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ISOPERIMETRIC INEQUALITIES FOR THE EIGENVALUES OF
NATURAL SCHRODINGER OPERATORS ON SURFACES

AHMAD EL SOUFI

ABSTRACT. This paper deals with eigenvalue optimization problems for a fam-
ily of natural Schrodinger operators arising in some geometrical or physical
contexts. These operators, whose potentials are quadratic in curvature, are
considered on closed surfaces immersed in space forms and we look for geome-
tries that maximize the eigenvalues. We show that under suitable assumptions
on the potential, the first and the second eigenvalues are maximized by (round)
spheres.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

There has been remarkable interest in recent years in the eigenvalues of Schrodinger
operators with quadratic curvature potentials on surfaces. Operators of this type
appear in several contexts where the physics is strongly influenced by the geometry
and the topology of the surface. As examples we can cite stability properties of
interfaces in reaction-diffusion systems such as Allen-Cahn, see [El, , , and the
quantum mechanics on nanoscale structures, see [@, E, ] In this paper we discuss
a natural isoperimetric problem for the eigenvalues of such operators on compact
immersed surfaces in the n-dimensional Euclidean space R™ or, more generally, in
a simply connected space form.

Let X : M — R"™ be a regular compact immersed surface of R™, which means
that M is a compact 2-dimensional differentiable manifold and X is a regular (of
class C?) immersion. The corresponding Laplace-Beltrami operator that we denote
—Ax, admits a positive unbounded sequence of eigenvalues

0=XM(-Ax) < X(-Ax) < A3(—Ax) < - < N(-Ax) <---

These eigenvalues have been intensively studied during the last decades. Impor-
tant results have been proved regarding the existence of a uniform upper bound
for \;(—Ax) among surfaces of specified topology and area, the behavior of the
optimal upper bound in terms of the genus of the surface and the order ¢ of the
eigenvalue (see [@, E, ﬂ, @ for i = 2 and , E] for ¢ arbitrary), and the existence
and the determination of possible maximizing surfaces for the lowest eigenvalues
(see [[[§, R for surfaces of genus zero, [RQ] for tori, [ for the case where M is
a projective plane, [[7] and [f] for the case where M is a Klein bottle and [[[f] for
orientable surfaces of genus 2)

Let us denote by S? the standard sphere of radius 1 naturally embedded in
R?. Hersch proved that the maximum of the first positive eigenvalue A\y(—Ax)
among immersed orientable surfaces X : M — R"™ of genus zero and area | X (M)| =
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IS?| = 4, is uniquely achieved by S?. This isoperimetric property fails as soon as
the genus of M is not zero. Indeed, for any M such that genus(M) > 1, there exist
immersions X : M — R” with |X(M)| = 47 and A\a(—Ax) > Aa(—Agz). In fact,
according to [, the supremum of A\, (—Ax) over the set of all X : M — R™ such
that | X (M)| = 4m, is an nondecreasing function of the genus of M which tends
to infinity with a linear growth rate. Therefore, the second eigenvalue \o(—Ax) is
not uniformly bounded over the set of all surfaces X : M — R"™ of fixed area.

Surprisingly, the situation changes completely as soon as the Laplace-Beltrami
operator is penalized by the extrinsic curvature of the surface. Indeed, Ilias and the
author ] proved that the standard sphere S? maximizes the first two eigenvalues
of the operator —Ax — 2|Hx|? among all compact surfaces X : M — R™ of area
4w, where |Hx/| is the length of the mean curvature vector field. The same result
is also true for the operator —Ax — |hx|?, where |hx| is the length of the second
fundamental form of X. A codimension 1 version of this last result was first obtained
by Harrell and Loss ] This phenomenon relies on the fact that, whilst the
eigenvalues of —Ax are of intrinsic nature, in the sense that they only depend on
the Riemannian metric induced on M by X (notice that, since the dimension of
the ambient R™ is not restricted, any Riemannian metric on M can be induced by
such an immersion thanks to Nash-Moser Theorem), the spectrum of —Ax — |hx|?
depends also on how the surface X (M) is bended in R™. The results of [E] express
the fact that in order to induce large eigenvalues of —A x, the surface X : M — R"
must be more and more “bended”.

