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A CONVERGENT FINITE ELEMENT-FINITE VOLUME
SCHEME FOR THE COMPRESSIBLE STOKES PROBLEM
PART II - THE ISENTROPIC CASE

R. EYMARD, T. GALLOUET, R. HERBIN, AND J.C. LATCHE

ABSTRACT. In this paper, we propose a discretization for the (nonlinearized)
compressible Stokes problem with an equation of state of the form p = p?
(where p stands for the pressure and p for the density). This scheme is based
on Crouzeix-Raviart approximation spaces. The discretization of the momen-
tum balance is obtained by the usual finite element technique. The discrete
mass balance is obtained by a finite volume scheme, with an upwinding of the
density, and two additional stabilization terms. We prove a priori estimates
for the discrete solution, which yield its existence. Then the convergence of the
scheme to a solution of the continuous problem is established. The passage to
the limit in the equation of state requires the a.e. convergence of the density.
It is obtained by adapting at the discrete level the ”effective viscous pressure
lemma” of the theory of compressible Navier-Stokes equations.

1. INTRODUCTION

Let © be a bounded open set of R?, d = 2 or 3, with a Lipschitz continuous
boundary, and v > 1. For f € L?(Q)¢ and M > 0, we consider the following
problem:

(1.1a) —Au+Vp=finQ, u=0on 0,

(1.1b) div(pu) =0 in Q, p>0 in Q, / plx)de = M,
Q

(1.1c) p=p"in Q.

Definition 1.1. Let f € L2(Q)¢ and M > 0. A weak solution of Problem (1.1) is
a function (u, p, p) € H§(2)? x L2(Q) x L*(Q) satisfying:

(1.2a) / Vu:Vvde — / p div(v)dx = / f-vdz for all v € (H}(Q))?,
Q Q Q
(1.2b) /pu -Vpdx =0 for all o € WH(Q),
(1.2¢) p >0 ae. in Q, /pdaczM, p=p7 ae. in .
Q
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The main objective of this paper is to present a numerical scheme for the com-
putation of an approximate solution of Problem (1.1) and to prove the convergence
(up to a subsequence, since, up to now, no uniqueness result is available for the
solution of (1.1)) of this approximate solution towards a weak solution of (1.1) (i.e.
a solution of (1.2)) as the mesh size goes to 0.

The proposed numerical scheme combines low order finite element and finite
volume techniques, and is very close to a scheme which was implemented for the
solution of barotropic Navier-Stokes equations in [6] and further extended to two-
phase flows in [8]; the resulting code is today currently used at the French Institut
de Radioprotection et de Sireté Nucléaire (IRSN) for "real-life” studies in the nu-
clear safety field. Up to now, stability (in the sense of conservation of the entropy)
is known for these schemes, and numerical experiments show convergence rates
close to one in natural energy norms. Our goal is now to prove their convergence.
This work is a step in this direction, and follows a previous analysis ([7], part I of
the present paper) restricted to the linear equation of state p = p. The additional
difficulty tackled here is to prove the a.e. convergence for the density, which necessi-
tates to adapt P.L. Lions’ "effective viscous pressure trick” [9] at the discrete level.
Finally, for the sake of simplicity, we use here a simplified form of the diffusion
term (—Aw) but it is clear from the subsequent developements that the presented
theory holds for any linear elliptic operator (and in particular for the usual form of
the viscous term for compressible constant viscosities flows).

This paper is organized as follows. In Section 2, we present a simple way to
prove a known preliminary result, namely the convergence (up to a subsequence) of
the weak solution of (1.1) with f, and M, (instead of f and M) towards a weak
solution of (1.1) as n — oo, assuming that f, weakly converges to f in (L?(£2))?
and M, converges to M in R. Then, after introducing the discretization (Section 3)
and the proposed scheme (Section 4), we adapt this proof in Section 5 to prove the
convergence of the scheme to a weak solution of Problem (1.1). Finally, for the sake
of completeness, Sections A and B gathers some simple proofs of known lemmas.

Remark 1.2 (Forcing term involving the density). Instead of taking a given function
f in (1.1a), it is possible, in order to take the gravity effects into account, to take
f = pg with g € L>(Q)?. The convergence results given below are still true.

In this paper, we use the following notations:

[Ovs  0vs]
8%2 8%3
ifd =2, curl(v) = g—;i - g—zz, and, if d = 3, curl(v) = g—zz - g—z?;
9v; _ duy
Loz, oxs |

where v is a vector valued function. With these notations, if v € H2(Q)¢ and
w € H'(Q)?, the following identity holds:

V'U:V'wda::/

curl(v) - curl(w) de +/ div(v) div(w) d=x
Q Q

(1.3) 79

+/ (Vv -n) wdy +/ curl(v) - (w An)dy — div(v) (w-n)dy
o0 a0 o0
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where, for any vector w and n, we denote by w A n:

W2 N3 — W3 N2
ifd=2, wAn=winy —wsyng, and,if d=3, wAn = |wzn; —w;ns

Wi N2 —w2n;

If v € HY(Q)? and w € H}(2)?, this identity boils down to:
(1.4) / Vv : Vwdx = / curl(v) - curl(w) de +/ div(v) div(w) de.
Q Q Q

2. CONTINUITY WITH RESPECT TO THE DATA

We begin this section by a preliminary lemma, which is a simplified version of
the results of the theory of renormalized solution of the transport equation [9]. The
proof of this lemma is given in section A.

Lemma 2.1. Let Q be a bounded open set of R and v > 1. Let p € L*/(Q), p >0
a.e. in Q and u € H}(Q)?. Assume that (p,u) satisfies (1.2b) (which is the weak
form of div(pu) =0). Then, for all 8 € [1,7],

(2.1) / pPdiv(u)de =0
Q

We are now in position to prove the following result (which gives the continuity,
up to a subsequence, of the weak solution of (1.1) with respect to the data).

Theorem 2.2. Let f € L2(Q)4, M > 0 and (f,)nen C L2(Q)?, (My)nen C R%
be two sequences satisfying f, — f weakly in L2(Q)* and M, — M. Forn € N,
let (Wp,, pn, pn) be a weak solution of (1.1) with f,, and M,, (instead of f and M ).
Then there exists (u,p, p) weak solution of (1.1) such that, up to a subsequence, as
n — 0o,

o u, — u in L2(Q)? and weakly in H(Q),

e p, — pin LI(Q) for any 1 < q < 2 and weakly in L?(Q),

e p, — pin LI(Q) for any 1 < q < 27 and weakly in L*Y(£2).

Remark 2.3. Theorem 2.2 is also true for v = 1, at least with only a weak conver-
gence of p, and p,. The proof of this result is simpler than the proof given below,
since Step 4 is useless if v = 1 for the passage to the limit in the equation of state.

Remark 2.4 (Forcing term involving the density). Theorem 2.2 is also true with
f., = png and g € L>=(Q)? given (which correspond to gravity effect). Then, the
limit of f,, is f = pg and the fact that f, converges to f in L?(Q)? is not a
hypothesis but is proven. The difference in the proof is essentially in the derivation
of the estimates, see Remark 2.5 below.

Proof. The proof of Theorem 2.2 is composed of four steps. In the first one, we
obtain some estimates on (W, pn, pn). With these estimates we can assume the
convergence, up to a subsequence, of (W, pn, prn) to some (u, p, p). Then, it is quite
easy (Step 2) to prove that (u, p, p) satisfies (1.2a)-(1.2b) but it is not easy to prove
that p = p7 (except for v = 1) since, using the estimates of Step 1, the convergence
of p, and p,, is only weak. In Step 3, we prove the convergence of the integral of
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Pnpn to the integral of pp. This allows in Step 4 to obtain the “strong” convergence
of p, (or p,) and to conclude the proof.

Step 1. Estimates.

The following equation is satisfied by u,, and p,:

(2.2) / Vu, : Vodx — / prdiv(v)de = / £, - vda for all v € (H{(Q))%.
Q Q Q

Taking v = u,, in this relation and noting that p, = p] a.e., we may use Lemma
2.1 (with p,, u, and 8 = ) to obtain an estimate on w,, in (H}(2))?. Precisely
speaking, there exists c1, only depending on the L?—bound of (f,,)nen and on €,
such that:

(23) ||’u,n||H1(Q)d S C1.

