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Finite volume scheme for two-phase flows in heterogeneous porous
media involving capillary pressure discontinuities

Clément Cances*

Abstract

We study a one-dimensional model for two-phase flows in heterogeneous media, in which the capillary
pressure functions can be discontinuous with respect to space. We first give a model, leading to a system
of degenerated nonlinear parabolic equations spatially coupled by nonlinear transmission conditions. We
approximate the solution of our problem thanks to a monotonous finite volume scheme. The convergence of
the underlying discrete solution to a weak solution when the discretization step tends to 0 is then proven.
We also show, under assumptions on the initial data, a uniform estimate on the flux, which is then used
during the uniqueness proof. A density argument allows us to relax the assumptions on the initial data and
to extend the existence-uniqueness frame to a family of solution obtained as limit of approximations. A
numerical example is then given to illustrate the behavior of the model.

MSC subject classification. 35R05, 656M12
keywords. capillarity discontinuities, degenerate parabolic equation, finite volume scheme

Introduction

The models of immiscible two-phase flows in porous media are widely used in petroleum engineering in order to
predict the positions where oil could be collected. The discontinuities of the physical characteristics due to brutal
change of lithology play a crucial role in the phenomenon of oil trapping, preventing the light hydrocarbons
from reaching the surface. It seems that the discontinuities with respect to the space variable of a particular
function, called the capillary pressure, are responsible of the phenomenon of oil-trapping [38, 10].

In this paper, we consider one-dimensional two-phase flows in heterogeneous porous media, which are made
of several homogeneous submedia. A simplified model of two-phase flow within this rock is described in the first
section, leading to the definition of the weak solution. The transmission conditions at the interface between the
different submedia are written using the graph formalism introduced in [19] for the connection of the capillary
pressures, which is simple to manipulate and allows to deal with any type of discontinuity of the domain, without
any compatibility constraint, contrary to what occurs in [14] and to a lesser extent in [10, 23].

The graph way to connect the capillary pressures at the interfaces is well suited to be discretized by a
monotonous Finite Volume scheme. A discretization is proposed in the second section of the paper. Adapting
the material from the book of Eymard, Gallouét & Herbin [25] to our case, it is shown that the discrete solution
provided by the scheme converges, up to a subsequence, to a weak solution as the step of the discretization
tends to 0. The monotonicity of the transmission conditions is fundamental for proving the convergence of the
scheme.

Unfortunately, we are not able to show the uniqueness of the weak solution to the problem, because of the
lack of regularity. As it will be shown in the fourth section, supposing that the fluxes are uniformly bounded
with regard to space and time is sufficient to claim the uniqueness of the solution. The uniqueness proof is
an adaptation of the one given in [19] to the case where the convection is not neglected. Here again, the
monotonicity of the transmission conditions at the interfaces is strongly used.

The existence of a bounded flux solution is the topic of Section 3. It is shown that if the initial data is regular
enough to ensure that the initial flux is bounded with respect to space, then the flux will remain bounded with
respect to space and to time. Such a result has already been obtained in [19], where a parabolic regularization
of the problem had been introduced. A maximum principle on the flux follows. We also quote [10], in which
a BV-estimate is shown on the flux. Since the monotonous schemes introduce some numerical diffusion, a
strong analogy can be done between a uniformly parabolic regularization of the problem and the numerical
approximation via a monotonous scheme. The convergence of the discrete solution to a bounded flux solution
for regular enough initial data is thus naturally expected and stated in Theorem 3.1. The monotonicity of the
transmission relations is essential during the proof.
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We are able to prove the uniqueness of the bounded-flux solution to the problem using the doubling variable
technique. This work performed in Section 4 is summarized in Theorem 4.1

In Section 5, a density argument allows to extend the existence and uniqueness frame to any initial data,
using the notion of SOLA (Solution Obtained as Limit of Approximation). It is a more restrictive notion than
the notion of weak solution, even if we are not able to prove the existence of a weak solution which is not a
SOLA. The main result of the paper is given in Theorem 5.1, which claims that the whole sequence of discrete
solutions built using the finite volume scheme introduced in Section 2 converges towards the unique SOLA to
the problem.

Finally, a numerical example is given in Section 6. This example gives an evidence of the entrapment of a
certain quantity of oil under the interface.

1 Presentation of the problem

We consider a one-dimensional heterogeneous porous medium, which is an apposition of homogeneous porous
media, representing the different geological layers. The physical properties of the medium only depend on the
rock type and are piece-wise constant.

For the sake of simplicity, we only deal with two geological layers of same size. A generalization to an
arbitrary finite number of geological layers would only lead to notation difficulties. In the sequel, we denote by
Q = (—1,1) the heterogeneous porous medium, and by ; = (—1,0), Q3 = (0,1) the two homogeneous layers.
The interface between the layers is thus {z = 0}. T is a positive real value.

We consider an incompressible and immiscible oil-water flow through 2. Writing the conservation of each
phase, and using Darcy’s law leads to: for all (z,t) € Q; x (0,7T),

¢iatu - az [Mo,i(u) (awpo,i - Po!])] = Oa (1)

- ¢zatu — Oy [Mw,i(u) (azpw,i - ng)] =0, (2>

where ¢; € (0,1) is the porosity of the porous media ;, u is the oil-saturation (then (1 — w) is the water-
saturation), ug,; is the mobility of the phase 3 = w, 0, where w stands for water, and o for oil. We denote by
Pg ; the pressure of the phase 3, by pg its density, and by g the gravity.

Adding (1) and (2) shows that :

where
q= _,uw,i(u) (ame,i - ng) - Mo,i(u) (azPo,i - Po!]) (3)

is the total flow-rate. For the sake of simplicity, we suppose that ¢ does not depend on time, even if all the
results presented below still hold for ¢ € BV (0,T), as it is shown in [13, chapter 4].
Using (3) in (1) and (2) yields:

qﬁiatu + 896 (Iuo 1(5)07—:_(211 l(u) q —+ )\z(u)(po — pw)g — )\Z(u)ax(POJ — Pw,i)) = 0, (4)

where
)\'L (’LL) — Mo,i(u)ﬂw,i (u) .
fho,i (1) + paw,i(u)
One assumes that the capillary pressure (P, ; — P, ;) depends only on the saturation and of the rock type. More

precisely, (P, ; — Py.i) = mi(u), where m;(u) is supposed to be an increasing Lipschitz continuous function. The
equation (4) becomes

GiOpu + Oy (fi(u) — Ni(u)0pm;(u)) = 0, )
where
() = ,Uo,i(u) ( B
hw = o, () +Mw,i(u)q(t) +Ai(u)(po = pu)g.

We do the following assumptions on the functions appearing in the equation.
Assumptions 1 Fori= 1,2, one has:

1. m; is an increasing Lipschitz continuous function;

2. Lo, s an increasing Lipschitz continuous function on [0, 1], with p,(0) = 0;

3. i 18 a decreasing Lipschitz continuous function on [0, 1], with p, (1) = 0.



Remark 1.1 It is often supposed for such problems that the functions pg; are monotonous in a large sense,
and that there exist irreducible saturations s;,S; € (0,1), with s; < S;, such that

toi(u) =0 ifuel0,8], fui(u)=01if uelS;,1].

If we assume that the functions ug,; are strictly monotonous on their support, a convenient scaling would allow
us to suppose that assumptions 1 are fulfilled.

We denote by ¢;(s) = [, Ai(a)](a)da, then (5) can be rewritten

$i0iu+ O (fi(u) — Oopi(u)) = 0. (6)

Properties 1.1 It follows directly from assumptions 1 that fori=1,2 :
1. f; is Lipschitz continuous and f;(0) =0, f;(1) = ¢;
2. N is Lipschitz continuous, and X;(0) = X;(1) =0, A;j(u) >0 if u>0;
3. ; is an increasing Lipschitz continuous fulfilling ¢©;(0) = 0, ¢}(0) = (1) = 0.

We deduce from the properties 1.1 that (6) is a degenerated nonlinear parabolic equation.
Let us now focus on the transmission conditions through the interface {z = 0}. We denote by «a; =
limg_,o m;(s) and B; = lims_,1 7;(s). We define the monotonous graphs 7; by:

i (8) if s € (0,1),
Ti(s) =< (=00, ifs=0, (7)
[Bi,+o00) ifs=1.