Now, as observed above, any compact surface X : M — R™ with genus(M) = 0
and |X(M)| = 4r, satisfies both A\a(—Ax) < Aa(—Age) and Ao(—Ax + |hx|?) <
Ao(—Agz +|hg2|?). This motivated Harrell and Loss [[l] to ask if one can interpolate
to get Aa(—Ax —alhx|?) < Aa(—Agz — alhgz|?) for all @ > 0. In the present article
we give a positive answer to this question. Actually, we put this problem into the
following more general setting : For all @ € R and 3 € R, we consider the operator

Lx.ap=—Ax — (alhx > + B|Hx[*).

In the particular case of surfaces immersed in R? one has

1
Lxap=—-Ax— a(’i% + “3) - Zﬁ(fﬂ + H2)27

where k1 and ko are the principal curvatures of the surface. In fact, any quadratic
symmetric polynomial of the principal curvatures can be written as a|hx|?+ 3| Hx|?
for a suitable choice of o and S.

Recall that any compact totally umbilic surface X : M — R"™ is a Euclidean 2-
sphere of a 3-dimensional linear subspace of R™. Such a surface will be called “round
sphere”. For a round sphere of area 47 one has |hgz|? = 2| Hg2|? = 2 and the lowest
two eigenvalues of Lx o g are A\1(Lg2 o 3) = =200 — 3 and Ao(Ls2 o 3) = 2 — 20— f3.

Let us start with the following result concerning the first eigenvalue.

Proposition 1. Let « € R and 5 € R be such that 4o+ 3 > 0. For any compact
immersed surface X : M — R™ such that | X (M)| = 47, one has

(1) M (Lx,a,6) < M(Lg2 o,5) — ca genus(M),

where € =2 if M is orientable and € =1 otherwise.
If da+ 3 > 0, then the equality holds in (E) if and only if X (M) is a round sphere.
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Ifda+ B =0 and a # 0, then the equality holds in (1) if and only if the surface M

endowed with the Riemannian metric induced by X has constant sectional curvature.

Remark 1. e The assumption 4a + B > 0 is crucial in Proposition E For
instance, when a = 0 and 3 = —1, it is known that S® becomes a minimizer
of \(—Ax +|Hx|?) among compact surfaces of genus zero immersed in R3
(see [19)) and it is conjectured that S* should minimize A\ (—Ax — B|Hx|?)
for all B € (—1,0).

e The case where 4o+ 3 = 0 corresponds to the situation where the operator
Lx .o, is intrinsic (i.e. depends only on the Riemannian metric induced on
M by X ). Indeed, thanks to the Gauss equation |hx|* = —2Kx + 4|Hx|?,
we have in this case Lx o —10 = —Ax +2aKx, where Kx is the Gaussian
curvature of M with respect to the metric induced by X .

e Regarding the equality case in (ﬁ) when 4o+ B = 0, it is well known that
in R3, round spheres are the only immersed surfaces of constant sectional
curvature. However, there exist examples of isometrically immersed spheres
which are not round. For instance, the map X (x,y,z) = (cosz,sinx,y, z)
induces an isometric embedding from the standard sphere into R* whose
image is not totally umbilic.

Regarding the second eigenvalue, we first discuss the case of surfaces of genus
zero (i.e. topologically equivalent to a sphere).

Theorem 1. Let M be a compact surface of genus zero and let o € R and 8 € R
be such that 4o+ 3 > 0. For any immersion X : M — R™ such that | X (M)| = 4,
one has

(2) A2(Lx.a,8) < A2(Ls2,a,p)-
If 4o+ 3 > 0, then the equality holds in () if and only if X (M) is a round sphere.

The first part of this theorem extends the result of Harrell [ concerning the
special case where n = 3, « > 0 and 8 > —2a. Indeed, these conditions on v and 3
are equivalent to the non-negativity of a|hx [+ 8|Hx |* = (ki +k3)+ 1 8(k1+k2)?
as a quadratic form in the principal curvatures x; and ko.

For surfaces of higher genus, we obtain the following

Theorem 2. Let M be a compact orientable surface of genus v > 1 and let o € R
and B € R be such that a« > 0 and 4a + 3 > 0. If either

i) v is even and 8o+ 8 > 2, or
il) v is odd and 4%6%%6 > 2,

then, for any immersion X : M — R™ such that | X (M)| = 47 one has
)\2(LX)O¢7B) < )\2([/8270‘1[3).

