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Abstract

We consider the wave equation in a smooth domain subject to Dirichlet boundary conditions on
one part of the boundary and dissipative boundary conditions of memory-delay type on the remainder
part of the boundary, where a general borelian measure is involved. Under quite weak assumptions on
this measure, using the multiplier method and a standard integral inequality we show the exponential
stability of the system. Some examples of measures satisfying our hypotheses are given, recovering
and extending some of the results from the literature.

Introduction

We consider the wave equation subject to Dirichlet boundary conditions on one part of the boundary
and dissipative boundary conditions of memory-delay type on the remainder part of the boundary. More
precisely, let Q be a bounded open connected set of R™(n > 2) such that, in the sense of Necas ([E]), its
boundary 9 is of class C2. Throughout the paper, I denotes the n x n identity matrix, while A% denotes
the symmetric part of a matrix A. Let m be a C! vector field on  such that

inf div(m) > sup(div(m) — 2A,,) (1)
Q2 Q

where A, (2) is the smallest eigenvalue function of the real symmetric matrix Vm(x)®.

Remark 1 The set of all C! vector fields on 2 such that ([]) holds is an open cone. If m is in this set,
we denote

c(m) = % (igf div(m) — s%p(div(m) - 2)\m)) .

Example 1 e An affine example is given by
m(z) = (A1 + A2)(x — x0),

where A; is a definite positive matrix, As a skew-symmetric matrix and xg any point in R™.



e A non linear example is

m(x) = (dIl + A)(x — xo) + F(x)

where d > 0, A is a skew-symmetric matrix, 2o any point in R™ and F is a C' vector field on

such that p
sup [[((VF(2))*| < ~
€N n
(]| - ]| stands for the usual 2-norm of matrices).

We define a partition of 9 in the following way. Denoting by v(z) the normal unit vector pointing
outward of Q at a point = € 9 , we consider a partition (9Qy,9Qp) of the boundary such that the
measure of 9Qp is positive and that

NN C{zx € 0Q,m(z) - v(z) 2 0},00p C {zx € 9Q,m(z) - v(z) <0}, (2)
Furthermore, we assume
O NIy =T or m-n<0ondpNoQAn (3)

where n stands for the normal unit vector pointing outward of 9Q2x when considering 0Qy as a sub-
manifold of 0f.
On this domain, we consider the following delayed wave problem:

u’ = Au=0 in RY x Q,

u=0 on R% x 9Qp ,
(S)S du+m-v (uou'(t) + fot u'(t — s)du(s)) =0 on R x 00y,

u(0) = ug in 2,

u'(0) = uy in Q,

where u/ (resp. u’) is the first (resp. second) time-derivative of u, 8,u = Vu - v is the normal outward
derivative of u on 9. Moreover jig is some positive constant and j is a borelian measure on R™.
The above problem covers the case of a problem with memory type as studied for instance in [EI, ﬁ E, E],
when the measure y is given by
du(s) = k(s)ds, (4)

where ds stands for the Lebesgue measure and k is non negative kernel. But it also covers the case of a
problem with a delay as studied for instance in []E, , , when the measure p is given by

p= padr, (5)

where 11 is a non negative constant and 7 > 0 represents the delay. An intermediate case treated in [@]
is the case when

dp(s) = k(s)X{r, ) (s)ds, (6)

where 0 < 71 < T2, X[r,,r,] is the characteristic equation of the interval [11,72] and k is a non negative
function in L*°([ry, 72]).

A closer look at the decay results obtained in these references shows that there are different ways to
quantify the energy of (S). More precisely for the measure of the form (), the exponential or polynomial
decay of an appropriated energy is proved in [m, E, E, E], by combining the multiplier method (or differential
geometry arguments) with the use of suitable Lyapounov functionals (or integral inequalities) under the
assumptions that the kernel £ is sufficiently smooth and has a certain decay at infinity. On the other
hand for a measure of delay type like () or ([]), the exponential stability of the system was proved in
LA, [, i) by proving an observability estimate obtained by assuming that the term fot w'(t — s)du(s) is
sufficiently small with respect to uou'(t). Consequently, our goal is here to obtain some uniform decay
results in the general context described above with a similar assumptions than in [[Id, [}, [J]. More
precisely, we will show in this paper that if there exists o > 0 such that

—+oo
ot = / e*dlul(s) < pio (7)
0



where |p| is the absolute value of the measure p, then the above problem (S) is exponentially stable.

