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HANKEL OPERATORS AND WEAK FACTORIZATION
FOR HARDY-ORLICZ SPACES

ALINE BONAMI AND SANDRINE GRELLIER

This paper is dedicated to the memory of Andrzej Hulanicki who was a colleague, a friend we
will never forget.

ABSTRACT. We study the holomorphic Hardy-Orlicz spaces H® (), where
Q is the unit ball or, more generally, a convex domain of finite type or a
strictly pseudoconvex domain in C". The function @ is in particular such that
HYH Q) C HE(Q) C HP(Q) for some p > 0. We develop for them maximal
characterizations, atomic and molecular decompositions. We then prove weak
factorization theorems involving the space BMOA(S).

As a consequence, we characterize those Hankel operators which are bounded
from H®(Q2) into H ().

INTRODUCTION

The following work has been motivated by a new kind of factorization in the
unit disc, obtained in [BIJZ]. Namely, the product of a function in BMOA with
a function in the Hardy space H' of holomorphic functions lies in some Hardy-
Orlicz space defined in terms of the function ®,(t) := m. Conversely, every
holomorphic function of this Hardy-Orlicz space can be written as the product
of a function in BMOA and a function in H!. This exact factorization relies
heavily on the classical factorization theorem through Blaschke products and
cannot generalize in higher dimension. On the other hand, it has been proven by
Coifman, Rochberg and Weiss in the seventies [CRW] that H”, for p < 1, admits
weak factorization, namely, F' = >, G;H; with > ||G;|[B[[|H;[|F < Cpql F'[5
when % + % = %. This has been extended later on by Krantz and Li to strictly

pseudo-convex domains [KLJ|, then by Peloso, Symesak and the authors of the
present paper to convex domains of finite type [BPSI)], [GH]. We rely on the
methods of these two last papers, which are somewhat simpler, to obtain the
weak factorization of Hardy-Orlicz spaces under consideration. Note that such a
weak factorization for HP is typical of the case p < 1, in opposition to the case
of the unit disc.

1991 Mathematics Subject Classification. 32A35 32A37 47B35.
Key words and phrases. Hardy Orlicz spaces, atomic decomposition, finite type domains,
weak factorization, logarithmic mean oscillation, BMO with weights, Hankel operator.
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HARDY-ORLICZ SPACES 2

A natural application of such factorizations is the characterization of classes
of symbols of Hankel operators. We are able to characterize symbols of Hankel
operators mapping continuously Hardy-Orlicz spaces into H! for a large class of
Hardy-Orlicz spaces containing H!. We do this for all domains for which we have
weak factorization. However weak factorization is a stronger property, since the
Hardy-Orlicz spaces under consideration are not Banach spaces. We have given
in [BGY a direct proof of the fact that Hankel operators are bounded on H! in
the unit ball if and only if their symbol is in the space LMOA, without involving
Hardy-Orlicz spaces, even if the idea of weak factorization indirectly is present in
this Note.

Let us mention, in the same direction, the factorization obtained by Cohn and
Verbitski in the disc [[CV]], which allows to characterize those symbols for which
the corresponding Hankel operator is bounded from H? into some Hardy-Sobolev
space. The generalization in higher dimension of their factorization seems much
more difficult than ours.

At the end of this paper, we state the same theorems for a class of domains in
C", which includes the strictly pseudoconvex domains and the convex domains
of finite type. We explain rapidly how to modify the proofs.

Let us give some notations and describe more precisely the results. Let B"” be
the unit ball and S™ be the unit sphere in C". Let ® be a continuous, positive and
non-decreasing function on [0, 00). The Hardy-Orlicz space H®(B") is defined as
the space of holomorphic functions f so that

0 sup [ (1)) dofw) < oc
0<r<1
Sn
where do denotes the surface measure on S™. We recover Hardy spaces HP(B™)

when ®(t) = t*. We are especially interested in the case ®,(t) = @, 0<

p < 1 since the space H*®»(B") arises naturally in the study of pointwise product
of functions in H?(B") with functions in BMOA(B™) inside the unit ball. Indeed,
we prove that the product of an H?(B"™)-function and of a BMOA(B™)-function
belongs to the space H®(B") and, conversely, that there is weak factorization.
We will restrict to concave functions ®, which satisfy an additional assumption
so that H'(B") C H*(B") C HP(B") for some 0 < p < 1. In particular, any
function f in the Orlicz space H®(B") admits a unique boundary function still

denoted by f which, by Fatou Theorem, satisfies / O(| f])do < oc.
Sn
We also consider the real Hardy-Orlicz space H®(S") defined as the space of
distributions on S™ which have an atomic decomposition. More precisely, H*(S")
is the set of distributions f which can be written as Z;io a;, where the a;’s satisfy
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adapted cancellation properties, are supported in some ball B; and are such that
5, (B0 12 (B;) ) < oc.

We first prove usual maximal characterizations of Hardy-Orlicz spaces. As a
corollary, we obtain that the Hardy-Orlicz space H®(B") continuously embeds
into H*(S™), while the Szegd projection is a projection onto H®(B"). In partic-
ular, every f € H®(B") has boundary values that belong to H®(S"), and f may
be written in terms of the Szegé projection of its atomic decomposition. The
work of Viviani [V]] plays a central role: atomic decomposition is proved there for
Hardy-Orlicz spaces in the context of spaces of homogeneous type with a restric-
tion on the lower type p of ®, which, in the case of the unit ball, is the condition
p > 2211. We prove the atomic decomposition for all values of p, with the same
kind of control of the norm as the one obtained by Viviani.

Since the Szego projection of an atom is a molecule, we also get a molecular
decomposition as in the classical Hardy spaces ([TW] for instance).