In order to obtain a bound for p,, in L2(£2), we now choose v,, given by Lemma B.7
with ¢ = p,, — m(pn), where m(p,,) is the mean value of p,,. Taking v = v,, in (2.2)
and using [, div(v,) dz = 0 gives:

/Q(Pn - m(Pn))2 de = /Q(f” ‘v, — Vu, : Vv,)dz.

Since [|vnlluiye < c2llpn — m(pn)lL2) and [|un|ui)e < c1, the preceding
inequality leads to an estimate on |[p,—m(pn)|[12(q) , that is the existence of c3, only
depending on the L?—bound of (f,,)nen and on €, such that |p, —m(pn)|Lz2@) <

c3. We now remark that:
1
/pﬁ dx = / pn da < sup{ My, k € N}.
Q Q

Then, using Lemma B.6 (with ¢ = 2), there exists ¢4, only depending on the
L2—bound of (f,,)nen, the bound of (M, ),en, v and €2 such that:

(2.4) Pnlliz@) < ca.

Finally, thanks to p,, = p). a.e. in Q, we also have an estimate on p,, in L?7, namely:
1

(2.5) lonlley) <cs = C4/7-

This concludes Step 1.

Remark 2.5 (Forcing term involving the density). In the case where f,, = p, g, with
g€ LDQ(Q)d, the estimates on w,,p, and p, are not obtained with the preceding
proof, since the hypotheses of the theorem do not give a direct bound in L%(2)?
of the sequence (f,)nen. In order to obtain the estimates on w,,p, and p,, we
proceed as follows. We first remark that:

ol e = [ o8- unda < Junlizo lglhoscoy Ionlizco
Holder’s Inequality gives:
lpnllz@) < llonllizy lonlfer @) < Ma™ lpnllEer o)
with a = v/(2v — 1). Then, there exists ¢g only depending on g, v, {2 and on the
bound of (M, )nen such that:

1/(2y-1)

1/(2(2v-1))
) < c¢s ||Pn||L2(Q)

20wy <a ([ a0
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Taking v = v, in (2.2) with v,, given by Lemma B.7 with ¢ = p,, — m(p,) and
using [, div(v,)da = 0 gives:

/ (pn — m(pn))2 dz = / (png - v — Vu, : Vv,)de.
Q 0

Then, we deduce, using (2.6):

1+1/(2 1
[ n=mip))? do < er a3,

with ¢7 only depending on g, v,  and on the bound of (M,,),en. This inequality,

together with the fact that (2y —1) > 1 and that [, p/ 7 da = M, leads to an L2-
bound on p,, and therefore to an L?"-bound on p,, and, with (2.6), to an H(l)—bound
on u,.

Step 2. Passing to the limit on the equations (1.1a) and (1.1b).

Thanks to the estimates obtained in Step 1, it is possible to assume (up to a
subsequence) that, as n — oo:

u, — u in LQ(Q)d and weakly in H(l)(Q)d,
pn — p weakly in LQ(Q)7
pn — p weakly in L27(€).

Passing to the limit in the first equation satisfied by (w,, p,), we obtain that (u, p)
is a solution to (1.2a).

Since u,, — w in L2(Q)? and p,, — p weakly in L?(Q), we have ppu, — pu weakly
in L1(Q)9. Then (p,u) is solution of (1.2b).

The weak convergence of p, to p and the fact that p, > 0 a.e. in Q gives that
p > 0 ae in Q (indeed, taking v = 1,<¢ as test function gives fQ pde =
limy, 00 fQ pndx > 0, which proves that py» = 0 a.e.). The weak convergence of
pn to p also gives (taking now ¢ = 1 as test function) that [, pdx = M

Then (1.2¢) is proven except for the fact that p = p” a.e. in . This is the objective
of the last two steps, where we also prove the strong convergence of p,, and p,.

Step 3. Proving/pnpndsce/ppdw.
Q Q

Since the sequence (p,,)nen is bounded in L?(Q2), Lemma B.8 gives the existence of
a bounded sequence (vy,)nen in HY(Q)? such that div(v,) = p, and curl(v,,) = 0.
It is possible to assume (up to a subsequence) that v,, — v in L?(2)? and weakly
in H!(Q)9. Passing to the limit gives div(v) = p and curl(v) = 0.

Let ¢ € C°(Q) (so that v, € H(Q)9). Taking v = v, in (2.2) leads to:
/ Vu, : V(v,p)dx — / P div(vpp) de = / fon - (vnp)de.
Q Q

From identity (1.4), we thus get:

/ div(u,) div(v,p) dz —I—/ curl(w,) - curl(v, @) de
Q Q

—/Qpndiv(vnga) dmZ/an'(vn@) de.
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The choice of v,, gives div(v,p) = pp + v, - Vo and curl(v,p) = L(p) vy, where
L(p) is a matrix with entries involving the first order derivatives of ¢. Then, the
preceding equality yields:
/ (div(wn) — pn) pn pdx + / div(u,) v, - Vodx
Q Q
+/cur1(un) - L(p) v, de — / Py - Vodx = / fon - (vnp) de.
Q Q
Thanks to the weak convergence of u,, in H}(2)? to u, the weak convergence of p,,
in L2(Q) to p, the weak convergence of f, in L2(Q)? to f and the convergence of
v, in L2(2)? to v, we obtain:
lim [ (div(un) — pn) pnpde = / [ (vp)de — / div(u)v - Vodz
n—oo Jo Q Q
—/ curl(u) - L(p) vdx + / pv-Vedx.
Q Q

But, thanks to Step 2, (u, p) satisfies (1.2a), and thus:

/QV'u, : V(vp)da — /Qp div(vp) de = /Q [ (vp)dax

(2.7)

or equivalently:

/div( ) div(vy) dw—l—/ curl(u) - curl(vy) de — /pdiv(vap) dx :/ f-(vp)de
Q Q Q

which gives (using div(v) = p and curl(v) = 0):

/(div(u) —p)pedx +/ div(u)v - Veodax +/ curl(w) - L(p) v de
Q Q

Q

_/Qp,,.v@dm:/gf.(w)dm

(2.8) lim [ (pn — div(uy)) pp pde = /Q(p —div(u)) ppda.

n—oo 9]

Then, with (2.7), we obtain:

n (2.8), the function ¢ is an arbitrary element of C2°(€2). We are going to prove

now that it is possible to take ¢ = 1 in this relation. To this goal, we first remark
that, thanks to v > 1, the sequence ((pn, — div(un)) pn)nen is equi-integrable (see
Definition B.1). A simple proof of this assertion is obtained using the fact that
(pn — div(u,))nen is bounded in L2(Q), (pn)nen is bounded in L27(92) and the
following inequality holds for any Borelian subset A of Q:

/

1
Wlth —|— o —|— — =1 and where |A| stands for the measure of A.
Y

Then using Lemma B.2, we get:

(pn - div(un)) pnldx < |pn — diV(“ﬂ)“L%Q) ||pn||L2“f(Q) |A|1/Ta

(2.9) lim | (pn — div(u,)) pnde = /Q(p — div(u)) pda.

n—oo O
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In order to conclude Step 3, it remains to use Lemma 2.1 (with 5 = 1), which is
possible since div(pru,) = div(pu) = 0. It gives:

/pn div(u,)de = / pdiv(u) dz = 0.
Q Q

Then, (2.9) yields:

(2.10) lim [ p,ppde = / ppde.
Q Q

n—oo

Remark 2.6. For Step 4, the equality in (2.10) is not necessary. It would be sufficient
to have:

n—oo

lim inf pnpndwg/ppdw,
Q Q

and thus, instead of / pn div(uy,) de = 0:
Q

liminf | p, div(uy,)de <0.

n—oo Q

Step 4. Passing to the limit on the EOS and strong convergence of p,
and p,.

