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Absolute Convergence of Rational Series is
Semi-Decidable

Raphaél Bailly, Francois Denis*

Laboratoire d’Informatique Fondamentale de Marseille
CNRS, Aix-Marseille Université
{raphael.bailly,francois.denis}@lif.univ-mrs.fr

Abstract. We study real-valued absolutely convergent rational series,
i.e. functions r : ¥ — R, defined over a free monoid X*, that can be com-
puted by a multiplicity automaton A and such that - . |r(w)] < co.
We prove that any absolutely convergent rational series r can be com-
puted by a multiplicity automaton A which has the property that r4
is simply convergent, where 7|4 is the series computed by the automa-
ton |A| derived from A by taking the absolute values of all its param-
eters. Then, we prove that the set A"(X) composed of all absolutely
convergent rational series is semi-decidable and we show that the sum
> wes [T(w)| can be estimated to any accuracy rate for any r € A" (X).
We also introduce a spectral radius-like parameter p|,| which satisfies the
following property: r is absolutely convergent iff p|,| < 1.

1 Introduction

Given a finite alphabet Y, we consider real formal power series defined over the
free monoid X*, i.e. functions which map 2™ into R. More precisely, we consider
rational series, which admit several characterizations, one of which being that
they can be computed by multiplicity automata [1,2]. Given a rational series
r: X* — R, we study whether r is absolutely convergent, i.e. > . v. |r(w)| < co.
It is polynomially decidable whether a rational series r is simply convergent, i.e.
whether the sum - (>, csn7(w) converges to a limit (see [3] for example).
Since the Hadamard product r of two rational series s and ¢, defined by r(w) =
s(w)t(w), is rational, it is polynomially decidable whether a rational series r
converges in quadratic norm, i.e. ) e r?(w) < oo. However, to our knowledge,
it is still unknown whether it can be decided if a rational series is absolutely
convergent.

The motivation for the present work comes from a problem we have studied
in grammatical inference. A stochastic language over X* is a series p which
takes only non negative values and s.t. > . p(w) = 11. A classical problem
in grammatical inference consists in inferring an estimate of a target stochastic
language p from a finite sample of words {ws,...,w,} independently drawn

* This research was partially supported by the ANR project Marmota
! This definition differs from the one given in [2]



2 Raphagl Bailly, Frangois Denis

according to p. In [4], we proposed an algorithm DEES which takes a sample
as input and outputs a rational series r which simply converges to 1 but can
take negative values, and which satisfies the following property: with probability
one, there exists a sample size level from which the sum }_ . [p(w) — r(w)]
is arbitrarily small, (which implies that r is absolutely convergent); moreover, a
stochastic language p, can be computed from r, that satisfies

> fpr(w) —r(w) < S frlw) 1.

weX* weX*

In other words, we know that from some sample size, we will have a solution of
our problem. But we need to decide whether the series r output by DEES from
the working sample is absolutely convergent to ensure that r provides a solution
and we need to compute an estimate of > |r|(w) to bound the accuracy of
this solution.

A multiplicity automaton (MA) is a tuple A = (¥, Q, ¢, t,T), where Q is a
finite set of states, ¢ (resp. ¢, 7) is a transition (resp. initialization, termination)
function, which can be used to compute a rational series r 4. Any rational series
r can be computed by a MA. Given a MA A, we obtain a new MA |A| by taking
the absolute values of the functions ¢, and 7. It is straightforward that r4 is
absolutely convergent if r| 4| is simply convergent. We prove that any absolutely
convergent rational series r can be computed by a multiplicity automaton A
which has the property that r| 4 is simply convergent. Then, we provide an
algorithm which takes a multiplicity automaton B as input and halts if and
only if rp is absolutely convergent: when the algorithm halts, it outputs a MA
A equivalent to B, i.e. the series computed by A and B are equal, and such
that 7| 4| is convergent. So, we have proved that the set A" (X)) composed of all
absolutely convergent rational series is semi-decidable.