The paper is organized as follows: in the first two sections, we explain how to define an energy using
some basic measure theory. Using well-known results, we obtain the existence of energy solutions. In
this setting we present and prove our stabilization result in the third section. Examples of measures p
satisfying our hypotheses are given in the end of the paper, where we show that we recover and extend
some of the results from the references cited above.

Finally in the whole paper we use the notation A < B for the estimate A < C'B with some constant
C that only depends on €2, m or pu.

1 First results

In this section we show that the assumption (E) implies the existence of some borelian finite measure A
such that

ART) < po,  [ul <A (8)
(in the sense that, for every measurable set B, |u|(B) < A(B)) and

for all measurable set B,/ A([s, +00))ds < a *\(B) 9)
B

Indeed we show the following equivalence:

Proposition 1 Let i be a borelian positive measure on RT and po some positive constant. The following
properties are equivalent:

e Ja > 0 such that N
/ e*du(s) < po.
0

e There exists a borelian measure X on R such that
A(R"t‘) < o, M < A

and, for some constant 8 > 0,

for all measurable set B,/ A([s, +00))ds < BIA(B).
B

Proof We introduce the application T' from the set of positive borelian measures into itself as follows:
if v is some positive borelian measure, we define a positive borelian measure 7'(u) by

7)) = [ wlssro0)is

if B is any measurable set.
(<) If \ fulfills the second property, then it immediately follows that
Vn e N, " T" () < A,

where as usual T™ is the composition T o T'--- o T' n-times. A summation consequently gives, for any
re(0,1),

DB T ) <Y A= (1—r)7'A
n=0 n=0

Using Fubini theorem, we can now compute

T"(u)(RT) = /0 (/jj/:m </S:00du(sl)> dSQ...dSn> G5t
/0 (/Osl,,.</Osndsn+1>...ds2) dp(s1)

—+oo
—+oo

Il
o\..
+
8
w
|-
o9
=
w
-



so that, using monotone convergence theorem, one can obtain

+oo
/0 P dp(s) < (1—r)IARY)

and our proof ends using that (1 — ) !A(R") < pg for sufficiently small r.
(=) For any measurable set 55, we define

AB) =3 0T (11)(B).
n=0

It is clear that A is a borelian measure such that y© < A. Moreover, if B is a measurable set, one has,
thanks to monotone convergence theorem
/ Alls

, +
B
oy

T (M) (B) )d

T (p)([s, +00))ds

IN

a” 'y a" T () (B),
n=0

that is, T(\) < a7 '\
Finally, another use of monotone convergence theorem gives

+oo
ARY) = / e du(s) < po-
0

Remark 2 e If i satisfies our first property, one can choose § = « in our second property.

e If u is supported in (0, 7], it is straightforward to see that, for some small enough constant c,
dA(s) = du(s) + ¢ x(o.1)(s)ds
fulfills (E) This observation allows us to recover the choices of energy in [@, @]

In the sequel, we can thus consider the measure A obtained by the application of Proposition [I| to |u|.

2 Well-posedness

2.1 General results
Defining
HEH(Q) :={uec H(Q);u=0o0n dp} and H}(Q) := {u € H'(Q);u = 0 on 9N},

we here present an application of Theorem 4.4 of Propst and Priiss paper (see [) in the framework of
hypothesis (f]).

Theorem 1 Suppose ug € H},(Q),u1 € L2(2). Then (S) admits a unique solution w € C(RT, H*(£)) N
CY(RT,L*(2)) in the weak sense of Propst and Priiss. Moreover, if ug € H*(Q) N HL(Q), u1 € HL(Q),
then uw € CH(RT, H*(Q)) N C*(R*, L3(Q)) and the additional results hold

Vt >0, Au(t) € L2(Q)  du(t)pay € HY*(00N).