For n € N, let G, = (p — p")(pn — p). For all n € N, the function G,, belongs to
LY(2) and G, > 0 a.e. in Q. Futhermore Gy, = (pn — p7)(on — p) = PnPn — Pup —
pYpn + p7p and:

/Gndw:/pnpndw—/pnpdw—/p'ypndw—i—/p”pdw.
Q Q Q Q Q

Using the weak convergence in L%*(Q) of p, to p and of p, to p, the fact that
p,pY € L?(Q) and (2.10) gives:

lim Gpdx =0,

n—oo Q

that is G,, — 0 in L'(2). Then, up to a subsequence, we have G,, — 0 a.e. in (.
Since y +— y7 is an increasing function on R, we then deduce that p, — p a.e.,
as n — oo. Then, we also have p, = p? — p” a.e.. Since (pp)nen is bounded in
L?(Q) and (pn)nen is bounded in L?(Q), Lemma B.9 (which is classical) gives, as
n — oo:

pn — pin LY(Q) for all 1 < g < 27,
pn — p7 in LI(Q) for all 1 < ¢ < 2.
Since we already know that p, — p weakly in L2(f2), we necessarily have (by

uniqueness of the weak limit in LI(Q2)) that p = p7 a.e. in . The proof of
Theorem 2.2 is now complete. [
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3. DISCRETE SPACES AND RELEVANT LEMMATA

Let 7 be a decomposition of the domain € in simplices. By £(K), we denote
the set of the edges (d = 2) or faces (d = 3) o of the element K € T; for short,
each edge or face will be called an edge hereafter. The set of all edges of the mesh
is denoted by &; the set of edges included in the boundary of € is denoted by Eext
and the set of internal edges (i.e. £\ Eext) is denoted by Eine. The decomposition 7°
is assumed to be regular in the usual sense of the finite element literature (e.g. [2]),
and, in particular, 7 satisfies the following properties: Q = Uker K if K, LeT,
then KNL =0, KNLis a vertex or K N L is a common face of K and L, which
is denoted by K|L. For each internal edge of the mesh o = K|L, ngy, stands for
the normal vector of o, oriented from K to L (so that nx, = —nrk). By | K| and
|o| we denote the measure, respectively, of an element K and of an edge o, and hx
and h, stand for the diameter of K and o, respectively. We measure the regularity
of the mesh through the parameter 6 defined by:

hk
hr,
where { stands for the diameter of the largest ball included in K. Note that,
VK € T, Vo € £(K), the inequality h, |o| < 2 6~¢|K]| holds [7, relation (2.2)]; this
relation will be used throughout this paper. Finally, as usual, we denote by h the
quantity maxger hg.

(3.1) 0:inf{€—K, KeT}U{h—L, , 0 =K|L € &nt}
hk hk

The space discretization relies on the Crouzeix-Raviart element (see [3] for the
seminal paper and, for instance, [4, p. 199-201] for a synthetic presentation). The
reference element is the unit d-simplex and the discrete functional space is the space
Py of affine polynomials. The degrees of freedom are determined by the following
set of nodal functionals:

(3.2) (Fy, 0 cE(K)},  Fy(v) = |o|’1/vd7

The mapping from the reference element to the actual one is the standard affine
mapping. Finally, the continuity of the average value of the discrete functions (i.e.
F,(v) for a discrete function v) across each face of the mesh is required, thus the
discrete space V}, is defined as follows:

Vi={vel*Q): VKT, vlg € P(K),;

3.3
(3:3) Vo € Eint, 0= K|L, Fy(vlk) = Fs(v|1); Yo € Eext, Fo(v) = 0}.

The space of approximation for the velocity is the space W}, of vector valued func-
tions each component of which belongs to Vj,: W), = (V}, )d. The pressure is ap-
proximated by the space L of piecewise constant functions:

Ly, ={q€L*(Q) : gk = constant, VK € T}

Since only the continuity of the integral over each edge of the mesh is imposed,
the functions of V}, are discontinuous through each edge; the discretization is thus
nonconforming in H'(Q)%. We then define, for 1 < i < d and u € V}, Oh; u as the
function of L2(2) which is equal to the derivative of u with respect to the i*" space
variable almost everywhere. This notation allows to define the discrete gradient,
denoted by V,, for both scalar and vector valued discrete functions and the discrete
divergence of vector valued discrete functions, denoted by divy,.
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The Crouzeix-Raviart pair of approximation spaces for the velocity and the pres-
sure is inf-sup stable, in the usual sense for ”piecewise H!” discrete velocities, i.e.
there exists ¢; > 0 independent of the mesh such that:

p divy, (v) de

Vp € Ly, sup =2 > ci|lp —m(p)llLz(o)
vEW, o]l
where m(p) is the mean value of p over Q and | -||1,, stands for the broken Sobolev

H! semi-norm, which is defined for scalar as well as for vector-valued functions by:

iz, = 3 / Vof? de = / Vyof? de
KeT VK Q

We also define a discrete semi-norm on Ly, similar to the usual H' semi-norm used
in the finite volume context:

a
VpeLn,  Iplr =), 9 s — p?

h
0€Em,
o=K|L

From the definition (3.2), each velocity degree of freedom can be associated to
an element edge. Consequently, the velocity degrees of freedom are indexed by the
number of the component and the associated edge, thus the set of velocity degrees
of freedom reads:

{Ua,iv o c gintv 1 é 1 S d}
We denote by ¢, the usual Crouzeix-Raviart shape function associated to o, i.e.
the scalar function of Vj, such that F,(¢,) =1 and F,(p,) =0, Vo' € £\ {o}.

Similarly, each degree of freedom for the pressure is associated to a cell K, and
the set of pressure degrees of freedom is denoted by {px, K € T }.

We define by r;, the following interpolation operator:
Th - H(l) Q) —
(3-4) u —  Tpu = ZFU(U) Yo = Z lo| 7! </ vd*y) Yo
ock& e g

This operator naturally extends to vector-valued functions (i.e. to perform the
interpolation from H{ ()¢ to W},), and we keep the same notation 7, for both the
scalar and vector case. The properties of 7, are gathered in the following lemma.
They are proven in [3].

Theorem 3.1. Let 6y > 0 and let T be a triangulation of the computational domain
Q such that 0 > 0y, where 0 is defined by (3.1). The interpolation operator ry, enjoys
the following properties:

(1) preservation of the divergence:

Vo € HY(Q)4, Vg € Ly, / q divy, (rpv)de = / q div(v)dz
Q Q

(2) stability:
Vo € Hy(€), [rnvllie < e1(fo) vl (o)
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(3) approzimation properties:

Yo € H2(Q) NH(Q), VK € T,

v = rrollier) + hi (VR0 = mo)llL2 ) < e2(00) Bk vl (k)

In both above inequalities, the notation ¢;(fy) means that the real number ¢;
only depends on 6y, and, in particular, does not depend on the parameter h char-
acterizing the size of the cells; this notation will be kept throughout the paper.

The following compactness result was proven in [7, Theorem 3.3].

Theorem 3.2. Let (v(™),en be a sequence of functions satisfying the following
assumptions:

(1) ¥Yn € N, there exists a triangulation of the domain T such that v™ €
Vh("), where V}f") is the space of Crouzeix-Raviart discrete functions asso-
ciated to T, as defined by (3.3), and the parameter 6 characterizing
the regularity of T™ is bounded away from zero independently of n,

(2) the sequence (v'™),en is uniformly bounded with respect to the broken
Sobolev H' semi-norm, i.e.:

Vn € N, ||v(")||17b <C

where C' is a constant real number and |- ||1» stands for the broken Sobolev
H! semi-norm associated to T (™ (with a slight abuse of notation, namely
dropping, for short, the index ") pointing the dependence of the norm with
respect to the mesh).

Then, when n — oo, possibly up to the extraction of a subsequence, the sequence
(™) en converges strongly in L2(Q) to a limit © such that © € H) ().

Finally, the following technical lemma, together with its proof, can be found in
[7, lemma 2.4].

Lemma 3.3. Let g > 0 and let T be a triangulation of the computational domain
Q such that 0 > 0y, where 0 is defined by (3.1); let (ag)oce,, be a family of real
numbers such that Vo € Eing, ae < 1 and let v be a function of the Crouzeix-Raviart
space Vy, associated to T. Then the following bound holds:

>

0EEint

4o o] fdvy < c(00) h [ol1o flcey , VF € HA(Q).

g

where [v] stands for the jump of the function v across the edge and the real number
c(0o) only depends on 0y and on the domain €.