The sum 5. |r(w)| can be estimated from below by computing the
sum ) cv<n [r(w)| for increasing integers n. We prove that our algorithm
can be used to provide convergent upper bounds. So, the sum .. |r(w)]
can be estimated to any accuracy rate. As a consequence, if the L1-distance
[[r —slli = > ex [r(w) — s(w)] is finite, it can be estimated to any accuracy
rate. It has been proved in [5] that computing the L1-distance between two hid-
den Markov models is N P-hard which implies that computing the L1-distance
between two MA is NP-hard too. L, distances of two probabilistic automata
have been studied in [6, 7], where efficient algorithm have been provided when p
is even. Our algorithm can be used to estimate L,, distances between two rational
series for any odd values of p.

Finally, for any rational series r, we introduce a spectral radius-like parame-
ter, p|,| defined by p,.| = limsup,(|r|(X™))'/™ and we show that r is absolutely
convergent iff pj,| < 1.

We recall some properties on rational series and multiplicity automata in
Section 2. We study absolutely convergent series in Section 3; in particular, we
prove that any absolutely convergent rational series can be represented by a
MA A such that 74| is convergent. We prove the semi-decidability of the class

weX*
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A" (%) in Section 4. We show how the sum Y, . [r(w)| can be estimated in
Section 5. To conclude, we provide some comments and describe some conjectures
and future works in Section 6.

2 Preliminaries

2.1 Rational Series

Let X* be the set of words on the finite alphabet Y. The empty word is denoted
by &, and the length of a word u is denoted by |u|. For any integer k, we denote
by Xk the set {u € X* | |u| = k} and by X=F the set {u € X* | |u| < k}. A
subset S of X* is prefiz-closed if for any u,v € X* wv e S=u e S.

The general context is, for an alphabet X' the set R ((X)) of all the mappings
from X* into R. An element of this set is called a formal power series. This set
is an R-vector space. For any series » and any word u € X*, we denote by ur
the series defined by ur(w) = r(uw). Let LH(r) denote the linear hull of r, i.e.
the vector subspace of R ((X)) spanned by {ur|u € X*}.

A multiplicity automaton (MA) is a tuple (X, Q, ¢, t,7) where @ is a finite
set of states, ¢ : Q X X X @ — R is the transition function, ¢ : Q@ — R is
the initialization function and 7 : Q@ — R is the termination function. Let
Qr = {q € Qli(q) # 0} be the set of initial states and Qr = {q € Q|7(q) # 0}
be the set of terminal states. We extend the transition function ¢ to @ x X* x @
by ¢(q,wz,q") =3 e (@ w, ¢")p(q",2,q") and ¢(g,e,¢') =1if ¢=¢ and 0
otherwise, for any ¢q,¢' € Q, x € X and w € X*. For any finite subset L C X*
and any @' C Q, define ¢(q, L, Q") = >_ c1 yeq ¢(¢:w,q'). For any MA A =
(X,Q,¢,t,7), we define the series 14 by ra(w) = Zq,q’EQ q) (g, w, ¢ )T(q").
For any ¢ € @, we define the series r4 4 by ra q(w) = Zq’EQ o(q,w,q")71(q"). The
support of a MA (X, Q, ¢, t,7) is a non deterministic finite automaton (NFA)
(2,Q,6,Qr,QF) where the transition function is defined by d(q,z) = {¢ €
Qle(g, =,q") # 0}.

We will say that a series r is rational if it satisfies one of the two following
equivalent conditions:

1. the dimension of LH (r) is finite;
2. r can be computed by a multiplicity automaton.

The family of all rational series is denoted by R™ ((37)).

2.2 Prefixial Multiplicity Automata
Representation of rational series based on prefix sets has been introduced in [1].
Definition 1. Let A= (X,Q,¢,t,7) be a MA. We say that A is prefixial if:

— @ is non-empty prefiz-closed finite subset of X*
—Yue@,(u) #0 iff u=¢
— V€ X Vu,v € Q s.t. ux € Q, p(u,z,v) # 0 iff v =ux.
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A transition (u,x,v) is called an inner transition if v = ux and a border tran-
sition otherwise. The set F = {uz|u € Q,x € X, ux & Q} s called the frontier
set of A.

An NFA A= (X,Q,0,1,F) is prefixial if A is the support of a prefizial MA.

A prefix-closed subset ) of X* can be used as the set of states of a prefixial
automaton that computes a rational series r if and only if the set {ur|u € Q}
spans LH(r). Let us make this statement precise.