Let u; denote the trace of uq, on {# = 0} (which is supposed to exist for the moment). The trace on
{z = 0} from Q; of the pressure Pg; of the phase (3 is still denoted by Ps;. As it is exposed in [23] (see also
[19]), the pressure of the phase [ can be discontinuous through the interface {x = 0} in the case where it is
missing in the upstream side. This can be written

pp1(ur)(Pay — Pga)™ — ppa(us)(Ps2 — Psa)™ =0,  fBe{ow} (8)

The conditions (8) have direct consequences on the connection of the capillary pressures through {2 = 0}.
Indeed, if 0 < w1, us < 1, then the partial pressures P, and P, have both to be continuous, thus the connection
of the capillary pressures m(u1) = m2(uz) is satisfied. If uy = 0 and 0 < wg < 1, then P,; > P, and
Py1 < Py2, thus ma(uz) < m1(0). The same way, u; = 1 and 0 < uy < 1 implies ma(uz) > m1(1). Checking
that the definition of the graphs 71 and 72 implies 71 (0) N 72(0) # 0, 71 (1) N 72(1) # 0, we can claim that (8)
implies:

71 (u1) N7 (ug) # 0. 9)

The conservation of each phase leads to the connection of the fluxes on {x = 0}. Denoting by F; the flux in €,
i.e. for all x € Q,,

Fi(zat) = fl(u)(zat) - azwi(u)(zat)v

the connection of the fluxes through the interface can be written
Fl(Ov') = FQ(Ov')v (10)

where (10) has to be understood in a weak sense.

We now turn to the problem of the boundary conditions. Because of technical difficulties occurring during
section 4, we want that the solution to the flow admits bounded fluxes, at least for regular initial data. This
will force us to consider specific boundary conditions, which will involve bounded fluxes.

Let G; : (a,b) — Gi(a,b) (i = 1,2) be a function fulfilling the following properties :

e (; is Lipschitz continuous, non-decreasing w.r.t. its first argument, and non-increasing w.r.t. the second.

e for all a € [0,1], G;(a,a) = fi(a).



Let u,mw e L*°(0,T), 0 <w,u <1 a.e., we choose the boundary condition

Fl(—l,t) = Gl(g(t),u(—l,t)), Fg(l,ﬁ) = GQ(U(l,t),ﬂ(t)). (11)

The way in which we approximate the boundary condition shall be judiciously compared with the discretization
of the boundary conditions for scalar hyperbolic conservation laws using monotonous Finite Volume schemes
(see [39]).

We consider an initial data ug € L*°(Q), with 0 < ug < 1, then we can write the initial-boundary-value
problem:

¢i8tu+ 8 [fz( )* zgaz(u)] =0 in Qz X (O,T),

Fl(Ov ) ( ) H(O,T),
frl(ul)ﬂWQ(Ug)?é@ on (O,T), ('P)
u(t=0) = uo in Q,
Fi(=1,t) = Gi(u(t),u(=1,t))  on (0,7),
Fg(l,ﬁ) GQ( (1, ) ﬂ(t)) on (O,T)
We now define the notion of weak-solution
Definition 1.1 A function u is said to be a weak solution to the problem (P) if it fulfills:
1. uw e L>®(Q x (0,T)), with 0 <u < 1;
2. fori=1,2, p;(u) € L?(0,T; H(Q;));
3. for a.e. t € (0,T), 71 (u1(t)) N 72(uz(t)) # 0, where u; denotes the trace of ujg, on {x =0};
4. for all € D(Q x [0,T]), denoting by u(1,-) and u(—1,-) the traces of u on the boundary,
T
/ Z diu(w, t)0p(z, t)dadt + Y | diuo(2)y(w,0)dw
0 =127 i=1,27
i=1,2
T T
¥ / G (u(t), (1, )b( 1. )t — / Gi(u(L,0).T(1) (L. )dt = 0. (12)
0 0

2 The finite volume scheme

In this section, we build an implicit finite volume scheme in order to approximate a solution of (P). We will
adapt the convergence proofs stated in [21, 25, 23], which are based on monotonicity properties of the scheme.
This will allow us to claim the convergence in LP( x (0,7')), up to a subsequence, of the discrete solutions
built using the finite volume scheme towards a weak solution to the problem as step of the the discretization
tends to 0.

2.1 The finite volume approximation

We first need to discretize all the data, so that we can define an approximate problem through the finite volume
scheme.

Discretization of (): for the sake of simplicity, we will only deal with uniform spatial discretizations. Let
N € N*, one defines:

{ 'Tj:j/Na Vje[[—N,N]],

Tjp1/2 = J +]\;/2, Vj e [-N,N —1].
One denotes by dx = 1/N.

Discretization of (0,7'): once again, we will only deal with uniform discretizations. Let M € N*, one
defines: for all n € [0,M], t" = nT/M. One denotes by §t = T//M. We denote by D the discretization of
Q2 x (0,T) deduced of those of 2 and (0,T).

Discretization of ug: Vj € [-N,N — 1],

1 Tjt+1
uo,D(xjH/z) = “?H/z = E/ uo(x)d. (13)
Zj



Discretization of the boundary conditions: Vn € [0, M],
I I
u"tt = 5/ u(t)dt, Tt = g/tn a(t)dt.
The Finite Volume scheme: the first equation of (P) can be rewritten:
di0pu + O, Fi(x,t) =0, in Qx(0,7T)

with F;(z,t) = fi(u) — Oxpi(u). We consider the following implicit scheme: Vj € [-N,N — 1], Vn € [0, M — 1],

un+1

h —um
o M R 2T - D2 54 Frt — F =0 (14)
where an+1 is an approximation of the mean flux through z; on (¢",¢"*1), and i is chosen such that (z;,z;41) C
Q;. This notation will hold all along the paper. We choose a monotonous discretization of the flux: Vj €
[-N+1,-1JU[1,N = 1], Vn € [0,M — 1],

i) —pi(uit]),)
n+l _ n+1 n+1 j+1/2 j=1/2
Fj - Gi(ujfl/Q’ uj+1/2) - St ) (15)
where G; is the same function as the one defined in (11). We also define
F'h =G ™ usngaye),  FYT = Galuy—10, 0" ), (16)
2(p1(up1') — r(u])y))
Fro= Giu"]upyt) - = (17)
s () — pa(uirth)
= Galugh' ulfy') - = : (18)
where ugjl, ug;rl moreover satisfy
i (ug i) N (ugh') # 0. (19)

Remark 2.1 The choice of the boundary conditions Flj\}l has been done in order to ensure

F < Gl <00, |FRH| < [Galloe < oo.
Thanks to the following lemma, such a couple (ugjl, ug;rl) is unique in [0, 1], thus the discrete transmission
conditions system (17)-(18)-(19) is well posed.

Lemma 2.1 For all (a,b) € [0,1]?, there exists a unique couple (c,d) € [0,1]* such that:

2(p1(c) — ¢1(a)) 2(pa(b) — ¢2(d))
— = d.b) —
{ Ga(a ) — Ga(d.b) e, (20)
71(c) N2 (d) # 0.
Furthermore, (a,b) — ¢ and (a,b) — d are continuous and nondecreasing w.r.t. each one of their arguments.

Proof
For i = 1,2, #; ' are continuous non-decreasing functions, increasing on [r;(0),7;(1)] and constant otherwise.
Then we can build the continuous non-decreasing function A, defined by

R — R
A:{ p Gz(ffz_l(P)vb)*Gl(a,ﬁfl(P))Jrz(<P1Oﬁfl(P)*sﬁl(a)Jrsﬁzoﬁz_l(p)*wz(b))'

ox

For all p such that A(p) = 0, the couple (77 '(p), 75 *(p)) is a solution to the discrete transmission conditions
system (17)-(18)-(19). It is easy to check, using the monotonicity of the functions G; that for all p < minm;(0),
A(p) < 0. Symmetrically, for all p > max;(1), A(p) > 0. Thus there exists p, such that A(p,) = 0.

Suppose that there exists ¢ such that p, € (m;(0),m; (1)), then since ¢; is increasing, A is increasing on a
neighborhood of p,, and then the solution to the system (20) is unique.

Suppose now that p, ¢ (J,(mi(0),m;(1)). Either p, < min;7;(0), then ¢ = d = 0, or p, > max; 7;(1), then
c=d=1,orp, € [m(1),m(0)] for k # I. We can suppose without any loss of generality that p, € [m1(1), m2(0)],
then the unique solution to the system (20) is given by ¢ =1, d = 0.

To conclude the proof of the lemma, it only remains to check that (a,b) — A is decreasing w.r.t. each one of
its arguments, then the monotonicity of A and ﬁi_l ensures that (a,b) — ¢ and (a,b) — d are non-decreasing.
O



2.2 Existence and uniqueness of the discrete solution

We will now work on the implicit finite volume scheme given by (13)-(19) to show that this approximate problem
is well-posed.

Definition 2.1 Let N, M be two positive integers and D be the associated discretization of Q x (0,T). One
defines:
x { PSS LOO(Ql X (O,T)) / V(.Tj,.%‘j+1) c Q;,Vn € [[O,M — 1]], }

Dy = ;

’ Z|(2j,2541) % (t7,¢n+1] 1S @ constant

and
Xp = {Z € L>(Qx(0,7)) / Vi=1,2, 2|10, x(0,T) € XD,i}-

One defines up(x,t) € Xp, called discrete solution, given almost everywhere in (—1,1) x (0,T) by: for all
j €[-N,N—1], for all n € [0,M — 1],

up(x,0) = uo.p(x) = uf,,  if (,1) € (x5, 211),
up(,t) = ulfl, if (2,1) € (25,2511) X (tn, tat],

where (u"Jrl ) are given by the scheme (14).

j+1/2 j

The monotonicity of the flux F ]”H w.r.t. (ukill /2) allows us to rewrite the scheme (14) under the form

n+1 n n+1 _
Hji1/2 (uj+1/2,uj+1/2 (uk+1/z)k#) =0, (21)

where Hj, /7 is continuous, increasing w.r.t. its first argument, and non-increasing w.r.t. all the others.