4. THE NUMERICAL SCHEME

Let p* be the mean density, i.e. p* = M/|Q}] where || stands for the measure of
the domain Q. We consider the following numerical scheme for the discretization
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of Problem (1.1):
(4.1a) Vv € Wy, / Viu: Vyvde — / p divy,(v) de = / f-vdez,
Q Q Q

(41b) VK € T, Z V;;K PK — V;K pL+ (T@tab,l)K + (T@tab,Q)K = 07
o=K|L

(41c) VKeT,  pg=olpx),

where:

e Vo i, V), and v, . stands respectively for:
- + -
(4.2) Vo = |0|Ug - ML, V) = max(Ve i, 0), v, ¢ = —min(ve x, 0),
so that ve x = v o — v
o, K o, K o, K>

e the function g stands for the equation of state: Vs >0, o(s) = s/7;
e the stabilization terms read, VK € 7

(4.32) (Tstan1)x = |K| (px — p*),
ag
(@3)  Twwde= Y O+ he) 2 (ol +1ps) (ore — o).
o=K|L g

with ¢ = max(0,2 — 7).

Equation (4.1a) may be considered as the standard finite element discretization
of Equation (1.2a). Since the pressure is piecewise constant, the finite element
discretization of Relation (1.2b), i.e. the mass balance, is similar to a finite volume
formulation, in which we introduce in (4.1b) the standard first-order upwinding
and two stabilizing terms. The first one, i.e. Tstap,1, guarantees that the integral of
the density over the computational domain is always M (this can easily be seen by
summing (4.1b) for K € 7). The second one, i.e. Tyab 2, seems to be necessary in
the convergence analysis. It may be seen as a finite volume analogue of a continuous
term of the form div(|p|®V p) weighted by a mesh-dependent coefficient tending to
zero as h¢; note, however, that h, is not the distance which is usually encountered in
the finite volume discretization of diffusion terms; consequently, the usual restriction
for the mesh when diffusive terms are to be approximated by the two-points finite
volume method (namely, the Delaunay condition) is not required here. We assume
that @ > 1 and the convergence analysis uses 0 < & < 2.

Remark 4.1 (Forcing term involving the density). To deal with a right hand side
in the first equation of the continuous problem (Equation (1.1a))reading pg with
g € L>=(Q)4, Equation (4.1a) must simply be changed to:

(4.4) Yv € Wy, /th:thdw—/pdivh(v)dw:/pg~vdw.
Q Q Q

5. EXISTENCE AND CONVERGENCE OF APPROXIMATE SOLUTIONS

5.1. Existence of a solution and a priori estimates. We begin this section
by a preliminary lemma, the proof of which can be found in [6, section 2]. This
result may be seen as a discrete version of the identity introduced in the theory of
renormalized solution of the transport equation [9, 10].
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Lemma 5.1. Let p and p be two non-negative functions of Ly, u be a function of
Wi, and ve i, V;rK and v, - be given by Equation (4.2). Let ¢ : [0,+00) — R
be a once contmuously dzﬁerentzable convez function. Then the following estimate
holds:

Vo) | D ik —voger| > /Q(mﬁ’(p) —¢(p)) divy(u)de.

KeT o=K|L

We are now in position to prove the following result, which is a discrete analog
of Lemma 2.1.

Lemma 5.2. Let T be a triangulation of the computational domain  and (u, p) €
W), x Ly, satisfy the second equation of the scheme, i.e. Equation (4.1b). We assume
p > 0. Then, for all 5> 1:

/ pPdivy, (u) de < ch®,
Q

where the real number ¢ only depends on 3, the domain Q0 and M.

Proof. Let us first consider the case § > 1. Let the function ¢ be defined by ¢(s)
s” (¢ is indeed a continuously differentiable convex function). Multiplying (4.1b
by ¢'(pK), summing over K € 7 and applying Lemma 5.1 yields T} + Th + T3 <
with:

T = (8- 1)/ pPdivy, (u) de,
Q
Ty=8Y h*|K|pg " (px —p7),

KeT
_ g

=B Mt Y (he+h) %(mﬂrm)c (px —pL)-
KeT o=K|L 7

By convexity of the function ¢, we have:
T =0 Y K] (o = (0)7) = =19 (5°)° n.
KeT
Reordering the sums in T3, we get:

T3 =73 Z (hie + hp)S

E€&int, U:K‘L

ag _ _
|h—| (px +p1)* (px — pL) (pf( Lol 1) :

and so T3 > 0. Finally, we thus get:
1
[ Fdiwde < 20l ()7 e,
Q p-1

which concludes the proof for 5 > 1.

We now turn to the case § = 1. Let € be a positive real number. Choosing now
#(s) = s log(s + €) (so 5¢'(5) — ¢(s) = s%/(s + €)) yields by the same arguments:

2
/ P”_divi(w)dz < p* log(p* +€) |9 B,
QpTte
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thus, since for any non-negative real number s, |s — <
s+e€ s+e

/ pdivy(u)dx < p* log(p™ +¢€) |Q h™ + e/ |divy, (w)| de.
Q Q

Since divy (u) is bounded in L'(Q) (u is a discrete function) and p* > 0, letting €
tend to zero yields the conclusion. O

The existence of a solution to (4.1) follows, with minor changes to cope with the
diffusion stabilization term Tytap 2, from the theory developed in [6, section 2]|. In
this latter paper, it is obtained for fairly general equations of state by a topological
degree argument. We only give here the obtained result, together with a proof of
the a priori estimates verified by the solution, and we refer to [6] for the proof of
existence. The following estimate may be seen as an equivalent for the discrete case
of Step 1 of the proof of theorem 2.2.

Theorem 5.3. Let 0y > 0 and let T be a triangulation of the computational domain
Q such that 0 > 0y, where 0 is defined by (3.1). The problem (4.1) admits at least
one solution (uw,p, p) € Wy, X Ly, X Ly, and any possible solution is such that pg > 0
and pxg >0, VK € T, and satisfies:

(5.1) lullio + [Iplea) + ol +852 ol <C,

where the real number C' only depends on the data of the problem Q, f, M and 0.

Proof. From [6, section 2], we know that (4.1) admits at least a solution and that, for
any solution, the pressure and the density are positive. Let (u,p, p) € Wj, X Ly, X Ly,
be such a solution. On one hand, taking v as test function in (4.1a) yields:

Jul?, —/Qp dth(u)dch/Qf-udzc.

On the other hand, multiplying (4.1b) by 'yp}ygl/('y — 1), summing over K € 7
and invoking Lemma 5.2 yields:

/ P divh(
Q

Summing these two relations yields:

Z K| (p) — (0")) + —— 3" pk" (Taan2) i < 0.
KET v KeT

62 July + =25 3 Tanali < [ foude+ —5 0] ()7 B,

KGT

As in the proof of Lemma 5.2, the last term in the left hand side is easily seen
to be non-negative. By Young’s inequality, we thus obtain a control on w1, .
Using the inf-sup stability of the discretization, we hence get from (4.1a) a control
of [p—m(p)|r2) (where m(p) stands for the mean value of p over €2). Finally, by
summing equation (4.1b) for K € 7, we obtain that the integral of p over Q is M,
and, as in the continuous case, this yields an estimate for |[p|[r2(q) (or [pllr2v(q))
by lemma B.6.
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To conclude the proof, we now need to estimate |p|7 . Let us first suppose that
v < 2. By reordering the summations, we get in this case:

Z P;{l (Tstab,Q)K -

KeT o]
g _ _ _
Z (hi +hr)* - (px +pL)> " (px — pL) (P}Y( ) 1) ,
[ Eint: 7
UEK'L

where, without loss of generality, we can assume that px > pr. Since, for v < 2,
the function s — 57! is concave, we have:

(pl{l —~ pfl) > (y—1) pi 2 (px — pr),s

and thus:
_ o
> A T = (- 1) Y (e +) 2 (e — )2,
KeT 0EEint, 7
o=K|L
Using this inequality in (5.2) concludes the proof for v < 2. If v > 2, multiplying
Equation (4.1b) by px, sumning over K € 7 and using Lemma 5.2 yields:
1 . 1 . .
5/ p? divy, (u) de + 3h S TIK] (i — (0)?)
@ KeT
o
+ Y (hie+he) % (px — pr)* <0,
o€&nt,
oc=K]|L
which concludes the proof since, for v > 2, p is bounded in L*(€2). O

Remark 5.4 (Forcing term involving the density). This estimate also holds in the
case where f = pg, replacing Equation (4.1a) by Equation (4.4). It is proved by
modifying the above aguments as in the continuous case (see remark 2.5).