The atomic decomposition allows to prove a (weak) factorization theorem on
HY(B"), which coincides with the one for H?(B") when ¥(t) = tP. In particular,
we generalize the factorization theorem proved in the disc for H®! in [BIJZ]. More
precisely, we prove that, given any f € HY(B") there exist f; € H®(B"),g; €
BMOA(B") such that f = 372 fjg; where ¥ and & are linked by the relation

(1) = ® (it )

As a consequence, we characterize the class of symbols for which the Hankel
operators are bounded from H®(B") to H'(B"). They belong to the dual space
of HY(B"), which can be identified with the BMOA-space with weight pg where
pu(t) = m Weighted BMOA-spaces have been considered by Janson in the

Euclidean space [[J]. Here they are defined by

1
BMOA = 2(B"): inf — P|?
OA(pw) feH (B"); sup  inf U(B)pW(U(B))B/If "do < o0

where the integral is taken on the unit sphere, f stands for the boundary values
of the function and balls are defined for the Koranyi metric. Moreover Py (B)
denotes the set of polynomials of degree < N = Ny in an appropriate basis, with
N large enough.

When U = &, this space is usually referred as the space LMOA of functions
of logarithmic mean oscillation. Duality has been proven in R™ by [[J]]. Viviani
proves it as a consequence of the atomic decomposition. In the context of holo-
morphic functions, this is also a consequence of the atomic decomposition and
the continuity property of the Szego6 projection.

Our method allows us to characterize BMOA(pg) as the class of symbols of

: P : 1
Hankel operators which map H® into Hweak'
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As we said, we have chosen to allow the lower type of ® to be arbitrarily small,
and not only of upper type larger than 2211 (for the unit ball of C", or for a
strictly pseudo-convex domain; for a general convex domain of finite type, the
critical index is different). This induces many technical difficulties: for instance,
it is not sufficient to deal with atoms with mean 0 and we need extra moment
conditions; in parallel, one has to deal with polynomials of positive degree to

define the dual space BMO, and not only with constants.

Here and in what follows, H(B") denotes the space of holomorphic functions
in B". For two functions f and g, we use the notation f < g when there is some
constant ¢ such that f(w) < cg(w). Here w stands for the parameters that we
are interested in (typically, the constant ¢ will only depend on the geometry of
the domain under consideration). We use the symbols > and ~ analogously.

1. STATEMENTS OF RESULTS

1.1. Growth functions and Orlicz spaces. Let us give a precise definition for
the growth functions, which are used in the definition of Hardy-Orlicz spaces, see

also [V].

Definition 1.1. Let 0 < p < 1. A function ® is called a growth function of order
p if it satisfies the following properties:
(G1) The function ® is a homeomorphism of [0, 00) such that ®(0) = 0. More-
D(t)

over, the function t — 5 1S non-increasing.

(G2) The function ® is of lower type p, that is, there exists a constant ¢ > 0
such that, for s >0 and 0 <t <1,

(2) O(st) < ct?d(s).
We will also say that ® is a growth function whenever it is a growth function

of some order p < 1. Two growth functions ®; and ®, define the same Hardy-
Orlicz spaces when ®; &~ ®,. In particular, the growth function ® of order p is
t

D(s)

S

equivalent to the function / ds, which is also a growth function of the same

order and satisfies the foll(;)wing additional property.

(G3) The function ® is concave. In particular, ® is sub-additive.
Our typical example ®,(t) = @ satisfies (G1) and (G2) for p < 1. The
same is valid for the function @, ,(t) = t?(log(C +t))*?, provided that C is large
enough, for p < 1 and any «, or for p =1 and a < 0. We modify it as above so
that (G3) is also satisfied. In the sequel we will assume that this modification has
been done, and use as well the notation ®, (or @, ,) for the modified function.

Remark 1.2. When ® and ¥ are two growth functions, then ® o ¥ is also a
growth function.
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Remark also that ® is doubling: more precisely,
(3) D(2t) < 20(1),

a property that will be largely used.
For (X, dp) a measure space, we call L*® the corresponding Orlicz space, that
is, the space of functions f such that

[ fllze == /®(|f|)d,u < 0.

X

The quantity || - ||ze is sub-additive, but is not homogeneous. One may prefer
the Luxembourg quasi-norm, which is homogeneous but not sub-additive. It is

defined as
|f]M =inf ¢ A >0 /CD (|f(;)|> du(z) <1
X

It is easily seen that

1115 < min{|| fllze, 1f 1o}
while
Sl e < max{ || fII75, (£}

Endowed by the distance ||f — g||.e, L? is a metric space. When T is a linear
continuous operator from L® into the Banach space B, there exists some constant
C such that

ITflls < ClFIIEE < Cllfllpe-
Conversely, a bounded operator is continuous.

1.2. Adapted geometry on the unit ball. Let us recall here the different
geometric notions (see [R]) that will be necessary for the description of spaces of
holomorphic functions.

For ¢ € S" and w € B", we note

d(<>w) = |1 - <Caw>|

We recall that, when restricted to S™ x S”, this is a quasi-distance. For (; € S”
and 0 < r < 1, we note B((p, ) the ball on S" of center {, and radius r for the
distance d. Recall that o(B((p,7)) ~ ™. In particular,

(4) o (B(Co, Ar)) = Ao (B(Co, Ar)),
with constants that do not depend of (y and 7.

For each ¢, € S", we choose an orthonormal basis v, v ... v in C*, such
that vV is the outward normal vector to the unit sphere. In particular, we can
choose the canonical basis for the point with coordinates (1,0, ---,0). Let us call
xj +1y; the coordinates of z — (y in this basis. Then yy,y2, -, Yn, 22, -+, T, can

be used as coordinates for S” in a neighborhood of (y, say in the ball B((y, ). We
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can take ¢ uniformly for all points (,. We will speak of the special coordinates
related to (.

Given ¢ € S” we define the admissible approach region A,(C) as the subset of
B" given by

A ={z=rweB": d((,w) =11 —{((,w)|] < a(l —r)}

We then define the admissible mazimal function of the holomorphic function f

by Ma(f)
(5) Ma(f)(C) = sup [f(2)].

z€A(Q)

1.3. Hardy-Orlicz spaces. Hardy-Orlicz spaces H®(B") have been defined in
(M). We define on H®(B") the (quasi)-norms by

1 lpesen, = sup / &(|f(rw)]) do(w),

0<r<1
Sn

1115 oy = inf { A >0 sup /@ <|f(;“’)|) do(w) <19,

0<r<1
Sn

which are finite for f € H®(B") and define the same topology.
The assumptions on the growth function ® give the inclusions

(6) HY(B") C HE(B") C HP(B).