Let r be a rational series and let @ be a prefix-closed subset such that {ur|u €
Q} spans LH(r). Let F = {uz|u € Q,z € Y,ux ¢ Q}. Let f : Q@ — R and
g: F x Q — R be two mappings that satisfy:

1. f(u) # 0 for every state u
2. urr = > veq 9(uz, v) Ll oo )m“ for every ux € F where f is defined by f(¢) =
f(g), where f(wz) = f(w)f(wz) for any w € X* and 2 € ¥ and where the

top bar notation is meant to express that the “dot” applies to the element
under the bar. The function g expresses linear dependencies.

We define the prefixial automaton A(X, Q, f,g,7) = (X, Q, ¢, t,T) by

— u(e) = f(e),
—Yu e,z e X st ur €, p(u,z,ur) = f(ux),
— Yu,v € Q,x € X st.ux € F, p(u,x,v) = g(ux,v),

—Vu e Q,7(u) = ;ﬁz;.

Proposition 1. The automaton A(X,Q, f,g,7) computes r.
t

Proof. Let A(X,Q, f,g,7) = (¥,Q,¥,t,7). Let us show, by induction on |w],
that for any v € @ and any w € X*, 4r(w) = f(u)ra.(w )

(u
— Let u € Q: ur(e) = r(u) and f(u)rau(e) = f(u)r(u) = r(u).
—Letue@Q,weX*and z € X.

Ifur € Q, Fw)ran(zw) = fu)p(u, z,uz)rau(w)
F(ux)r 4 uz(w) by definition of f

- azr(w)
fluz )f(w)

=uzr(w).

by induction hypothesis

If ur € Q, f(u)rau(zw) = f(u) Z g(uz,v)ra,(w) by definition of A

veEQ
= f(u) Z g(uz,v) v_r(w) by induction hypothesis
ey f)

= wzr(w) by definition of g.

Therefore, for any u € Q, @r = f(u)ra,, and in particular, r = f(e)ra. = ra.
O
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3 On Representation of Absolutely Convergent Rational
Series

3.1 Absolutely Convergent Rational Series

Let r be a series and let I' be a non-empty subset of X*. We say that r is
convergent on I if the sum D > - pnsn 7(w) is convergent; if so, we denote
the sum by r(I"). Let |r| be the series defined by |r|(w) = |r(w)|. We say that r is
absolutely convergent if |r| is convergent. Note that when a series r is absolutely
convergent, it is convergent over any I" C X*.

We denote by A(Y) (resp. by A" (X)) the subspace of R ((X)) (resp. of
R"% ({37}}) composed of the series that are absolutely convergent.

Let 7 be a series, we denote by res(r) the following subset of X*: res(r) =
{u € X*/3w € X* r(uw) # 0}. For any absolutely convergent series r and any
word u € res(r), we denote by u~1r the series defined by u~1r(w) = “;l'l(f;*)) ar
and we call it the residual of r associated with u. The set of all the residuals of r
is denoted by Res(r). The vector subspace spanned by Res(r) is equal to LH (r).
Note that for any u € res(r), [u='r|(X*) = |r|(X*). The mapping r — |r|(X*)
defines a norm ||-||; on A(X'). Let us denote by CH (r) the convex hull of Res(r):
CH(r) = {3 cvu;'rln € Nyay > 0,37 oy = 1,u; € res(r)}. Let us denote
by CCH(r), the closed convex hull of Res(r), i.e. the closure of CH(r). Note
that when r € A (X)), || - ||1 is constant on CCH (7). In particular, CCH(r) is

a compact convex set.

Lemma 1. Let r € A" (X). Then Ve > 0,3k € N such that Vs € CCH(r),
|s|(2>*%) < €. In particular, Ve > 0,3k € N such that Yu € res(r), |r|(uX>F) <
elr|(uX™).

