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SKEW GROUP ALGEBRAS OF PATH ALGEBRAS
AND PREPROJECTIVE ALGEBRAS

LAURENT DEMONET

ABSTRACT. We compute explicitly up to Morita-equivalence the skew group algebra of a finite
group acting on the path algebra of a quiver and the skew group algebra of a finite group acting
on a preprojective algebra. These results generalize previous results of Reiten and Riedtmann
[RR]] for a cyclic group acting on the path algebra of a quiver and of Reiten and Van den Bergh
IRV, proposition 2.13] for a finite subgroup of SL(CX @ CY) acting on C[X, Y].

1. INTRODUCTION AND MAIN RESULTS

Let k be an algebraically closed field and G be a finite group such that the characteristic of
k does not divide the cardinality of G. If A is a k-algebra and if G acts on the right on A, the
action being denoted exponentially, the skew group algebra of A under the action of G is by
definition the k-algebra whose underlying k-vector space is A ®j, k[G] and whose multiplication
is linearly generated by (a®g)(a/®¢') = ad’¥ ' @gg for all a,d’ € A and g,¢ € G (see [RR]). It
will be denoted by AG. Identifying k[G]| and A with subalgebras of AG, an alternative definition
is

AG = (A K[G]|V(g,a) € G x A, g7 "ag = a%)k.ag

Let now @ = (I, A) be a quiver where I denotes the set of vertices and A the set of arrows.
Consider an action of G on the path algebra kQ permuting the set of primitive idempotents
{e;|i € I} and stabilizing the vector space spanned by the arrows. Note that this is more
general than an action coming from an action of G on @ since an arrow may be sent to a linear
combination of arrows. We now define a new quiver Q. We first need some notation.

Let I be a set of representatives of the classes of I under the action of G. For i € I, let G;
denote the subgroup of GG stabilizing e;, let i, € I be the representative of the class of 7 and let
k; € G be such that ¥ = q.

For (i,j) € I 2 G acts on O; x Oj where O; and O; are the orbits of < and j under the action
of G. A set of representatives of the classes of this action will be denoted by Fj;.

For 1,5 € I, define M;; C k(@ to be the vector space spanned by the arrows from 7 to j. We
regard M;; as a right k[G; N G,]-module by restricting the action of G.

The quiver ()¢ has vertex set

I = J{i} x irr(Gy)
iel
where irr(G;) is a set of representatives of isomorphism classes of irreducible representations of
Gi. The set of arrows of Q¢ from (i, p) to (j,0) is a basis of

&b Hom,od kGG, ] ((P’ KilGynG, s (0 Kjla,na, @k Mi’j’)
(i3 )EFs;
where the representation p- ry of Gy is the same as p as a vector space, and (p- Ky )y = P, gr !
for g € Gy = /-iz.Tle,-/. Table [| gives two examples of quivers Q. A detailed example is also
computed in section [
We can now state the two main results of this paper and two corollaries :

Theorem 1. There is an equivalence of categories

mod k (Q¢) ~ mod (kQ) G.
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Theorem [] was proved by Reiten and Riedtmann in [RER], §2] for cyclic groups.
The following theorem deals with the case of preprojective algebras. The definition of the
preprojective algebra A of a quiver @ is recalled in section B.2:

Theorem 2. If G acts on kQ, where Q is the double quiver of Q, by permuting the primitive
idempotents e; and stabilizing the linear subspace of kQ spanned by the arrows, and if, for all
g € G, 9 = r where v is the preprojective relation of this quiver, then (@)G is of the form @/
for some quiver Q" and (Ag)G is Morita equivalent to A¢y.

One can always extend an action on k@ to an action on kQ and this yields :

Corollary 3. The action of G on a path algebra kQ permuting the primitive idempotents and
stabilizing the linear subspace of kQ spanned by the arrows induces naturally an action of G on
kEQ and (@)G is isomorphic to the double quiver of Qg. Moreover, there is an equivalence of
categories

mod Ag, ~ mod AgG.