Definition 2.2 A function vp is said to be a discrete supersolution (resp. wp is a discrete subsolution) if
it belongs to X (D), and if it satisfies: ¥j € [-N,N — 1],

+1 +1
Hj+1/2 (U?+1/2,U?+1/2 (UZ+1/2)]€;£J) Z 0)

n+1 7 ntl
66510. Hji1/2 (wj+1/27wj+1/2 (wk+1/2)ksﬁj) =Y )

Remark 2.2 A function up is a discrete solution to the scheme if and only if it is both a supersolution and a
subsolution.

Remark 2.3 It follows from the definition of the scheme, particularly from the definitions of the discrete
boundary conditions (16) and of the discrete fluzes at the interface (17)-(18), that the constant function equal
to 1 is a discrete supersolution, and that the constant function equal to 0 is a discrete subsolution.

We now focus on the existence and the uniqueness of the discrete solution to the scheme. In order to prove the
existence of a discrete solution, we first need an a priori estimate on it.

Lemma 2.2 Let up be a discrete solution to the scheme associated to the initial data uo p, let vp be a discrete
supersolution associated to the initial data vop, then for all t € [0,T],

Z/ oi (up(z,t) *’UD(ZL't x<2/ ¢i (uo,p(x) — vo,p( ))erx.
1=1,2 1=1,2

Symmetrically, if wp is a subsolution associated to the initial wo p,
Z / @i (up(z,t) —wp(x,t))” dax < Z ¢Z up,p(z) —wo,p(z)) dr.
1=1,2 1=1,2

Proof
Denoting by aTb = max(a,b), and aLb = min(a,b), it follows from the monotonicity of the functions H; ;o
implies that

+1 +1
Hji1/0 (U?H/zauyﬂ/z Wiy (“k+1/2TwZ+1/2) ) <0,



n+1 n n n+1 n+1
Hji1/0 <wj+1/2’uj+1/2—l—wj+l/2 (uk+1/2—|—wk+1/2)k#j> <0,

"l or to w?

. . . ntl P +1
where wp is a subsolution. Since u Tw is either equal to uili o it1/20

j+1/2 ' Wit1/2
n+1 n+1 n n n+1 n+1
Hjp1 ) <uj+1/2ijH/2, ey Tl (ukH/QkaHm)k#) <0. (22)
Thanks to the conservativity of the scheme, subtracting (21) to (22), and summing on j € [-N,N — 1] yields
Z / ¢i (up(z, t") —wp (2, ")) dx < Z / ¢i (up(x,t") —wp(x,t"™))” du.
i=1,27%% im1.27 %
Since this inequality holds for any n € [0, M — 1], it directly gives: Vt € [0, T],
3 / b1 (up(a, 1) — wp(z,8) " dr < 3 / 6s (up(x,0) — wp(x,0)) da. (23)
i=1,2"7 S im12V %

The proof of the discrete comparison principle between a discrete solution and a discrete supersolution can be
performed similarly. O
Let us now state the existence and the uniqueness of the discrete solution.

Proposition 2.3 Let ug € L>®(Q), 0 < ug < 1 a.e., then there exists a unique discrete solution up to the
scheme, which furthermore fulfills 0 < up <1 a.e.. Moreover, if vy stands for another initial data, 0 < vy <1,
approzimated by vop following (13), and if we denote by vp the corresponding discrete solution, then the
following L'-contraction principle holds;

i:zl;Q /Qi i (up(z,t) — vp(z, 1)) de < i:zl;Q /Q 6s (won(@) — vop(@)Ede, V€ [0,T).

Proof
It follows from Remark 2.3 and from Lemma 2.2 that the following L°° a priori estimate holds:

0 <up(zt) <1, for all ¢t € [0,T], for almost all 2 € Q.

Thanks to this estimate, mimicking the proof given in [24], we can claim the existence of a discrete solution
up. Suppose that up and vp are two solutions associated to the initial data ugp and vop. As it was stressed
in the remark 2.2, both up and vp are both discrete sub- and supersolutions. Then, Lemma 2.2 ensures that
the following L!-contraction principle holds:

i:ZLQ /Qi i (up(x,t) — vp(z, 1)) dr < i:ZLQ /Q 65 (uo.p () — vop(@) dz,  Vte[0,T).

The uniqueness of the discrete solution up corresponding to the initial data ug follows. O

2.3 The L*((0,T); H'(€;)) estimates

The current subsection is devoted to the proof of the discrete energy estimate stated in Proposition 2.4. Since
the discrete solutions are only piecewise constant, we need to introduce discrete semi-norms, which are discrete
analogues to the L2((0,T); H'(;)) semi-norms.

Definition 2.3 Leti = 1,2, one defines the discrete L*(0,T; H'(2;)) semi-norms |-|1,p.; on Xp; by: Vz € Xp 4,

Y o <Z(zj+1/2,t”+1)Z(f”j—l/2’tn+1))2
:Z: b
ox

M—1
2
|zl p; = E at
n=0  j€Jin,i

where Jipe1 = [-N+1,—-1] and Jip2 = [1,N —1].

Proposition 2.4 Fori = 1,2, one defines the Lipschitz continuous increasing functions

& s r—>/ VAi(a)wi(a)da.
0
There exists C > 0 only depending on m;, ¢;, T, G; such that:
Z |§i(uD)|iD,i <C

i=1,2



This estimate is the discrete analogue to:

Z//Ic’?& (2, 1) P dadt < C.

1=1,2

In order to prove Proposition 2.4, we will need the following technical lemma. To understand this lemma, first
suppose that the total flow rate ¢ is 0. Then, roughly speaking, it claims that, in the case where the capillary
pressure is discontinuous at the interface, the discrete flux is oriented from the high capillary pressure to the
low capillary pressure. Suppose now that ¢ # 0. In order to respect the conservation of mass, some fluid will
have to go through the interface, but we keep a control on the energy.

Lemma 2.5 Let (a,b) € [0,1]%, and let (c,d) € [0,1]? be the unique solution to the system (20), as stated in
Lemma 2.1, then the following inequality holds:

(m1(6) - ma(@) (Ga(ev) + P2 — (o)) (Gatet) + 220D > gl () - ma(a).

Proof
In this proof, we suppose that m1(0) > m2(0) and 7;(1) > ma2(1), the other cases do not bring any other

difficulties. One has 71 (c) N 72(d) # (), so there are three different cases:

e 71(c) = ma(d): in this case, one has directly:

(m1(c) — ma(d <G1 2ila ;x/;Pl( >> = 0.
0

e m(d) < m1(0): the relation 71 (¢) N T2 (d) # () ensures that ¢ = 0, thus it follows from the monotonicity of
1 and G that ¢1(a) > ¢1(0) =0, and G1(a,0) > G1(0,0) = fl( ) = 0. This gives:

(m(©) = ma(@) (Galev) + 2= 2LD) > 0

e 71(c) > ma(1): this implies d = 1. From the monotonicity of p2 and Gz, we deduce that p2(b) < pa(1)
and Ga(1,b) > Ga(1,1) = g. This yields

(m1(©) = ma(@) ( Ga(dot) + 2= 2 > g ) = mafa).

