions F' defined by F(0x) = F(1x) =0, F(ly — u) = F(u) for any
u € {0,1}*, and

F<8 1):1, F((l) O):1, F((l) 1>=\/§.
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This F' can also be checked to be submodular. Now, the limit density is given by

(5.1) v = (1,1) F( SQ » ) :

see Figure [If for the expression of F', and where we also have plotted the shape of the “Wulff shape”
F(p-X) < 1. Notice that in this case, we have chosen F(6) = /(61,0 — 00,0)? + (60,1 — 00,0)? for

2

V2|v] + v2 — vrl

[v1] + [vel

V2|va| + |vg 2

[v1l + |va|

V2l + |ve — vy

FIGURE 1. Values of F given by (.1

6 € 101} however, clearly, we get a limit energy which is not fQ | Du| (which would be the T'-limit

of urs hy2, i \/(wir1,j — i j)? + (wij+1 — u;3)?) but an anisotropic (crystalline) total variation.
This is of course due to the fact that the latter does not satisfy the generalized coarea formula.
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