A similar result can be obtained for non-orientable surfaces (see Proposition E)
Let us come back to the one-parameter family of operators

LX@ = LX,a,O = —AX — Oélhx|2.

As observed above, for any non-spherical surface X : M — R"™ of area 4m, the
function o — Aa(Lg2 o) — A2(Lx, ) is always positive for o« = 1 and often negative
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for @ = 0. A natural question is to determine the bifurcation value for a that we
define as follows:

ax =inf{ag > 0; Aa(Lx,a) < A2(Ls2,0), Vo> ag},
or, in order to relax the condition | X (M)| = 4,
ax = inf{ag > 05 A2(Lx o) X(M)| < 4ma(Lgz o), Vo > aol,
An immediate consequence of Theorem and Theorem E above is the following

Corollary 1. Let X : M — R™ be a compact immersed orientable surface.
i) If the genus of M is zero, then ax =0
ii) If the genus of M is even, then ax < %

iii) If the genus v of M is odd, then ax < 4';%12.

Assertion (i) of this corollary answers the question of Harrell and Loss [[L4].

1

Example 1. For surfaces of genus 1 (immersed tori), Corollary |l gives: ax < 3.

Let us compute the exact value of ax for two particular immersed tori :

- the Clifford torus T = Sl(\%) X Sl(%) naturally embedded in R*, for
which |T| = 272, |hr|? = 4|Hy|?> = 4 and Mo(—Ar) = 2 (indeed, T is a flat
minimal surface in S*). Thus, Aa(Lt.o)|T| = 472(1 — 2a). Comparing with
Ao(Ls2 o) |S?] = 87(1 — «), we get

T—2

—— =~ 0.2665
2(r—1) ’

aT =

- the equilateral torus M = R?/Z(1,0) & Z(3, \/75) embedded in S C RS by

1 ) ) .
X(,T, y) — (e4zfry/\/§7 62177(1—1//\/5)7 e?lﬂ'(m-‘,—y/\/g))'

V3

Again, X (M) is a flat minimal surface in S° with | X (M)| = %, |hx|? =

4| Hx[? = 4 and A (~Ax) = 2. This yields s(Lx,a) |X(M)| = 22 (1-20)
and, then,

R

= 2r — \/§

All the results above can be transposed in a more general setting. Indeed, for any
¢ € R, let N™(¢) be the simply connected space form of curvature ¢ and dimension
n (that is N™(c) is isometric to R™ for ¢ = 0, the standard sphere S™ for ¢ = 1 and
the hyperbolic space H" for ¢ = —1). For any immersed surface X : M — N"(c),
we still denote by A x the corresponding Laplace-Beltrami operator and by hx and
Hy the second fundamental form and the mean curvature vector, respectively. As
above, we consider the operator

Lx,ap=—Ax — (a|hx|* + B|Hx|?).

Among the immersed surfaces X : M — N"(c) of N™(c), the geodesic spheres of
N3(c) play a particular role. These spheres are totally umbilic and any compact
totally umbilic surface of N"(c) is a geodesic sphere of N3(c) — N"(c).

~ 0.3097.
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Theorem 3. Let X : M — N"(c) be a compact surface immersed in N™(c) whose
genus and area are denoted by v and a, respectively. Let o € R and 8 € R be such
that 4o + 3 > 0.
(I) One has

dem
3) M(Lx,a5) < M(Lsa),ap) = =,

where S(a) is a geodesic sphere of area a in N3(c), e = 2 if M is orientable and
e =1 otherwise. Moreover, if 4a+ 3 > 0, then the equality holds in /B) if and only
if X(M) is a totally umbilic 2-sphere. If da+ 5 = 0 and o # 0, then the equality
holds in (ﬂ) if and only if M endowed with the metric induced by X has constant
sectional curvature.

(II) Assume furthermore that M is orientable and that one of the following holds

i) v=0,

ii) v is even, « >0 and 8a + (8 > 2,

. 2v+1

iti) ~ is odd, « > 0 and 4#044—6 > 2,
then
(4) A2(Lx,a,8) < A2(Ls(a),a,8)-
Moreover, if v = 0 and 4a + 3 > 0, then the equality holds in (Q) if and only if
X (M) is a totally umbilic 2-sphere.