Theorem P and corollary § will be used in [Denl] for constructing 2-Calabi-Yau categorifica-
tions of skew-symmetrizable cluster algebras. Another corollary, which is an easy consequence
of the definition of the McKay graph, is :

Corollary 4. Let Q be the quiver

«

A

1

@)

a*

and G a finite subgroup of SL(Ca ® Ca*). Then

(1) There is an identification of Qg with a double quiver @, such that the non oriented
underlying graph of Q' is isomorphic to the affine Dynkin diagram corresponding to G
through the McKay correspondence.

(2) We have kQ/(ac* — a*a) ~ k[a, a*] and there is an equivalence of categories

mod (k[a, a*|G) ~ mod Agy.
Corollary [ was proved by a geometrical method in [@, proof of proposition 2.13] (see also
[CBH), theorem 0.1]).

TABLE 1. Examples of computations of Qg

Q G Qc
1—2—>—>n—1 ny
Pt
\n Z7)27 1—>=92 —> i —>pn—1
7 A
1 —9 —> ._>(n_1)/ n_
o 0
) Gc /
1 SL (Ca & CB) 1/%71
U type A, () ()
b 2 > n—1




2. AN EXAMPLE

Suppose that k£ = C and that @ is the following quiver

a*

T Y T T

1 0 =2

Let also
G = (a,b|a® =b*b* = 1,aba = b)
be the binary dihedral group of order 12. One lets G act on kQ by :

eo | e1 | es | es « ot | 3 G* v | ) o*
aleg|ea]es|ea[ClalCa* | v |V [ 6|6 | B8] 5

*

bleo|er|eslea| o | —a|-B|-03|-6|-0|—]—

*

where ( is a primitive sixth root of unity. N

Using the notation of the introduction, one can choose I = {0,1}, kg = k1 = 1, k2 = a,
k3 = a%. One has Gy = G, Gy = (b) ~ Z/AZ, Gy = (ba) ~ Z/AZ, G3 = {(ab) ~ Z/47Z. One can
also choose Iy = {(0,0)}, Fo1 = {(0,1)}, Fi0o={(1,0)} and Fy; = {(1,1),(1,2),(2,1)}.

The irreducible representations of Z /47 will be denoted by 6, where o € {i,—1, —i,1} is the
scalar action of a specified generator (b, ba or ab when Z/4Z is realized as G1, Gy or G3). The
group G has six irreducible representations : four of degree 1 of the form a — o2, b — « for
each a € {i,—1, —i, 1}, which will be denoted by A, and two of degree 2 :

' ¢t oo 0 -1

p.ar—»(o C) b»—><1 O>
-2

U:aH<<0 22) b'—><(1) (1)>

One checks easily that \; @ p >~ 0, pRpPp 2 0B A B A1, pRIT X pDAN B, R0
o ® A1 © A_1. The other product formulas are deduced from these. One computes Mgy = p,
Moy = M) = A1 and My 1) = M2y = M(z1) = 0. The vertices of Q)¢ are then 0;, 0_1,
0—_i, 01, 0,5, Oy, 11 and 1; where we write 0, = (0, A\o) and 1, = (1,6,) for simplicity. One has

and

Homg(p, 0 ® p) ~ Homeg(p, p® N\ ® A_;) ~C
and therefore there is one arrow from 0, to O,
Homg(A1,0 ® p) >~ 0
and therefore there is no arrow from 0; to 0,,
Homg(\i,o ® p) ~ C
and therefore there is one arrow from 0; to O,
Homg,47(0i, 0l7/42z ® 0-1) ~ Homgz,47,(0;,0-1 & 61) ~ 0
and therefore there is no arrow from 1; to O,
Homgz, 47,01, 0lz/4z ® 0-1) ~ Homg,4z(61,0-1 & 61) ~ C
and therefore there is one arrow from 17 to 0,

