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ADSTRACl 
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Unite Asaociee a u  C.N.R.S.  No '-329 

Ecole Centrale de Lion 
BP 163 - 69131 ECULLY CEDEX - FRANCE 

A numerical method based upon the boundary 
element method is described to solve steady-state 
skin effect problems in axisymmetry. This method can 
be used to treat problems with very small shin 
depth. 

The program realised is designed f o r  engineers' 
assistance, so special attention has been paid to 
dCCUl-dCy and validdtion. Besides current density 
distribution which is graphicaly displayed. all 
global magnitudes can be immediately obtalned a s  
final results from the program. 

I .  INTRODUCTION 

The distribution of eddy currents in induction 
problems is very difficult t o  be calculated hi the 
finite element method when the s k i n  depth (which is 
determined by resistivity, permeability and 
e,citatlng frequency) is very small. 

I n  this paper a numerical method suitable f o r  
thls problem in axisymmetry based upor, the boundat-,, 
e!ement method ( B E M )  is described. It retains all 
the advantages o f  the BEN and av3ids surface 
~ntegrjtion of the source term. 

2 .  THE BOUNDARY INTEGRf3L FORMULATION 

The formulation of the vector and scalar 
potential A - 4  is adapted to model the problem: 

-8 --l 

B = rot H 
( I !  

= - bx/bt t g z d  4 
Hssuming that permeability y is constant, we 

A A - J ~ W W A  = - y ?e.< ( 2 )  
o b t a i S [ : l :  --L 

where: + 
Je, : exciting current densit) 
v : conductivity of the conductor 
w::~:  frequency which will produce the 51 in 

effect. 

The second 6rean's identity permits tc write ( 2 1  
a s  [ 11:  

where: 
- Ar 

G = e' / 4 ~ r  
r : distance between pcint P a n d  the current 

point o f  integration 

: boundary a f  the regLori V 

A= = - j p r w  

Cp : solid angle viewing z frsm the p o i n t  r' 

I n  ahisymmetry, the potentla1 H has onlf ope 
component I so ejuntion ( 3 )  becomes: 

- ' J v J ~ r c o s *  *' 
It can be demonstrated that: 

where: 

y / ,  y = - lit 

H t  : tangen 
field, 
o f  dlf 

( p . s a n d  fi are 

ial component o t  the Playl-e:?: 

continuous thr-ough the inteFtacr 
erant media 
defined l n  the following tizkre' 

' 2  

I 

Figure 1: T y p i c a l  aris)mmetri- 
problem 
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Using the relation (5) in equation ( 4 ) ,  the 
number of unknowns can be reduced and the 
interface condition (continuity of the normal 
component of the flux density and o f  the tangential 
components of the magnetic field) 14 implicitly 
assured. 

The weighting functions G and aG/bn depend only 
on the geometry: equation ( 4 )  can be written as: 

4. THE KERNEL CALCULATIONS 

- 

where: 

3. TRCtNSFORHFlTION OF VOLUHE INTEGRFlL OF THE SOURCE 

Because of the axisymmetry of the inductor, the 
volur~ie integral in (6) is reduced to the surface 
I r l  t eJrdl: 

where S i s  the section of the excitlng coil (see 
f igure 2 ) .  

- Figure 2 - 

Using the hypothesis that Jex is constant over 
the section of the exciting coil and that the eddy 
current is negliglble in the exciting coil (these 
are well verifled when the wire section is very 
small vis-a-vis the dimension of the problem) , the 
surface integratlon in (8) can be translated as an 
one dimensional integral: 

with: 

N=--!- C O b ( P [ f  + R p c u s ( p I n ~ R - ~ p c ~ ~ ( P + f l ]  d W  ( 1 0 )  
J m  iT  

This transformation facilitates the geometry 
description and numerical calculation of this term. 

I n  (6). Gar and G &  are called the kernels o f  
the boundary integral. Because the function 6 has a 
singular point (for r = 0). tne integrals ( 8 )  a r e  
non-proper, some precautions must be t a l e n  in the 
numerical calculation of the lernels. 

For the non-conducting r e g i o n ,  the functiofi G 
becomes : 

G = 1/4nr i l l )  

with: 
I e-IAr- I 

I _  G I =  G ,  = ____ 
G ,  ( r )  is well defined f o r  eJery value o f  t h e  

variable r ,  so GW2 and GImLran be directly obtalntd 
b, numerlcdl il?tegral. 