A major property of Hardy spaces is given by the equivalence with definitions
in terms of maximal functions, which generalize in our setting.

Theorem 1.3. Let a > 0. There exists a constant C' > 0 so that, for any
f e HY(BY),

(7) 1Mol L1ny < CllFllre @)

So the two quantities are equivalent.

Next we define the real Hardy-Orlicz spaces on the unit sphere in terms of
atoms.

For (;, € S", we consider an orthonormal basis v, v® ... ¢ in C" giving
rise to special coordinates related to (y. Recall that, if the coordinates for the
basis vV) are denoted by w; := z; + iy;, then z;, for j > 2 and y; for j > 1
define local coordinates of S™ inside the ball B((y,0). We call Pxn({y) the set of
functions on B((p, d) which are polynomials of degree < N in these 2n — 1 real
coordinates. Remark that Py ((y) does not depend on the choice of v, ... v,

n
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Definition 1.4. A square integrable function a on S™ is called an atom of order
N € N associated to the ball B := B((y,10), for some (o € S™, if the following
properties are satisfied:

(A1) suppa C B;

(A2) [, a(Q)P(¢)do(¢) =0 for every P € Pn(Co) when 1o < 4.

The second condition is also called the moment condition. It is only required
for small balls.

We can now define the real Hardy-Orlicz spaces. Recall that the term “real” is
related with the fact that the definition makes sense for real functions, and does
not require any assumption of holomorphy. Here we consider complex valued
functions, since in particular we are interested in the fact that these spaces contain
boundary values (in the distribution sense) of holomorphic functions of H?®(B").

Definition 1.5. The real Hardy-Orlicz space H*(S™) is the space of distributions
f on S™ which can be written as the limit, in the distribution sense, of series

1
(8) F=>a, > o(B))®(||aj]l20(B;)?) < oo,
J J
where the a;’s are atoms of order N, associated to the balls Bj. Here N is an
integer chosen so that N > N, := 271(]1J —-1)—1.

The (quasi) norm on H?®(S") is defined by

O Il = inf {Za(Bn@(Hajuza(Bj)—% - Zaj} -

J

It is also sub-additive. In particular, with the distance between f and g given by
If = gllge, H®(S") is a complete metric space. It is easily seen that the series in
(B) converges in metric. Remark that convergence in H®(S™) implies convergence
in the sense of distribution.

We will see that the Szego kernel projects onto the space H®(B").

Remark 1.6. The condition on N guarantees that the Szego projection of the
atom a (or its maximal function) is well defined and has L* norm uniformly

bounded in terms of ®(|all20(B)"2)o(B). It follows from the theorems below
that the space H®*(S™) does not depend on N > N,,.

Moreover, we have the following atomic decomposition.

Theorem 1.7. Let N € N be larger than N,. Given any f € H*(B") there exist
atoms a; of order N such that Y22 ja; € H*(S") and

f = Ps (fj ) = fj P(ay).

J=0
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Moreover

> o(B)2(la; a0 (By) %) = || f o en)

Jj=0

As in the atomic decomposition of Hardy spaces of R", the order of moment
conditions of the atoms can be chosen arbitrarily large. Having optimal values has
no importance later on, which allows to adapt easily proofs to a class of domains
including convex domains of finite type and strictly pseudo-convex domains, for
which the optimal values of N, are different. The fact that atoms may satisfy
moment conditions up to an arbitrary large order will play a crucial role for the
factorization.

Szego projections of atoms are best described in terms of molecules, which we
introduce now.

Definition 1.8. A holomorphic function A € H?*(B") is called a molecule of
order L, associated to the ball B := B(zo,19) C S™, if it satisfies

1/2

d , L+n d
00 alowinns o= s [ (14 S ) 1a00P T <o

0

Proposition 1.9. For an atom a of order N associated to the ball B C S™, its
Szegé projection Ps(a) is a molecule associated to B of any order L < N + 1. It
satisfies

_1
[Allmois.2) S llallzo(B)~2.
Proposition 1.10. Any molecule A of order L so that L > L, := 2n(1/p — 1)
belongs to H®(B™) with
[Alle < @([Allmors.Ly)o (B)-

The atomic decomposition and the previous propositions have as corollaries
the molecular decomposition of functions in H®(B"), the continuity of the Szego
projection, and the identification of the dual space. Let us begin with molecular
decomposition.

Theorem 1.11. For any f € H®(B"), there exists molecules A; of order L,
L > L,, associated to the balls B;, so that f may be written as

f:ZAj

with || fll3e@ny = 325 P Ajllmol(s;.)) o (B;)-

The continuity of the Szego projection is also a direct consequence of the atomic
decomposition and the fact that an atom is projected into a molecule.
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Theorem 1.12. The Szego projection extends into a continuous operator,
Pg: H*(S™) — H®(B").

Before giving the duality statement, let us first define the generalized BMO(p)-
spaces as follows. We assume that o is a continuous increasing function from [0, 1]
onto [0, 1], which is of upper type «, that is,

(11) o(st) < s%o(t)
for s > 1, with st < 1. We then define

_ 2/Qny . : 1 o 2
BMO(o) = f € L*(S") ; s%ppegivf(B) —Q(O'(B))O'(B)B/|f PlPdo < oo

Here, for B a ball of center (g, assumed to be of radius r < 0, we note Py (B) :=
Pn(Cp). The integer N is taken large enough, say N > 2na — 1. Before going
on, let us make some remarks.

Remark 1.13. Instead of the infimum on P € Pyx(B), we can take the function
Enxf, with Ex the orthogonal projection (in L*(B)) onto Py(B).

Remark 1.14. The definition does not depend on N > 2na — 1. We will not
prove this and refer to [BPSJ for a proof for a < 1/2. It is a consequence of
duality and atomic decomposition.