Proof. For any integer k, let fi : CCH(r) — R be defined by fx(s) = |s|(Z>F).
For any s,t € CCH (r), we have | fi(s)— fr(t)| < ||s—t||1. Hence, fi is continuous
for any k. Moreover, limy_c fi(s) = 0 for any s € CCH(r). Since CCH(r) is
compact, (fx) converges uniformy to 0: for any € > 0, there exists K > 0 s.t. for
any k > K and any s € CCH(r), | fx(s)| < €. Apply the result to s = u~'r and

e/|r|(X*) to obtain the second result. O
Lemma 2. Letr € A" (X) and let d = dim(LH(r)). For all ¢ > 0, there exists
an integer N such that for any u € res(r), there exists vy, ...,vq € res(r) NN
and a1, ..., aq > —€ such that 3", ;cqy0 < 1+e€ and u™lr =3 o, vy '

Proof. Suppose that there exists € > 0 such that for any integer n, there exists
u, € res(r) such that for any vi,...,vq € res(r) N X" w1y = Z?zl vy tr

?
implies that there exists an index 7 s.t. a; < —e¢, or Z?zl a; > 1+ €. Let nyg
be a subsequence such that u,‘lklr converges to an absolutely convergent series
s € CCH(r).

Now, let v1,...,v4_1 be such that vy 'r, ..., ’ud_jlr, s form a basis of LH ().

For any integer k, let u, 'r = Q107 '+ g1 gy 7+ Qg s, Since uylr

converges to s, oy, converges to 0 for ¢ = 1,...,d — 1 and ag, converges to 1



6 Raphagl Bailly, Frangois Denis

when k tends to infinity. Therefore, there should exist an integer K such that for
any k > K, each coefficient of this combination is strictly greater that —e, and
the sum of all its coefficient is strictly lower than 14¢, which is contradictory. 0O

3.2 A Particular Representation of Absolutely Convergent Rational
Series

Let A = (¥,Q,p,t,7) be an MA. Let us denote by |A| the MA defined by
|A] = (Z, Q. |¢l, el |7])-

Lemma 3. |ra| < 74). Hence, if 14| is convergent, then ra is absolutely con-
vergent.

Proof. Indeed,

raw) =1 3 d@)plqw,d) @) < S 1@l w,d)r(@)] = ria(w).

q,9'€Q 7,9’ €Q

O

Lemma 4. Let A = (X,Q,¢,t,7) be a MA. Suppose that ¢ takes only non
negative values and that there exists an integer k such that for any state g,
©(q, X%, Q) < 1. Then, the series T|4| 5 convergent.

Proof. Let R = sup{¢(q, X", Q)|q € Q,h < k} and p = sup{p(q, X*,Q)|q € Q}.
From the hypothesis, p < 1.

Since for any state ¢ and any integersn > 0and 0 < h < k, p(q, X0 Q) =
Zq’EQ o(q, Z=VEE N o(q', BP, Q), it can easily be shown by induction on n
that o(g, Z™ ", Q) < Rp".

Let I = Sup{|c(q)| for ¢ € Q} and T = Sup{|7(¢)| for ¢ € Q}. We have

[ral(Z™) < 7 u@)lela, T I (@) S IT Y olg, ™, Q) < ITR|Q|p"
7,9'€Q q€Q

Therefore, |r4|(X*) = Z Z [ral (2R < ITR|Q|I€Z %

1
n>0 h=0 h>0 P

Note that if A is prefixial, there exists a unique state g such that ¢(q) # 0. So we
can take R = sup{o(e, X", Q)|q € Q, h < k} and we have |r4|(Z"*+h) < ITRp™.
and |ra|(Z*) < %. O

Theorem 1. Let r € A" (X). Let p < 1. There exists an integer n, and
a prefizial MA A = (X,Q,¢,t,7) that computes r and such that Yu € Q,
lo|(u, X7, Q) < p. Hence, the series 1| is convergent.
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|| (v=*)
7] (vzz*)

> i1 aiwflr

X

o(u, T, ur)=
7| (uz®")
[r](uX™)

Fig. 1. Automaton built in the proof of Theorem 1

Proof. Let r € A" (X)) and let d = dim(LH(r)). Let p < 1 and let € = p/16.

>
From Lemma 1, let k be an integer such that Yu € res(r), mizzz’;) < €. Let

€ = (d|X|)~'. From Lemma 2, let N > k be an integer such that for all u €
res(r), there exists vy 1,...,vua € Tes(r) N XN and ay1,. .., 4 > —€ such
that 2?21 Qui <1+é <2andutr= 2?21 awv;ir.

Let Q = YN*F nres(r). Let f: Q — R be defined by f(¢) = 1 and Vuz €
Q, f(uz) = miﬂfg:)) where v € X* and z € Y. One can easily show that
flu) = [r|(uZ=)/|r[(Z7).

