N

N

Modes and quasi-modes on surfaces: variation on an
idea of Andrew Hassell
Yves Colin de Verdiere

» To cite this version:

Yves Colin de Verdiere. Modes and quasi-modes on surfaces: variation on an idea of Andrew Hassell.
2009. hal-00360811

HAL Id: hal-00360811
https://hal.science/hal-00360811

Preprint submitted on 12 Feb 2009

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00360811
https://hal.archives-ouvertes.fr

Modes and quasi-modes on surfaces:
variation on an idea of Andrew Hassell

Yves Colin de Verdiere*
February 12, 2009

1 Introduction

This paper is inspired from the nice idea of A. Hassell in [ﬂ] From the classical
paper of V. Arnol’d ﬂiﬂ, we know that quasi-modes are not always close to exact
modes. We will show that, for almost all Riemannian metrics on closed surfaces
with an elliptic generic closed geodesic v, there exists exact modes located on ~.
Similar problems in the integrable case are discussed in several papers of J. Toth
and S. Zelditch (see [{]).

2 Quasi-modes associated to an elliptic generic closed
geodesic

2.1 Babich-Lazutkin and Ralston quasi-modes

Definition 2.1 A periodic geodesic v on a Riemannian surface (X, g) is said to be
elliptic generic if the eigenvalues of the linearized Poincaré map of v are of modulus
1 and are not roots of the unity.

Theorem 2.1 (Babich-Lazutkin [J], Ralston [{, []) If~y is an elliptic generic
closed geodesic of period T > 0 on a closed Riemannian surface (X, g), there exists
a sequence of quasi-modes (U, )men of L*(X,dx,) norm equal to 1 which satisfies

° H(Aq - /\m)uml|L2(X.,dacg) =0(m™>)

e There exists o so thall]

2
- (Lm;a) +0(1)

e For any compact K disjoint of 7y, [ [um|* = O(m™>).

Corollary 2.1 There exists a sub-sequence (j,, )men of the spectrum (p;)jen of
the Laplace operator so that i;, = Am + O(m™>).
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Lo is given by a = (mq + %)9 + pm where m1 € N is a “transverse” quantum number, the
linearized Poincaré map is a rotation of angle # (0 < # < 27) and p =0 or 1 is a “Maslov index”
of v



3 Modes and quasi-modes following Arnol’d

Arnol’d ] has observed that, given a quasi-mode (U, )men, there do not always
exists a sequence (¢;, Jmen of exact modes close to the quasi-mode (U, )men. His
example is given by a planar domain with a symmetry of order 3.

A simpler example is given by a symmetric double well: let us give V : R —
[0, 400 a smooth even function with

o lim, o V(2) = +00
e V°1(0)={—a,a} witha >0
¢ V(0)=b>0

CIFH = —h%d% 4V () is the semi-classical Schrodinger operator, there exists quasi-
modes located in the well V := {z | # > 0 and V'(x) < b}. The exact eigenfunctions
are even or odd and hence are not localized in a single well.

The previous examples are in some sense non generic. They involve some sym-
metry of the operator.

4 The main result

Theorem 4.1 Let us give a closed Riemannian surface (X, go) and a smooth non-
zero function f > 0. Let us define the metric g := exp(—tf)go. Let us assume that
there exists some intervals I, = [Am — Ly Am + Im], (m € N), independent of
t, so that, for any t € [0,1], there exists at least one eigenvalue of Ay inside I,,.
Assume that \,, — +oo and E:j:l Iy < 0. Choose a sequence ¢, — 0 so that
S /@ < 0.

Then, for almost all ¢ € [0,1], for any sequence of exact modes pn,(t) of
eigenvalues fuy, (t) with piy, (t) € I, we have [ flom(t)[*dey = o(gm).

In particular, if T = support(f), ¢m(t) — 0 in L2 (X \T).
Remark 4.1 In applications, the interval I, is provided from quasi-modes located
in the support of f: if uy, is a quasi-mode for each values of t with

(A = M)l 22 (x,dzo) < Cmlltm |l 2 (x,dao)

with A\p, independent of t, we can take L, = cCy, with c large enough, depending
only on bounds of f.

Remark 4.2 The quasi-mode is only used in order to find a sequence of intervalls
Ly, which contains at least one eigenvalue of Ay and is independent of t.

Remark 4.3 It works with (u,,) the quasi-modes of Theorem @ with I' = v an
elliptic generic closed geodesic and f flat on vy, because the functions u.,, satisfies
an estimates
tum(z) = O (e—cd%,v)/m) .

We can then take g, = O(m~°).

We are unfortunately unable to prove that the modes ., are close to linear
combinations of the quasi-modes given in Theorem @ wn the interval I,.

The precise statement is

Corollary 4.1 With the notations of Section IQ, there exists a sequence 0 < l,,, =
0(m™°°) so that, for any t € [0,1], Spectrum(A¢) N Ay — b, A + 1] # 0 and a



subset Z C [0, 1] of measure 1, so that, for any sequence pi;,, (t) € [Am —lm, Am + 1]
and for any t € Z,

[ fles ®Fdzo = om™)
X
Moreover, for any compact K C X with K N~y =0 and for any k € N, we have
€5 W)l et (ry = 0(m ™) .
Proof.—

The first part is a direct application of Theorem @
The second part comes from the Sobolev embeddings and the equa-

tions AY ¢, () = pj,, ()N @, (t) with p,, (t) = 0(m?).
O

Remark 4.4 If we have only l,, — 0, on can apply the previous result by taking
first a sub-sequence my, so that Y L, < oo and choosing then ¢, — 0. This does
not work with 1, = O(1) as in the paper [fj/.