O Proof of Proposition 2.J. First check that the scheme (14) can be rewritten

umtl
Jj+1/2 j+1/2 n+1 n+1 n+1 n+1 _
ot bz + (FJ+1 N fi(“m/z)) B (Fj N fi(“j+1/2)) =0

We multiply the previous equation by dtm;(u er_l/2) and sum on j = —N, N — 1. This leads to
An+1 + Bn+1 T Cn+1 + Dn+1 +En+1 — 0’ (24)
where
n+1 n .
Antl Z dimi (W (M/2 jﬂ/z) 5z ;
j=—N
n+1 n+1 n+1 n+1 n+1
BnJrl _ Z 5t Wi(ujjl/g) (Gi(ujjl/Q’ujil/Q) - Gi(ujjl/gaujjl/g))
n+1 n+1 n+1 n+1 n+1 ’
j¢{—N,0,N} _Wi(uj:ug) (Gi(ujj_l/Q’ uj:1/2) - Gi(uj:1/2’ujj-_1/2))
ei(uf ) —ei(ult )
n+l n+1 n+1 j+1/2 Jj— 1/2 .
= s Y (ml) - m ) 5 ’
J¢{—N,0,N}
D= stER (mut ) - ma(ul) 6 - otm (w1 A ) + dtma(u ) w5
n+1 n+1l , nt+1 n+1
FE + = 6t7r1(u J]rv+1/2) (Gl( + , U J]rv+1/2) Gl( N+1/2,U J]rv+1/2))

+0tmo (upt! 1/2) (Gz (ux,tll/yﬂ”“) -G (Urzirﬂl/zaurzirﬂlm)) :



Denoting by L a Lipschitz constant of both G,

E™ > —5tLe (| miloo + Im2lloo) - (25)
One has

B (mrt) —mif)) = B (m) - mith) + B (m gt - me(upsh)
+ B (ma(ugt!) - m (i) -

It has been proven in Lemma 2.5 that there exists C; depending only on ¢ and 7; such that

Fgtt (mi(ugt) — me(ught)) > Cr. (26)
Using the definition of FO”H, it is then easy to check that there exists Cy only depending on G;, g, m;,

p1(u],) — i (ugih)

DLz otCy + 8t (m(u ) - mlugth)

ox/2
. e 220D = paupsh)
+0t (ma(up ) - ma(uis)) —— 5

Since 7; is a non-decreasing function, G; : s — / ¢;mi(a)da is convex, then: Vn € [0,M — 1],
0
A s Z (Gilurt ) = Gttt o)) b2 (27)
j=—N

We denote by ¥;(s) = / 7i(7) f/(T)dr, then an integration by parts leads to
0

b
Vi(b) — ¥i(a) = mi(a)(Gi(a,b) — fi(a)) — mi(b) (Gi(a, b) — fi(b)) — / mi(s)(fi(s) — Gi(a,b))ds.

Since f;(s) = Gi(s, s), it follows from the monotonicity of G; and m; that

b
/ () (fi(s) — Gila,b))ds > 0.
Thus

Bz o 3 (W) - i)
Jj¢{—N,0,N}

> ot (\Ill(uflr/lQ)—\IJ (WL 0) + Ta(ul ) — Wo(uly ))
So there exists C3, only depending on 7;, f; such that
B > 5tCs. (28)
Let & :s— / VA a)da, Cauchy-Schwarz inequality yields: V(a,b) € [0, 1],

(mi(a) — mi(0)(wi(a) — @i (b)) = (&(a) — &i(b))*.

This ensures that

2
(st —0)0)

CnJrl Z 5t Z 6 ; (29)
je{_NvovN} *
(G -6 h) (e - agsh)
n+1 > —1/2 1 2
D™ > 510y + 6t a7z + ot o7z . (30)



Summing (24) on n € [0,M — 1], and taking into account (25), (27), (28), (29), (30), provides the existence of
a quantity C', depending only on T, 7;, G;, ¢; such that

2 2
M-l &gt — & (UT{/IQ) &2 (U?/Jrgl) — &ufth)
> &wn)lip,i+ ; ot ( 572 ) + ( 572 ) <c. (31

i=1,2

O

Remark 2.4 The estimate (31) is stronger than the one stated in Proposition 2.4, since it lets also appear
some contributions coming from the interface. They will be useful in the sequel. Indeed, if we denote by up;
the trace of (up)q, on the interface {x = 0}, and if we denote by vp,i(t) = ug:.‘l if t € (ndt, (n + 1)dt], then it
follows from (31) that

s upi =il ey =0 VP €[l 00).

Suppose that up, converges in LP(0,T) towards a function wu;, as it will be proven later. Then, we directly obtain
that yp,; also converges towards u;. Moreover, for all t > 0, 71 (vpa,1(t)) N T2(vpa,2(t)) # 0. Since
F ={(a,b) €[0,1]* | #1(a) N72(b) # 0} is a closed set of [0,1]%,

we can claim that 71 (u1) N7e(uz) # 0 a.e. in (0,7).

2.4 Compactness of a family of approximate solutions

Let (Mp)pen, (Np)pen be two sequences of positive integers tending to +0o. We denote D, the discretization
of Q x (0,T) associated to M,, and N,. The L*-estimate stated in Proposition 2.3 shows that there exists
u € L>®(Q2x (0,T)),0 <wu < 1, such that, up to a subsequence, up, — u in the L>°(Q2 x (0,7")) weak-+ sense
as p — +o0.

We just need to prove that up, — u almost everywhere in €2 x (0,7") to get the convergence of (up,) towards
win L™(Q2 x (0,7)) for any 1 < r < +00. To apply Kolmogorov criterion (see e.g. [12]) we need some estimates
on the space and time translates of & (up).

Lemma 2.6 (space and time translates estimates) For all n € R, for i = 1,2, one denotes €, ,, = {x €
Q; / (x+n) €8}, then the following estimate holds:

[1€i(up)(- +n,-) = &i(up) (-5 ) L2(0i., x(0,1)) < 1&i(up)|1,p.alml(In] 4 202). (32)

One denotes w; p the function defined almost everywhere by:

&i(up)(z,t)  in Q x(0,T),
“’ZFD("’”’”{O ? in R2\X(Qi><(0,T)).

There exists Cy depending only on m;, ¢;, T, G; and Cs only depending on ;, ¢;, T, \i, G; such that:
Vn € ]Ra |‘wi7D(' + 1, ) - wiﬂ)('a ')HLQ(]RQ) < 0177, (33)
vr e (0,7), lwip(-s - +7) —wip(, )Lz ix©0,1-7) < CaT. (34)

The previous lemma is in fact a compilation of Lemmata 4.2, 4.3 and 4.6 of [25] adapted to our framework. The
estimates (33) and (34) allows us to use the Kolmogorov compactness criterion on the sequence (w; p,)pen, and
thus, there exists w; € L?(Q; x (0,7')) such that for almost every (z,t) € (Q; x (0,T)), & (up,)(z,t) — wi(z, 1),
and then thanks to the L*-estimate 0 < up,(x,t) < 1, one can claim that & (up,) — w; in L"(€; x (0,7)),
for all r € [1,4o00[. Letting p tend to +oo in (32) insures that w; belongs to L2(0,T; H*(€;)). Since &' is a
continuous function, we can identify the limit:

w; = &i(u).

Thus &(u) € L?(0,T; H*(€;)), and since ¢; o & ! is a Lipschitz function, there exists C' depending only on
T, m;, ¢i, Gi, \; such that:
lei(u)llz20,m3m1 (0:)) < C, (35)

and that & (up,) — &(u), up to a subsequence, in L"(€; x (0,7")) as p — +oo for any r € [1,+00). Since &,
i =1,2, is an increasing function, one can claim that up, converges a.e. in Q x (0,7) towards u, and then:

up, — U in the L*(Q x (0,T))-weak- x sense, (36)
up, — U in L"(92; x (0,T)), ¥r € [1,4o0]. (37)
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Roughly speaking, the approximation up obtained via a monotonous finite volume scheme, which introduces
numerical diffusion, is “close” to the approximation u¢ obtained by adding additional diffusion —eAu€ to the
problem. For such a continuous problem, we would have an estimate of type

/OT /Qi (0.&(u)) dadt < '

which would lead to the relative compactness of the family (& (u€)) o in L*(€; x (0,7')). Then the family
(&(u)) . is also relatively compact in L?((0,7); H*(€;)) for all s € (1/2,1). This ensures that, up to a
subsequence, the traces on the boundary and on the interface of (£;(u€)) converge in L?(0,T"). The continuity
of &~ ! and the L*-estimate ensure that the traces of u¢ on the boundary and on the interface converge in
L™(0,T), for all r € [1, 00).

This sketch has to be modified in order to deal with discrete solutions, which do not belong to L((0,7); H*(€;))
for s > 1/2. Nevertheless, a convenient estimate on the translates at the boundary, based on the discrete
L2((0,T); H*(€;)) estimate stated in Proposition 2.4, leads to the following convergence result, which is proven
in the multidimensional case in [17, Proposition 3.10].

Lemma 2.7 Leti=1,2, and let o € 9Q;. We denote by ua,p,,: the trace of (up,)jq, on {x = a}. Then, one
has: for all r € [1,00),
Ua, D, i — U, (a,-) in L"(0,T) as p — +oo.

If we denote by u;(t) = u|q,(0,1), it follows from the remark 2.4 that 71 (u1) N2 (uz) # 0 a.e. in (0,7). We can
summarize all the results of this subsection in the following proposition :

Proposition 2.8 Let (Mp)p, (Np)p tend to oo as p — oo, and let (Dp)p be the corresponding sequence of
discretizations of Q x (0,T). Let (qu)p be the sequence of corresponding discrete solutions to the scheme,
then, up to a subsequence (still denoted by (“Dp)p)7 there exists u € L>®°(Q x (0,7)), 0 < u < 1 a.e., with
&(u) € L2((0,7); HY(Q,)) (i = 1,2) such that:

up, — U a.e. in Qx (0,T) as p — 0.

Moreover, keeping the notations of Lemma 2.7,

u_1p,1(t) — u(-1,t) for a.e. t € (0,T) asp— oo,
u1p,2(t) — wu(l,t) fora.e. t€(0,T) asp— oo,
uo,p,,i(t) — 1w, (0,t) =wui(t) forae te(0,T) asp—o0, i=1,2,

and 71 (uy) N7a(uz) # O almost everywhere in (0,T).

