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GENERATING PAIRS OF 2-BRIDGE KNOT GROUPS
MICHAEL HEUSENER AND RICHARD WEIDMANN

ABSTRACT. We study Nielsen equivalence classes of generating
pairs of Kleinian groups and HNN-extensions. We establish the
following facts:

(1) Hyperbolic 2-bridge knot groups have infinitely many Nielsen
classes of generating pairs.

(2) For any n € N there is a closed hyperbolic 3-manifold whose
fundamental group has n distinct Nielsen classes of generat-
ing pairs.

(3) Two pairs of elements of a fundamental group of an HNN-
extension are Nielsen equivalent iff they are so for the obvious
reasons.

INTRODUCTION

The main purpose of this note is to study Nielsen equivalence classes
of generating pairs of fundamental groups of hyperbolic 2-bridge knot
spaces and of closed hyperbolic 3-manifolds obtained from those spaces
by Dehn fillings.

It is a result of Delzant (following Gromov) [D] that any torsion-free
hyperbolic group has only finitely many Nielsen classes of generating
pairs. In the case of closed hyperbolic 3-manifolds Delzant’s proof
actually provides an explicit upper bound for this number in terms of
the injectivity radius as observed by Agol, see [Soul] for an account of
Agol’s ideas. The finiteness of Nielsen classes of generating tuples of
fundamental groups of closed hyperbolic 3-manifolds of arbitrary size
was established in [KW].

The examples constructed in this article show that this finiteness
fails for cusped hyperbolic 3-manifolds. We establish the following:

Theorem 0.1. Let ¥ be a hyperbolic 2-bridge knot with knot exterior
M. Then m (M) has infinitely many Nielsen classes of generating
PAITS.

We further show that there is no uniform bound on the number
of Nielsen classes of generating pairs of fundamental groups of closed
hyperbolic 3-manifolds if the assumption on the injectivity radius is
dropped. The constructed manifolds are obtained from hyperbolic 2-
bridge knot complements by increasingly complicated Dehn fillings.
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Theorem 0.2. For any n there exists a closed hyperbolic 3-manifold
M such that (M) has at least n distinct Nielsen classes of generating
PAITs.

The non-uniqueness of Nielsen classes of generating tuples of funda-
mental groups of hyperbolic 3-manifolds is not new. It is an immediate
consequence of the work of Lustig and Moriah [LM] that there exist
closed hyperbolic 3-manifolds whose fundamental groups are of rank r
and have at least 2" — 2 Nielsen classes of generating r-tuples. Note
that while the distinct Nielsen classes exhibited by Lustig and Mo-
riah are geometric and therefore correspond to non-isotopic Heegaard
splittings this is not true in the current setting. Indeed by Kobayshi’s
work [Ko it is known that 2-bridge knot exteriors admit at most 6
isotopy classes of Heegaard splittings of genus 2, thus almost all of the
generating pairs exhibited in this note are non-geometric.

The proofs rely on some simple facts about Nielsen equivalence of
generating pairs due to Nielsen and in the case of Theorem some
basic hyperbolic geometry. For the proof of Theorem we further
exploit the geometric convergence of manifolds obtained by increasingly
complicated Dehn surgery on a 2-bridge knot to the hyperbolic knot
complement.

After discussing some basic material on Nielsen equivalences of gen-
erating pairs we first prove a simple theorem about generating pairs of
HNN-extensions. The argument in this case is easier but similar to the
argument needed in the proofs of the two theorems discussed above.
We will then establish a simple fact about about piecewise geodesics in
hyperbolic space before we proceed with the proof of the main theorem.

The authors would like to thank Yoav Moriah for his useful comments
and Makoto Sakuma for a stimulating discussion.

1. NIELSEN EQUIVALENCE OF PAIRS OF ELEMENTS

Let G be a group and 7 = (g1,...,9x) and 7' = (hy,..., hg) be
two k-tuples of elements of G. We say that 7 and 7’ are elementarily
equivalent if one of the following holds:

(1) hi = go() for 1 <i <k and some o € Sj,.

(2) hi =g; " for some i € {1,...,k} and h; = g; for j #i.

(3) hi = gig; for some i # j with ¢ € {~1,1} and by = g, for
l#1.

