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[soperimetry for spherically symmetric log-concave
probability measures

Nolwen Huet!

February 27, 2009

Abstract

We prove an isoperimetric inequality for probability measures p on R™ with
density proportional to exp(—¢@(A|x|)), where |z| is the euclidean norm on R™ and
¢ is a non-decreasing convex function. It applies in particular when ¢(z) = 2 with
« > 1. Under mild assumptions on ¢, the inequality is dimension-free if A is chosen
such that the covariance of u is the identity.

1 Introduction

In his paper [[0], Bobkov studies the spectral gap for spherically symmetric probability
measures (4 on R"” with density
dp(x)

2 = p(jal),

where p is log-concave. His main result can be stated as follows.

Theorem 1 (Bobkov [[0]). The best constant P, in the Poincaré inequality

Var,(f) < PH/\Vde,u, Vf smooth

satisfies
2 2
BLXP) _ p _ pBulXP),
n n
In particular, if @ is isotropic, we get
1< P, <12,

which means a spectral gap not depending on n.
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Here “u is isotropic” means that the covariance of p is the identity. However, we
already know from the spherically invariance of p that the covariance is proportional to
the identity. So in our case, the isotropy of u reduces merely to E,(|X|?) = n.

If we assume furthermore that g itself is log-concave (see [[L1] for precisions about
log-concave measures), that is to say that p is non-decreasing, then one can show an
isoperimetric inequality for 4, thanks to a result of Ledoux [[§] (generalized in [[1] by E.
Milman) bounding the Cheeger constant from below by the spectral gap.

Theorem 2. There exists a universal constant ¢ > 0 such that, for any n € N, all
log-concave measures p on R™ spherically symmetric and isotropic satisfy the following
1soperimetric inequality:

Is,(a) > can(l—a). (1)

Here Is,, denote the isoperimetric function of ;x and a A b = min(a, b). We need some
notation to define Is,, properly. Let A be a Borel set in R". We define its e-neighborhood
by

A, ={r € X;d(z,A) <¢e}.

The boundary measure of A is

A)—p(A
JH(9A) = Tim inf 1A = #(A)
e—07t €
Now the isoperimetric function of p is the largest function Is, on [0, 1] such that for all

Borel sets A,
HF(0A) > T, (1(4).

The result of Bobkov answer the KLS-conjecture ([[J]) in the particular case of spherically
symmetric measures. This conjecture asserts that ([) is true for all log-concave and
isotropic measures p, with a universal constant c.

Our aim in this note is to sharpen Theorem P when p is “better” than log-concave.
For instance, the Gaussian measure -, corresponding to p(t) = (27)~2 exp —%, is known
to satisfy the log-Sobolev inequality and the following isoperimetric inequality:

Is,,(a) > ¢ (an (1 - “”\/log Py

with constants not depending on n either. We can ask what happens for regimes between
exponential and Gaussian or even beyond the Gaussian case. This idea has already be
developed in [14, B, B, d, B] for product measures.

Let ¢ : RT — R™ be a convex non-decreasing function of class C? such that ¢(0) = 0.
Then we consider the probability measure on R”

o) g

pin.o(dx) =
o
and its associated radial measure on [0, +00)

rn—le=o() qr
Ung(dr) = |S" | ————
Zn,g



In the particular case ¢(x) = ¢o(x) = 2 with a > 1, we note fi, o0 = fng, and v, , =
Vn.éo- We denote by o,_; the uniform probability measure on the unit sphere S"! of R".
If X is a random variable of law i, 4, then |X| has the distribution v, ,. Conversely, if
r and 6 are independent random variables whose distributions are respectively v, 4 and
On—1, then X = 70 has the distribution s, 4. In view of this representation, we will derive
inequalities for p, 4 from inequalities for v, , and o,,_;.

In the subgaussian case, following the results for ,u(fg from [{], we expect the isoperi-
metric function of p, . to be equal to a constant depending on n, times a symmetric
function defined for a € [0, 3] by

1\ "=
Lofa) =a (g} )

alog %
g T)
Otherwise, since we are aiming at results which do not depend on n and because of

the Central-Limit Theorem ([[[3]), we cannot expect better isoperimetric profile than the
one of the Gaussian measure, proportional to

1
Ly(a) = ay/log o

The point is to know the exact dependence in n of the constant in front of the term
in a, and in particular to know whether we recover universal constants in the isotropic
case. The main theorems of this paper are stated next.

and more generally for 1, 4,

Ly(a) =

Theorem 3. There exists a universal constant C' > 0 such that, for every a > 1, for
every n € N*, and every a € [0, 1], it holds

[NIES

% (A (1 a)) <log ﬁ)l_ﬁ .