2.5 Convergence of the scheme
We will now achieve the proof of the following result.

Theorem 2.9 Let (M,)pen, (Np)pen be two sequences of positive integers tending to +oo, and (Dp)pen the
associated sequence of discretizations of 0 x (0,T). Then, up to a subsequence, the sequence (qu)p of the

discrete solutions converges in L"(2 x (0,T)) for all r € [1,00) to a weak solution to the problem (P) in the
sense of Definition 1.1.

Proof
As it has been seen in Proposition 2.8, the discrete solution up, converges, up to a subsequence, towards a
function wu fulfilling all the regularity criteria to be a weak solution. In order to prove the convergence of the
subsequence to a weak solution, it only remains to show that the weak formulation (12) is satisfied by the limit
u.

In order to simplify the proof of convergence of the scheme towards a weak solution, we will use a density
result, which is a simple particular case of those stated in [22].

Lemma 2.10 Let a,b € R, a < b, then: {1 € C([a,b])/y' € C°((a,b))} is dense in Wh(a,b), q € [1,+o0].

This lemma particularly allows us, thanks to a straightforward generalization, to restrict the set of test functions
¥ for the weak formulation (12) to

T ={y € D(Q x [0,T))/0t € D((Ui=12%) x [0,T))}.

Let ¢ € T. For j € [-N,,N, — 1], n € [0,M,, — 1], we denote by Q/J;.’H/Q = (x;41/2,t"). Assume that p is
large enough to ensure:
V20 = V1) vn € [0,M, — 1], (38)
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n — _1, tn ,
Vn € [0, M, — 1], { zJ;VN:r;QM 1/}1(#1(’ py ) (39)

One has also
M,

¥ifi2 =0, Vj € [-Np, Np —1]. (40)
For j € [-Np, N, —1], n € [0,M,, —1], let us multiply equation (14) by "

71120t and sum on j € [-N,, N, —1],
n € [0, M, — 1], we get:

Mp—1 Np—1 My—1 Np—1

n+1 n n n+1 n+1
Do D bilupily — )i pdr+ D00t Y (FRE - P, =0,
n=0 j=—N, n=0 j=—N,

which can be rewritten thanks to (38), (39), (40):

p—1 Np—1 Np—1
Z Z Piu ;+1/2 a+1/2 ¢y+1/2 Z piu a+1/2“/’y+1/25z
n=0 j=—N, j=—N,
M,—1

+ Z ot Z FnJrl(?/)] 12 — 7/}?+1/2)

n=0 " j¢{—Np,0,Np}

M,—1 M,—1
- Z SE™LMp(=1,t") + > StFRT (1, em) = 0. (41)
n=0
Using the definition of F’ j”H, we obtain
Ap+Bp+Cp+Dp+Ep:0, (42)

with, using the notation z/J’jN_l/Q = 1/1’_’N+1/2, and Q/J%H/Q = w]?/—l/Q’

M,—1 Np—1

n+1 n n+1 .
A = Z Z ¢iujil/2(¢j+1/2*%:1/2)55”,
n=0 j=—N,
N,—1
B, = Z piu +1/21/’ +1/25$;
j=—Np
Cp = Z ot Z Gi(u?jll/w“?:ll/z)( ?—1/2*7/’%1/2);
n=0 Jﬁf{—vaO Np}
RS g1 Yirssz = Wi T Y5 12
Dy = - Z ot Z i g+1/2) 5z ;
j=—Np
M,—1
Bp = - Z SG (" T u g ) (=1t + D GG (uyh o, T TR (L )
n=0

Since ha, : (z,t) — M if (x, ) (w5, 2j41) % (£, ¢"F1), converges uniformly towards —d¢) as p — oo,
and since up converges in Ll(Q x (0,T)) towards u,

lim A, = —
s 4= [

Thanks to the convergence in L*(Q) of up(z,0) towards ug, we have

Tim B, =~ Y / Gutto ()b, 0) (44)

1=1,2

/ diu(x, t)op(x, t)dadt. (43)

i=1,2

We have to rewrite C,, = C} + C7, with

M,—1

= Z ot Z fi(uyjll/Q)(w;l—lﬂ71/}?4-1/2)’

n=0  j¢{-Np,0,Np}

12



M,—1

= Z at Z (Gi(u?+11/2’ ?:11/2) fi(ul} - 1/2)) (1/’?—1/2*1/)?“/2)'

n=0  j¢{—-N,,0,Np}

T

Thanks to Proposition 2.8, the quantity C’; converges towards — / Z filu)(z, 1) 0p0(x, t)dadt as p — oo.
0 Tra/

Concerning C7, since

(,,n+1 n+1 n+1 _ n+1 n+1 o n+1 n+1 n+1
Gi(ufTy s uji1y9) — filuf” 1/2‘ ‘G Ui j2 Uit ye) — GilugTy g, ui” 1/2)‘ < Lolujf +1/2 u; 71 2l

Yic12—Yiv1ye

and since (z,t) — 5

on (z;_1/2,%j11/2) X (t",¢" 1) is uniformly bounded by [|0,v]|oo,

T
€21 < Lallosvle [ [ 16up, (o 0)ldadt,
0 Q

where dup, (z,t) = “?:11/2 - u7+1/2 on (z;_1/2,%j41/2) X (1", t" ), (j € [-Np +1,N, —1]), and 0 otherwise. It

is easy to check, thanks to the discrete L?((0,7); H*(£2;)) estimates stated in Proposition 2.4, that dup, tends
to 0 in LY(Q x (O,T)) as p — 00. Then

Jim ) =~ / Z/ fi(u) (@, £)8p1)(a, t)dasdt. (45)

1=1,2

Since, using Proposition 2.8, ¢;(up,) tends to ¢;(u) € L*((0,T); H*(€;)) in the L*(Q; x (0,T))-topology, one

has:
lim D, = / Z / wi(u)(x, )05, (x, t)dedt = / Z / Opipi(u)(x, t)Optp(x, t)dadt. (46)
p=ee Qi Qi

1=1,2 1=1,2

The strong convergence of the traces, stated in Proposition 2.8 allows us to claim that

lim E, _/ Gl(g(t),u(—l,t))w(—l,t)dt—|—/ Gau(1, ), (1)1, t)dt. (47)
0 0

p—0o0

We can thus take the limit for p — oo in (42), and it follows from (43)-(44)-(45)-(46)-(47) that u fulfills the
weak formulation (12). O

3 Uniform bound on the fluxes

In this section, we show that, under some regularity assumptions on the initial data, there exists a solution with
bounded fluxes. This existence result is the consequence of some additional estimates on the discrete solution,
and will be necessary to get the uniqueness result of Theorem 4.1.

Definition 3.1 A function u is said to be a bounded-flux solution to the problem (P) if:

1. w is a weak solution to the problem (P) in the sense of Definition 1.1;

2. Oppi(u) belongs to L*°(Q; x (0,T)).
In order to get an existence result, we need more regularity on the initial data, as stated below.
Assumptions 2 We assume that:

1. Oppi(ug) € L(€), 0 <wup < 1;

2. 71(uo1) N72(uo2) # 0, where ug; is the trace of ug|q, on {x = 0},

Theorem 3.1 Suppose that assumptions 2 are fulfilled. Let (My)pen, (Np)pen be two sequences of positive
integers tending to +-00. Let (up,)pen be the sequence of the associated discrete solutions obtained via the finite
volume scheme (14), and let u be an adherence value of the sequence (up,)pen. Then u is a bounded flux solution
to the problem (P) in the sense of Definition 3.1. This particularly ensures the existence of such a bounded-fluz
solution.
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All the section 3 will be devoted to the proof of Theorem 3.1. We only need to verify the second point in
Definition 3.1, because we have already proven in Theorem 2.9 that u is a weak solution. So the aim of this
section is to get the uniform bound on the fluxes. Such an estimate can be found in [19] in the case where
the convection is neglected. It is obtained using a thin regular transition layer between ; and 25, and a
regularization of the initial data ug. This technique was also used in [10] to get a BV-estimate on the fluxes
in the case of a non-bounded domain 2, and for particular values of the data (which are supposed to be more
regular). In this paper, we only deal with the discrete solution, which can be seen as a regularization of the
solution to the continuous problem (P).