Let F = {uz|u € Q,x € Y, ux € Q}. For any uzx € F Nres(r), there exist
coefficients (Quyg,u)pex<n such that (i) at most d coefficients vy, are not null;
(i) (uz) ™'r =3 cpen Qup vt (1) e > —€5 (V) 3 e e Qua,w < 14€.
From (uz)™'r =3, ey Qua,wv ™', then UZr = |r|(uzX*) Y cxen m—‘z’i)w

Let g : Q@ x F — R be defined by g(uz,v) = auxmmizg:)) if ur € Fn
res(r) and 0 otherwise. One can check that the conditions on f and g stated in
Section 2.2 are satisfied. (see Fig. 1)
From the proposition 1, the MA A(X, Q, f,g,7) = (X, Q, ¢, 1, T) computes 7.
Let us list below some properties of A:

NVueQNX<Ntrand v € X, o(u, v, uz) = mizg*)) <1;

Vu € QNENE and h < N+ k — Jul, p(u, ", Q) = ST < g,

Vue QN IV, plu, o4, Q) = HEE <

Yu e QN ENTR and x € X, p(u, z,v) :aum,ymigg:)) > —¢’;

Yu € QNIENTE pu, X,Q) < 1+¢ <2
- Vu e ZNE (Jol(u, 2, Q) — ¢(u, £,Q)) < 2d|Z]¢’.

SO s W NN

From these properties, one can deduce that:
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a) For all w € X" h < N — k one have

ol (u, 22,Q) = > o, w, uw)p(uw, B¥,Q) < & < p (1)
we Xk

by applying twice the property 3.
b) For u € XN =k+1 one have

lo|(u, %, Q) < €(2 4 2d|X|€') < p. (2)

Indeed, |p|(u, X2, Q) =

Z cp(u, w, uw)[ga(uw, 27 Q) + (|<p|(uw, Ea Q) - cp(uw, Za Q))]
|Jw|=2k—1

< Z o(u, w, uw)[2 + 2d| X|€'] from properties 5 and 6

|Jw|=2k—1
< e(2 + 2d|X|€') from properties 2 and 3.

¢) For u € X" where N —k +1 < h < N one have
pl(u, 52, Q) < e(2+ 2d|5]€') < p. 3)

Indeed, |p|(u, X%, Q) =

|w|=N+k—h [v|[<N

< Z o(u, w, uw) Z |o|(uw, X, v) from property 2
|w|=N+k—h ol <N
|w|=N+k—h

< Z o(u, w, uw)[2 + 2d|X|€'] from properties 5 and 6
|w|=N+k—h

< (2 + 2d|X|€') from properties 2 and 3.

d) For u € X" N < h < N + k one have

lo|(u, 22%, Q) < (2 + 2d|Z|€')? < p. (4)
Indeed,

lel(u, 2%,Q) < Y el wuw) > [p|(uw, X, )|l (v, SN Q).

weXN+k—h vEXSN
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Iflv] <2N—h+1,jv|+h+k—N—-1<N +k, and from Property 3,
|l (v, SMHENTL Q) <€

If [v] > 2N — h + 1, |p|(v, S¥TFN1, Q)

< Y swwew) 3 el B e, SPH-N-2 g)

jw|=N-+h—[o| veDen
< Y elhwow)lvw, 2,Q)
|w|=N+k—|v|

< (2+ 2d| 2| )p(v, SN Q)
< (2 +2d|5|€).

That is, in all cases, |¢|(v, Z"HEF=N=1 Q) < (2 + 2d|X|€’) and

Pl 5%,Q) <@+ 2d|51) 0 plwwuw) I fel(uw, 5,0)

weXN+k—h UEESN

< (2 + 2d| S|€)?

We have proved that for any u € Q, |¢|(u, 2%*, Q) < p. Hence, from lemma 4,
the series r| 4| is convergent. a

Spectral radius of a matrix, joint or generalized spectral radius of a set of
matrices are tools used to study asymptotic properties of powers or products of

matrices. A good introduction on spectral radii can be found in the first chapters
of [8].