I >C
It can be seen as a corollary of the following more general theorem.

Theorem 4. Let ¢ : Rt — R* be a convex non-decreasing function of class C* such that
¢(0) = 0. If moreover we assume that

i) V¢ is concave, then for every n € N*, and every a € [0, 1], it holds
(an(1—a))log—a—

Voo an(1l—a)
B A Y (I

an(l—a)

i) x — \/¢(x)/x is increasing, then for every n € N*, and every a € [0,1], it holds

Is,, ,(a) > C v (a/\(l—a))\/logm,



where C' > 0 is a universal constant.

Further hypotheses ensure the optimality of these bounds among products of functions
of n and functions of a, and lead to dimension-free inequalities when normalizing measures
to obtain isotropic ones. See Theorem [[9 for more precise statement.

Note that a straightforward application of Bobkov’s inequality for log-concave mea-
sures (Theorem []) leads to the good profile but with the wrong dimension dependent
constant in front of the isoperimetric inequality. For instance, Lemma 4 of [P and the
computation of exponential moments imply the Theorem B with n~« instead of n2~a.

We introduce in Section P the different hypotheses made on ¢. Then we establish
in Section [ the isoperimetric inequality for the radial measure. The proof relies on an
inequality for log-concave measures due to Bobkov and some estimates of probabilities of
balls. Section [ is devoted to the argument of tensorization which yields the isoperimetric
inequality from the ones for the radial measure and the uniform probability measure on
the sphere. A cut-off argument is needed to get rid of the case of large radius. This
tensorization relies on a functional version of the inequality whose proof is postponed to
Section fJ. We combine the previous results in Section f] to prove Theorem [ Eventually,
we discuss the isotropic case and the optimality of the inequalities in Section [f.

2 Hypotheses on ¢

We make different assumptions on ¢, corresponding to the different cases in Theorems H,

B, and [9.

Hypotheses (HO) ¢ : RT — RT is a non-decreasing convex function of class C* such
that ¢(0) = 0.

Hypotheses (H1) ¢ satisfies (H0) and = — /¢(x)/z is non-increasing,.
Hypotheses (H1’) ¢ satisfies (H0) and /¢ is concave.
Hypotheses (H2) ¢ satisfies (HO) and x — /¢(x)/2 is non-decreasing.

Hypotheses (H2’) ¢ satisfies (H2) and there exists a > 2 such that = +— ¢(z)/x® is
non-increasing.

The next lemma sums up some properties of ¢ under our assumptions.
Lemma 5. e Under (H0), it holds:

1. Forallt>1 and x >0,
o(tz) > td(z).

1. Forallt>1 andy > 0,
o~ (ty) <t (y).

1. For all x > 0,



o Under (H1), it holds:
1. Forallt>1 and x >0,
to(x) < d(tz) < t*¢(x).
1. Forallt>1 andy > 0,
Ve (y) < ¢ (ty) < to T (y).

1t. For all x > 0,
w. Forallt>1 and x > 0,

o Under (H2), it holds:

1. Forallt>1 and x >0,
$tw) = t*(x).

1. Forallt>1 andy >0,
oM ty) < Vio T (y).

1. For all x > 0,

x¢'(x) = 2¢(x).

3 Isoperimetry for the radial measure v, 4

In order to deal with p, 4, a first step is to establish a similar isoperimetric inequality for
its radial marginal.

Theorem 6. There exists a universal constant C' > 0 such that for every n € N*, every
a €0, %], and every function ¢,

i) if ¢ satisfies (H1) then

Vi
Isu, o(@) 2 C 50 67'(1)

i) if ¢ satisfies (H2) then

1
Is,, ,(a) > Cgb—\{(ﬁn) ay/log .

As v, 4 is a log-concave measure, we can apply the isoperimetric inequality shown by
Bobkov in [{].



Theorem 7 (Bobkov [|]). If p is a log-concave measure on R", then for all Borel sets
A, for all r > 0, and for all xy € R",

2rpt(0A) > p(A)log + u(A%) log +log pf|z — 20| < 7}, (2)

1 1
1(A) (AL

where A denotes the complement of A.

One chooses r as small as possible but with p{|z—x| < r} large enough, such that the
sum of the two last terms is non-negative. This requires explicit estimates of probabilities
of balls. In our case, we will use two different estimates valid for two ranges of r, leading
to inequalities for two ranges of a.

The first lemma is due to Klartag [[J]. The balls are centered at the maximum of
density in order to capture a large fraction of the mass.