Remark 1.15. One may prove that, as in the Euclidean case (see [[J] ) when g is
of upper type less than 1/2n and satisfies the Dini condition

[ s < o),

S
r

then BMO(o) coincides with the Lipschitz space A(p), defined as the space of
bounded functions such that

£ (2) = F(O] < eld(z,0)").
Spaces BMO(p) have been introduced by Janson [J] in R™, and proved to be
the dual spaces of maximal Hardy-Orlicz spaces related to the growth function

® when o(t) = 0s(t) := (18 With our definition of H®(S") in terms

of atoms, this duality is straightforward, as remarked by Viviani ( [M]). For
holomorphic Hardy-Orlicz spaces, we have also

Theorem 1.16. The dual space of H*(B") is the space BMOA(o), defined by

_ 2 ny. : 1 _ 2
BMOA(p) = f € H*(B ),sgppegjlvf(B) —Q(O'(B))O'(B)B/|f P|*do < o0
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where o(t) = p(t) := W The duality is given by the limit as r < 1 tends

to 1 of scalar products on spheres of radius r.

In other terms, BMOA(p) is the space of holomorphic functions of the Hardy
space H?(B") whose boundary values belong to BMO(p).

1.4. Products of functions and Hankel operators. We now have all pre-
requisites to study the product of a function h € H®(B") with a function in
b € BMOA(B"). Remark that, using (f]), we already know that the product is
well defined as the product of a function of H”(B™) and a function of H*(B™) for
all 1 < s < 0o. So it is a function of H?(B") for ¢ < p. We want to replace this
first inclusion by a sharp statement.

Proposition 1.17. The product maps continuously H®(B") x BMOA(B") into
t
Y(B"), where U(t) =& | —— | .
HY(B"), where U(t) (log(e—l—t))

Proof. We know that W is also a growth function by Remark [[.3. We prove more:
using John Nirenberg Inequality, we know that a function b in BMO is also in
the exponential class. More precisely, we only use the fact that b(r-) is uniformly
in the exponential class, and prove that, for such a function b and for a function
h € H®(B"), the product b x h is continuously embedded in H¥(B"). We start
from the following elementary inequality, see [BIJ7)]. For any u,v > 0,

uv

— < v—1.
log(e + uv) sute

It follows that
U(uww) < P(u+e"—1) < O(u) +e” — 1.

When u and v are replaced by measurable positive functions on the measure space
(X, du), we have, by homogeneity of the Luxembourg norms, the inequality

1FallEs S NIz Ngllen -
We refer to [VT]] for more general Holder inequality on Orlicz spaces.

Let us come back to Hardy spaces. Applying this inequality on each sphere of
radius less than 1, we conclude that

(12) Ifgllyee < Ifllglles o < IF 15 gl mvoa-
O

We are going to prove converse statements.

Theorem 1.18. Let A be a molecule associated to the ball B. Then A may be
written as fg, where f is a molecule and g is in BMOA(B™). Moreover, f and g
may be chosen such that

||A||mol(B,L)
)~ log(e + o(B)™1)

||9HBMOA(]B") § 1, ||meol(B,L'
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when L' < L. In particular, if V(|| A||lmois,))0(B) <1, then
O([| fllmors,Lry) < VI Almors,L))-

Theorem 1.19. Given any f € HY (B") there exist f; € H®(B"), g; € BMOA(B"),
J € N, with the norm of g; bounded by 1, such that

F=>_tig
=0

Moreover, we can take for f; a molecule and, for || f|lxv < 1, we have the equiv-

alence
11l =D (1 5 llmots,.2)) o (B;)-
J
In particular,

o0
> W fillse llgillmaoa < N1 Fllper-

=0

As a corollary, we obtain the following characterization of bounded Hankel

operators. Recall that, for b € H?(B"), the (small) Hankel operator fy, of symbol
b is given, for functions f € H*(B"), by hy(f) = Ps(bf).

Corollary 1.20. Any Hankel operator hy extends into a continuous operator from
H®(B"™) to H'(B™) if and only if b € (HY(B")) = BMOA(oy).

The proof is elementary once we know the previous statements. We give it
here.

Proof. Let hy be a Hankel operator of symbol b. Let us first assume that b belongs
to BMOA(oy). Then, for any g in BMOA, we have

[(he(f), )] = [(Ps(bf), 9)| = (b, fa)l

lux lux

S llsvoacen) | £zt < N0l Byoaen I I3 |91l Brioa-

It follows that hy, is bounded from H®(B") to H'(B"), which we wanted to prove.

Conversely, assume now that h, is bounded from H?®(B") to H*(B") and prove
that b belongs to the dual of HY(B"). Tt is sufficient to prove that there exists
some constant C' such that

(b, Nl <C

when f belongs to a dense subset of functions in HY (B"), with || f|lxe < 1. Be-
cause of Theorem [[.T9, it is sufficient to test on such functions f, which may be
written as a finite sum of products f;g;. More precisely,

[0, )] = |<b7ijgj|§Z|<Ps(bfj),gj)|

= D () gl < I 11F5 15 g5l mavoa < C-.
J J
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It ends the proof. O

All these results may be extended to the more general setting of strictly pseu-
doconvex domains or of convex domains of finite type in C". We give a sketch of
the proofs in section [j.

2. MAXIMAL CHARACTERIZATIONS OF HARDY-ORLICZ SPACES

Let us prove the equivalent characterization of H® spaces, given in Theorem
[.3. In order to adapt the proofs given for usual Hardy spaces, we need the
following lemma. Here ML denotes the Hardy-Littlewood maximal operator
related to the distance on the unit sphere. In fact, the statement is valid in the
general context of spaces of homogeneous type. In particular we will also use it
for the maximal operator on the sphere related to the Euclidean distance.

Lemma 2.1. Let ® be a growth function of order p and 3 < p. There exists a
constant C' > 0 so that, for any measurable function f,

[ o (mm593) do < [ a(f)ae

g g

Proof. Let us note g := |f|°. We only use the fact that

to (M7 (g) > 1) < / gdo,
{9=t/2}
which is a consequence of the weak (1,1) boundedness of MHAE.