Two tuples are further called Nielsen equivalent if one can be trans-
formed into the other by a finite sequence of elementary equivalences.
Note that the elementary equivalences are also called Nielsen transfor-
mations or Nielsen mowves.



GENERATING PAIRS OF 2-BRIDGE KNOT GROUPS 3

The fact that Aut F), is generated by so-called elementary Nielsen
automorphisms implies that the above definition of Nielsen equivalence
can be rephrased in the following way.

Let Fy = F(x1,...,x;) be the free group of rank k. Then two k-
tuples 7 = (g1,...,9x) and 7' = (hq,..., hi) are Nielsen equivalent
iff there exists a homomorphism ¢ : F, — G and an automorphism «
of F} such that the following hold:

(1) gi = ¢(x;) for 1 < i < k.
(2) hi =¢oa(x;) for 1 <i<k.

Deciding Nielsen equivalence of two tuples or classifying all Nielsen
equivalence classes is usually a very difficult problem and undecidable
in general. However in the case of pairs of elements the situation tends
to be much easier. The reason is that the automorphism group of Fj
and the structure of primitive elements in Fy are particularly easy to
understand.

Nielsen [N] observed that any automorphism of F'(a,b) preserves the
commutator [a,b] = aba~'b~! up to conjugation and inversion. This
is easily verified by checking that it holds for the elementary Nielsen
automorphisms. As a consequence we get the following simple and
much used test for Nielsen equivalence of pairs of elements.

Proposition 1.1. Let G be a group and (z,y) and (2',y’) be two
pairs of elements. If (x,y) ~ (2',y") then [x,y] is conjugate to [x', /]
or [z, y]7t.

While convenient the above criterion is in general not sufficient to
distinguish all Nielsen classes. Another useful fact in distinguishing
Nielsen classes of pairs is that primitive elements of F'(a,b) are well
understood, in fact in [OZ] Osborne and Zieschang gave a complete
description of primitive elements of the free groups of rank 2; recall
that an element of a free group is called primitive if it is part of some
basis. The proof in [OZ] relies on the fact already observed by Nielsen
[N] that for any primitive element p in the abelianization of F'(a,b)
there is a unique conjugacy class of primitive elements in F'(a,b) that
is mapped to p.

An immediate consequence of their description is the proposition
below, see also [CMZ]. We give a proof of the weaker statement that
we need as we can without breaking a sweat, note that ¢ and n below
are simply the signs of the exponents of a and b in the abelianization
of g.

Proposition 1.2. Let g be a primitive element of F(a,b). Then there
exist e,m € {—1,1} such that g is conjugate to an element represented
by a positive word in a® and b".
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Proof. As the proof in [OZ] we rely on the fact that for any primitive
element zja + 200 in the abelianization we have a unique conjugacy
class of primitive elements in F'(a,b) that maps to zja + 22b.

We assume that g maps to na+mb in the homology where n,m > 0,
the other cases are analogous. We need to show that there exists a
primitive element that can be written as a positive word in a and b
that maps to na + mb.

Choose r,s > 0 such that na + mb and ra + sb form a basis of the
homology. It is easily checked that we can transform this basis into the
basis a, b by only applying elementary Nielsen transformations of type
(1) and of type (3) with ¢ = —1 such that all intermediate elements
only have positive coefficients. We recover the original basis by running
the inverse transformation in inverse order, here all transformation are
of type (1) or of type (3) with e = 1.

Now we can run the same sequence of inverse Nielsen transformations
in F(a,b) starting with a, b. We obtain a basis of F(a,b) whose first
element maps to na+nb in the homology. As no inverses are introduced
in this sequence of Nielsen transformations it follows that this first basis
element is a positive word in @ and b and must be conjugate to g. This
proves the claim. O

As automorphisms of free groups map bases to bases and therefore
primitive elements to primitive elements this immediately implies the
following.

Corollary 1.3. Let G be a group and (z,y) and (2',y") be two pairs
of elements. If (x,y) ~ (2/,y') then x’ is conjugate to an element
represented by a positive word in x° and y" where e, € {—1,1}.