Lemma 8 (Klartag [[3]). Let v(dr) = r"“1p(r)dr be a probability measure on R* with
p a log-concave function of class C?. Let ro be the point where the density reaches its

mazimum. Then, ,
Vo €10,1], v{|jr—ro| > 0re} < Crem ™

where C1 > 1 and 0 < ¢; < 1 are universal constants.
Bobkov’s inequality combined with the latter lemma leads to the following proposition.

Proposition 9. There exist two universal constants ¢ > 0 and C' > 0 such that for all

. . . —cn 1
functions ¢ satisfying (HO) and all n large enough to ensure e™" < 3, it holds

1 Jnoo [ 1
o= I >(C——— log —.
Va € [e ,2} ,Isy, () > Cgb—l(n) ay/log —

Proof. Let C; and ¢; be the constants given by Lemma [ Let K > 0 and set

Klog i
§=|—2a,
cn

Choose a € [exp (—%) ,%] and K > lffggl. It follows that § < 1 and 1 — Cja® > 0.

Then Lemma J implies

1 1
(1 —a)log - +log vy o {|r — ro| < 019} > (1 —a)log 1

- - +1log(1 — Ca®™). (3)

The right-hand term of () cancels at 0 and is concave in a on [0, 3] if K > 1. Take K
large enough such that it is also non-negative at % Thus, by concavity, it is non-negative

on [0, 1]. So Bobkov’s formula (f) yields

1 cn 1
Is,, ,(a) > 21 /K—TS ay/log o

It remains to estimate the point r, where the density of v, 4, reaches its maximum. The
differentiation of the density leads to

r0¢'(r0) =N — 1

6



By Lemma [, ¢(ro) < n — 1. Thus

To S (b_l(n).

Let us remark that under (H1), for all a < 3,

/ 1 . logé
lOga Z \/lOgQ ¢ (1)@

So the latter proposition implies a stronger inequality that the one required under (H1),
but only for large enough sets.
To cope with smaller sets, we need another estimate for balls with greater radius.

Lemma 10. Let ¢ be a function satisfying (HO) and n € N*. Then for all r > ¢~1(2n),

Vno{(r, +00)} < Fog(r) = (¢—€12n))n€_¢(r) <1

Note that this tail bound gives estimates of probability of balls centered at 0 for v, 4,
but also for f, 4 since

Vno{ (7, +00)} = pngla| = 7}

This lemma can thereby be used to derive isoperimetric inequalities from Bobkov’s for-
mula for both measures.

Proof. The main tool is integration by part.

oo 1_—¢(t) e gt 3(t)
t" e W dt :/ &' (t)e W dt
/ TR

n—1 +oo
_ r e_d)(r) +/ [n— 1 . ¢/l(t) ] t”_le_d)(t) dt

¢'(r) () (¢(1))?
n—1 +00
—6(r) n—1 s
g+ e

Ift>r>¢'(2n) > ¢ 1(2(n — 1)), then t¢/(t) > 2(n —1). So the last integral in the
above inequality is less than 1 [7°°¢"~1e=¢®) d¢. Moreover r¢/(r) > 2n. Hence

—+o0 Tn—l Tn
/ m1=0(0) g < 91 —o(r) < T —olr)
, - ¢(r) T n

It remains to deal with the normalization constant which makes v, 4 a probability
measure:
+00 ¢~ '(n)
/ nt" e~ M gt 2/ nt" te=?® gt
0 0

¢~ (n) -1 n
ze—"/ nt™ ' dt = <¢ W) .
0 e




Putting all together, we get the desired bound on the tail of v, 4:

f—I-OO tn_1€_¢(t) dt er " —o(r)
L < e~ "),
J e dt — \ ¢~ (n)

Vno{ (7, +00)} =

Then one can show that the bound is non-increasing for 7 > ¢~*(n) and is equal to 1 for
r=¢ (n). O

Then, we show an isoperimetric inequality simultaneously for i, and v, 4 in the
range of small sets.

Proposition 11. For every ¢ > 0, there exists C > 0 such that for all functions ¢
satisfying the hypotheses of (HO),

cen 1 alog 3
Ya € [O, e N §:| s IS“(CL) > C m,
where p stands for fi, ¢ OT Uy 4.

Note that this is worth showing the result for every ¢ > 0. Indeed, to prove Theorem
0, we combine this result with Proposition [ where this constant is already fixed but

1)

unknown.

Proof. As before, we start from (B) and set r(a) = ¢ (Klog 1), where K is a constant
large enough to ensure

eKcexp (—(K —1)c) <

By Lemma f, r < K¢™! (log%), as K > 1. So the result is deduced from Bobkov’s
inequality (B]) provided that

(1—a)log +1og pinof{lz] <7} > 0. (7)

1—a

Now, by concavity,

1 1
VxG[O,i}, (l—x)logl_leong, and log(l—z) > —2log?2 z.