Denote by W the function defined by W(t) := @(t%), which is of lower type
p/B > 1. In particular,

s 1

(13) / \I’tgt)dt:s—l / \I]St)dt < \I]is)

since fol tP/8=24t is finite. It follows, cutting the integral into intervals (2F, 2¥+1),
that

(14) Y 2 hw(2h) < (s)

S
k; s>2k

Now, we have to estimate

/\P(MHL@))do— < ST WMo (MTE(g) > 2T

sn k
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Exchanging the integral and the sum and using ([4), we obtain that the left
hand side is bounded by C [, ¥(g)do, which we wanted to prove. O

Proof of Theorem [1.3. We proceed in two steps, as it is classical. Let us note
Mo(f)(C) = sup [f(r¢)]
0<r<1
the radial maximal function. We first prove that
(15) [SMo(FNLrny < CllFllne @ny-

Let 8 < p, ¥ and g = |f|® be as before. The function g is sub-harmonic, and
satisfies the condition

sup / (g(rC))do (C) < oo.

0<r<1
Sn

We claim that there exists some constant C', independent of g, such that

(16) / ¥( sup g(r0))do(C) < C sup / U(g(rC)do(C),

0<r<1 0<r<1

Sn sn
which will immediately imply ([J). The proof of ([[f) follows the same lines as
in the unit disc. Assume first that g extends into a continuous function on the
closed ball and call § the function on the unit sphere that coincides with this
extension. With this assumption, the right hand side is the integral of W(g).
Then it follows from the maximum principle that ¢ < G, where G is the Poisson
integral of §. Moreover, we know that sup,.,.; g(r¢) is bounded by the Hardy
Littlewood maximal function (for the Euclidean metrics on the unit sphere) of g.
We conclude for the inequality ([[6) by using the previous lemma, or its proof, in
the context of this maximal function. To conclude for general g, it is sufficient to
see that Inequality ([[3) is valid for g once it is valid for all g(r-), with 0 < r < 1.
Let f be the a. e. boundary values of f, which we know to exist since f belongs
to HP(B") by (B). Remark that once we have done this first step, we also know,

using Fatou’s lemma, that ||(I>(|f|)||L1(Sn) < [ f |-

Next, we recall that (see for instance [], or [Gt9] for the Euclidean case) that
we have the inequality

(17) Ma(f)7 < CaM™E (Mo(f)?).

We then use Lemma R.] to conclude for the proof of Therorem [[.3.
0

We need stronger characterizations of H®(B") for the atomic decomposition.
First, remark that when looking at the proof of ([[7), one observes that the
constant C,, has a polynomial behavior when « tends to co. In the Euclidean
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case, details are given in [Stg]. This means in particular, using the fact that ® is
doubling, that for some large Ny and all a > 0, we have the inequality

(18) 12 (Ma()llren < CA+ ) fllyeony.

Let us consider now the tangential variant of admissible maximal operators,
defined by

(19 Nulh©) = s () 0wl

Here d(¢,w) denotes the pseudo-distance on S", given as before by d((,w) :=
|1 — (¢, w)|. We claim that the following identity holds.

(20) ||<I>(NM(f))||L1(Sn) < Ol fllve o)

Using the definition, we have

Nuf@) = s s (o) o)

kEN rwe A, (€)
sup 277 Moy £(Q).
keN

A

It then follows that
RN (D lzry < D IPRM Mo fllpieny < D27 (Moe f) |l 1o

keN keN

For Mp > Ny we can conclude after having used ([[§).

Le us now introduce the grand maximal function. Firstly, we define the set of
smooth bump functions at ¢, which we note KX (¢), as the set of smooth functions
¢ supported in B((p, ro) for some (y € A,(¢) and normalized in the following way.
In the neighborhood of (,, when we use special coordinates related to (g, the unit
sphere coincides with the graph Rw; = h(Swy, w’), with w’ = (we,- - ,w,) and
h a smooth function. We note w; = z; 4 y;, and consider all derivatives DED .
where D* consists in k derivatives in 2’ or ¢/, and [ derivatives in y;. We assume
that bump functions ¢ € K¥(¢) satisfy the inequality

k/2+1 _
> ID®D || ooyt < o(B)7
k+I<N,

The grand maximal function is defined as

(21) Kon(f)(Q) = sup [lim [ f(r¢)e(¢)do(C)].
pek(¢) "
Sn
The fact that the limit exists for f € H®(B") C HP(B") is due to the fact that
holomorphic functions in Hardy spaces have boundary values as distributions.

We use the following inequality (see [GH, and [St3] for the Euclidean case).
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Lemma 2.2. With the definitions above, there exist ¢ = ¢(B") and N = N(ao, N)
such that

Kanf(¢) S Mealf)(C) + Ni(£)(C)-

We now turn to the atomic decomposition. We first prove in the next section
that holomorphic extensions of functions in H®(S") are functions of the Hardy-
Orlicz space.

3. ATOMS AND MOLECULES [.19
We first consider the Szego projection of atoms and prove the following lemma.

Lemma 3.1. Let a be an atom of order N associated to the ball B = B((o, o),
and let A = Ps(a). Then A satisfies the following estimates.

2 s [ 240D D) < ez,
B(Co,2r0)
@) 0015 (gls)  Nalo(B) for de.6) > 2n

Proof. Let us prove (BJ). We assumed that ® is concave. In particular, if dy is
a probability measure and f a positive function on the measure space (X, du),
then we have Jensen Inequality

21 [z [ i) <o flmwan).
b X
If we use it for the measure do on B(zy, 2rg) after normalization, we find that

o<r<1
B(¢o,2r0)

(25) sup / <1>(|A(m)|)ci"$) <o (%).

Since the Szegd projection is bounded in L?, we have the inequality
[All2e < [lallz2
and conclude for (R2).