Proof The proof is the one proposed in [[LJ], Theorem 4.4 except that, for smoother data, we can not
use elliptic result in the general context of () to get more regularity. O

Inspired by [@, , we now define the energy of the solution of (S) at any positive time ¢ by the following
formula:

B(t) = %/Q(u’(t,:c))2+ IVt 2)2dz + %/@QNm-u/Ot (/Os(u’(t—r,x))2dr> d\(s)do

+ %/BQN m- V/too (/Os(u’(s -, :v))er) d\(s)do.

Remark 3 e In the definition of energy, the measure A can be replaced by any positive borelian
measure v such that

v <A
such as, for instance, |u|. In fact, we will see later that conditions (E) and (E) are only here to
ensure that the corresponding energy FEj is non increasing, but the decay of another energy F, is
implied by the decay of E.
o If 11 is compactly supported in [0, 7], for times greater than 7, one can recover the energies from

[@, @] by choosing the measure A supported in [0, 7] given by Remark E Indeed, the last term in
the energy is null for ¢ > 7, and the second term is reduced to

%/am, m- l//oT (/Os(u'(t -, :v))2dr> d\(s)do.

We now identify our energy space.

Proposition 2 Ifuy € H*(Q)NHL(Q), u1 € Hi(Q), then v’ € L= (R, H(Q)). Consequently, for such
initial conditions, the energy E(t) is well defined for any t > 0 and it uniformly depends continuously on
the initial data.

Proof Let us first pick some solution of (S) with ug € H*(Q) N HH(),u1 € HLH(2). We define the
standard energy as

Eolt) = 3 /Q(u’(t,x))Q -Vt z)de.

As in [}, it is classical that

T
Ey(0) — Eo(T) = —/ dyundodt.
0 00N

Using the form of our boundary condition and Young inequality, one gets, for any ¢ > 0,

Eo(0) - Eo(T) = /OT / ) (uou’<t>2+u'<t> /Otu'a—s)du(s)) dodt

[ Ly (- ([ ) )

Using that p < |u| and Cauchy-Schwarz inequality consequently give us

Eo(0) — Eo(T) > /8 _(mew) ((uo—g) / Tu’(tfdt—% / ' / t(u’(t—s>>2d|u|<s>> do.

Y



Using now Fubini theorem two times, one can obtain the following identities

[ [t spanen = [ ( [ - Sm) dul(s)
/ ) ( / o u'(t)?dt) alal(s)
- ) ( / T_tdm(s)) (12t

so that, using |u|([0,T —t]) < uo,

Ea0) - D) > [ ) <(u—§—u2—) / Tu'(t)?dt> do.

The choice of € = puot, finally gives us that Eo(7') is bounded. Using the density of H*(Q)NH} (2) x H}, ()
in H},(Q2) x L2(€2), we get the boundedness of Ey for solutions with initial data ug € Hp, (), u; € L3().
In particular, if ug € Hp,(Q),u1 € L?(), we obtain that u € L= (R™, H(Q2)).

Let now u be a solution of (S) with ug € H?(Q) N H}(Q), u1 € H{(Q). Using Theorem [i], one can
define the limit in L2(Q) ug of w”(t) as t — 0 and in this situation, as in [LJ, it is easy to see that v’ is
solution of () with initial data u; € H}(Q) and us € L?(Q).

Indeed, one can see that Fubini’s theorem gives

/ (1 s)d(s) = / t ( s T)du(r)) ds,

provided uq = 0 on 9, so that

a(/ e Siuts)) = | Wt - 5)dus).

Using the proof above, one concludes that ' € L (R™, H!(Q)) which, thanks to a classical trace result,
give that v’ € L®(R*, L?(99)).