So, for all @ € [0, 1],

(1 —a)log

1
—— log izl < 7} = log2(a - 2F0(1) 2 0,
—a

as soon as
r> ¢_1(2n) and [, 4(r) <

N



Assume that a < exp(—cn) A 3. Then r > ¢~ *(Ken) > ¢~(2n) by ([l). Let us define
the function G by
Frg(r(a))
- :

G(a) =

Then ([) holds as soon as G(a) < 3. To handle this, it is easier to look on G as a function
of r. We know that a = exp (—d)l(; ) So

Gla) = (ﬁzn))ne}(p <—¢(r)<1 _ %)) |

This function is non-increasing in r when

n
1—

re'(r) >

1
K

This is the case if r > ¢~ (A2 ). Moreover ¢~'(Kcn) > ¢~' (£%) by (@). Thus, when
a < exp(—cn),

G(a) < G(exp(—cn)) < [eKceXp (— (K- 1)c)}n <

Under (H1), this result is again stronger than the one required since then

v
IO

We could also derive the required inequality under (H2), but with y/n/¢~*(cn) instead
of \/n/¢~1(n). So we prefer to prove it directly, following the above proof.

Proposition 12. For every ¢ > 0, there exists C > 0 such that for all functions ¢

satisfying (H2),
_ 1 VLD [ 1
cn oA T I >0V log =
Ya € {O,e A 2} . Isu(a) > C(b—l(n) ay/log —,

where [ stands for pi, 4 0T Uy 4.

Proof. We set

where K is a constant large enough to verify

Kc > 2,

evVKcexp(—(K —1)c) <

N —



Assume that a < exp(—cn) A 1, then

r>VEe ¢ \fas ~'(2n).

So we can use the estimate from Lemma [[J. Consider as before

Fog(r(a)) .

a

G(a) =

Then, as explained in the proof of Proposition [L1], Bobkov’s formula (f) yields the required
isoperimetric inequality as soon as

G(a) <

l\DI»—t

From (f), we deduce
So if we express G as a function of r,

er

Gla) = (m)nexp <—¢(7’) + #@W) .

The derivative 9,G 7 is of the same sign as

Under hypothesis (H2), r¢/(r) > 26(r) > 2n (r/¢~(n))” as soon as r > ¢~(n). Thus,
when r > VKec ¢~ (n),

1+ K(¢2—i2(n))2 - rcb;l(r) < 1+(¢_2177;))2 (%—1) <1+ 2Kc (% —1) <0,

since = —1 < 0. So G is non-increasing in r when r > v Kc¢ ¢7(n), and for all

a < exp(—cn), it holds

G(a) < (e\/Fc)nexp (cn - QS(\/FC ¢_1(n)>) < [e Kcexp (—(K — 1)c)]n < %
We have again used Hypothesis (H2) which ensures ¢>(\/E (b_l(n)) > Ken. O

Combining Proposition f for big sets, and Proposition [[1 or Proposition [[ for small
sets yields Theorem fj.

10



4 Tensorization and cut-off argument

We derive the isoperimetric inequality for s, . by tensorization from the ones for the
radial measure and the uniform probability measure on the sphere, following the idea of
the proof by Bobkov of Theorem [l For that purpose, we need a functional version of our
isoperimetric inequality. In [§] and [[], the authors give conditions so that isoperimetric
inequalities translate into functional inequalities. Actually this works in our setting as
explained in Section fj.

Let kK > 0. Let J : [0,1] — R* be a continuous convex function symmetric with
respect to 1/2, with J(0)=J(1)=0, and such that the following property holds : for any
measure ;¢ on R? and constant C' > 0, if

S

Is, > CJ,

then for all smooth functions f : RY — [0, 1],

Ny (/fdu) < [atnan+ 5 [ 1951

Remark. Ideally, one would expect x = 1. For instance the latter inequality implies the
former one and is tight for constant functions only in the case kK = 1. However this does
not matter here as we tensorize only once.

For such profiles J, we can show the following proposition.

Proposition 13. Let p be a measure on R™ with radial measure v. Assume that there

exists positive constants C, and C,, , such that

Is, >C,J and Is,,_,>C, ,J.

There exist ki,ky > 0 depending only on k such that, for every n € N*, for every
ro > 11 >0 and a such that

—_

(9)

ro —1T1 >

C,J(3)

K1 I/{[T’l,‘l'oo)} <a<

N[

1
— 1
L (10)
it holds c

Is,(a) > ko min <C,,, ﬂ) J(a).