The inequality (B3) is classical and used for classical Hardy spaces. It is a
consequence of the estimates of the Szégo kernel, which are explicit for the unit
ball. Without loss of generality we can assume that (, = (1,0, --- ,0), so that the
coordinates related to (, may be taken as the ordinary ones. Otherwise we use the
action of the unitary group. In the neighborhood of (y, the unit sphere coincides
with the graph Rw; = h(Swy,w’), with v’ = (we, -+ ,w,). We recall that
S(C,w) = c,(1—C.w)~". In the following estimates, we are interested in estimates
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on fo’l)S(rC, (h(t1, s +it') +it;,w')), where D® consists in k derivatives in s’
or ', and [ derivatives in ¢;. It follows from elementary computations that

[DEDS(r¢, (Aty, s + it') + ity w)| < C(I¢|" + [w'[*)]1 = G|~

In particular, for d(w,(y) < 19 and ¢ ¢ B((o,2ro), we know that |1 — (.w| ~
|1 — ¢.Co| = ro. In particular, we have |w'| < |1 — ¢.Go|2, and the same for |('].
So, the following holds

(26) IDEDS(r¢, (h(ty, s+ it') + ity, w'))| < CJ1 = ¢.Gof ~@ 2D

We use the vanishing moment condition, in the computation of

Psa(r() = /S(r(,w)a(w)da(w),

to replace S(rC,-) by S(r(,-) — P, where P is its Taylor polynomial at order N.

By Taylor’s formula, the rest may be bounded by the sum, for k +1= N + 1, of
_ k

the quantities [t;|!|w’[¥]1 — 2.o| =21, Using the fact that [¢;|'|w’[* < 7’02+l, we

have

N+1

r 2

S(r,w)— Pw <c—2
) = Plw)] < 0t

This gives the result, using the fact that o(B) < rj. O

Proof of Proposition [I.9. The fact that Pga is a molecule is classical. We give the
proof for completeness. Coming back to the definition of ||P5(a)||12ml(37 1) given
in (IJ), we cut the integral involved into two pieces. We already know that the
integral on B((p, 2r¢) satisfies the right estimate. So is sufficient to show that

() s imacer 3

To

< llell3.
S™\B(¢o,2r0)

Using (R3), it is a consequence of the estimate

27 / <d<£0<o>)M Col—oig =¢

§”\B(Co,2r0)

for some constant C' that does not depend on (y and ry, when M > n (see for
instance [R]).
O

Proof of Proposition [I.1(. Let A be a molecule of order L associated to B :=
B(z,r). We want to prove that A belongs to H®(B") for L large enough, with
the estimate

[l < P Al mors.2)) o (B)-
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Let us note By := B(z,2%r). It is sufficient to prove that, for g a positive function
on the unit sphere,

S[cb(g)% <@ [(d(i’ 5))“”9(5)22;)

Cutting the integral into pieces, it is sufficient to prove that

1/2
/®(g) 0 <o /g(f)zii—g

1/2

which is a direct consequence of Jensen Inequality (24) as before, and, for £ > 1,

/ ®(g) 06(12) < 27k ok(L+n) / g(g)zi‘z_g))

Bi\B—1 Bip\Bg—1

1/2

for some € > 0. To prove this last inequality, we use again Jensen Inequality (24)
for the measure do on By, \ By_1, divided by its total mass o(By\ Bi_1) ~ 2*"c(B).
This gives

1/2

/ ‘1>(g)00(l2)§2k"<1> 2 kn / 9(5)2?:6(5))

Bp\Br_1 Bp\Br_1

We conclude by using the fact that ® is of lower type p, which allows to write
that 2"®(¢) < ®(2/Pt). Tt is sufficient to choose L > n(2/p —2). O

4. PROOF OF THE ATOMIC DECOMPOSITION THEOREM [[.7]

Let f be a fixed function in H®. As noticed before, f admits boundary values
defined a.e. on S”, that we still denote by f.

We fix also N an integer larger than N,,.

Let kg be the least integer such that

(28) 1 (Ko (f) + Ma(F))Lreny < 2%
For a positive integer k, we define
(29) Op = {2 €S": Kouf(2) + Ma(f)(2) > 2FFF}.

For each k, we then fix a Whitney covering {B¥} of Oy. As it is usual, one can
associate to f an atomic decomposition (see [[GLJ for a proof for Hardy spaces in
the unit ball, we refer also to [[GH] for a proof in the general context considered
in the last paragraph).
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Namely, there exist a function hg and atoms b¥ corresponding to the Whitney
covering {BF} so that the following equality holds in the distribution sense and
almost everywhere.

(30) f:ho+§:§:b§.

k=0 =0

Here, hg is a so called ”junk atom” bounded by ¢2% while the bF’s are atoms
supported in the Bf’s, bounded by ¢2** with moment conditions of order N.

Since ||bF||,0(BF)~2 < ||bF| o, it is sufficient to prove that

S~ a(BHD(||F o) < oo

ik
We have
o(BYD([1]1) < 3 B(250) ()

k=0 =0 k=0

<o [ TWo(icess KISQ + MO > )
1

<o / (Do ({C €S KMF(O)+ Malf)(C) > 1))t
< DM )|y + [B(Ma(f) e
< el fllns.

]

As we pointed out before, the atomic decomposition allows to obtain a lot of
result such as the molecular decomposition that we are going to consider now.

5. FACTORIZATION THEOREM AND HANKEL OPERATORS

Let us prove now the factorization theorem [.I§. Let A be a molecule associated
to the ball B = B((y,r), with r < 1. We write A = fg, with

6(2) = log (ﬁ) ,

where ¢ := (1 —7)(o. The constant 4 has been chosen in such a way that g, which
is holomorphic on B", does not vanish. We first remark that we have the required
inequality for f, that is,

||A||mol(B L)
1 mo n < d
(3 ) HfH I(B,L') & 10g<€_'_a(B)_1)
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for L' < L. Indeed, this is a direct consequence of the two inequalities
l9(2)| > log(4/r) ~log(e + o(B)™") 2 € B({y,2r),
r

9611 2 togte + 0B (=) ## BlG2n)

for e > 0. We have used the fact that, for v > 1 and v > e, one has the inequality

log(uv) < 2u®logw.
We now prove that g belongs uniformly to BMOA(B") or, equivalently, that
(1— |22)|Vg|? ~ LB s & Carleson measure with uniform bound. Let B, =

— 1=(=00?
B(xg, p) be a ball on the boundary of B" and T'(B,) be the tent over this ball.