Definition 2. Let r € R™((X)). We define the absolute spectral radius

Py = limsup (|r|(Z™)"/"

Proposition 2. Let r € R™((X)). r € A" (X)) if and only if p,| < 1.

Proof. Let r € R™((X)). Suppose that pir| < 1, then there exists p s.t. pj,| <
p < 1and n € N such that |r|(X¥=") < 3.2 p'. Thus r is absolutely conver-
gent. Suppose now that r € A" (). By the theorem 1, there exists a prefixial
automaton A = (X, Q, , ¢, 7) that computes r, p < 1 and an integer n such that
for every state ¢, |¢al(g, 2™, Q) < p. Hence, from Lemma 4, |r|(X™) = O(p™/™)
and therefore, pj,.,| < Pt/ < 1. a

4 Decidability

We prove in this section that there exists an algorithm that takes a multiplicity
automaton A as input and halts iff r 4 is absolutely convergent. In other words,
the class A(X) is semi-decidable.
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Theorem 2. The class A" (X)) is semi-decidable.

Proof. Let r be a rational series and let A be a MA that computes r. Queries
such as: What is the dimension d of LH (r)? Does the word u belongs to res(r)?
Given uy,...,uq € res(r), is {uyr,...,uqr} a basis of LH(r)? can be answered
by using A.

We consider the countable class S, composed of all the prefixial NFA (¥, Q, 6,
1,T) that satisfy the following properties:

— there exists two integers N and k such that Q = X<Vt N res(u);

— forany v € @ and z € X such that uz € res(u)\Q, the set §(u, ) is included
in X<V and the set {ir|v € §(u,z)} forms a basis of LH(r). In particular,
d(u, x) contains exactly d elements.

Let (A,)men be an enumeration of S,.
Now let (fn)nen be a family of functions defined as follows: for any inte-
ger n, fn, : res(r) — R, fo(e) = 1 and for any © € X and ux € res(r),

fnluz) = MES)) if [r[(uX=") # 0 and f,(uz) = 1 otherwise. Note that

[r[(uxsntl
. ux XY™
limy, oo fr(uz) = %

Let m € N. For any integer n, we define a MA A,, , whose support is equal
to Ap = (X, Qm, Om, {€}, Tim). Let f : @ — R be defined by f(u) = fn(u).
Let Frn = {uzlu € Qm,z € ¥, ur ¢ Qm} and let g : Fy X @y — R be defined
by g(uz,v) =0 if v & 6, (u, x) and TTr = Zﬂng(ux,v)%ijr : note that g is
completely determined by A,,, f, and r since for any ux € F,,,, {or|v € §(u, )}
forms a basis of LH(r). We let A, , = A(X, Qm, f,9,7).

Now, consider the following algorithm:

— enumerate (m,n, k) € N
— for each tuple (m,n, k), build the MA A,, », = (X, Qs Pm,ns tmons Tmon)
— if Mazgeq,, {|¢mnl(g, 2, Qm)} < 1, halts.

If r is absolutely convergent, from Theorem 1, there exists a prefixial MA
A = (¥, Qm,p,t,T) that computes r, whose support is A,, for some integer
m and such that Max,cq,, {¢(q, X%, Qm)} < p for some integer k and some
p < 1. Since Maz,eq,, {¢(q, X*, Qm)} is a continuous function in the param-
eters of A, and since lim,— o ©m.n(q,2,¢") = @(¢,x,q") for any states q,q’
and any letter z, for any p < p/ < 1, there exists an integer N such that
Mazgeq,, {omn(q, X%, Qm)} < p’ for any integer n > N. Hence, the algorithm
halts on input 7.

Clearly, from Lemma 3, since any MA A,, ,, computes r, the algorithm does
not halt if r is not absolutely convergent. ]

5 Approximation and L;-Distance

To our knowledge, the sum |r|(X*) cannot be exactly computed. Nevertheless,
it is possible to estimate it by a lower bound since for any integer n, |r|(2=") <
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I7|(2*) and limy,— e [7[(X=") = |r|(X*). We will now define upper bounds of
|r[(X*) which tend to |r|(X*). Hence, it is possible to bound the error made by
the approximation to any accuracy rate.

We first give a variation of Theorem 1.