For a similar result concerning non-orientable surfaces, see Proposition E

2. PROOF OF RESULTS

Let M be a 2-dimensional compact manifold and let X : M — N"(c) be a
regular immersion (of class C2). In all the sequel we denote by hx the second
fundamental form and by Hx := %traceh x the mean curvature vector field of the
immersed surface X : M — N"(c). For any o € R and § € R, we consider on M
the operator

Lxap = —Ax — (alhx|* + BlHx )
whose spectrum consists of a nondecreasing and unbounded sequence of eigenvalues
M (Lx,o,6) < Ao(Lx,a6) < As(Lxap) < <Ai(Lxap) <o
Geodesic spheres S(a) of area a in N3(c) are totally umbilic and have constant

Gauss curvature so that Kg(,) = 2= and |hg()|* = 2|Hg)|? =2 (1 — ¢). Hence,

a a

4
M (Ls(a),a8) = —(2a+B) (7 - C>
and
81 47
A2(Ls(a),a,8) = - (2a+B) <7 - C> :

It is well known that the minimum of the functional [, |H x|? among immersed
surfaces of R™ is uniquely achieved by round spheres (see [P]). This result can be
easily generalized as follows

Lemma 1. For any compact surface X : M — N™(c) one has

(5) /M (|Hx|2+C)UX > 47
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where vx s the volume element induced by X on M. Moreover, the equality holds
in @) if and only if X(M) is a totally umbilic 2-sphere.

Proof. Tt is well known that the integral [,,(|hx|*—2|Hx|*)vx does not vary under
conformal changes of metric in the ambient space. Since the manifold N™(¢) (minus
a point if ¢ > 0) is conformally equivalent to R™, the surface X (M) can be seen as
immersed in R™ endowed with a metric of constant curvature ¢ conformal to the
standard one. We denote by X the immersion X considered as an immersion into
the standard R™. Hence,

) [ sl =2t Prox = [ (P = 2lHP)ox,
M M
From Gauss equation, we get
|hx|? —2|Hx > =2 (|Hx|* + ¢ — Kx)
and
|hl? = 2| Hxl* = 2 (|Hxl* — Kx) .
Since [,, Kxvyx = [ Kxvx (Gauss-Bonnet theorem), we obtain after integration
and identification,

/ (|HX|2+C) vx :/ |Hy|2vyz4ﬂ',
M M

where the last inequality is the classical Willmore-Chen inequality [

Now, the equality in (f]) implies the equality [ W [HxPvg = 4w which holds
if and only if the immersed surface X : M — R" is a round sphere in R" (see
Bl). Using @), we deduce that the surface X : M — N"(c) is totally umbilic in
N"™(c). O

Proof of Proposition I] and Theorem E (I) . Using constant functions as trial func-
tions in the Rayleigh quotient we get

Gauss equation yields
|hx|> = —2Kx + 4|Hx|?* + 2c.

Integrating over M we get, thanks to Gauss-Bonnet formula ( f v BExvx = 27(2 —
7))

/ lhx[? = dm(ey —2) + 4 / Hx 4 26X (M)
M M

with € = 2 if M is orientable and £ = 1 otherwise. Hence,
1
M(Lxa,8) < - (404#(57 —2) + 2caa + (4o + 5)/ |HX|2) .
M

Since 4a + 3 > 0, one can replace [,, |Hx|? by its lower bound given by Lemma [
that is 47 — ca. Thus,

M(Lx.ap) < —% [dam(ey —2) + 2caa + (da+ B)(4m — ca))

dem
= M (Ls(a),a,8) — o
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If 4o + 3 > 0, then the equality in (B|) implies the equalityE{M |Hx|* =47 — ca
which implies that X is a totally umbilic immersion (Lemma [lf)
If 4o+ 8 = 0, then the equality in (E) holds if and only if the constant functions
are first eigenfunctions of the operator Ly o —40 = —Ax + 2aKx which implies
that the Gaussian curvature K x is constant on M.

O

The main ingredient in the proof of results concerning the second eigenvalue is
the conformal area introduced by Li and Yau [@] as follows. Let g be a Riemannian
metric on M. For any integer d > 2 and any conformal map f from (M, g) to the
d-dimensional standard sphere S?, we set

Ac(f) = sup |po f(M)]

$cG(d)
where G(d) is the group of conformal transformations of S?. The conformal area
Aq(M,[g]) of the conformal class of (M,g) is defined as the infimum of A.(f),
where f runs over the set of all conformal maps from (M, g) to standard spheres of
arbitrary dimensions.
Li and Yau proved that if a conformal map f : M — S is such that f~!(x)
contains k points for some z € S, then

Ac(f) = 4k
Consequently,
(7) Ac(M,[g]) = 4m.