We have to prove that

(1=
/ de(z) < o(By)

P

with constants that are independent of B,, r and (y, or, which is equivalent,

r t
0/ / @ e Hlo ) 5 ()

If d(zo, o) > 2p then, for w € B,, we have d(w, (y) > p and the denominator is
bounded below by p, which allows to conclude. When d(x¢,(y) < 2p, then B, is

included in /B:, := B((o, 3p) which has a measure comparable to B,,. Integrating
first in ¢, we have to prove that

[ o8 (g ) ot < 0B

B,

To prove this last inequality, we cut the ball va in dyadic shells. We conclude by
using the inequality
S jo(BlGo,27p)) < o(B,),
>0
which is a consequence of the fact that
o(B(2,277p)) < 277"a(B(z, p)).

We have recalled this classical inequality in ([).
Assume now that V(|| Al|meis,2))0(B) < 1. We use the fact that logt ~ log W(¢)
to get
1Allmors.) S log(e +o(B)™)
and (BI)) to conclude that

([ fllmorz.ry) < V(I Allmors.z))-
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The weak factorization, that is, Theorem [.19, follows directly from Theorem
[.11] (molecular decomposition) and Theorem (factorization of molecules),
with the bound below for the quasi-norm of f in the Hardy-Orlicz space. The
bound above uses the direct inequality for molecules, that is Proposition [[.10,
and for products, that is ([2).

We will give some complements to the characterization of symbols of bounded
Hankel operators. If expH denotes the class of holomorphic functions f such
that f(r-) is uniformly in the exponential class exp L, then Proposition [[.17 is
still valid with BM O A replaced by exp H. Let us remark that the space exp H is
the dual space of Ps(Llog L), that is, the space of functions that may be written
as Psg, with g € Llog L, equipped with the norm

1]l ps(z10g ) = Inf{[|gllL10gz s B = Psg}-

Then, looking at the proof of Corollary [[.20, we see that we have as well the
following improvement, since Ps(L log L) is contained in H!.

Proposition 5.1. If b belongs to BMOA(py), then hy extends into a continuous
operator from H®(B") to Ps(LlogL).

This has been proven by different methods in [BM|.
The same reasoning allows to characterize as well the Hankel operators which
map H®(B") to H.L

weak *

1

Proposition 5.2. hy, extends into a continuous operator from H®(B™) to HL .

if and only if b belongs to BMOA(0g).

The necessity of the condition follows from the fact that

b, £)] = | / bFdo| < |1l 1l
S’!L

so that b defines a continuous linear form on the space He. To prove the suf-
ficiency, it is sufficient to prove that h, maps H*(B") to Ps(L') when b is in
BMOA(0g). But the dual of Pg(L') identifies with H>. So, using duality, it is
sufficient to prove that multiplication by an element of the dual, that is, H>,
maps Hg into itself. This is straightforward.

6. EXTENSION OF THE RESULTS IN A GENERAL SETTING

We are now going to give the main points which allow to extend our results
in a larger class of domain including strictly pseudoconvex domains and convex
domains of finite type. Let €2 be a smooth bounded domain in C". Define the
Hardy-Orlicz spaces as the space of holomorphic functions f so that

sup / &(| 1) (w) dow(w) < o0
d(w)=e
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where ® is as before of lower type p, é(w) is the distance from w to 92 and do.
the Euclidean measure on the level set §(w) = . Recall that the usual Hardy
space of holomorphic functions HP(2) on 2 corresponds to the case ®(t) = t7.

6.1. Geometry of H-domains.

Definition 6.1. We say that 2 is an H-domain if it is a smoothly bounded
pseudoconvex domain of finite type and if, moreover, for each ( € 02 there exist
a neighborhood V; and a biholomorphic map @, defined on V¢ such that ®.(Q2NV;)
is geometrically convex.

We recall that a point ¢ € 0€2 is said to be of finite type if the (normalized) order
of contact with 02 of complex varieties at  is finite. By [BY] and our assumption
it suffices to consider the order of contact of 02 at ( with 1-dimensional complex
manifolds, see[BY| and references therein. The domain (2 is said to be of finite
type if every point on 0f) is of finite type.We denote by Mg the maximum of
the types of points on 0€2. Notice that the class of H-domains contains both the
convex domains of finite type and the strictly pseudoconvex domains.

We describe the geometry of an H-domain (). This is done locally, using a
partition of unity. Moreover, in a neighborhood of a point ( € 02, using local
coordinates and the assumption, we may in fact assume that {2 is geometrically
convex. Thus, we do not lose generality if we assume that it is globally convex.
Then, there exist an £y > 0 and a defining function p for 2 such that for —gy < ¢ <
g0 the sets Q. := {z € C" : p(2) < €} are all convex. Moreover, denote by U = U,,
the tubular neighborhood of 92 given by {z € C" : —¢q < p(2) < &9}. By taking
g9 > 0 sufficiently small, we may assume that on U the normal projection 7 of
U onto 02 is uniquely defined. Let z € U and let v be a unit vector in C"*. We
denote by 7(z, v, r) the distance from z to the surface {2’ : 0o(2') = o(2) +7} along
the complex line determined by v. One of the basic relations among the quantities
defined above is the following.There exists a constant C' depending only on the
geometry of the domain such that given z € U, any unit vector v € C” that is
orthogonal to the level set of the function o and r < ry and n < 1 we have

(32) C_lnl/QT(z, v,1) < 7(z,0,mr) < Cnl/MQT(z, v, T).

We next define the r-extremal orthonormal basis {v(V, ... v} at z, which gen-
eralize the choices that we have done for the unit ball. The first vector is given
by the direction transversal direction to the level set of o containing z, pointing
outward. In the complex directions orthogonal to v we choose v® in such a
way that 7(z,v®, r) is maximum. We repeat the same procedure to determine
the remaining elements of the basis. We set

7j(z, 1) = 7(2, 07, 7).
By definition, 71(z,7) ~ r. The polydisc Q(z,7) is now given as
Qz,r) ={w : |wy| <(z,7r), k=1,...,n}.
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Here (wy,...,w,) are the coordinates determined by r-extremal orthonormal ba-

sis {v ... v} at z. Notice that these coordinates (w1, ..., w,) = (W, ..., w>"

depend on z and on r. They are called special coordinates at the point z and at
scale r. The quasi-distance is defined by setting

(33) dy(z,w) = inf{r:w e Q(z,r)}.