The first three terms of the energy F(t) are consequently defined for any time ¢ > 0. We only need
to take a look at the last one to achieve our result. Using Fubini theorem again, one has

/:OO (/Os(u'(t - r))2dr) dA(s) = /Om ' (r)? </m+:t) d)\(s)> dr

so that, using ([,

/aszN " /too (/OS(U/(S -n I))QdT) d\(s)do

IN

+oo
ool | o=z o2 / A(lr, +00))dr

IN

a Hmll s AR U/ || oo (L2(002)) -

2.2 Compactly supported measure and semigroup approach

In this second approach, we assume that p is supported in [0, 7] and that 9Qp N 0Ny = &. We here
simply follow the result obtained by Nicaise-Pignotti ([[1]).
First, observe that, for ¢t > 7, (S) is reduced to

u' —Au=0 in (1,400) x 0,
u=0 on (1,400) x 0p ,
dutm-v (pou' () + [y w'(t —s)du(s)) =0  on (1,+00) X My ,
u(0) = ug in Q,

u'(0) = uy in Q.



We define X, = L2(0Qn x (0,1) x (0,7),dodpsdu(s))) and Y, = L?(0Qn x (0,7); H1(0,1), dosdu(s)).
One can use the same strategy as in the proof of Theorem 2.1 in [@] to get

Theorem 2 o Ifu(r) € HH(Q), /(1) €
u € C([1, +00), HH () N C ([, +00), L*(Q)). Moreover, if u(t) € H*(2) N HH(Q), '

€ L?(Q) and /(1 — ps,x) € X, (S) has a unique solution
() € H'(Q)

and v/ (T — ps,x) € Yy, then

{

u € CH([r,+00), HH())

NC([r, +00), H?(Q));

t— su”(t — ps,z) € C([1, +00), X;).

o If (u(x),v"(z),9"(s,p,x)) — (u(r,z),u (1,2),u (T — ps,x)) in H5H(Q) x L*(Q) x X,, then the
solution u™ of
u' —Au=0 in (T,+00) x Q,
u=0 on (1,+00) X 0p ,
dutm-v (pou'(t) + [y w'(t —s)du(s)) =0 on (T,400) x Iy ,
u(r) =ul in Q,
u'(T) =ul in Q,
u'(x, 7 — ps) = g"(x,s,p) in Qn x (0,7) x (0,1)
is such that E(u™) converges uniformly with respect to time towards E(u).
Proof We define z(z,p, s,t) = u/(t — ps,z) for x € N, t > 7, s € (0,7), p € (0,1).
Problem (S) is then equivalent to
u'—Au=0 in (1,400) x
sz(x, p, s,t) + zp(x, p,s,t) =0 inoQx x (0,1) x (0,7) x (1,400),
u=0 on (1,400) x Ip ,
dyu+m - v(pou' (t) + [ v/ (t — s)du(s)) =0 on (7,400) x My ,
u(T) = u(7) inQ,
u' (1) = u(r) in Q,
z(x,0,t,8) = u/(t, ) on 0N x (1,400) x (0,7),
25, p,7,8) = Jol ,5) on 00y x (0,1) x (0,7),
where fo(x, p,s) = v/ (T — ps,x).
Consequently, (S) can be rewritten as
{ U =AU
U(r) = (u(r),u'(7), fo)"

where the operator is defined by

with domain
{ (u,v,2)T € HH(Q) x L*(Q) x Y;; Au € L*(Q),

du(r) =—(m-v) (,uov(t) + /OT z(x, l,s)d,u(s)) on Iy, v(x) = z(x,0,s)on 00N x (0,7) } .

D(A)



The proof of Theorem 2.1 in [@] shows us that A is a maximal monotone operator on the Hilbert space
H := H},(Q) x L*(2) x X, endowed with the product topology. It consequently generates a contraction
semigroup on H. Moreover, if (u(7,z),u (7, z),u (T — ps,x)) € D(A), one gets that

{ u € CH([1, +00), H, () N C([r, +00), H*(2));
t— su”(t — ps,x) € C([r, +0), X,).

This ends the proof. O

We can consequently deduce another way to obtain solutions:

Corollary 1 Suppose that ug € H?*(Q) N HL(), u1 € HE(Q), then (S) has a unique solution u €
C([r, +00), HL(Q)) N CH ([, +00), L*(Q)).