On the other hand, they showed that the conformal area of a surface of genus
can be estimated from above in terms of . In [}, Tlias and the author noticed that
the lower bound given in [[LJ] can be improved as follows:

47{’%3} if M is orientable

8 Ac Ma g <
(8) (M, [g]) 127{%3} if M is non-orientable,

where [z] stands for the integer part of x.

Li and Yau also proved that for surfaces in R™, the integral [ o Hx | is bounded
below by the conformal area. This result extends to surfaces in N™(c). Recall first
that for all ¢ € R, N"(¢) admits a natural conformal map II. : N"(c) — S™ into the
standard sphere S™. For instance, IIy can be taken as the inverse of a stereographic
projection and, using the model of the pseudo-sphere in the Minkowski space for
H"™, we can take I1_q(xo, z1,...,2,) = m—lo(l,:zzl, cey ).

Lemma 2. For any compact surface X : M — N"(c) one has
[ (sl + 0 ox > Aufile ) > A0, [gx),
M

where gx 1is the Riemannian metric induced by X on M.

Proof. Since the Riemannian metric induced on N"(¢) by II. is conformally equiv-
alent to the standard one, we have thanks to the invariance of [, (|hx|* —2|Hx|?)
under conformal changes of metric in the ambient space,

/ (Ihx|* = 2|Hx|*)ox = / (Ihrox|* = 2| Hirox v ox -
M M
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Moreover, for any conformal transformation ¢ of S, the map ¢ oIl : N™(¢) — S"
is conformal and one has

[ =2t Pyox = [ (g = 2 Pyog,
M M

where X = ¢ oIl. o X. As in the proof of Lemma ﬂ using Gauss equation and
Gauss-Bonnet theorem we deduce

/ (|HX|2+C)'UX:/ (|HX|2+1)'UXZ|X(M)|
M M
Thus,

[ P+ ox = sup Joo Lo X (M) = AcfiL 0 X)
M PeG(d)

O

In ], Li and Yau proved that the second eigenvalue of the Laplace-Beltrami
operator is dominated in terms of the conformal area. Tlias and the author [fJ
extended this result to Schrodinger type operators as follows.

Lemma 3 (H]) For any continuous function ¢ on M, one has
ha(—Ax +) XD <2400 00x) + [ o
M
The proof of Theorem P follows from the following

Proposition 2. Let X : M — R™ be a compact orientable immersed surface of
genus vy such that | X (M)| = a and let « € R and 3 € R be such that 4a + 3 > 0.

(i) If vy =0, then

A (Lx,0,8) < A2(Ls(a),0,8)-
(i) If da+ B > 2, then

8T
)\Q(LX,a.ﬂ) - AQ(LS(aLa,ﬁ) < —?O[’}/

(iii) If 0 <4da+ 5 <2 and v is even, then
4
Xo(Lx0,) = Ao(Ls(wya) €~ B+ f-2).

(iv) If 0 < 4da+ 5 <2 and v is odd, then

)‘2(LX,O¢,B) - )\2(‘[15(&),057[1) S _ = (4 S
Proof. Applying Lemma [ with ¢ = —a|hx|?> — 3|Hx|?, one obtains

elLivas) < e (2400 1ax) —a [ sl =5 [ 1P,

With the same notations as in the proof of Proposition El, we have

/|hx|2:47r(a”y—2)+4/ |Hx |* + 2¢| X (M)].
M M

Hence,

X2 (Lx,a,8) <

ISHN

(2AC(M, [9x]) — 4am(ey — 2) — 2caa — (4o + ) /M |HX|2> .
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Since 4a + 3 > 0, we may apply Lemma E to get

9)  A(Lxap) < é (2 —da = B)Ac(M, [9x]) — dam(ey = 2) + (2a + f)ca] .