T

Proof. Let f : R" — [0,1] be a smooth function. We recall some facts on radial and
spherical differentiation. If we define g on R™ x S"~! by g¢(r,0) = f(rf), then the partial
derivatives of g can be computed as follows:

9,9 =(Vf,0),
Vog = r1l(Vf),

11



where II,. is the orthogonal projection on 6. Hence,
1
Vif =090+ Vg,
1
V£ = 10,91 + 5 Vagl?.

First, we apply the functional inequality for o,,_; to the function F' defined on S"~!
by

F(6) = /f(rﬁ) dv(r).
As [Fdo,_; = [ fdp, this yields

1
kJ (/fd,u) < /J(F)dan_1+0 /|V§n1F|d0n_1.

Ven-1F(0) = /TH@J_(Vf)(TH) dv(r).

On the other hand, we can use the inequality for v to bound J(F'). Indeed, for all
6 e St

On one hand,

kI (F(6)) < / J(f(re))dy(rHCiV / 10, £ (1) du(r).

Putting all together,

W (/fdu) < [tpan

K

+ o [1dldn+ 55— [1al (VD] auto). ()

We would like to get |z| out of the last integral. As it is not bounded, we use a
cut-off argument similar to the one in Sodin’s article [[[9], while simpler in our case.
Heuristically, we use the fact that on “a set of large measure”, |z| is almost constant,
close to its expectation for instance. Let us introduce a cut-off function h(rf) = hy(r)
with

1 on [0,77)
hl = i on [7"1, 7"2]
To —T1
0 on (rg, +00)

with 0 < r; < 75 to be chosen later (typically of the same order as E,|X]|). It holds
V(fh) =hVf+ fVh,
thus
10:(f1)] <10, f| + |1 f 10| Or A,
e (V(fh))| < h |y (V)|

12



As h =0 if |z| > ro,

[ 1ol 00 (V1) du(o) < r2 [ (V1) duta).

Besides, we can bound the derivative of h so that

/|&»h| dp < M

o —T1

Finally, Inequality ([1]) applied to fh yields

K2 (/fhd,u) —/J(fh) au — W=t rd)

CV(T2—7’1)

< max (c%’ C“) ( / 16, f] + [Ty (V)] du)

< ﬂmax(ci,cm )/\Vf\du. (12)

Hence we have almost the functional inequality for f and p with an additional term that
we expect to be negligible. It is easier to look at functions approximating characteristic
functions to go back from fh to f in the left hand term.

Let A C R" be a closed set of measure a < % Let K > 0 and t € (0,1) constants to
be chosen later. Assume the following constraints on 7, 79, and a:

Cy(’f’g —7"1) Z K,

v{[r1,+o0)} < ta.
Then it holds

p{Lah =1} > p(A\{h < 1}) > (1 - e,

u{]lAh>0}§a§§.

—_

As J is non-decreasing on (0, %), concave, and J(0) = 0,

J (/]lAhdu> > J((1=t)a) > (1 —t)J(a).

Besides J cancels at 0 and 1, and reaches its maximum at %, SO

[ Ik du < 303) w0 < tah < 1)

As for the third term of ([3), it is bounded by

v([r1,m2)) ta
CV(T’Q — 7“1) S ?

13



For € > 0, we approximate 1, by a smooth function f. : R* — [0,1] with f. =1 on A
and f. = 0 outside A.. Then we apply ([[2) to f. and let € to 0, taking advantage of the
continuity of J:

V2 max (Ci,,’ C,z:2l)u+(8A) > k%1 —t)J(a) — (J(%) + %) ta.

Now by concavity, .J(a) > 2J(1)a on [0,1]. Hence

1
2

J(5) +

V2 max (i, 2 )u*(@A) > </~€2(1 —t) —

Cv G,y
= <m2 —t<m2+%+ 2K3(%)>)J(a).

Taking for instance K = (J (%))_1 and t = £?/(2(k* + 1)) yields a non-trivial result.

Note that looking at closed sets was not a real restriction. Indeed, if lim inf. g+ p(A.)—
(A) > 0 then pt(0A) = +oc0. O

5 Getting functional inequalities

To apply Proposition [[J to our case, we need to know how to pass from an isoperimetric
inequality to a functional inequality. Actually we can approximate L, by an other profile
satisfying the hypotheses made in Section [, assuming furthermore that /¢ is concave.

This new profile appears to be the isoperimetric function Is,, , of p; 4, denoted by I
henceforth.

Lemma 14. There exist universal constants dy > 0 and dy > 0 such that for all ¢
satisfying (H1’),
d1[¢ S L¢ S d21¢.