5 Variation of the eigenvalues

With ¢; = e /gy, we define dx; = e *fdxy the Riemannian area of g, and A, =
et/ Ay the Laplace operator. Let us denote by

pi(t) =0 < pa(t) < < p(t) < -
the eigenvalues of A; and by (¢;(t)) en an associated orthonormal eigenbasis.
Lemma 5.1 o 1i(t) is a continuous increasing function of t

o 1;(t) is piecewise analytic and, at any regular point, the t-derwative of p;(t)
is given by:

4is(t) = i (1) /X Foi(t)2da, (1)

Proof.—

e The Rayleigh quotient R:(y) is given by

Ri(g) = / deoll?, o/ / et Pz
X X

which is an increasing function of ¢. Applying the min-max char-
acterization of the eigenvalues, we get their monotonicity.

e Because A, is an analytic function of ¢, we know that p;(t) is
continuous and piecewise smooth as well as ¢;(t). We can then
compute formally the derivative of the eigenfunction’s equation

e Dop;(t) = ui(t)e; (1) |

and get

FAwp;(t) + Do (t) = fuj(t)ps () + s (8) 25 (1)

and taking the t-scalar product with ¢;(t), we get Equation (fl).



6 The proof

The proof is an adaptation of the argument of [fJ. Let us denote by I,,, = [A, —
Ly Am + 1] From the Weyl law and the monotonicity of the p;’s, we deduce the

Lemma 6.1 For anyt € [0,1], #{j | p;(t) € L.} = O(Ay) uniformly in t.

In fact,

# 1 1) € Ly <#{5 [ 15(@) < A+l } < #{5 | 15(0) < Ay + 1} !
We will also need the elementary

Lemma 6.2 Let F : [0,1] — R be an increasing, continuous and piecewise C'
function. Let us give a Borel set Y C [0,1] and I a compact interval of R so so that
F'(t) >m >0 for almost allt € K = F~Y(I)NY. Then the Lebesque measure |K|
of K satisfies | K| < |I|/m.

Let us denote by

7 = {t €10,1] | lim q;ll < sup / f|g0j(t)|2d:vt> = O} ,
m—eo pi(t)ELn J X

(Z is well defined because there exists at least one u;(t) € I, for each m) and
Y =10,1]\ Z. Let us denote also, for € > 0, by

v = {013 with 150) € T [ Slei0Pdo 2 a0
X

Using Lemma [.], the monotonicity of ¢ — p;(t) and the lower bound fi;(t) >
115 (t)eqm, in Lemma .3, we have

[Lom| Im
Y < CNpp———2 =0 22 ) .
| c | o C/\ Eqm()\m - Clm) O Eqm

Let us give a sequence &, — 0, then, for any mqg, ¥ C Up>m, Y. . But this
implies that |Y'| is arbitrarily close to 0 by choosing e, so that > 1, /emgm < 0.
This proves that |Z| = 1 and the Theorem.

7 Null sets in Banach spaces

It is not clear what is a set of measure 0 in a infinite dimensional Banach space
because there is no “Lebesgue measure” on it. There are several definitions of sets
of measure 0 in a separable Banach space B. For Borel sets, it is shown in [H] that
the notions of cube null sets and Gaussian null sets coincide.

Definition 7.1 e A cube measure in B is defined as the distribution of a ran-
dom variable Y,y tie; where t = (t;) € [0, 11N with the Lebesgue measure and
the sequence (e;)ien span a dense subspace of B with ), [lei]| < oc.

e A cube null set is a Borel subset of B which is of measure 0 for every cube
measure.

e A Gaussian measure on B is a Borel measure whose image by any continuous
linear form on B is a (non-degenerate) Gaussian measure on R (i.e. of the
form dm = A.exp(—(z — a)?/b)dx with A > 0).



e A Gaussian null set is a Borel set which is of measure O for every Gaussian
measure.

It is proved in [E] that cube null sets and Gaussian null sets coincide in every
separable Banach space.
We have the:

Lemma 7.1 Let B be a separable Banach space and C C B be a non empty open
cone. Let us give a Borel set Z C B so that, for any x € B, y € C,

{t|z+tye Z} =0.
Then Z is a cube null and Gaussian null set.
Proof.—

Let us show that Z is of measure 0 for every cube measure given from
sequence (e;)jen. There exists k € N and (¢1,---,t) € [0,1]F so that
e= Zle tie; € C. Let us rewrite the Lebesgue measure on [0, 1]* as

where X is the set of lines parallel to e cutting [0,1]* and ds is the
Lebesgue measure on the line d. Let us denote t = (#,¢") € [0,1]F x
[0, 1] and denote by

k
Zp={t' |2+ tie;+ Y tfe; € 2} .
=1 >k

Equation (f]) shows that Z, is of measure 0. We can then use Fubini
Theorem on [0, 1]* x [0, 1]¥\ {1} in order to finish the proof.

8 From Theorem E.J to almost all metrics

We will apply the previous result to the following situation where (X, go) is our
smooth closed surface and v a closed geodesic; let us choose N large (and even) and
define B as follows:

B ={fecCN(X,R) | Va with |a| < N, D®f vanishes on v}
and C' the open cone of functions of B which satisfy
3e > 0 such that f(x) > cd(x, )N

with d the distance associated to go.

Then Theorem @ can be reformulated with almost all metrics ef go with f € B
instead of almost all t € [0,1] . Of course, we can only take [, of the order of m_N/7
where N’ depends on N.
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