2. GENERATING PAIRS OF HNN-EXTENSIONS

In the following we assume that A is a graph of groups with under-
lying graph A. The vertex group of a vertex v is denoted by A,. It is
well know that any tuple that generates a non-free subgroup is Nielsen
equivalent to a tuple containing an elliptic element, i.e. an element con-
jugate to an element of one of the vertex groups, see [St], [Z], [PR] and
[WT1] for various levels of generality. The tuple containing an elliptic
element can be obtained from the original one by a sequence of length
reducing Nielsen moves. If the underlying graph is not a tree, i.e. if
A has an HNN-component then it is not possible that all generators
are elliptic as they would all lie in the kernel of the projection to the
fundamental group of the underlying graph.

This justifies in the theorem below to only consider pairs of elements
(x,y) such that z is elliptic and y is hyperbolic. Recall that an element
of the fundamental group of a graph of groups A with respect to a base
point vy is a homotopy class [p] of A-paths, were an A-path p is a
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sequence ag, €1,0d1, . . ., €L, A Where e, ..., e is a closed edge path in
A based at vy, ag € Ay, and a; € Ay, for 1 < i < k, see [J] or

KNIV,

Theorem 2.1. Let A be a graph of groups whose underlying graph A
is not a tree. Let G = m(A). Suppose that (z,y) and (2',y") are
generating pairs of G such that x and x’' are elliptic.
Then (z,y) ~ («',y') iff there exist g € G, k € Z and e,n € {-1,1}
such that
¥ =gzfg ! and y = gy"zFg L.

Proof. Choose a basepoint vy of A such that (after conjugation) = =
la], i.e. that z is represented by the degenerate A-path a as an ele-
ment of 71 (A, vg). Choose a reduced A-path v = ag,e,...,ex, a; that
represents y, i.e. that y = [y] € m (A, v).

To show that ' = gz°¢g~! holds note first that an elliptic element
cannot be represented by a (positive) word w in z° and y” for fixed
e,n € {—1,1} and with at least one occurence of y”. To see this note
first that any such word is conjugate to a word of type

w =yl Ly = [ ]

with n; > 0 for 1 <17 < k. If the element represented by w is elliptic
then the length of the reduced form of any positive power of w can be
at most as large as the length of a reduced form of w. This implies
that a power w™ of w has a subword y"z"cy" = [y"][a"¢]|[y"] such
that at least half of both occurences of 7" is cancelled when reducing
w™.

This however implies that half of 3"z cancels in (y"7x™)(y"z"™€)
which implies that gy"7x™€ is elliptic. This however is impossible as
(x,y) is Nielsen equivalent to (x,y"z"¢) but 7 (A) is not generated
by two elliptic elements as explained above.

Thus Corollary implies that if (x,y) is Nielsen equivalent to
(«',y") with 2’ elliptic then 2’ is conjugate to a power of x, thus z’ is
conjugate to x or ! as proper powers are not primitive. The second
part is now immediate as any element g of F(a,b) such that {a,g}
forms a basis must be of type g = a"b7a™ with n,m € Z, n = +1 and
a™b"a™ is conjugate to b7a™*". O

3. PIECEWISE GEODESICS IN HYPERBOLIC SPACE

In this section we introduce piecewise geodesics and establish some
basic properties needed later on. Throughout this section all paths are
paths in H3.

A (N, «)-piecewise geodesic is a path that is composed of geodesic
segments [z;, ;1] of length at least N such that the angle 0,1 € [0, 7]
between [z;, x;11] and [x;4 1, T;40] at x;; is at least a.
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LTi—1 Tit+2

Oit2
0; Oit1 Tiy3

X Tit+1

FIGURE 1. A section of a piecewise geodesic

We will need the following basic fact about piecewise geodesics; as
its proof is entirely standard we merely sketch it. For definitions of
quasigeodesics and local quasigeodesics and their basic properties used
in the proof below the reader is referred to [CDPJ.

Lemma 3.1. For any € > 0 there exist B > 0 and « € [0,7) such
that any bi-infinite (B, «)-piecewise geodesic 7y is €-Hausdorff-close to
some geodesic (3. Moreover v is a quasigeodesic with the same ends

as (3.

Proof. For any geodesic  and z € H?® we denote the nearest point
projection of = to B by ps(z).