5.2. Passing to the limit in the mass and momentum balance equations.
The following result may be seen as the equivalent for the discrete case of Step 2
of the proof of theorem 2.2.

Proposition 5.5. Let (T™),en be a given a sequence of triangulations of Q.
We assume that h,, tends to zero when n — oco. In addition, we assume that the
sequence of discretizations is reqular, in the sense that there exists 8y > 0 such
that 0,, > 0y, Yn € N. For n € N, we denote by W}E") and LEL") respectively the
discrete spaces for the velocity and the pressure or the density associated to T
and by (Wp, Pn, pn) € Wh(") X L;ln) X L;ln) the corresponding solution to the discrete
problem (4.1), with o > 1 and 0 < § < 2. Then:

(1) up to the extraction of a subsequence, the sequence (wn)nen strongly con-
verges in L2(Q)? to a limit uw € H§(Q)? when n — 00, (pn)nen converges to
p weakly in L2(Q) and p, converges to p weakly in L?7(Q);

(2) (u,p,p) satisfies the equations (1.2a) and (1.2b) of the weak continuous
problem, p >0 a.e. in Q and fQ pde =M.

Remark 5.6 (Forcing term involving the density). This convergence result also
holds, without any additional difficulty, in the case where f = pg, replacing Equa-
tion (4.1a) by Equation (4.4).
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Proof. The convergence (up to the extraction of a subsequence) of the sequence
(Wn, pn, pn) is a consequence of the uniform (with respect to n) estimate of Theorem
5.3, applying Theorem 3.2 to each component ugm), 1 < i < d. The proof that
the limit satisfies p > 0 a.e. in Q, [, pdx = M and Equation (1.2a) is strictly the
same than the proof of the same result for a linear equation of state, i.e. Theorem
6.1 in [7]. For Equation (1.2b), it only differs from this latter by the treatment of
the (slightly) different second stabilization term Tgap, 2, but, once again, following
the same arguments shows the convergence of the corresponding term to zero. This
computation is not reproduced here. 1

5.3. Passing to the limit in the equation of state. This section gathers the
analogues for the discrete case of Step 3 and Step 4 of the proof of theorem 2.2. It
begins with some technical preliminaries.

Definition 5.7. Let 7 be a triangulation of the domain © and A be the set of
the vertices of the mesh. For a € A, we denote by N, C 7 the set of the elements
K € T of which a is a vertex. Let ¢ be a function of L;. We denote by ipq the
function defined as follows:

ihq € CO (Q)7

VK € T, the restriction to K of ixq is linear,

Va € A, ipqla) = card Z qK-

Ke/\/

(5.3)

In other words, the function ipg belongs to the usual space of piecewise linear
continuous finite element functions (often called the P; finite element space), and
corresponds to some regularization of ¢. The operator i; satisfies the following
stability and approximation results.

Lemma 5.8. Let g > 0 and let T be a triangulation of the computational domain
Q such that 0 > 6y, where 0 is defined by (3.1). Let q € Ly, be given. Then:

(5.4) linglui o) <cslalrT
(5.5) ling = dllLz@) < ca hlalr
where the real numbers cs and c, only depends on 6.

Proof. Let g be a function of L. For K € 7, we denote by Ax the set of the
vertices of K and, for a € A, we denote by 1, the Py shape function associated to
a. By definition of the operator i, we get:

ETEDNADS

KeT

inq(a)Vipe(x)| de.

acAx

Since, over each cell K, we have ) ., t4(x) = 1, the preceding relation yields:
2

oy = X [ |3 (nate) —ax) Ven(a)| de
KeT ac Ak
2
= Z > (qr — qx) Vibu(z)| da
KeT aeA card ) LeN,
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and so: %
|7;hCI|%{1(Q) < Z % Z Z (qr — QK)Qa
KeT 'K qeAx LenN,

where the real number ¢; only depends on the regularity of the mesh (i.e. the
parameter ). Since, still by regularity of the mesh, a vertex belongs to a bounded
number of cells, the quantity i,¢(a) — g can be developped as a sum of differences
qr, — qum involving a bounded number of terms and such that L and M are two
neighbouring control volumes. Invoking once again the regularity of the mesh
(and, in particular, the fact that, for two neighbouring control volumes K and
L, the ratio hx /hy is bounded), we obtain, for each edge o separating two cells
involved in one of the terms of this sum, the inequality |K|/h% < c2|o|/d,. This
yields the estimate (5.4) of this lemma.

We now turn to the bound (5.5). We have:

ling = alleey = 3 [ (x = 3 inata) va(a) do.

KeT a€EAK

and so, once again since Va € K, > c 4 Ya(x) = 1:

lina=alteey =% [ (X ax = ingla) vul@) da

KeT acAx
1 2

ey Y KDY (ax —an)?
KeT a€Ax LEN,
where c3 only depends on the regularity of the mesh. The result then follows by
the same arguments as previously (developping the difference qx — ¢z, as a a sum
of differences between the values of ¢ over two neighbouring cells and invoking the
regularity of the mesh). O

Proposition 5.9. Let (7)), cn be a sequence of discretizations satisfying the the
same assumptions that in Proposition 5.5, and (W, Pn, pn)nen be the corresponding
sequence of discrete solutions. Let (u,p, p) € H§(Q)? x L2(Q) x L27(Q) be the limit
(up to the extraction of a subsequence and in the sense of Proposition 5.5) of this
sequence of solutions when n — oco. Let (gn)nen be a sequence of functions such
that, Vn € N, ¢, € Lgn) and:
|qn|T S c hrzga
where ¢ is a positive real number and & is such that € < 1. We assume in addition

that the sequence (qn)nen is bounded in L2(Q)) and weakly converges in L2(Q) to
q € L2(Q). Then:

Yo € C°(Q2), lim (divh(un) — pn) Gnpdx = / (div(u) —p) qpdx.
Q

n—oo 9]

Proof. Throughout this proof, we denote by ¢;, i € N a positive real number possibly
depending on 6y, 2 and the data of the problem, but independent on n.

Let us consider the sequence (iqn)nen of functions of H'(Q), where iy, is the op-
erator given by Definition 5.7. Since ¢, is bounded in L2(Q2) and |g,|7 < Ch~¢,



A FE-FV SCHEME FOR THE ISOTHERMAL COMPRESSIBLE STOKES PROBLEM 17
thanks to properties (5.4)—(5.5) and the regularity of the sequence of discretizations
(Vn €N, 6, > 6), we have:

(5.6)  lingnllLzc) < ety lingnllmi@) < c2 by and |[ingn — gnlli2@) < cs by C.

Let (wy,)nen be the sequence of functions of H'(Q)? defined from (inqn)nen by
Lemma B.8. We thus have:

w,, € HQ(Q)d, curl(w,) = 0 and div(w,) = inq, a.e. in .
In addition, Inequalities (5.6) yield:
[wallg @y < ca and [wp|lgzo)ye < cs hy S,

and thus, up to the extraction of a subsequence, the sequence (wy,),en converges
to w € HY(Q)? strongly in L2(Q)? and weakly in H'(Q)?; in addition, it is easy to
see that the function w satisfies curl(w) = 0 and div(w) = ¢ a.e. in .