Proof Thanks to Theorem [[, one only needs to check that if u € C*([0, 7], H} (Q)) then o’ (z,7—ps) € X,;
and this is straightforward using Fubini theorem. 0

3 Linear stabilization

We begin with a classical elementary result due to Komornik [H]

Lemma 1 Let E : [0, +oo[— Ry be a non-decreasing function that fulfils:
vt >0, / E(s)ds <TE(t),
t

for some T > 0. Then, one has:

V> T, E(t) < E(0) exp (1 _ %) .

We will now show the following stabilization result:

Theorem 3 Assume ([1)-([d). Then, if uo € H*(Q) N HL(Q), uy € HA(Q), there exists T > 0 such that
the energy E(t) of the solution u of (S) satisfies:

V=T, E(f) < E(0)exp <1 - %) .

Proof Our goal is to perform the multiplier method and to deal with the delay terms to show that one
can apply Lemma to the energy.

Lemma 2 There exists C > 0, such that, for any solution u of (S) and any S < T,

E(S) - E(T) > C/ST /BQN(m V) <(u’(t))2 + /Ot(u'(t - s))2d)\(s)> dodt.

In particular, the energy is a non-increasing function of time.

Proof We start from the classical result that

T
Ey(S) — Eo(T) = —/ dyuu'dodt.
S o

As above, one gets, for any € > 0,

Eo(S) — Eo(T) > /S : /a _(mew) ((uo—g)u’uf—% / ' / t(u’(t—s»?dmus)) dodt



We will now split F — Ej in two terms:

p-Blf =5 ([ el - geolar).

)= [ ([ we=nzar) o).
olt / )

t
0
,x) = (/ u'(r 2d7’> dA(s).
0
A change of variable allows us to get

ft,x) // V2drd\(s // r)2drd\(s).

An application of Fubini theorem consequently gives us

f(t,a:)—g(t,x):/ ()2 ([0, 7]) dr—/ /t ()2 drdA(s)

and, as above, one can use Fubini theorem to deduce that

where

T

[ fee-apoon=[[ [ aeram]

One now uses A([0,7]) < A(R™) to conclude that

[E - Eo§ > %/T m-v (/Ot(u’(t —8))2d\(s) — )\(R+)u’(t)2> dodt.

S JoQn

Summing up and using that |u| < A, we have obtained that

E(S) — E(T) > /ST /MN(m V) ((uo - %) W () + % (1 - %) /Ot(u'(t - s))%u(s)) dodt.

We finally chose € = g which gives us our result since A(R™) < po. O

In the multiplier method, one may use Rellich’s relation, especially in the context of singularities. In
our framework (E), the following Rellich inequality (see the proof of Theorem 4 in [ or Proposition 4 in
@) is useful

Proposition 3 For any u € H*(Q) such that
Au € LA(Q),ujp0, € H?(00p) and d,ujpa, € H? (9QN).

Then it satisfies 20,u(m.Vu) — (m - v)|Vu|? € LY(0Q) and we have the following inequality

Au(m.Vu)dzr < [, (div(m)I —2(Vm)®)(Vu, Vu)dz +/ (20,u(m.Vu) — (m - v)|Vu|?)do

Q [219)

With this result, we can prove the following multiplier estimate:

Lemma 3 Let Mu = 2m.Vu + agu, where ag := 1 (infg div(m)) + supg (div(m) — 2\,)). Then under
the assumptions of Theoremﬂ the following mequalzty holds true:

c(m)/s /Q(u’)2 + |Vul?dzdt < —[/Q u' Mu)%

T
+/ Mud,u+ (m-v)((u)? — |Vul?)dodt.
S 00N



Proof Firstly, we consider M = 2m - Vu + au where a will be fixed later. Using the fact that u is a
regular solution of (S) and noting that v’ Mu = (v’ Mu)’" — v’ Mu', an integration by parts gives:

T
0 = / /(u"—Au)Mudzdt
S Q

T T
= {/ u’Mud:c} - / / (v Mu' + AuMu)dxdt.
Q s Js Ja

Now, thanks to Proposition E, we have :
AuMudzr < a [ Auudr+ / (div(m)I —2(Vm)*)(Vu, Vu)dz
Q Q Q