Note first that for any 7 > 0 there exists some angle 6 € [0, 7) such
that for any geodesic triangle ABC in H?® whose angle at A is greater
or equal to # the sides AB and AC lie in the n-neighborhood of BC.
This is most easily seen in the Poincare disk model by choosing A to
be the center. As the angle at this vertex tends to 7 the opposite side
of the triangle comes arbitrarily close the center, independently of the
length of the sides of the triangle.

FIGURE 2. As the angle at A increases d(A, BC) decreases

If 6y is chosen such that the above holds for n = min(£,3) then
it is immediate that any (B, «)-piecewise geodesic with a > 6 is
a (B,1,1)-local quasigeodesic. If moreover By is chosen sufficiently
large then the local-to-global phenomenon for quasigeodesics implies
that any (B, «)-piecewise geodesic with B > By and o > 0, is a

(A, ¢)-quasigeodesic for some fixed A > 1 and ¢ > 0.
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As quasigeodics stay within bounded distance of geodesics this im-
plies that any (B, «)-piecewise geodesic v with B > By and a > 6,
stays within bounded distance of the geodesic  that has the same
ends in OH? as . This bound C' is uniform, i.e. it only depends on
By and 6.

Now observe that there exists B; > By such that for any (B, «)-
piecewise geodesic v with B > B; and a > 6y the midpoints m; of the
segments [r;, 7;41] lie in the $-neighborhood of 3. This is true as the
quadrilaterals spanned by z;, x;11, ps(z;+1) and pg(z;) can be assured
to be arbitrarily thin provided that the distance between x; and x;
is sufficently large. This is true as d(z;, pg(x;)) and d(z;y1,pp(Tit1))
are bounded from above by C', see Figure

LTit1
W

ps(zi) pp(Tiy1)

Z;

FIGURE 3. m; gets arbitrarily close to § as d(x;,z;41) increases

Note further that the convexity of the distance function to the geo-
desic  then immediately implies that the geodesics [m;, m;, 1] also lie
in the $-neigborhood of 3 for all 7.

To conclude it clearly suffices to show that the piecewise geodesic
[mi, Zip1] U [#i41, miqq] lies in the 5-neighborhood of [m;, m;i1]. This
however is true by our choice of 6.

Thus we have shown that there exist By > 0 and 6, € [0,7) such
that any (B, a)-piecewise geodesic v with B > By and o > 6§ is a
quasigeodesic that remains within distance ¢ of the geodesic with the
same ends. U

4. HYPERBOLIC KNOT COMPLEMENTS AS LIMITS OF CLOSED
HYPERBOLIC 3-MANIFOLDS

It is a deep insight of Thurston that a cusped finite volume hyper-
bolic 3-manifold M occurs as the geometric limit of closed hyperbolic
manifolds which are topologically obtained from M by Dehn fillings
along increasingly complicated slopes. For definitions and details con-
cerning algebraic and geometric convergence see [Ml, Capter 4] and
[IMT98], Chapter 7].

Let now M be the complement of a hyperbolic knot £ and let m
and [ denote the meridian/longitude pair for ¢. Let p: m (M) —
PSL(2,C) denote the holonomy of the complete hyperbolic structure.
The image of m and [ are commuting parabolic elements and we can
assume that their common fixed point is 0o i.e. Stabs, = (p(m), p(l))
and that

p(m)(z) =z+1and p(l)(z) =2+ 1.
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The complex number 75 € C\ R is called the cusp parameter of €.

The deformation space of hyperbolic structures on M can be holo-
morphically parametrised by a complex parameter u in a neighborhood
U of 0 € C. Details about the deformation space and Thurston’s
hyperbolic Dehn filling theorem can be found in the Appendix B of
[BPOT]. See also [Thl, Chapter 5].

The following facts can be found in [BPO1l B.1.2]: there is an analytic
family p,, u € U, of representations p,: m (M) — PSL(2,C) and
an analytic function v = v(u) such that w and v are the complex
translation length of p,(m) and p,(l) respectively and v(0) = 0. The
function 7(u) = v(u)/u is analytic and 7(u) = 7(0) + O(|u]?) where
7(0) = 79 is the cusp parameter. For u € U the generalized Dehn filling
coefficient of the cusp is the defined to be the element of R?U oo = S?
defined by

0 ifu=0
(p,q) st up+vg=2mi if u#0.