4 7 r  

It c a n  be derived as: 

k z  = 4 . r .R /D1  
D : as shown in figure 3 
K .  E : complete elliptic intecjral of f i r = t  . ~ n d  

secsnd hind [ 3 1  

VR P 

- Figure 3 - 

The numerical calculation s f  integral5 h n i ~ d  E 
can be easily done in several ways [ I ] .  Gb.lq i a f i  
a l i a  be e..pressed i n  the similar way. 
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B y  using the isoparametric finite elements for 
boundary discretization, one obtains: 

- I  
where : 

I : subbcript of the boundary finite elements 
I : subscript of the weighting functions 
P(u) : weighting function 
J ( u )  : jacobien ( dl * J(u).du ) 

Ak,,W,: values o f  A a n d y a t  the discrete point 
of finite elements 

5. VflLIDflTI ON 

The program that we have realised is designed 
for engineers assistance, the validation has been 
o i n e  in several wav3: 

5.1 Experiment: 
The dissipating power o f  steady-stdta eddy 

current in a block o f  cylindrical metdl is measured 
under different excitation frequencies and is 
compared with the results calculated by o u r  program. 
Figure 4 shows the experimental system. We have used 
a digital wattmeter whose accuracy is 0.5% for the 
frequency range I0Hz-IKHz. 

The dimension o f  the sample and the boundary 
discretization are illustrated in figure 5 .  Figure 6 
shows the distribution of the induction lines 
resulting from the numerical calculation. 

The comparision o f  the calculdted results with 
t n e  measurement proves the good precision o f  the 
numerical calculation, in spite of the large 
discrete elements. The differences in active power 
i s  less than 5% (see table 1 ) .  

i7meL:ired) I "09 (I.1g6 I 0 ' 2 9 5  I 0.36 1 l:::! 
- Table 1 - 

P [ W I  0.0919 0.1968 0.2804 0 . 3 5 7  
(computed) 

5.2  Comparision with the finite element method: 
The program &CDC [ ; I  based upon the tinite 

element method is already used by induJtrier. We u z e  
it a5 a reference for the calculation 1 ow 
frequence5 The results of the potential A cdlculated 
by the two programs are almost identical. 

- 9- 

U 
figure 4: The e-perimental s y s t e ~ ,  

I :  Charge r: Inductcr 
3 :  Wattmeter- 4 :  Smr-ce 

I 
Figure 5: The 
the sample and 
discreti-ation 

dimensions of 
the boundary 

/ ,/- 
7. 

f iyure 6: The l!lduCt i o n  i I r lec  
a : f = Ilah>H: 
b : f = I I H :  
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5.3 I n d i r e c t  v a l i d a t i o n  f o r  high f r e q u e n c y :  
F o r  h i p h  f r e q u e n c y ,  t h e  s k i n  d e p t h  is j e r y  

5 1 m d l l .  ACOC c a n ' t  be  used and t h e  power f a c t o r  cos@ 
15 v e r y  bad. n e i t h e r  t h e  measurement can be  used f o r  
v a l i d a t i o n .  

When t h e  s k i n  depth  tends  t o  z e r o ,  i t  can De 
shown t h a t  t h e  phase a n g l e  o f  t h e  comple-.  d i s s i -  
p a t i n g  power tends  t o  4 5 ' ,  s o  we use i t  as a 
r e f e r e n c e  f o r  t h e  v a l i d a t i o n  in h i g h  f r e q u e n c e .  

The r e s u l t s  a r e  i n  t a b l e  2 .  I t  can be  seen t h a t  
t h e  v a l i d a t i o n  i b  Droved. 

-________ _ _  - - 
f [ I H r r l  1 0.1 1 0 .5  I 1.0 I 3.0 1 6 . 0  

s l , i n  d e p t h  [ m m l  12 .2  5.46 3.858 2 . 2 2 8  1.575 

0 [ ' I  51.45 49.1 47.89 46.7 45.6 

- . .- 

-__ 

- Table 2 - 

6. CONCLUSION 

The program r e a l i s e d  g i v e s  e d c e l l e n t  r e s b l t s .  I t  
needs a v e r y  s h o r t  geomet r f  d e s c r i p t i o n  t i m e .  
Bes ides  c u r r e n t  d e n s i t y  d i s t r i b u t i o n ,  all g l o b a l  
magnitudes can be  i m m e d i a t l y  o b t a i n e d  a 5  f i n a l  
r e s u l t s  f rom t h e  program.  

But  i t  c a n ' t  t r e a t e  t h e  s a t u r a t i o n  phenomenon. 
A l t h o u g h  i t  has been shown t h a t  t h e  6EM is 
a p p l i c a b l e  f o r  some weak ly  n o n - l i n e a r  p rob lems by an  
i t e r a t i v e  s o l u t i o n l 4 1 .  t h e  n o n - l i n e a r  te rms a r e  
t r e a t e d  as f o r c i n g  f u n c t i o n s  and i t  i s  necessary  t o  
s u b d i v i d e  t h e  s a t u r a b l e  r e g i o n s  i n t o  f i n i t e  
e lements .  When t h e  s k i n  d e p t h  is v e r y  s m a l l ,  we meet 
t h e  same d i f f i c u l t y  as in t h e  f i n i t e  e lement  method. 
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