—|—/ (20,u(m.Vu) — (m.v)|Vu|?)do.
9
Consequently, Green-Riemann formula leads to:

AuMudr = /

((div(m) — a)I — 2(Vm)®*)(Vu, Vu)dz + / (OyuMu — (m - v)|Vul*)do.
Q

Q [219)

Using the fact that Vu = d,ur on 0Q2p and m - v < 0 on 0€2p, we have then:
/ AuMudz < /((div(m) —a)l —2(Vm)*)(Vu, Vu)dz —|—/ (OyuMu — (m - v)|Vul?)do.
Q Q 00N
On the other hand, another use of Green formula gives us:
/ u' Mu'dx = / (a — div(m)) (v )?dx + / (m - v |*do.
Q Q QN

Consequently .
/S /Q(div(m) —a)()? + ((a — div(m))I + 2(Vm)*)(Vu, Vu)dzdt

T

T
< - {/ u/Mudz] +/ dyuMu + (m -v)((u)? — |Vul?)dodt.
Q S S JoQn

Our goal is now to find a such that div(m) — a and (a — div(m))I + 2(Vm)® are uniformly minorized on
Q. One has to find a such that, uniformly on €2,

div(m) —a>c¢ (10)
2Am + (a — div(m)) > ¢
for some positive constant c. The latter condition is then equivalent to find a which fulfills

inf div(m) > a > sup (div(m) — 2\,) ,
) a

and its existence is now guaranteed by (EI) Moreover, it is straightforward to see that the greatest value
of ¢ such that ([[() holds is

1/, . .
c(m) = 3 <13f div(m) — sgp(dlv(m) — 2)\m))

and is obtained for a = ag. This ends the proof. O

Consequently, the following result holds

Lemma 4 For every 7 < S <T < o0, the following inequality holds true:

T
/ /(u/)2 +|Vuldzdt < B(S).
S Q

10



Proof We start from Lemma E
First of all, Young and Poincaré inequalities give

| [ o' Mudz| < E(t),
Q

so that
T

— {/ u'Mudx} S E(S)+ E(T) < CE(S).
Q S
Now, from the boundary condition, one has

Mad,uct (m ) () = (9?) = ) ( (o + [ - )du(s)) M+ () = T

Using the definition of Mwu and Young inequality, we get for any ¢ > 0

Mudyu-+ (m-v) ()~ |Vul) < (m-v) ((1 Tl + u2—) Wy + 8 (/ - S)du(8)>2 ¥ u> .

Another use of Poincaré inequality consequently allow us to choose € > 0 such that

6/ (m - v)udo < M/ |Vu|*dz.
GIoT 2 Ja

Cauchy-Schwarz inequality consequently leads to

W[ [wp s wipwaspe [ [ e (w02 [ WPl dod

and, since |y < A, Lemma ] gives us the desired result:

T
"2 2
c(m)/S /Q(u) + |Vul?dzdt < E(S).

To conclude we need to absorb the two last integral terms for which we use the following result.

Lemma 5 e For any solution u and any S < T,

/ST /BQN m- V/Ot (/Os(u’(t -7 ;p))2dr) d\(s)dodt < /ST /BQN m- V/Ot(u/(t — s, 2))2d\(s)dodt.

e For any solution v and any S < T,

/ST /OQN . V/t+oo (/OS(U/(S -, I))2dr> N(s)dodt < /ST /mN . V/Ot(u/(t 5, 2))%d\(s)dodt

+oo
+ / / m - v u*dodt.
s 0y
Proof

e We start from the left hand side term. We fix © € 0Qn,t € [S,T] and we use Fubini theorem to
estimate integrals with respect to time:

/Ot </Os(u’(t—r,x))2dr) dA(s) = /Ot(u/(t—ﬁx))zz\([r,t])dr

/0 (u'(t — 7, )2 X([r, +00))dr

IN

IN

-1 t’—rx2 r
o /O<u<t 2))2dA(r)

which gives the required result after an integration with respect to ¢ and .
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e As above, fixing x € 0y, we obtain

/ST /jm (/Os(u’(s -7, x)QdT) d\(s)dt = /ST /OJroo(u’(r, 2))?A([max(r, t), +o00] )drdt

_ /ST /Ot(u’(t—r, 2)2drA([L, +oo))dt+/T </t+°°(u/(r, x))Q/\([r,+oo))dr> dt.