The second inequality is a consequence of Proposition 2.3 from [L§] by Milman and
Sodin, up to the uniform estimation of the normalizing constant of j14. However we give
a self-contained proof of Lemma [14 at the end of this section for completeness. In the
next lemma, I, is shown to satisfy the required properties.

Lemma 15. Let ¢ satisfying (H1’).

i) The function I, is continuous and concave on [0,1], symmetric with respect to 1/2,

ii) Let pu be a measure on R and C > 0. If
ISu > CI¢,

then for all smooth functions f : RY — [0,1],

kI (/fdu) < [rndu+ g [1951dn

where k > 0 is a universal constant.

14



Proof. Let us first remark that p; 4 is an even log-concave probability measure on the

real line. Hence half-lines solve the isoperimetric problem and we can express explicitly
I, (see e.g. [[M). Let fy:a+— 6721‘) be the density of 14, Fy(z) = pu6{(—00,2)} its

cumulative distribution function, and G4(z) = p1,¢{(z, +00)}. Then
[¢:f¢oFd)_l :f¢OG;1

and the properties stated in [|) are clearly satisfied. Besides the transfer principle empha-
sized by Barthe in [Jf] holds : if Is, > cI, then p satisfies essentially the same functional
inequalities as 111 4. As a consequence, it remains to establish that for all smooth functions

f:R—10,1],
rkly (/fdM1,¢) < /qu(f) du1,¢>+/|f'ldu1,¢-

Now, applying the 2-dimensional isoperimetric inequality to the set

{(z,y) e R*y < F;'(f(2))},

one can show (see e.g. [f]) that

Is,, o ( / fdum) < [ dua+ [171dus

So, fi) is shown if there exists a universal x > 0 such that

ISM1,¢®2 > li]¢.

Actually, a stronger dimension-free inequality holds and is stated in the next lemma.

Lemma 16. There exists k > 0 such that for all ¢ satisfying (H1’) and all n,
Isu17¢®n Z KJI¢

Barthe, Roberto, and Cattiaux prove it in [[J] without verifying the universality of
k. However one can check that their constant can be uniformly controlled for every ¢
satisfying (H1’), by using the same estimates for G4 and Zy as in the proof of Proposition
Lemma [[4. Indeed, a Beckner inequality is shown to hold with a constant uniform in ¢,
thanks to their explicit bound. It tensorizes and implies a super-Poincaré with a constant
uniform in n and ¢, which translates into the isoperimetric inequality of Lemma [[@.

One can also check the simple criterion given by E. Milman in [LG] for a tensorization

result. As the function defined by
Lo(t) _ /o83
Ly(t) ¢~ (log 1)

is non-decreasing under (H1) — all the more under (H1’) — then by Lemma [4 there
exists a universal constant D > 0 such that

1 Iu(t) I4(s)
W<t<s <o, L“;(t) < LQ;(S).

This also implies Lemma [[6 So, up to the proof of Lemma [[4, we are done. O
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Proof of Lemma [[]. We can restrict ourselves to the case ¢(1) = 1. Indeed if we set
ox(x) = ¢(Ax), one can show Ly, = AL, and Iy, = Al,. This hypothesis ensures that
1 < ¢/(1) <2 and also that

t? <o) <ton0,1] and t<a(t)<t*onl,+o0).

Let » > 0. By integration by part,

+00 _(;5(7« —+o00 !/
[ o=5m-l o

By the properties of ¢ and especially as (v/¢)"” <0

400 1" +oo —¢ —¢(r) +o0 N2 " —¢>( )
- € _ (¢)" + 99" _
OS[ @) S/r 20 20 / S S e
Hence =) 1 1 g +00 i o—o(r)
&/(r) ( ‘2<z><r>) —[ =)

o)t o
<)l S 1)

Now let us estimate the normalizing constant for ji; 4, denoted by Zs.

“+00 “+00
Z¢_2/ —¢—2</ ¢+/ )<21+e h.
1 1
/ e_d’Z/ e ldr=1—et,
0 0

Zy>2(1—e ) > 1.

IA

In particular, if » > 1,

Moreover

SO

By symmetry, we consider the case a € [0 l}. We set a = Gy(r) = f+oo e’ Tt

'3 v Zy
follows that » > 0. Then, to prove the lemma, we need only to compare

6_¢(T)
Zgy

1
log Gy(r)
-1 1 '
¢ (log G¢(T))

with L, (Gd,(r)) = Gy(r)

Recall that ¢(t) < t¢'(t) < 2¢(t) under (H1) so that
1

and




Assume first that r > 1 so that ([[J) holds. On one hand,

Lo(66)) 2“5 5 00 (108 1
o= 6(r)

"o b~ / (r)
> iz ° ¢ (o8 (2 0)e)

6_¢(T)
17,

v

since Z,¢'(r) > 1 and ¢ 0 ¢! is non-decreasing.