Let ¢ be a function of C°(2), and let us take r( )(cpwn) as test function in the
first relation of the discrete problem (4.1a) associated to 7 (™):

/thn:Vh(r,(L")(gown))dm /pn dlvh( ((,O'Lm7 dsc—/f wwn))dsc
Q
We thus get:

(5.7) / Viuy, : V(pw,)dr — / pr, div(pw,)de = / f - (pwy)de + Rq p,
Q Q Q
where:

RQm = —/ Viu, : V6, de + / Pn divh(én) dz +/ f . d:IC,
Q Q Q

with §,, = rfL )(cpwn) — pw,,. Thanks to the approximation properties of the oper-
ator rfL ") (Theorem 3.1), we get:

62l )2 < €6 b oW lluz(ye < c7 by,

and thus, since the sequences (Vu,)neny and (pn)nen are bounded in L2(Q)4*4
and L2(£) respectively:
(5.8) |Ra.n| < cs A8,

Returning now to Equation (5.7) and applying the identity (1.3) over each control
volume, we get:

/ curly (uy,) - curl(pw,,) de +/ divy (uy,) div(pw,) dz
Q Q
- / Pn dlv(@wn) de = / f . (@wn) dx + RQ,n + RBT,n;
Q Q

where the term Rpr, gathering the boundary terms appearing in (1.3) has the
following structure:

Ror.n = Z Z Coigk [Unli (V(own))jk dv,

0€Em: ¥ 9 1<i,j,k<d

and the family of real numbers ¢, ; j  is uniformly bounded. Applying lemma 3.3,
we thus get:

(5.9) |Ro7 n| < o i [nlliy lpwnluzioye < cro by



18 R. EYMARD, T. GALLOUET, R. HERBIN, AND J.C. LATCHE

The choice of w,, gives div(pw,) = irq, ¢ + w, - Vi and curl(pw,,) = L(p) w,,
where L(yp) is a matrix with entries involving some first order derivatives of .
Thus, we get:

/ curly (uy,) - L(p) w, de + / divy(uy) (gny + w, - Vo) dx
Q Q

- / Pn (Qn@ + wy, - VSD) de = / f . (Spwn) dx + RQ,n + Ra’T,n + Rih,na
Q Q

where R;, , reads:

Ripm = / (divi(wn) — pn) (inGn — gn) @ de.
Q

Thanks to the fact that both divy(u,) and p, are bounded in L?(f2), the third
inequality in (5.6) yields:

(5.10) |Riy | < c11 by S
Using the estimates (5.8), (5.9) and (5.10), together with the convergence properties

of the sequences (wn)nen, (Wn)nen and (pp)nen to pass to the limit when n — oo
in the preceding equation, we get:

lim [ (diva(un) = pn) gnpde = —/ curl(u) - L(p) wdx

n—0o0 Q
—/div(u) (w- Vo)de + pw-Vgadw—i—/f-(gpw)dw.
Q Q Q

But, from Proposition 5.5, we know that w and p satisfies Equation (1.2a). Taking
v = pw in this last relation and using curl(w) = 0 and div(w) = ¢ yields:

/ (div(u) — p) qpdx = —/ curl(u) - L(p) wdx
Q Q

—/Qdiv(u) (w-Vgodw—k/ﬂpw-VsD)dw-F/Qf'(Sﬁw)d%

which concludes the proof. 1

Proposition 5.10. Let (T("))neN be a sequence of discretizations satisfying the the
same assumptions that in Proposition 5.5, and (W, Pn, pn)nen be the corresponding
sequence of discrete solutions. Let (u,p,p) € Hy(Q)4 x L2(Q) x L27(Q) be the limit
(up to the extraction of a subsequence and in the sense of Proposition 5.5) of this
sequence of solutions when n — oo. Then we have:

(5.11) lim [ (divy(w,) — pn) pnde = /Q(div('u,) —p)pdx

n—oo 9]

Proof. By the stability result of Theorem 5.3, the sequence (p,,)nen satisfies:
Hence Proposition 5.9 with ¢, = p,, and ¢ = p applies and thus:

Vne CX(§2), lim (divh (uy,) — pn) pande = / (div(u) — p) pndx.

As in Step 3 of the proof of Theorem 2.2, since the sequence (divy(w,) — Pn)nen
is bounded in L2(£2) and (py, )nen is bounded in L27(€2), the sequence ((divy, (w,,) —
Dn) Pn)nen is equi-integrable, and thus, Lemma B.2 yields the conclusion. O
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This result concludes the analogue at the discrete level of Step 3 in the proof
of theorem 2.2. Let us now state the final convergence result, the proof of which
closely follows Step 4.

Theorem 5.11. Let a sequence of triangulations (T("))neN of Q be given. We
assume that h,, tends to zero when mn — oco. In addition, we assume that the se-
quence of discretizations is reqular, in the sense that there exists 8g > 0 such
that 0, > 6y, Vn € N. For n € N, we denote by W,f") and L;l") respectively
the discrete spaces for the velocity and the pressure associated to T™ and by
(Un, P, pn) € W,f") X L;l") X LEL") the corresponding solution to the discrete problem
(4.1), witha > 1 and 1 < £ < 2. Then, up to the extraction of a subsequence, when
n — oo:
(1) the sequence (uy)nen strongly converges in L2(Q)¢ to a limit u € HY(Q)9,
(2) the sequence (pn)nen converges weakly in L2(Q)) and strongly in LP(Q), 1 <
p<2topel?(),
(3) the sequence (py)nen converges weakly in L?Y () and strongly in LP(Q), 1 <
p <2y to peLP(Q),
(4) (u,p,p) are solution to Problem (1.2a)—(1.2¢).

Remark 5.12 (Forcing term involving the density). This convergence result also
holds in the case where f = pg, replacing for the scheme Equation (4.1a) by
Equation (4.4). The only additional difficulty lies in the solution estimates, and
the modification of their proof is explained in remark 2.5.

Proof. Since, by Proposition 5.5, we know that the weak limit (u,p, p) exists and
satisfies the weak momentum and mass balance equations (1.2a)—(1.2b), together
with p > 0 a.e. in Q and [, pdz = M, we only need here to prove the strong
convergence of (p,)nen and (pn)nen, together with the fact that the equation of
state is satisfied:
p=p7 ae. in Q.

To this purpose, we mimic in this proof Step 4 of theorem 2.2.

Thanks to the fact that p € L2Y(2), p > 0 a.e. in Q, u € (H3(2))? and that (p, u)
satisfies (1.2b) (which is the weak form of div(pu) = 0), we may apply Lemma 2.1
to obtain:

(5.12) / p div(u) de = 0.
Q

As in the proof of Theorem 2.2, we now consider the sequence (G, )nen With G,, =
(pY — p")(pn — p). For all n € N, the function G,, belongs to L!(Q2) and G,, > 0 a.e.
in Q. Futhermore, expanding the product in G,,, we get:

/ Gn dw - T17n + T27n + T3,n
Q

with:

Tl,n:/pnpndw_/ppdw

Q Q

Tgmz/ppdsc—/pnpdm
Q Q

T37n:/p7pdm—/p7pndm.
Q Q
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Using the weak convergence in L%(Q) of p, to p and of p, to p, we see that both
T5 , and T3, tends to zero. In addition, from (5.11) and using (5.12), we have:

lim (pn — divh(un)) prndx — / ppdx = 0.
Q

n—oo Q

Lemma 5.2 yields:
lim sup/ divy (uy,) pn de < 0.
n—oo O
Hence:
limsup/ P pndx < / ppde.
Q Q

n—oo

Thus, limsup,, ., [, Gndx < 0 and, since G, > 0 a.e., G, — 0 in L'(Q). By
strictly the same arguments as in the end of the proof of Theorem 2.2, we thus
obtain that p = p” a.e. in . Using Proposition 5.5, the proof of the theorem is
complete. O

6. DISCUSSION

This paper extends to the case where the equation of state reads p = p” the
convergence results proven in [7] for the linear law p = p. To our knowledge, these
convergence analyses seem to be the first results of this kind for the compress-
ible Stokes problem. Beside the convergence of the scheme, they also provide an
existence result for solutions of the continuous problem (which could also be de-
rived from the continuous existence theory ingredients for the steady Navier-Stokes
equations, as stated in [9, p. 162]).