The representation pg is the holonomy of the complete hyperbolic
structure of M. If u # 0 then the representation p, is the holonomy
of a non complete hyperbolic structure M, on M and the metric com-
pletiton of M, is described by the Dehn filling parameters (see [BP0I]
B.1]). We are only interested in the case that p and ¢ are coprime
integers. Then p, factors through m(M(p/q)) and the metric com-
pletion of M, is homeomorphic to M(p/q). Here and in the sequel
M (p/q) denotes the manifold obtained from A by Dehn filling along
the slope pm+ql. By Mostow-Prasad rigidity the faithful discrete rep-
resentations of w1 (M) and 7 (M(p/q)) in PSL(2,C) are unique up to
conjugation.

We are mainly interested in the manifolds M, = M(1/n). By
Thurston’s Dehn filling theorem almost all of these manifolds carry
a hyperbolic structure and the hyperbolic manifold M,, contains a new
geodesic, the core of the filling solid torus, which is represented by [.

Now we let u,, denote the parameter satisfying u,, +nv, = 27 where
v, = v(uy,). Then we have

211 2T,
and v,, =

1 "=
<) Y 1+nm, 1+nm,

where 7, = v,/u,. Note that lim, .., 7, = 7(0) = 79. Then p, := p,,
determines the holonomy of the complete hyperbolic strucure on M, .
On the peripheral subgroup (m,[) of the knot ¢ the representation is
given by:

pn(m)(z) =€e“"z+ 1 and p,(I)(z) = e’z +
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(see [BPOI) B.1]). By conjugation of p, by the parabolic transforma-
tion A, given by
T 1

An(z) = —
(2) z+1—e”" 1 —etn

we can assume that p,(m) =W, and p,(l) =V, where

Un __ 1
Wy(z) = ez + Tnei and V,,(z) = ez +7,.
evn

Note that A, converges to A given by A(z) = z+ (19— 1)/2. Note also
that the Dehn Surgery Theorem (see [Th, Chapter 5] and [PePd]) im-
plies that the sequence of groups {p, (m1(M))} converges geometrically
to p(mi(M)).
A simple calculation shows that
ehvn — 1

Vk — kvn -
(z) =e Z+€U"—1T

and hence V=" = W, since u,, +nv, = 277 and therefore e™""» = e"».
Moreover the fixed points of the loxodromic transformation V,, are
oo and 7,/(1 —e’). The above facts allow us to conclude as in the
discussion in [M] 4.9] that the following hold:

(1) The elements p, () are loxodromic isometries. The fixed points
of pn(l) converge to the fixed point co of the parabolic subgroup
P = p(m (911)).

(2) pn(l) converges uniformly on compact sets to p(l) and p,(m) =
pn(l)™™ converges to p(m).

(3) Furthermore the sequence of subgroups (p,(l)) generated by
the core of the filling solid torus converges geometrically to the
peripheral subgroup P.

In the sequel we shall use the following convention: we shall identify
m1 (M) with the image p(m (M)) C PSL(2,C) and for each g € (M)
we write g, = pn(g) for short. We shall denote by ~, C M, the new
geodesic i.e. the core of the filling solid torus.

The following proposition gives some more information about the
geometry of the limiting process. Note that the translation lengths of
an element ¢ on some g-invariant subset Y of H? is defined to be

lgly = yllelif/dW(yagy)-

In particular the translation length of a parabolic element g on a g-
invariant horosphere S is measured with respect to the metric of H?
rather than the Euclidean path metric of H. We will need the following

lemma, see [Mey87, Sec. 9, Lemma 2]).

Lemma 4.1. Let g € Isom(H?) be a hyperbolic isometry with complex
translation length a + ib and let N, = N,(A,) be the r neighborhood
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of the axis of g. Then
cosh(|g|an,) = cosh(a) + sinh?(r)(cosh(a) — cos(b)) =
cosh(a) + sinh?(r)| cosh(a + ib) — 1|.