On the other hand,

Lo(6ol) < Gutr) 007 (10w 5
—

Zgd' (1)

<

¢ opt < log (2Z¢¢’(r)e¢(r))>.

One can show that

2745 (r)e? ™) < 2Z4rd (r)e? ™) < 4Z,¢(r)e? ") < $(4Z4r)e?)
< eP(4Zyr) &(r) < e2¢(4247) < e?BZsr)

Thus
Gy(r) log =~ —(r) —o(r)
o) 108 7,7 < W87y <3214 e )
o1 <1Og G¢1(T)> Zsd/ (1) Zy

1
Now assume that » < 1. Let us remark that Ly : a — _alog .
#(os 1)

a

is non-decreasing on

[0,3]. Indeed, Ly is of the same sign as

(x— 1) Y (2)d' 0 ¢~ (2) + , with z = log %.

Ifx>1,
(z—=1)¢p7 (2)¢' 0 p7 (2) + 2 > (& — D)z + 2 >0,

Else x € [log 2, 1] and
(x—1)¢p Y 2)p op (z)+2>(x—1)22+2 =222 —1)>0.

So




Similarly for the lower bound,

Ly (G¢(r)> <L, (G¢(0)> < Gy(0) ¢ 0™ <log G;(O))

2(14e71) e7¢0)
el Z¢ )

< s 0¢  log2) <1<

N —

6 Isoperimetry for p,

Now we can apply Proposition [[J to p, s with J = I when ¢ satisfies (H1’) or J = Is,
the Gaussian isoperimetric function when ¢ satisfies (H2). Indeed by Theorem [ and
Lemma [[4],

Is,,,>C,, J

with C,, , = Cqb‘l(l)(ﬁ){?n) under (H1) and C,, , = CF% under (H2), where C' > 0 is a
universal constant. As for the sphere, it is known that o,,_; satisfies Gaussian isoperimetry

with a constant of order y/n, e.g. by a curvature-dimension criterion (cf ). That means
that for every a < 1 and every ¢ satisfying (H1),

I8y, ,(a) > Cv/n Is,(a)

1
zCK\/ﬁawloga

> CK+/log2v/n ¢7'(1)

log £
¢~ (log ;)
where K > 0 is a universal constant.

Proposition 17. For every ¢ > 0, there exists C' > 0 such that if e~ < %, then for
every function ¢,

i) if ¢ satisfies (H1’) then

1
Va € {e_m, 5} , Isy, () > C——

i) if ¢ satisfies (H2) then

—en 1 vn [ 1
cn - > —.
Va € [e ,2] ;o Isy, ,(a) > C¢_1(n) ay/log -

Proof. We only prove ). We can restrict ourselves to the case ¢(1) = 1. Let x be the
constant coming from Lemma [[J, then let x; and k3 be the corresponding constants given
by Proposition [[3. Set ¢; large enough to ensure

01227
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max(ky, 1)ecie” < e °.

If we take r, = ¢~!(cyn), then we know by Lemma [[(] that
K o{ (11, +00)} < k1 [ecre™]" < e

Here we use that ¢~'(cin) < c1¢7'(n). So for all ¢, for all n, and all a € [e=", 1],
Condition ([[0) holds, i.e.

K1vng{lr, +o0)} Sa <

N | —

Now there exists a universal C' > 0 such that C’,,ny 5 2 C ¢T\/?n) by Theorem [ and Lemma

[§ as explained at the beginning of the section (recall that here ¢~'(1) = 1). So, if we

set o = (1 + CI;(%))QS_l(cln), then Condition ([) is also satisfied, i.e.

1
CV7L,¢I¢(%) '

re —1T1 2>
Thus Proposition [[J yields

Co, 4
Is,, ,(a) > Ko min (C,,W, L) I,(a).
: 2

Besides, there exists a universal d > 0 such that I, > d L, according to Lemma [[4. In

particular,
1 1 log 2 Vdiog2
L(3 sar, (L) = dlog > d+/log .
2 2 20~ (log 2) 2

We can deduce an upper bound for 5. Finally, we have established

Is,, (@) > moCdmin (1, [01 (1 + %\/@)} _1> F\/?n) Ly(a).

O

Therefore we have proved Theorem [ at least for a large enough. We complete the
proof with Proposition [[1] or Proposition [[J for smaller sets.

7 Optimality and the isotropic case

One can ask whether the isoperimetric inequalities obtained are optimal at least up to
universal constants, and whether we recover dimension-free results in the case of isotropic
measures.