Homyg,/47,(61, A-1lz/4z ® 0-1) ~ C
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and therefore there is one arrow from 1; to 0_;. All the other computations can be done in the
same way. Finally, Q¢ is the following quiver :

1_1 1—1’

Y 4
.4

0, 0

278

where one can remark that the full subgraph having vertices {0;,0_1,0_;,01,0,,0,} is the
affine Dynkin diagram corresponding to G in the McKay correspondence, as expected. Hence
mod(CQ)G ~ mod CQg. Moreover, it is easy to check that the preprojective relation aa™ —
oFfa+ BFF — BB+ vyt — 4y + 00" — §*4 is stable under the action of G and therefore there is
an equivalence of Morita between Ag, G and Ag, where Q= Q, Qy = Qg, and Ag,, Ag, are
the preprojective algebras of ()1 and Q.

3. PROOFS OF THE MAIN PROPOSITIONS

3.1. Proof of theorem [Il. We retain the notation of section [ Thus @ is a quiver, G acts
on k@ by stabilizing the set of primitive idempotents corresponding to vertices and the vector
space spanned by the arrows, I is a fixed set of representatives of the G-orbits of I, etc.. Let
R be the subalgebra of k() generated by the primitive idempotents and M C k@ be the linear
subspace spanned by the arrows, seen as an R-bimodule. Define Ty = R and for every positive
integer n, T,, = T,,—1 ® g M. Then, recall that the tensor algebra T'(R, M) is @@0 T; endowed
with the canonical product. It is clear that k£Q is canonically isomorphic to T'(R, M) on which
the action of G is graded.

As @ stabilizes R and M, one can define the skew-group algebra RG which is a subalgebra of
(kQ)G. Thus, MG = M ®; k|G| is a sub-RG-bimodule of (kQ)G and one gets easily a canonical
isomorphism (kQ)G ~ T(R,M)G ~ T(RG,MG) which maps (m1 @ ma ® ... ® my,) ® g to
M) Mee1)®...0Mp 1 @)@ (M,®g9) =M @)@ (M21)®...0 (My_1 ®g)®
MmMiel)==mMel)eMmeg®...0 (Ml_101)emiel)=(m g miel)®

L@ (mi_ ®l)®(m)el).

Let now e = Zz‘ef e; € R C RG which is an idempotent. Then, according to [RR], proposition

1.6] and its proof,

mod RG ~ mod e(RG)e
N —eN
(RG)e ®c(raye N' N’

is a Morita equivalence between RG and e(RG)e. Hence, it is a classical and easy fact that
there is an equivalence of categories

mod(kQ)G ~ mod T(RG, MG) ~ mod T'(e(RG)e, e(MG)e)
N —eN
(RG)e ®c(raye N' = N’
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using the isomorphism MG ~ (RG)e ®c(rg)e e(MG)e Rcraye €(RG). One has e(RG)e ~
I, effk[Gi] where, for each i € I, G; is the stabilizer of e;. As G; is semi-simple, one can fix, for
each i € I and p € irr(G;), €, to be a primitive idempotent of k[G;] corresponding to p. Let € =
2icT 2 peirr(Gy) Cip Which satisfies ece = €. Then we have a Morita equivalence between e(RG)e
and ee(RG)ee = ¢(RG)e, and, as before, between T'(e(RG)e, e(MG)e) and T'(e(RG)e, e(MG)e).
Moreover, using the notation I of the introduction, e(RG)e ~ H(i, p)elg k€ip and therefore, it
is enough to compute €;,(MG)e;, = €j e;(MG)e;€;, for each (i, p) and (j,0) in I to finish the
proof of theorem [[ Remark now that

-1 -1
ej(MG)ei = Z Gj/{j/Mi/j/I{i, Gi = EB Gjlij/M,'/j//{i/ Gi
(i’,j/)EOiXOj (’i/,j/)EFij

and therefore, if one denotes Gy ;y = Gy NGy for every 7', j' € I,

~ ~ ~ _1 ~
€joe;j(MG)eie;, ~ EB Homy, (k‘, €joGikj My ik, Gieip)
(i',3")EFyj;