We extend the definitions of the discrete internal fluxes (15)-(18) to the case n = —1, i.e. in the time ¢t = 0.
For all j € [-N+1,N—1], j #0,

(Pi(uO'Jrl 2) - (Pi(uo'fl 2)
E) = Giuf_y .1y 5) = = (48)

Thanks to Lemma 2.1, there exists a unique couple (ug ;,ug ) solution to the system

‘Pl(ug,l) —¥1 (u(ll/z) 902(U?/2) - 902(U8,2)
ox/2 dx /2 ’

1 (ug,1) N o (ug 5) # 0. (50)

Fy = G1(“81/2a“8,1) - = GQ(“872’“(1J/2) a

Remark 3.1 u871 and u872 are given by Lemma 2.1, and so they are different of uo1 and ug 2.
Lemma 3.2 There exists C' > 0 depending only on wug, @i, q such that

max |F j0| <C.
FE[-N+1,N—1]
Proof
Since ¢;(uo) is a Lipschitz continuous function, and ¢; ! is continuous, Ug|q, is a continuous function, and there
exists y;11/2 € (zj,7;41) such that U?H/Q = uo(Yj41/2)- Then (48) can be rewritten

(Pi(UO(yj+1/2)) - <Pi(“0(yj—1/2))
Sx ’

Using the fact that d,p;(ug) € L(Q;) gives directly: Vj € [-N +1,N — 1]\ {0},

FJQ = Gi(uo(yjfuz)aUO(yj+1/2)) B

1] < mag Gl + 210 (105 (00) 120 - oy

The monotony of the transmission conditions 71 (ug ;) N 72(uf 5) # 0 and Ty (ug,1) N 72(uo,2) # 0 implies that
either ud, > ug1 and ug o > ug2, or u); < ug1 and ug, < uga. Assume for example that ug, > g and
ug o > uo,2 —the other case could be treated similarly— then one deduce from (49) that:

@2(”0(91/2)) - 902(U0,2) <P1(U0,1) - 901(U0(yf1/2))

< FOO < Gl(u0(971/2)auo,1) -

Ga(uo,2,u0(y1/2)) —

ox/2 dx/2 ,
and so since ¢;(up) is a Lipschitz continuous function,
|51 < max [|Gilloo + 2 max ([|dai (o)l = (c2,))
O
Proposition 3.3 There exists C' > 0 depending only on ug, @i, G;, such that
max ( max |FJ7’|> <C.
jE€[-N+1,N—-1] \ ne[o,M]
Proof
For all j € [-N+ 1,N — 1]\ {0}, for all n € [0,M — 1],
n+1 n _ n+1 n+1 n n+1 n n+1 n n
Fj - Fj - (Gi(uj_1/2a uj+1/2) - Gi(“j—l/% uj+1/2)) + (Gi(uj—l/Qa uj+1/2) - Gi(uj—l/Qa uj+1/2))
n+1 n n+1 n
+ ‘Pi(uj_yz) - (Pi(ujfl/z) - (Pi(uj+1/2) - ‘Pi(ujJrl/Q)
dx dx '
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Thus, using (14) yields

st Gilul ) = Galut )

ol _pn J=1/2> 7j+1/2 JHY/27 (pn+l _ gl
/ ’ pidx u?jll/Q —uf ( J =1 )
n n+1 n n
+ ot Giluj_y g uily n) = Gilufy s, Uiy o) (Fril— Fr)
] n+1 n 41 j
pidw Uiv1/2 — Ujt1/2 ! !
n+1 n
ot (Pi(uj_1/2) - ‘Pi(uj71/2) prtl _ ol
t 002 S S (B = F7)
i Uj_1/2 = Uj_1/2
ot (pi(“?:-rllﬂ) —pi(uj_y ) (Frl — o)
) n+1 n ji+1 — t g :
pidx Ujt1y2 — Uit1)2 ! !

The monotonicity of the scheme is once again crucial, since it implies that there exist two non-negative values
n+1 n+1
aj i1, @5 such that

n+1 n+1 n+1 _ n+l n+l _  n+1 n+1l __ mn
(L4 afity +ajin) B —ag il B2 — ol Y = (52)
The monotonicity of the graph transmission condition (19) ensures that either ug:'{l > ug, and ugfgl > ug o,

or uf Tt < wyy and ugh! < ul,. Suppose for example that ugT! > | and u{ht > uf 5, the other case being

completely symmetrical.

B - = (Gt = Giul pp.uf,))
+ ‘Pl(uT{/l2) - 901(“21/2) B ‘Pl(ugjl) —p1(ufy) (53)
ox/2 ox/2
= (Galups uih) — Galup, o)
N pa(ugst) — pa(uyy) (2 (ugh') = pa(uf ) (54)
dx /2 ox/2 '

It follows from (53) and from the monotony of G1, ¢ that

n n n n n n gpl(uiﬁ{lQ) - 801 (u’l’il/2)
Fy 1 Fg < (Gl(U_J{/lzaUOJ) - Gl(“ﬂ/zauo,l)) + ( / 57/2 .

Similar computations as those done to obtain (52) provide the existence of a non-negative value agill such that
(L+agth) Fott —agHh P < FY (55)

Considering (54) instead of (53) shows the existence of a non-negative value bgjl such that

(L+051") Fo =i B > K (56)
We denote by j2tl (resp. j”11) the integer such that
Frtl — max  Frfl resp. F*tl = min  FPTY).
Jinax  je[-N,N] 7 (resp min  jE[-N,N] J )

Either j»t! € {—N, N}, then it follows from the remark 2.1 that max;c[—N,N] Fj”+1 < max;—1,2 ||Gil|co, OF
intl € [-N + 1,N — 1]. In the latter case, (52) and (55) imply

jmax

mjaXF]”"'1 = F’gé < F'T:’?)L} < m]aXFJn.
Similarly, (52) and (55) yield

mjin F;H_l = FT:} > FEE > mjinFJ”.
We obtain a kind of discrete maximum principle on the discrete fluxes, which corresponds to the uniform bound
on the continuous fluxes proven in [19]. It follows from Lemma 3.2 that

n+1
(e <je[[_§1f‘ffN_1]] |F} |> < max[|Gilloo + 2 max (||0xi (o)llL~(0.) -
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O Conclusion of proof of Theorem 3.1 Let (Np)pen, (Mp)pen be two sequences of positive integers tending
to +o0, and let (up,)pen the sequences of associated discrete solutions. It has been seen in theorem 2.9 that
(up,)p tends to a weak solution u in L (€2 x (0,T)), for all 7 € [1,4+00).

Let i = 1,2, let (x,y) € Q;, let t € (0,7]. For p large enough,there exists jo, j1 € Jiny such that z;, <z < zj,4+1
and z;, <y < zj,+1, and there exists n such that ¢ € (¢, t"1].

n+1 )

"pi(qu)(xat) - (pi(qu)(y’t)’ = (PZ( Wiot1/2 @i(uj1+1/2

n+1 )‘

Jo

n+1
= | D wiluifip) —euil))

Jj=j1+1
Jo
+1 1
< Z pi(u +1/2) @i ]+1/2)‘
j=j1+1
Using the definition of the discrete flux (15):
e, o)~ i, )] < 37 B [F29)— Gttt
J=j1+1

We deduce from Proposition 3.3 that there exists C' > 0, depending only on ug, ;, G; such that:
Jo
i (up,) (@, 1) = @i(up,)(y,1)| < Y 62C < C(|x —y| + 20).
Jj=j1+1
Letting p tend towards +oo, i.e. dz and dt towards 0 gives
lpi(u) (@, t) = @i(u)(y, )| < Clo —yl. (57)

So we deduce from (57) that O,p;(u) € L>=(£; x (0,7)). O

4 Uniqueness of the bounded-flux solution

This section is devoted to the proof of Theorem 4.1, which is an adaptation of [19, Theorem 5.1] to the case
where the convection is taken into account.

Theorem 4.1 If u,v are bounded-fluz solutions in the sense of Definition 3.1 associated to the initial data uy,
vo, then for all p € [1,+oc[, u and v belong to C([0,T]; LP(RY)), and the following L*-contraction principle holds:
vt € 10,77,

/ bi(u(z,t) — v(z, t)Fdr < / éi(uo(x) — vo(x))Fda.
Q; Q;
This particularly implies the uniqueness of the bounded fluz solution to the problem (P)

Obtaining a L'-contraction principle for a nonlinear parabolic equation is classical. We refer for example to
[5, 26, 34, 20, 31, 33, 11] for the case of homogeneous domains, and for boundary conditions of Dirichlet or
Neumann type. We have to adapt the proof of the L'-contraction principle to our problem, and thus particularly
to the boundary conditions and to the transmission conditions at the interface.

We need to introduce the cut-off functions pg, € C%1(, R™") defined by

i) = <M)+

lim in / > / sign, (1~ 0)(fi(u) — £:(0) — s (9i(w) — @i(0))* ) Dup ()t > 0.

e—0
i=1,2

Lemma 4.2 For all § € D*([0,T)),

Proof
We define the subsets of (0,7)

Busw = {t € (0.7) | ui(t) > vn(t) or ualt) > va(t)} .
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Bucy = (Buu) = {t € (0,1) | na(t) S 01 (1) and wa(t) < valt)}

Since the trace on {x = 0} of the function sign (v — v)(fi(u) — fi(v)) is equal to 0 for all t € E,<,, it is easy
to check that

im [ 0% /zi sign.(u— 0)(fi(u) — f(v)) s pidadt = 0.