We consider only bounds for the isoperimetric profile constructed as product of a
function of n times a function of a. When ¢ satisfies (H1’), inequalities of Theorem [ are
optimal in a for n = 1, according to Lemma [[4. In the supergaussian case, the central
limit theorem for convex bodies of Klartag (see [[[J]), in the simpler case of spherically
symmetric distributions, ensures that we cannot find a profile bounding from below Is,,, ,
for all n, better than the Gaussian one (times a constant depending possibly on n). Else
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we should have concentration properties stronger than Gaussian. However by Klartag’s
theorem, there exists a sequence of positive number ¢, — 0 such that for every Borel set
A CR and every r > 0,

1—fing (AR ) > 1—7(4,) — e,

where v denotes the standard normal distribution. Thus we cannot have a rate of con-
centration valid for all n better than the Gaussian one.
So optimal inequalities should be of the type

1 alog+
< > 1) ——
Ya € [O, 2} , sy, (a) >0, (0) @ (1)¢_1 (log %)

1
> O, ,(n) ay/log . under (H2).

1
Ya € [O, 5} sy, ,(a) >cCy L (n) a,

under (H1"),

This implies

where ¢ > 0 is universal. Now Poincaré inequalities are equivalent up to universal con-
stants to Cheeger inequalities (see [[[7]), so the optimal constant in n should be

n
Cno (1) = C [
b E..., (X

in view of Theorem [I], with C' > 0 a universal constant.

Thus, the two questions raised at the beginning of the section appear to be connected
to the same property, namely E, (| X]?) ~ (¢=1(n))*. Undoubtedly, this must be quite
standard, nevertheless we state and prove the next lemma for completeness.

Lemma 18. i) Let ¢ be a function satisfying (HO). Define r,(¢) the point where the
density of the radial measure v, 4 reaches its mazimum, and E, ,|X|* the second
moment of jine. For every M > 1, there exists ng € N not depending on ¢ such that,

for all n > ny,
1
M EU7L,¢|X|2 S Tn(QS) S M EU7L,¢|X|2'

ii) Besides, if there exists a > 1 such that © — ¢(x)/x* is non-increasing, then

¢ 1 (n) > 1a(9) > e e (n).

Proof. To prove the first point, we can assume that f, 4 is isotropic, that is to say that
E,,, (IX]*) = n. Let X be a random variable with distribution fi, . In the following,
we denote by P, E, and Var the corresponding probability, esperance, and variance. Let
9 € (0,1). In view of Lemma B, there exist universal constants ¢ > 0 and C' > 0 such
that

P{|ra(6) — [X|| > dra(e)} < Ce.

On the other hand, Bobkov proved in [I0] the following upper bound for the variance of
| X| to establish Theorem [):

Var|X| < (BIX)’
= n )
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which can also be reformulate
nE| X2 < (n+ 1) (E|X])*.

Then

B (VEXE - |X|) = 2/EXF (VEXE - E|X])

1 B|X |2
<2 (,/1 +=— 1) VE[XPPE|X]| < EIXT°
n n

So, by Chebychev’s inequality it holds for all ¢ > 0:

1
P{|VEIXE - |X|| > tV/EX} < —.
n
Fix § € (0,1), and choose n large enough to ensure Ce~" 4+ 1/né*> < 1. Then there
exist x > 0 such that |r,(¢) — z| < 0r,(¢) and |\/E|X|? — z| < §y/E|X|?. Tt follows

1—-9 1+96

——Vn <r(9) < 1—s

1446 vn.

Now, r,,(¢) satisfies r,,(¢)¢'(r(¢)) = n — 1. Therefore, as already mentioned, (HO)
ensures that r,(¢) < ¢~'(n). Assume moreover the existence of @ > 1 such that = —
¢(x)/z™ is non-increasing. Then

n@z ot (M) 207 (51) = (5) " > o)

«

Eventually, we can state the following theorem.

Theorem 19. o If ¢ satisfies (H1") or if ¢ satisfies (H2'), then the inequality proved
in Theorem [} is optimal.

o For anyn € N, let us choose X > 0 such that ji, 4, 1s isotropic, when replacing ¢
by ¢ : x — ¢(Ax). Then it holds a dimension-free isoperimetric inequality. More
precisely, there exist a universal C' > 0 and a universal ng € N such that

i) if ¢ satisfies (H1') then

alogé

1
Vae [0,2], VYn>ng I >C ¢ 1) ——2—
! {2} n2 o T, (@) 2 €07 o (log ;)

i) if ¢ satisfies (H2'), then

1 1
Va € [O, 5} . Vn > ng, Isunm(a) >C a\/loga .
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