~ @ Homk[Gi] (,0,0’ Qk[a;) Gjlﬁj/Mi/j/Hi_,lGi>
(i’,j/)EFZ‘j

~ P Homyg,, (P’Hiu (0 Kj) Gpia, ] Gj’Mi’j’Gi’)
(i’,j/)EFZ‘j

~ P Homyg,, (P’fw, (0 Kj1) ®pia, ) kIGy]
(ilvj/)EFij

®k‘[Gi,j,} Gi’j’ Mi’j’ Gi’j’ ®k[Gi’j’} k [Gll ])

and, because of the relations defining (kQ)G, the multiplication in (kQ)G induces an isomor-
phism of (Gyjr, Gy jr)-bimodules k[Gy /| @ Myj ~ GyjoMyjyGyjr. Note that the action of
(Girjr, Gyrjr) on k[Girjr] @k My is defined here by g(v @ m)h = gvh®@h™mh = goh®@m" (recall
that we use the multiplication notation for the product in (kQ)G and the exponential notation
for the action of G on kQ fixed at the beginning). Therefore

Coe;(MG)eiip~ €  Homyg,, (p kit (0 jr)
(i,uj,)eFij

®k2[Gi/j/] (k[GZ’]’] Xk Mi'j’) ®k[Gi/j’] k[Gl’]>

~ P Homyg,, (P - Kt ((U KGOk Mi’j’) BklGy ] k[@'/])
(i',5)EF;

= EB Homk[Gi’j'] ((p ' Hi,)‘Gi’j” (0 Hj,)‘Gi’j’ Ok MW')
(i,,j’)GFi]‘

where the representation p - k; of Gy is the same as p as a vector space and, if g € G =
lﬁ:i—,lGilii/, (p-Kir)g = Pyt It concludes the proof of theorem []. Note that we go from the
penultimate line to the last ‘one by the classical adjunction between induction and restriction of
representations.

3.2. Proof of theorem P We retain the notation of section Bl Define the R-bimodule
M = M @ M* (the R-bimodule structure on M* is the natural one : (afb)(m) = f(bma)
for a,b € R, f € M* and m € M). The tensor algebra T(R, M) is the path algebra of the
double quiver @ of Q. The non-degenerate skew-symmetric bilinear form defined on M by
(m—+ f,m' + f') = f'(m) — f(m') where m,m’ € M and f, f' € M* satisfies, for every a,b € R
and m,n € M, (amb,n) = (m,bna). If {x;};cs is a k-basis of M, then denote by {z}}ics its
(left) dual basis for the bilinear form (—, —) (that is the one satisfying (x},x;) = 6;; for every
5



i,j € S). Then the element r = )", g 2; ® 2] € M ®pr M is independent of the choice of the
basis. By definition, r is the preprojective relation corresponding to () and the preprojective
algebra Ag of Q is T'(R, M)/(r). For more details about preprojective algebras, see for example
[DR]] or [Rix].

Suppose now that the group G acts on k@ by stabilizing the set of primitive idempotents
corresponding to vertices and the k-subspace spanned by the arrows. Then it stabilizes r if and
only if it stabilizes the bilinear form (—, —) (indeed, for g € G, r? = r implies that {z;?};cs is the
left dual basis of {27 };cg since for every i € S, (Idg7 ®(—, —))(r?®@2?) = (Idg7 @(—, =) (r@z?) =
zJ). Extend now (—, —) to a bilinear form on MG by setting