A puzzling fact is that the present theory relies on two ingredients which are usu-
ally not present in actual implementations. Firstly, the stabilization term Tytap 2 is
used in two of our proofs: first to ensure the convergence of the discretization of
the mass convection flux div(pu) and, second, for the proof of the discrete ”effec-
tive viscous pressure” lemma (Proposition 5.9). To our knowledge, this term has
never been introduced elsewhere, and in particular never appears in the schemes
implemented in ”real-life” computer codes. Secondly, the control of the pressure in
some L4(2) space with ¢ > 1 (here in L2(Q)) relies on the stability of the discrete
gradient (i.e. the satisfaction of the so-called discrete inf-sup condition), which is
not verified by colocated discretizations; note that this argument is not needed for
the stability of the scheme (see the proof of a priori estimates here and [6, 5] for
stability studies of schemes for the Navier-Stokes equations). Assessing the effective
relevance of these requirements for the discretization should deserve more work in
the future.

An easy extension of this work consists in replacing the diffusive term —Aw in
(1.1) by its complete expression —p Au — p/3 V(divu) with g > 0 (i.e. the usual
form of the divergence of the shear stress tensor in a constant viscosity compressible
flow). Concerning higher order approximation issues, let us note that the fact that
the pressure is approximated by a piecewise constant function appears crucial in
both stability and convergence proofs: extending this study to higher degree finite
element discretizations thus certainly represents a difficult task. Finally, let us
mention that an extension of the present work to the MAC scheme is underway.
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APPENDIX A. PROOF OF LEMMA 2.1

Proof. We handle the proof of this lemma in two steps.

Step 1. We assume in this step that there exists some o > 0 such that p > «
a.e. in ).

Let us first consider the case of a regular function p, say p € C(Q). In this case, if
1 < 3 <7, we take o = p?~1 in (1.2b) which yields:

/ PP lu - Vpde =0,
Q
or, equivalently:
0= / w- Vo’ de
Q

and thus (2.1), using the boundary condition on w. Assume now that 8§ = 1. A
first way to prove (2.1) in this case is to pass to the limit, as n — oo, on (2.1) with
B=1+1/n (and n > ng, 1/ng < v —1). A second way (which is also valid if
v =1) is to take ¢ = In(p) in (1.2b). We obtain:

O:/u-Vpd:c:/pdiv(u)dw.
Q Q

This simple proof, which works for a regular function p, is adapted in Section 5 in
a discrete setting, the discretization playing a similar role to the regularization.

We now have to prove (2.1) without assuming regularity of p. Let B be an open
ball containing Q. Taking u = 0in R\ Q, p=a in B\ Q and p =0 in R?\ B,
we have p € L2Y(R?), p > 0 a.e. in R, p > a a.e. in B and u € H'(RY)4. We also
deduce from (1.2b):

(A1) / pu - Vodx = 0 for all p € CH(RY)
]Rd

Let (r,)nen+ be a sequence of mollifiers, that is:

(A.2) r € C*(RYR), /Rdrdaczl, 7 >0 in R?

and, for n € N*, & € R, r,(z) = ndr(nx).

For n € N*, we set p, = p*r, and (pu), = (pu) xr,. Thanks to (A.1), we have
div((pu),) = 0 in R? Since u € HY (R4, and p € L?'(R?), we will prove in
Lemma B.4 that div((pu), — ppu) — 0 weakly in L(7/0+1D(R?) as n — oo. Then,
if (¢n)nen+ is a converging sequence in L/0=1(R4), we have:

—/ div(ppu) ¢, dx = / div((pu), — pput) ¢ de — 0 as n — oo.
R R

Let 1 < B < ~. Taking ¢, = p?~! (which is actually a converging sequence in
LG/ =1(R9), which converges towards p?~1) yields:

(A.3) —/ div(ppu) pP = de = —/ div(ppu) pP~tda — 0 as n — oo.
Q R4

The function p5~1 belongs to C!(Q), at least for n large enough, since p > «a in
B D Q. Then, (A.3) reads:

/ pﬁ_lu-Vpndzc — 0 asn — oo,
Q
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or, equivalently:
/pgdiv(u)dw = —/ uw-Vpldx —0asn— oo
Q Q
As n — oo, we have p,, — p in L27(Q) and therefore p? — p? in L2(€2). Then:

/ PP div(u)de — / PP div(u) de,
Q Q
and we obtain (2.1).

As in the case of a regular p, it remains to prove (2.1) if 5 = 1. A simple way
to do so is to pass to the limit, as n — oo, on (2.1) with =1+ 1/n (and n > no,
1/ng <~y -—1).

Step 2, General Case. Let o > 0 and set p, = p+ «, so that p, > a a.e.. We
begin by using, for a fixed a > 0, the same proof as in Step 1, except that div(p,u)
is not equal to 0 since div(p,u) = adiv(u). Setting, for simplicity, p = po, we
proceed as in Step 1. Taking u =0in R4\ Q, p=ain B\ Q and p=0in R?\ B,
we have p € L?(R?), p > 0 a.e. in R%, p > a a.e. in B and u € H!(R%)¢. We also
deduce from (1.2b):

(A.4) / pu-Veodr = / au - Vdez for all ¢ € CHRY),

R4 R4
which gives div(pu) = h (in the sense of distributions) with h = adiv(w) (which is
a function belonging to L?(R%)).

For n € N*, we set p, = pxr, and (pu), = (pu) x r,. Thanks to (A.4), we
have div((pu),) = hx 7, in R? (note that h %, tends to h in L?(R%) as n — o0).
Since w € H'(RY)?, and p € L>'(R?), Lemma B.4 gives that div((pu), — pu) — 0
weakly in L2/ OFD(R?) as n — oo. Then, if (g, )nen is a converging sequence in
L27/0=D(R%) and in L2(R%) to some ¢, we have:

| vy grde = [ div((pu)n — pu) g da — / (k1) g dz
R Rd Rd

— — hqdx as n — oc.
Rd
Let 1 < 3 < . Taking ¢, = p2~', which actually converges in L>/(=1(R%) and
in L2(RY) towards p°~1, yields:

—/ div(ppu)p?~tde = —/ div(ppu)p? =t de
(A.5) Q2 ¢
— — hp’ldx as n — .
Rd

The function p2~1 belongs to C(Q2), at least for n large enough, since p > « in
B D Q. Then, (A.5) reads:

(ﬂ—l)/ﬁgflu-Vﬁndwﬁ hp?~tdx as n — oo,
Q Rd

or, equivalently:
-1 [ 45 . 51 .
— | phdiv(u)de — — hp’ " da as n — oo.
B Ja R
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As n — 00, we have p, — p in L27(Q) and therefore 52 — p% in L?(Q2). Then:

/[)Ediv(u) da:—>/,65 div(u) de
Q Q

and we obtain:

-1
ﬁ—/ PP diviu)de = — [ hpP 1 de.
B Ja Rd
Replacing p by p + « and h by adiv(u) gives, for all « > 0:
—1
57 (p+ 0)° div(u) de = — / adiviu) (p+ )’ de.
Q Q

As o — 0, the L?(2)—convergence of (p4 a)” and (p+ a)”~! towards p” and p?~!
leads to (2.1).

Once again, it remains to prove (2.1) if § = 1, which can be done passing to the
limit, as n — oo, on (2.1) with =14 1/n (and n > ng, 1/ng < v —1). O

APPENDIX B. LEMMATA

Definition B.1. A sequence (F},)nen C L1(Q) is equi-integrable if:

lim / |F,,| dx = 0, uniformly with respect to n € N,
Ai(A)—=0 /4

where Ag(A) denotes the d—dimensional Lebesgue measure of the Borelian subset
AcCQ.