Lemma 5. Let r € A" (X). For any u € res(r) and any v € X, let fn(uz) =

% if [r|(uX <"t #£ 0 and fo(uz) = 1 otherwise: lim, .o fn(uz) =

fluz) = % Let T > |r|(X*).

For any integers N and k, let D : XN+F+1 25" be such that for any ux €
N+ Lirlv € D(ux)} forms a basis of LH(r). In particular, |D(uz)| =d =
dim(LH(7)). Given N, k, D and f,, there exists a unique function g : XN Tk+1x
YN R such that g(uz,v) = 0 if v € D(uz) and such that A(X,Q, fn,g,7)
computes r (see Proposition 1). Let us denote it by A(N,k, D, f,).

Now given p < 1, there exists kg, Ny such that VN > Ny, Vk > ko there exists
n and D such that A = A(N,k, D, f,) satisfies:

- ()0|A|(U’a 22kaQ) <p
— VYu € INTF |7 (w)| < T

Proof. By considering the proof of Theorem 1, it can be proved that there exists
integers Ny and ko such that VN > Ny, Vk > ko there exists D : DN+tk+L
25" such that A = A(N,k, D, f) satisfies ¢|A|(u,22k,Q) < p/2 and Yu €
SNEE Jr(u)] < [rl(2%). Since @ak,p, 1)1 (u, 225, Q) and 74w k,p, 7)) (u)]
are continuous relatively to the transition coefficients, there exists an integer n
such that the conclusion holds. O

Proposition 3. Let r € A" (X). Let A = {A(N,k,D, f,)/N,k,n € N,D €
P(EN)} Then inf(T|A|(2*))AeA = |T|(2*)

Proof. Let Ny and kg be such as in Lemma 5. We define a sequence (A, ).en of
automata:

— N, =No+2z k., =k
— Vz, n, and D, are such as in Lemma 5, A, = A(N,, k., D,, f,.).

As N, grows, 1|4, converges pointwisely to |r|. We have ||7.[« < T by con-
struction. We have R = supp<ax. (|02|(g, X%, Q)) < 1, as |¢.|(u, ¥, Q)) < 1 for
u € Y<N=Fk- Applying Lemma 4, we have rj4,(X7") < Tp™/?k0=1 and there-
fore |r|(X°") < Tp”/%‘)*l. Now, |rja ((X*) — [r|(X*)| < ZwEZ‘* |7"‘Az‘(w) —
rl(w)] < X pepsz [ra(w) = [ri(w)] + X e psz mja (W) + X pe gz 7| (w).
For ¢ > 0, one can find Z; such that both ooz 74 (w) < €/3 and
Yowes>z [T[(w) < €/3. Finally, as 74| converges pointwisely to |r|(w), one
can find Z; such that ) <z |14, (w) — |7|(w)| < €/3, and we can conclude.

O

Proposition 4. Let Ay be an enumeration of the set {A(N,k,D,n)/N,k,n €
N,D € P(ZN)}. Let Gy = T|A(No ko Do, fn)| (27). Let Go =14, |(X7) if it exists,
and if G, < G,_1, G, = G,_1 otherwise. Then lim,_,o, G, = |r|(X*).
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Proof. Straightforward from Proposition 3. a

Theorem 3. Let r € A" (X). For any € > 0, it is possible to compute an

estimate |7@) of |r|(X*) such that ‘|7@) — |r|(Z*)| < e. If the Ly-distance
d of two rational series v and s is finite, for any € > 0, it is possible to compute
an estimate d of d such that |d —d| < €.

Proof. Using Proposition 4, find G, and n such that G, — |[r|(¥=") < 2¢. For
the second part, apply the result to r — s. a

6 Conclusion

In this paper, we have proved that it is semi-decidable whether a rational series
is absolutely convergent. Then, given an absolutely convergent rational series
r, we have provided an algorithmic way to estimate the sum |r|(X*) to any
accuracy rate. We do not know whether A" (X)) is decidable. We conjecture
that it should be decided that a rational series r is not absolutely convergent
when pj,| > 1 but the case p|,| = 1 is likely to be difficult. We intend to study the
links between the spectral radius we have defined and the joint or generalized
spectral radii. Finally, we are currently looking for more efficient algorithms and
heuristics than those we have described to approximate the L1 distance of two
rational series, even if there is no hope to find efficient algorithms in the worst
case.
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