VB S

Thanks to the fact that the trace of (;(u) — ¢;(v))" is equal to 0 on the interface, one has also,
lim %lf/ / dx (pi(u) — i(v) T dupfdadt > 0.
E—
u<

This particularly implies that

im pt | > / sign. (u — 0)(fi(w) — £i(0)) — By (pi(w) — ¢i(0)) " | Dupidadt > 0. (58)

Eu<o 1=1,2

U112

Since u, v are two weak solutions, subtracting their corresponding weak formulation (12) for the test function

P(x,t) = 0(t)p§(z) leads to

/.

/ ¢i(u —v)pg00dadt + Z / ¢i(uo — v9)pg0(0)dx

+/ 921:2/ (fi(w) = fi(v)) = Bu(pi(u) — ¢i(v))) Oz poddt = 0.

Since p§ tends to 0 in L'(Q2) as € — 0, one has:

8113%/ Z/ bi(u — v)p§00dxdt + Z/ éi(u £0(0)dx = 0,

i=1,2 i=1,2

thus

lim / 3 / (filw) = Fi(0)) = Ou(ilu) — pi(0))) Dy pidadt = 0. (59)

e—0
1=1,2

Thanks to the L>(€Q x (0,7)) bound on the fluxes, one has

/ S / (filw) = Fi(0) — Bu(pi(u) — 0i(0))) Dupidadt] < ClOll1so.m),

1=1,2

then, using a density argument, (59) holds for all € L1(0,T).
Replacing 6 by Oxg n (59), and splitting the positive and the negative parts a = a™ — a™, we obtain

u>v 1

[ 03 [ (s v~ £0) i)~ i 0)) dupi

i=1,27 %

- [ ey / sign_(u— v)(fi(u) — i(0) - Dulpi () — 93(0))") Oupdadt +r(e),  (60)

u>v 1= 12

with
lim r(e) = 0.
e—0

For almost every t € Fy~., it follows from the monotonicity of the graph relations for the capillary pressure
Ti(ur) Nw2(uz) #0,  Fi(v1) N7R2(v2) # 0,

that ¢ belongs to Ey>, = { (0,7) ‘ 1(t) > v1(t) and ua(t) > ve (t)} . So we obtain exactly in the same way
that for (58), that

hIEIl_}élf /Eu>v 0 Z

i=1,2

[ [stsn = o)) = £i0) = 0 (outw) ~ ito)) ] Qpit > .
It follows directly from (60) that

im pt | > / [t = 00— £00) = 0 (i) — )] a2 0. (61

e—0

Adding (58) and (61) achieves the proof of Lemma 4.2. O
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Lemma 4.3 For all § € D*([0,T)),

timint [0 [ (sgns (u— o) (i (0) = £1(0) = Dulion () = 1(0))%) O st >, (62)
lim inf / 0 [ (snsu=0) (2(0) = o(0) = 2s{alu) = 92(0))%) dupidad > 0. (63)

Proof
For the sake of simplicity, we will only prove

T
tmint [0 /92(sign+(u—v)(fz() £20)) = Oy (pa) — p2(v)*) Dy pidadt > 0,

e—0

but all the steps of the proof can be extended to the other cases. We denote by F,~, and F,>, the subsets of
(0,T) given by

Fuso ={t € (0,7) | u(l,t) > v(L,t)},  Fuco = (Fuso)*={t € (0,7) [ u(l,t) <v(1,1)}.
Let € > 0. For almost every ¢t € Fy<,, one has
0z (p2(u)(w, 1) — @a(v) (@, 1)) " Dppf(w)dz < 0.
Qz

Then, using the fact that for almost every t € F, <., the trace of sign  (u(-,t) —v(-,t)) (fa(u)(-,t) — f2(v)(:, 1))
on {x = 1} is equal to 0,

imipt [0 [ (st (u—0) (ofu) = £o0) = Dulia(u) = 2(0)") D > . (64)
Fu<y JQo2
We deduce from the weak formulation that for all 8 € D([0,T)),
T
ing [0 (7a0) = 0r) s — Gatutt, )0 ) e =0, (65)
e=Y%Jo Qo

Since the fluxes fa(u) — Opp2(u) and f2(v) — Opp2(v) belong to L (s x (0,T)), a density argument, which has
already been used during the proof of Lemma 4.2, allows us to claim that (65) still holds for any 6 € L(0,T).
So, it particularly holds if we replace § by 0xp,., This leads to

tin [0 [ (Fal0)-ale) - 0u(pa(w)~pa(0))Bupidedt = [ 6(0)(Galu(L, 1)) ~ Galo(1. ) (0))

e—0 Fu<17 Qo Fu>u

It follows from the monotonicity of G5 that

vt S Fu>v; GQ(U(L t)vﬂ(t)) Z GQ(U(L t)vﬂ(t))a

thus
Jim inf / 0 [ (o)~ 1o(0) — Oupa(u) — 2(0)) ) Dupiddt > 0. (66)
=0 JFRicw Jao
In order to conclude the proof of Lemma 4.3, it only remains to check that
hm 1nf/ f2 (v) — Oz (p2(u) — gag(v)))ampﬁdxdt
Fu<w Q2
= timipt [0 [ (sten (0= 0)(72(0) = 2(0) = 0r(ealu) = a(0) )0l (67)
- Fu<v z2

Since @, * is a continuous function, u(-,¢) can be supposed to be continuous on € for almost every ¢ in (0, 7).
Particularly, for almost every ¢t € F,~,, there exists a neighborhood V; of {z = 1} such that u(-,t) > v(-,t) for
all z € V;. On V;, one has

R(a,1) = (f2(w) = f2(0) = Bulpa(u) = 92(0))) = (sign (u = v)(fo(w) = £2(v)) — Dal2(u) = w2(v))*) = 0.
Then, for almost every ¢t € F,~.,

lim R(z,t)0,p](x)dz = 0.
e—0 Qs
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Moreover, since the fluxes fa(u) — 0yp2(u) and fa(v) — Ozp2(v) belong to L>(Qy x (0,T)), there exists C' > 0
not depending on ¢ such that for almost every t,

<C.

/ R(z,t)0,p] (x)dz
Qo

We deduce from the dominated convergence theorem that

T
1im/ / R(x,t)0.p5 (z)dx = 0.
e—=0 Jo Qs

This particularly implies that (67) holds. This achieves the proof of Lemma 4.3. O
Proof of the Theorem 4.1. First, since u and v are weak solutions to a parabolic equation, they are also entropy
solutions (see [26], [20]), and it has been proven in [18] that u and v belong to C([0,T], L?(2)), in the sense
that there exists @, 0 € C([0,T], LP(2)) such that u = @, v = 0 almost everywhere in Q x (0, 7).

Let v and v be two weak solutions, then some classical computations, based on the doubling variable
technique applied on both the time and the space variable (see e.g. [26], [20]) yields yields that for any
€ DT (Q; x [0,T))

/ / ¢i(u(z,t) — v(z, )= Op(x, 1) dzdt+/ i (o (z) — vo (@) (z, 0)dz
/ / sign, (u(z,t) —v(z,t)) (fi(u)(x,t) — fi(v)(z,t)) Optp(x, t)dxdt
_/0 /Q D (i) (z, 1) — 0i(v)(x, )T Optp(, t)dadt > 0. (68)

Let # € DT([0,7)), then summing (68) with respect to i = 1,2, choosing
Pz, t) = 0(t) (1 — pZy(2) — phz) — pilx))
as test function, and letting € tend to 0 leads to, thanks to Lemmata 4.2 and 4.3 :

/ 0,0( Z/ 6i(u(z, 1) — v(z, 1)) dxdt—i—Z/ 65 (o) — vo () £6(0)dz > 0. (69)

i=1,2 1=1,2

Since u,v belong to C([0,T]; L*(R)), the relation (69) still holds for any § € BV (0,T) with (T+) = 0. Let
t € [0,T], we choose 0 = x[o,4) in (69), obtaining this way the L'-contraction and comparison principle stated
in the Theorem 4.1. ]

5 Solutions obtained as limit of approximations

We aim in this section to extend the existence-uniqueness result obtained in Theorems 3.1 and 4.1 for any initial
data ug € L>(Q), 0 < ug < 1 a.e.. We are unfortunately not able to prove the uniqueness of the weak solution
to the problem (P) in such a general case, but we are able to prove the existence and the uniqueness of the
solution obtained as limit of approximation by bounded flux solution. Moreover, this limit is the weak solution
obtained via the convergence of the implicit scheme (14) studied previously.

Definition 5.1 A function u is said to be a SOLA (solution obtained as limit of approximation) to the prob-
lem (P) if it fulfils:

o u is a weak solution to the problem (P),

o there exists a sequence (u, ) en of bounded fluz solutions such that

u, — u in C([0,T]; LY(2)), asn — +oo.

Theorem 5.1 Let ug € L*(2), 0 < ug <1 a.e., then there exists a unique SOLA u to the problem (P) in the
sense of Definition 5.1.