[ {m,n") ifgh=1
(m®g,n®h>—{0 else

which is clearly skew-symmetric and non-degenerate. Moreover, for a,b € RG and m,n € MG,
one has easily (amb,n) = (m,bna). If {z;};cs is a basis of M and {z}};cs is its left dual basis,
then {z;? ®g_1}(i,g)eSXG is the left dual basis of the basis {7; ® g}(; g)esx @ of MG. Hence, the
preprojective relation 7g corresponding to (—, —) in MG @rg MG is

ra= Y, @ege@@og )= Y @elh)lege (@ ey

(i,9)€SXG (i,9)eSXG
= Y @eh)e(leg)@eg )= Y @e)e(@el)=#Gxr
(i,9)ESXG (i,9)€ESXG

where the preprojective relation r of T(R, M) is mapped by the canonical inclusion from M ® M
to MG @ra MG. As #G is invertible in k, one gets

(T(R,)/(r)) G ~ T(RG, MG)/(r) = T(RG, MG)/(rc).

Moreover, for (—, —), e(MG)e and (1 — €)(MG) + (MG)(1 — €) are orthogonal supplementary
subspaces. Thus, (—, —) restricts to a skew-symmetric non-degenerate bilinear form on e(MG)ée

which satisfies, for every a,b € ¢(RG)e and m,n € e(MG)e, (amb,n) = (m,bna). By taking a
basis of MG which is the union of a basis of (M G)é and a basis of (1—¢€)(MG)+ (MG)(1—¢),
it is clear that the equivalence of categories of section B.J] restricts to an equivalence

mod ((kQ)G/(rg)) ~ mod (T(RG, MG)/(rg)) ~ mod (T(E(RG)E,e(MG)e)/(rs))
N — eN
(RG)e € Qs(Ra)e N' «— N’

where 77 is the preprojective relation in T'(¢(RG)e, e(MG)e) ~ k (Q) o™ kQ'. It completes the

proof of theorem P (it is enough to take a maximal isotropic subspace of ¢(MG)¢ to find arrows
of Q" which is of course non unique).

3.3. Proof of corollary B. We retain the previous notation. If G acts on kQ by stabilizing
the set of primitive idempotents and M, then its action can be extended to an action on
M = M @ M* using the contragredient representation on M*. Then MG = MG @ M*G as RG-
bimodules. Moreover, MG is clearly maximal isotropic for the bilinear form (—, —) extended
on MG as before. Hence (@) c= Q¢ and it proves corollary f.

ACKNOWLEDGMENTS

The author would like to thank his PhD advisor Bernard Leclerc for his advices and correc-
tions. He would also like to thank Christof Geif3, Bernhard Keller and Idun Reiten for interesting
discussions and comments on the topic. He is also grateful to the referee for helpful suggestions
for shortening and readability of this article.

6



REFERENCES

[CBH] William Crawley-Boevey and Martin P. Holland. Noncommutative deformations of Kleinian singularities.

[Dem]
[DR]
[Rin]
[RR]

(RV]

Duke Math. J., 92(3):605-635, 1998.

Laurent Demonet. Categorification of skew-symmetrizable cluster algebras. arXiv: 0909.1633.

Vlastimil Dlab and Claus Michael Ringel. The preprojective algebra of a modulated graph. In Representa-
tion theory, II (Proc. Second Internat. Conf., Carleton Univ., Ottawa, Ont., 1979), volume 832 of Lecture
Notes in Math., pages 216—231. Springer, Berlin, 1980.

Claus Michael Ringel. The preprojective algebra of a quiver. In Algebras and modules, II (Geiranger,
1996), volume 24 of CMS Conf. Proc., pages 467-480. Amer. Math. Soc., Providence, RI, 1998.

Idun Reiten and Christine Riedtmann. Skew group algebras in the representation theory of Artin algebras.
J. Algebra, 92(1):224-282, 1985.

Idun Reiten and Michel Van den Bergh. Two-dimensional tame and maximal orders of finite representation
type. Mem. Amer. Math. Soc., 80(408):viii+72, 1989.

LMNO, UNIVERSITE DE CAEN, ESPLANADE DE LA PAIX, 14000 CAEN
E-mail address: Laurent.Demonet@normalesup.org