Notice that by the above properties the sets Q(z,r) are in fact equivalent to
the balls in the quasi-distance d,. We also consider balls on the boundary 0f)
defined in terms of d. For ¢ € 092 and r > 0 we set

B((,r) ={z€ 00 :dy(z,¢) <r}.

These balls are equivalent to the sets Q((,7) N 0. Moreover, we define the
function d on 2 x Q by setting

(34) d(z,w) = 6(2) + 6(w) + dp((2), m(w))
where 7 is the normal projection of a point z onto the boundary. We now set
T(z,r) = (11(z,7) -+, (2, 7)).

Then, for o a multiindex, we note

. . . lal+a
When ( is strictly pseudoconvex, we have simply 7%(z,r) ~r > Let o denotes

the surface measure on 0€2. Then, one has

o(B(w,r)) ~ 722 ().
Moreover, the property () is replaced by the double inequality
(35) N'o(Co,r) S a(B(Go, Ar)) S AHE2Mag(B(Go, Ar)),

As we said before, all these definitions are local, and may be given in the context
of H-domains.

As in the case of the unit ball, if w; are the coordinates of w — z in the basis
{fo® .., o™} and if w; = s; + it;, then s; for 5 > 2 and t; for j > 1 define
2n — 1 local coordinates of 92 in a neighborhood of z. We will still speak of
special coordinates at the point z and the scale r.

In the neighborhood of z € 02, the hypersurface 02 coincides with the graph
Rwi = h(Swy,w'), with w' = (we, - ,w,). As in the case of the unit ball, we
are interested in estimates on Dfua’ﬁ)S( (h(ty,s" +it') + ity,w’)), where « is an
n — 1-index of derivation in the variable s’, while 3 is an n-index of derivation in
t. The equivalent of (BG) is given by the estimates of McNeal and Stein [McS]]|
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and [McS7], see also [BPST], Lemma 4.7 for an analogous context. For d(w, z) < r
and ¢ ¢ B(z,Cr), we have

(36) |DfU°"5)S(§, (h(ty, 8'+it") +ity, w'))| < T—(1+ﬁ1,2+a2+ﬁ2,---,2+an+6n)(27d(w7 2)).

As in [BPST]|, we will also use the existence of a support function given by
Diederich and Fornaess [DF(].

Theorem 6.2. Let Q2 be a smoothly bounded pseudoconver H-domain of finite
type in C™. Then there exist a neighborhood U of the boundary 02 and a function
H € C>(C™ x U) such that the following conditions hold:

(1) H(-,w) is holomorphic on ) for all { € U;
(1) there exists a constant ¢y > 1 such that
1
—d(z,w) < |H(z,w)| < c1d(z,w).
&1
With all these definitions, we claim the following.
Statement of results for H-domains. The analogues of Theorems [[.J to
Corollary [[.20 are valid for the H-domain Q with the following modifications:
N, := (% —1)(Mq+2n—2)—1 in Definition [[.J; in Proposition [[.9, the condition

is L < 2]]\\2:;2, while in Proposition [[.10, we have L, := (2/p — 2) (1 + 217\2;2)-

Finally, for the definition of BMO(p), we have to take N +1 > a(Mq + 2n — 2).
Let us sketch the modifications to be done. Atoms adapted to a ball B :=
B({p, ro) are defined as before, using special coordinates at (, and at scale 7y to
define the vanishing moment conditions. Remark that the coordinates depend on
0, but the space Py ((y) does not.
Then, in Lemma B.1], the second estimate has to be replaced by

1

o\ allao(B)?
(37) A S <d(§,§o)) o (Co, d(¢, o))

The proof is the same, using the estimates (Bg) in place of (2@).

for d(Ca CO) Z CY770~

Next, molecules are defined as follows.

Definition 6.3. A holomorphic function A € H?*(Q) is called a molecule of order
L, associated to the ball B := B(zy,19) C 0%, if it satisfies

(38) sup / (1 REERIEN a(B(zO,d<zO,s>>>) 46— ene)PZ < o,

e<eo 7“(% o(B(z,70))

with v the outward normal vector. In this case, the left hand side is ||A||12nol( B.L)-

It follows from (B7), cutting the integral into dyadic balls, that the projection of

an atom related to the ball B := B(zy, ) C 02 is a molecule of order L < %
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Finally, to see that a molecule of order L is in the Hardy space H®, we prove
that, with By := B(zo, 2"r),

[ sty (28 [ sors

Br\Br_1 Br\Br_1

1/2

for some € > 0. To prove this last inequality, we use again Jensen Inequality (24)
for the measure do on By, divided by its total mass o(By). This gives

do O'(B) zdg(g)
/ 00 557 S o) | o o(By)

Br\Br_1 Br\Br_1

1/2

We conclude by using the fact that ® is of lower type p, which allows to write

that )
o(By) o(Bg)\”
o) " (( ")) t) |

Using (BY), one finds that it is sufficient to choose L > L, := 2(1/p—1) (1 + 2]’\‘4;2).

Up to now, we have given the modifications for having the atomic decompo-
sition, the continuity of the Szegd projection, the duality. It remains to see the
modifications in the proof of the factorization theorem. As at the beginning of
Section [, we factorize each molecule A associated to a ball B := B((,r) as
B = fg, with B a molecule and g a BM O A-function.

For this factorization, we use the support function given in Theorem 6.9. We
set Hy = H(-,{p), where {; = (o — mv(¢y). We choose g = log(cHy ') with ¢ so
that g does not vanish in €.

We have as before the inequality

||A||mol(B,L)
(39) Hernol(B,L’) S log(e+a(B)—1)
for L' < L. Just use (ii) in Theorem B.3.

We now prove that log(cH, ') belongs to BMOA with bounds independent of
(o and . The proof follows the same line as the one in the unit ball, using that
|Hy| and |V Hy are uniformly bounded in €.

This finishes the proof of the factorization theorem.

O
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