Lemma B.2. Let (F,)nen C LY(Q) be an equi-integrable sequence, and F be a
function of L1 (Q). We assume that:

(B.1) lim F,pdx = / Fodx for all p € C2°(Q)
n—oo Q Q

Then:
lim F,dx = / Fdx
Q

n—oo Q

Proof. Let € be a positive real number. Using the equi-integrability of (F},),en and
F € LY(Q), there exists > 0 such that, for any Borelian subset A of Q:

(B.2) )\d(A)gn,nENi/|Fn|dw§eand/|F|dw§e.
A A

Let K be a compact subset of {2. Then, there exists ¢ € C2°(2) such that 0 < o <1
in, p=1in K and A\g(Q\ K) <7 and we obtain, for all n € N,

[(Fa=Prda= [ (- 1=t [ (B~ F)pda
which gives,sjzvith (B.2) and AQZ Q\ K, "
|/(Fn — F)dx| < 2e+ |/(Fn — F)pdx|.
Finally, (B.1) gives thz existence of ng € N suijh that:
n>ng= |/Q(Fn—F)da;| < 3e.

which concludes the proof. ([
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Remark B.3. Let F € L'(Q2) and (F,)nen C L1(Q) be an equi-integrable sequence.
The fact that:

/Fnapdac—>/ngdwforallngCgo(Q):>/Fndw—>/Fd$
Q Q Q Q

(or more generally that F,, — F weakly in L!'(Q)) can also be proven using the
Dunford-Pettis theorem (a nice proof of which uses Fatou’s Lemma and Baire’s The-
orem) which states that the equi-integrability of (F},),en gives the weak sequential
compactness of (F},)nen in L1(€2).

Lemma B.4. Let v > 1, p € L2(RY), and u € HY(RH.  Let (r,)nen+ be a
sequence of mollifiers as given by (A.2) and, for n € N*, p, = pxry, and (pu), =
(pu) * . Then, [(pu)n — ppu] — 0 weakly in WHCD/GHD(RAE (which gives, in
particular, that div((pu), — ppu) — 0 weakly in LG/ (RE) ),

Proof. First, we remark that p, — p in L27(R?) as n — oo. Let § = 2y/(y + 1).
Since u € L*(R%)?, we deduce p,u — pu in LI(RY)? as n — oo. Since pu €
LY(RHY (pu), — pu in L°(R?)? as n — oo. This gives [(pu), — pau] — 0 in
Lo(R%)4. Then, in order to prove the lemma, thanks to the reflexivity of W19 (R9),
we only have to prove that the sequence ((pu), —pnt)nen+ is bounded in W19 (R9)4.
Then, we only have to prove that, for any i,5 € {1,...,d} (denoting by uy,...,uq
the components of ), the sequence:

(al[(puj)n - pnuj])neN*
is bounded in LO(R%) (where 0; denotes the derivative with respect to x;).
Let 4,5 € {1,...,d} and n € N*. We have:
9i[(puj)n — pnus] = (puj) x Oirn — (px Oirn) wj — pp * Ojuj = Fyy + G,
with
F, = (pu;) x 0irp, — (p * 0i1p) u; and Gy, = py, * Oju;.

The sequence (G, )nen+ is bounded in Lo (R%) since:

1GnllLs®ay < llpnllie®ey [10iulla@e) < llplluey ey [lwllm gaya -

We have now to prove that the sequence (F,)nen+ is bounded in LO(R%). For a.e.
x € RY, we have:

Fi@) = [ sle—y) (e —y) = (@) or.()dy

= /Bp(:c — g) (uj(x — %) —uj(x)) n 9;r(z)dz,

where B is a ball of center 0 and radius R containing the support of r. Then,
setting ¢’ = (27)/(y — 1) (so that 1/6 + 1/§’=1) and using Holder Inequality, we
get:

@l < [ lole = 2) (uy(e — 2) (@) 0r(z)] a2

[ /B |0 ()] dz] " .
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C = [/B |8ir(z)|dz] W,

we integrate over R? the preceding inequality and we use Fubini-Tonelli Theorem:
[ Rl de <
Rd
s ol ol s
Cn Ip(e — =) (wj(® — —) —u;(@))|° de| |0ir(z)|dz.
B R4 n n

Using again Holder Inequality, we have for z € B:

We set:

(B.3)

2 . 1/(v+1)
1o — Z)(us(@ — 2) — ug(@))| de < [/ ple— 2)P da
Rd n R4 n

[t 2) - w @ ae

Since / |p(x — E)|27 dx = ||p||izW and, for all z € B (see Lemma B.5):
R4 n

Z 2 R, 2
. luj(@ = =) — ()" dz < ()7 [ ullim @aya

we obtain:

z z 5 R s 5 5
-z (e — ) —ws < (= 2 ) .
g lp( — =) (uj(@ — —) —u;(@))|" de < ()" llplLe [l ey

Then, (B.3) yields:

R 14
/Rd |Fa(@)|* dz < Cn®(=)° [lplty Ilullfys gaye C5 -

n
This proves that the sequence (F,)nen is bounded in LO(R?) and concludes the
proof of the lemma since § = (27)/(y + 1). O

Lemma B.5. Let w € HY(R?) and h € R?. Then:
(B.4) lw(- + k) — wllz@ay < |h|[[w]| (ga)
where |h| is the euclidean norm of h.

Proof. Let h € R? and ¢ € C°(R?). For all x € R?, we have:

1
ol +h)—9x) = / Vo(x+th) - hdt.

0

Then:
1
ol + ) = @) < B [ [Vt + th) at
0
Integrating the preceding inequality over R? and using Fubini-Tonelli Theorem
gives:
leC +h) = @lEagay < IR ol @) ,

which leads to (B.4) with w = . Finally, the density of C3*(R%) in H*(R?) gives
(B.4) all w € HI(RY). O
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Lemma B.6. Let Q be a bounded open set of R, ¢ > 1 and a, b, r > 0. Then
there exists C, only depending on §, q, a, b, r, such that:

peLIQ), /|p—m<p>|qdw3a, /|p|rdw§b:»/|p|4dwsc,
Q Q Q

where m(p) denotes the mean value of p.

Proof. The proof is trivial if r > 1 since, in this case, Holder inequality gives
Xa(Q)|m(p)| < bY"Xg(Q2)1 1/ (where A\g(Q) is the d—dimensional Lebesgue mea-
sure of Q) and we conclude with [p|? < 2%|p — m(p)|? + 29m(p)? a.e. in Q.

We assume now that r < 1. Then |m(p)|” < 2"|p — m(p)|” + 2" |p|" < 27|p —
m(p)|? 42"+ 2"|p|” a.e. in Q. This yields A\g(Q)|m(p)|” < 27a + 2" A4(2) +2"b and
we conclude, once again, using |p|? < 29p — m(p)|? + 29m(p)? a.e. in Q. O

The following lemma is due to Necas, and a simple proof of this result is given
in [1].

Lemma B.7. Letq € L?(Q) such that |, qdx = 0. Then, there exists v € (H}())?
such that div(v) = q a.e. in Q and ||v|u1qpe < c2|qllLz(q) where ca only depends
on .

Lemma B.8. Let Q be a bounded open set of RY and p € L2(). Then, there
exists v € HY(Q)? such that div(v) = p a.e. in Q, curl(v) = 0 a.e. in Q and
V[l 0y < CllpllLz) where C only depends on €.

Furthermore, if p € H*(Q), then v € H*1(Q)? and ||[v|gr+1qpe < C |lpllx(a)
where C' only depends on Q0 and k.

Proof. Let B be a ball containing 2, p € H*(Q2) and w be the solution of the
Dirichlet problem associated to p (taking p = 0 on B\ Q). A classical regularity
result gives that w € H>**(B) and gives an estimate on the H>*** —norm of w in
term of the H*—norm of p, only depending on the radius of B (and then of Q).
Taking v = —Vw concludes the proof of the lemma. O

Lemma B.9. Let Q be a bounded open set of R, p,q € [1,00], ¢ < p and (gn)nen
a bounded sequence of LP (). Assume that g, — g a.e. in Q. Then, g € LP(Q2) and
gn — g n LI(Q), as n — 0.

Proof. The fact that g € LP(£2) is an easy consequence of Fatou’s Lemma applied
to the sequence (|gn|P)nen. The fact that g, — ¢ in L(f2), as n — oo is an easy
consequence of the Egorov Theorem (and uses the a.e. convergence of g, to g)
and of the equi-integrability of the sequence (|g,|?)nen (which follows from the
boundedness in LP () of (gn)nen). O
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