S

Since for all r < ¢, A([t, +00) < A([r, +00)), we first have
T T
/S /0 (W' (t —r,x)dr\([t, +00))dt < /S /0 (W' (t =7, 2))°A([r, +00))drdt
o T 2
o /S /0 (u'(t —ryx))*dA(r)dt.

IN

On the other hand, Fubini theorem gives us

S

T “+oo 400

/ (/ (v (r, x))z)\([r, —l—oo))dr) dt = / u'(r)z)\([r, +00))(min (T, r) — S)dr.
t S
We now note that oo oo
rA([r, +00)) §/ sdA(s) S/o sdA(s)
and
+oo +oo

/ sdA(s) = / A([t, +00))dt < a PART).

0 0

We consequently obtain

/ST ( /t m(u’(r, )2 \([r, +oo))dr) dt < /S e o,

which give the required result after an integration over Q.

O
Up to now, we have proven that
T T t +oo
/ E(t)dt < E(S) + / / m- I// (u'(t — s,2))%d\(s)dodt + / / m - v u*dodt.
s s Joay 0 s 0N
Lemma E allows us to conclude since it gives
—+oo
/ / m v u?dodt < E(S)
s a0N
and
T t
/ / m- 1// (W' (t — s,2))2d\(s)dodt < E(S).
s Joay 0
O

Remark 4 In the case of some compactly supported measure p, one can also obtain exponential decay
result for the following problem

' —Au=0 in R x R% |
u=0 on R x 9Qp ,
Buu+ pow! () + [y u'(t — s)dp(s) =0 on R x 0Q ,
u(0) = ug in Q,

u'(0) = uy in Q,

12



as it was done in [@] using the work of Lasiecka-Triggiani-Yao [E] and since the system is time invariant
fort > 1.

Moreover, a careful attention shows that our proof allows us to obtain decay for this system without
assumption on the support of u provided that

inf m-v>0.
QN

4 Examples
We start with two general results and then particularize them to recover results from the literature.

Example 2 If i is some borelian measure such that
—+o0
AR < o and [ ePdlul(s) < +oo
0

for some B > 0, then p fulfils the assumption (ﬂ) for an appropriate «. Indeed for any 0 < o < (3, the

expression
+oo
| el
0

is finite and by the dominated convergence Theorem of Lebesgue we have

+oo
[ )~ @) asa —o,
0
Consequently by the assumption |u|(R") < o, we get () for a small enough.
Example 3 One can choose
p="Y_ pid,,
i=1

where (7;)92,, (1:)$2, are some families such that 7; > 0 and are two by two disjoint, and
oo
D lmile®™ < o
i=1

for some o > 0.

Example 4 If we choose du(s) = k(s)ds where k is a kernel satisfying

+oo +oo
/ |k(s)|ds < po and / |k(s)|eP*ds < oo
0 0

for some 3 > 0. Then as a consequence of Example E, we get an exponential decay rate for the system
(S) under the (very weak) condition above, in particular we do not need any differentiability assumptions
on k, nor uniform exponential decay of k at infinity as in [, B, f, H.

Example 5 Choose
dp(s) = k(8)X(ry,7) (s)ds,
where k is an integrable function in [r1, 72| such that
T2
[ kslds <
T1

then we get an exponential decay for the system (S) as a consequence of Example E because the second
assumption trivially holds. In that case we extend the results of [@] to a larger class of kernels k, for
instance in the class of bounded variations functions.
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Example 6 Take
() = p1dr(s),
where pq is a constant and 7 > 0 represents the delay satisfying
| < po,

then we recover the decay results from [[Ld, [L].
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