Furthermore, if (My)pen, (Np)pen are to sequences of positive integers tending to +oo, and if (up,)pen is the
corresponding sequence of discrete solutions, then up, — w in L"(Q x (0,T)), r € [1,+00).
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Proof
The set
E = {’LLO S LOO(Q) 0 < Uuo < 1, 8I<pz(u0) e LOO(QZ), 7~T1(’U4071) ﬁﬁg(’&oﬁg) 7£ @}

is dense in {ug € L>(Q) | 0 < ug < 1} for the L'(Q)-topology. Then we can build a sequence (u,,), oy such
that
Vli_{& [0, — toll 1 (q) =0

Let (u,), be the corresponding sequence of bounded flux solutions, then we deduce from the Theorem 4.1 that
for all v, € N,

vt € [0, 7], > /Q,"” (t (1) — up(w, 6)) T do <y /Q_qsi (w0, () — o ()™ da. (70)

i=1,2 i=1,2

Then (u,), is a Cauchy sequence in C([0,7]; L'(£2)), thus it converges towards u € C([0,T7]; L' (£2)), and

vt € (0,7, > /Q,@ (un (2, ) —u(z, )" do < /Q_qsi (w0, () — ug(z)) ™ da. (71)

i=1,2 i=1,2

Let us now check that u is a weak solution. Since ; is continuous, and since 0 < u, < 1 a.e., ¢;(u,)
converges in L?(Q; x (0,7)) towards ¢;(u). The L2((0,7); H*(£;)) estimate (35) does not depend on ug, thus,
up to a subsequence, (p;(u,)), converges weakly to ¢;(u) in L?((0,T); H*(£2;)). It also converges strongly in
L2((0,T); H*(9;)) for all s € (0,1). This particularly ensures the strong convergence of the traces of (¢;(u,)),
on the interface. Since ¢; ! is continuous, we obtain the strong convergence of the traces of (uy),. Checking
that the set

F = {(a,b) €[0,1]? | 71(a) N7a(b) # B} is closed in [0,1]?

the limits u; fulfill 71 (uy) N 72(ug) # 0, and so u is a weak solution, then it is a SOLA.
If uw and v are two SOLAs associated to the initial data ug and vg, we can easily prove, using the Theorem
4.1 that
vt € [0, T, > / ¢i (u(z,t) —v(z,t) “de < Y / i (uo(x) — vo(x)) ™ da. (72)
i=1,27 % i=1,27%%

The uniqueness particularly follows.

Let ug € L>(9Q), 0 < ug < 1, and let (ug,), C € a sequence of approximate initial data tending to ug in
L*(Q). We denote by u the unique SOLA associated to ug, and by (u,), the bounded flux solutions associated
to (uo,v),. Let (Mp)pen, (Np)pen be two sequences of positive integers tending to +o0o. Let p € N, v € N, let
up, the discrete solution corresponding to ug, and let u, p, the discrete solution corresponding to uqg,,.

lup, —ulliaxory < lup —w,p,llLr@x0,1) + luw,p, — wllLr@x0,1) + luw —ullLr@x©0.1))-

From the discrete L!-contraction principle (23), and from the continuous one (71), we have

max ¢;
[up, = ullLr(@x(0,1)) < T———|luo,p = uo.up, 1) + luw,p, — wwllLr@x (0,7
min ¢;
max ¢;
+ Tmingbi lluo,, — uollL1(0)-

Letting p tend to oo, it follows from the definition of (ug,, p) (adapted from (13)) that
plijgo [wo,p = to,,p, I11(0) = lluo,y — uollL1(0)-

We have proven in the Theorem 3.1 that the sequence of discrete solutions converges, under assumption on the
initial data to the unique bounded flux solution, thus

i flu,p, =l Lr@xo,r) = 0-

This implies
' max ¢;
lim s o < 2T
lfio‘ip llup, — ull L1 @x0,1)) < min ¢;

[uo,w = uollLr(0)-

Letting v tend to oo provides
Jim fJup, —ullLr@x o7y = 0.

The convergence occurs in L'(€2 x (0,7)), but the uniform bound on the sequence (up,) in L>(Q x (0,7))
ensures that the convergence also take place in all the LP(Q x (0,7)), for p € [1,00). O
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Figure 2: Capillary pressure profiles for t = 20,¢ = 100, ¢ = 200

6 Numerical Result

In order to illustrate this model, we use a test case developed by Anthony Michel [32]. The porous medium
= (0,1) is made of sand for = € (0,0.5) U (0.7,1), with a layer of shale for x € (0.5,0.7).

First case:
The total flow rate is equal to 0, since fsand(1) = fshale(1) = 0, and the convection is the exclusive of the volume
mass difference between the oil, which is lighter, and the water. The convection functions are given by:

u?(1 — u?)
san =1 shale = T o o o
Jsana(u) 00 * fshate(w) 50*1_2u+2u2
The capillary pressures are first given by
Tsand (U) = u®, Tshale (1) = 0.5 4+ u®.

The function pgang and Yghale, given by

vos%(1 - s?) vos(1—s?)
Psand (u) = 10 */O mﬂéand(s)d& Pshale(u) = 0.1 */O m”éhale(s)d&

are computed using an approximate integration formula. The initial data ug is equal to 0, and u = 0.001, w = 0.
The convection is approximated by a Godunov scheme, defined by

min fi(s) ifa<b,

] o s€|a,

Gi(a,b) = m[zgx] fi(s) otherwise.
se|b,a

A little quantity of oil enters the domain from the left boundary condition, and it moves forward in the
first part made of sand. The discontinuity of the capillary pressure (figure 2) stops the migration of oil, which
begins to collect at the left of the interface, as shown on the figure 1. One can check on the figure 3 that for ¢
small enough, the oil-flux through the interface {z = 0.5} is equal to 0. The accumulation of oil at the left of
{z = 0.5} implies an increase of the capillary pressure. As soon as the capillary pressure connects at {x = 0.5},
the oil can flow through the shale. The next discontinuity at {x = 0.7} does not impede the progression of the
oil, since the capillary pressure force, oriented from the large pressure to the small pressure (here from the left
to the right), works in the same direction that the buoyancy, which drives the migration of oil.

For ¢ = 200, the presented solution is a steady solution, with constant flux (figure 3). Some oil remains
blocked in the first subdomain (0,0.5). Even if one puts u(t) = 0 for ¢ > 200, the main proportion of oil in
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Figure 3: Oil-flux profiles for ¢ = 20,¢ = 100, ¢ = 200

the porous medium can not overpass the interface {x = 0.5} and leave the porous medium (0,1). Indeed, the
function defined by
() = { 0 if z ¢ (0.4,0.5),
a_t (5(x—0.4)) ifze(0.4,0.5)

sand
is a steady solution to the problem for u = 0. It is easy to check that u(-,200) > u®, thus the comparison
principle stated in the Theorem 4.1 ensures that for all ¢ > 200, u(-,t) > «®. Thus for all ¢ > 200

0.5 0.5
/ u(x, t)dx > / u®(x)dz > 0.
0 0

This quantity is said to be trapped by the geology change. Further illustrations, and a scheme comparison will
be given in [32].

Second case:
We only change the values of the capillary pressure functions (and also the linked functions @sang and pghale)-
The amplitude of the variation of each function is reduced from 1 to 0.2, i.e.

Trsand (u) =0.2x% US’ 7T'shale(u) =0.540.2 % u’.
The graph transmission condition for the capillary pressure turns to
(1 - usand)ushale - 07

where Ugang (resp ughale) denotes the trace of the oil saturation at the interfaces {x = 0.5} and {x = 0.7}. In
this case, no oil can overpass the first interface, which is thus impermeable for oil. The only steady solution is

(a) = 1 ifz<0.5,
Y= 0 ifz > 05,

An asymptotic study for capillary pressures tending to functions depending only of space, and not on the
saturation has been performed in [13, Chapter 5&6] (see also [15, 16]). It has been proven that either the limit
solution for the saturation is an entropy solution for th e hyperbolic scalar conservation law with discontinuous
fluxes in the sense of [36, 37, 35, 1, 2, 3, 4, 6, 9, 8, 7, 27] (see also [28, 29, 30]), mainly when the capillary forces
at the interface are oriented in the same direction that the gravity forces, or that non-classical shocks can occur
at the interfaces when the capillary forces and the gravity are oriented in opposite directions.

Sawraton =100 saturation t=500 saturaton t-000

Figure 4: Saturation profiles for ¢ = 100, ¢ = 500, ¢ = 900

Acknowledgements. The author would like to acknowledge the Professor Thierry Gallouét for his numerous
recommendations and Anthony Michel from IFP for the fruitful discussions on the models. He also thanks Alice
Pivan for her help with the English language.
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Figure 5: Capillary pressure profiles for ¢ = 100, ¢ = 500,¢ = 900

Figure 6: Oil-flux profiles for ¢ = 100, ¢ = 500, ¢ = 900
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