(i) Assume v = 0. Then (M, gx) is conformally equivalent to the standard sphere
and we have A.(M, [gx]) = A.(S?) = 4. Thus,

X(Lx.ap) < — ! [471'(2 —4a — B) + 8arm + (2a + B)cd]

_ 8 (204 8) <_ _ c) = X2(Ls(a),a,8)-

(ii) Assume 4a4 (3 > 2. Then one can replace in ([]) the conformal area A.(M, [gx])
by its universal lower bound 47 and obtain

A (Lx ap) < % [Am(2 — 4o — B) — dam(ey — 2) + (2a + §)ca]

4T
= X2(Ls(a),a8) — — g
(iii) and (iv) Assume 0 < 4a + 3 < 2. Using () and () we get in the orientable

case (e = 2),

Ao(Lxap) < - (47r(2 da B)PTH} —dan(2y - 2) + (20 +ﬁ)ca)

4m +1
= Xo(Ls(ayap) + — ((2 —da—p) [ 1| - 2cw) .
Replacing [14+ L by 2 3 when 7 is even and by 7+1 when -y is odd, we get the desired
inequalities. 0

In the non-orientable case, the same arguments lead to the following

Proposition 3. Let X : M — N"(c) be a compact non-orientable immersed surface
of genus 7y such that | X (M)| = a and let o € R and 3 € R be such that 4o+ 5 > 0.

(i) If da+ B > 2, then

47
)\Q(LX,a.ﬂ) - AQ(LS(a)7a,ﬁ) < _?a,}/

(ii) If 0 < 4a+ [ <2 and 7y is even, then

47 3y +4 27y
_ <= _ )
A2 (Lx,a,8) = A2 (Ls(a),a.8) PR ((4+ 37+4)04+ﬁ 2)
(iii) If 0 <4da+ <2 and v is odd, then
4T 37+ 5 27
Lx.ap) — A(Ls@).as) < —— 4 —2).
M2 (Lxap) = A2(Ls(a)ap) < ——— <( 3 s ts )

Proof of Theorem [, Theorem || and Theorem [} (IT). Let X : M — N"(c) be a
compact immersed surface. When M is of genus zero, Proposition E(l) gives, for all
a € R and € R such that 4o + § > 0,

A2 (Lx,0,5) < A2(Ls(a),a,8)-

Moreover, from the proof of this proposition, we see that if the equality holds with
da+ B> 0, then [, (|Hx|? + ¢) vx = Ac(M, [gx]) = 47 which implies that X (M)
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is totally umbilic (Lemma ) This completes the proof of the first part of Theorem
B (11) and Theorem [I.

Assume now the genus v of M is even, v # 0, and 8« + 3 > 2. Then either
4da+0 >2o0r 0 < 4a+pg < 2. In both cases, Proposition E gives the strict inequality
A2 (Lx,a,8) < A2(Ls(a),a,8)- The same argument works in the case where ~ is odd.
Thus, Theorem E as well as the last part of Theorem E (IT) are proved.

O

We end this discussion with the following result concerning non-orientable sur-
faces of the lowest genus. Indeed, such a surface is homeomorphic to the real
projective plane whose genus is 1. The Veronese surface V : RP? — RS, naturally
embedded in RS, is given by

V(z,y,2) = (22,92, 2%, V2xy, V222, V2y2),

where RP? is considered as quotient of the standard sphere. This surface lies as

a minimal surface in the 4-dimensional sphere (of radius /2 centered at (3,1, 1))
obtained as the intersection of S® with the hyperplane {X +Y + Z = 1}. It
has constant Gaussian curvature Ky = 1 and area [V(Rp?)| = 47. Moreover,

|Hy|? = 2, |hy|> = 5 and Ao(—Ay) = 3. Thus
3
)\1(—AV — a|hvl2 — ﬁ|Hv|2) = —ba+ §ﬁ

and 5
Xo(=Ay —alhy|? = B|Hy[*) =3 — 5o+ 55-

Proposition 4. Let M be a non-orientable compact surface of genus one (i.e.
homeomorphic to RP?) and let a € R and 3 € R be such that 4a+ 3 > 0. For any
immersion X : M — R™ such that | X (M)| = 4w, one has

A1 (LX,a,ﬁ) S )\1 (LV,a,ﬁ)
and
Ao (Lx,a,8) < Aa(Lv,a,p)

Proof. The real projective plane carries only one conformal class of metrics with
A.(M,[gx]) = 6. Following exactly the same steps as in the proof of Theorem [
above, we get the desired inequalities.

O
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