Note that the two formulae in Lemma [41] are equivalent via the
identity

(2) | cosh(a + ib) — 1| = cosh(a) — cos(b).

Proposition 4.2. For any horoball H at oo there exists a sequence
(rn)nen of real numbers such that the following hold where N, =
N, (A)) is the 7, -neighborhood of the axis A, of 1, in H?.
(1) For any fized k, N we have lim,_.o (|l "%"|on,) = [N m"|on .
(2) If N € N such that [INm*|og > C >0 for all k € Z, then for

any n > 0 there exists some n' such that [IN=%" gy, > C —1n
for alln>n' and all k € Z.

Moreover if (g,) is a sequence of elements with g, € p,(m(M,))
that converges to a hyperbolic element g € p(m(M)) and C > 0 then
H can be chosen such that the following hold:

(a) For sufficiently large n we have d(N,, h,N,) > C for all h, ¢
(In) -

(b) For sufficiently large n the C-neighborhood of the geodesic seg-
ment [T,,y,] between N, and g,N, does not intersect any
translates of N,, except N, and g,N, .

Proof. Let H = {(z,t) e CxR=H3| ¢ >y} be the upper half space
model of the hyperbolic space. For a complex number z we will denote
by R(z) and J(z) the real and the imaginary part of z.
The translation length |I|sg is given by
2
-

(3) cosh(|l|og) =1+ ‘QLL .

£
We now define r,, := 0 if |R(v,)| > |l|og. If |R(v,)| < |l|og then we
define r,, to be the unique positive real number satisfying

0 ity - Sl ettt

This definition implies that |l,|on, = |log if [R(vs)|] < |lom. In-
deed this follows from Lemma [4.I] and the fact that v, is the complex
translation length of [,,.

Fix now N and k. The complex tanslation length of I[N =% is (N —
kn)v, and the equation w, + nv, = 27i implies

(N — kn)v, = Nv,, + ku, mod 2mi .

Hence, by Lemma T, the translation length |1 =*"|5y is given by
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(5)  cosh(|I"|on,) = cosh(R(Nv, + kuy,))
+ sinh?(r,) - | cosh(Nwv, + ku,) — 1]
Now it follows from the low order asymptotics of the hyperbolic
cosine and its Taylor expansion that
| cosh(Nw, + ku,) —1|  [N7, + k|?
| cosh(vy,) — 1| |7 |2

Moreover equation () implies

(L4 O(Jva]*)) -

nh_)ngo | cosh(v,) — 1] - sinh®(r,,) = cosh(|l|oz) — 1.
The last two equations together with equation (&) imply:
nlLHolo cosh (|1 o) = cosh(R(Nv,, + kuy,))
| cosh(Nwv,, + ku,) — 1|

+ sinh?(r,,) - | cosh(v,) — 1

| cosh(v,) — 1|
n—soo Nty + k|2
— 1+ (cosh(|l|om) — 1)%
0
|N7’0+k’|2
=14+ —
N 2t2

= cosh(|IVmF|az) .

This proves the first point.
In order to prove the second point we will make use of the following
limits

o~
(6) tim g g i RO MTZ)‘ >0.
n—oe  [uy] e |y |70l
and
(7) lim |v,|cosh(r,) = @
n—oo 0

The first two follow easily from () to verify the second one observe
first that (@), the identity sinh?(z) = cosh?®(z) — 1 and multiplication
by |v,|? imply that

‘2cosh(|l|aH) — cosh(R(vy,)) + | cosh(v,) — 1]

n2 h2 n) — |Un
|vn|” cosh?(ry,) = |v Tcosh(v,) — 1]

applying ([2) and (B]) then gives

ycosh(|lom) — cos(S(vy,))
| cosh(vy,) — 1|

1+ ‘;2!2)2 — cos(S(vp))

| cosh(v,,) — 1|

\vn\Q coshQ(rn) = |vy|

= |Un|2
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— 2 this implies that lim |v,|? cosh?(r,) =

n—oo

|2[2
Now as ilm oo (7]
|70|?

e which clearly proves the claim.
Suppose now that N € N satisfies [[VmF|oy > C > 0 for all k € Z
and let n > 0 be given. We choose n” = n”(N,C') such that for all

n > n' the following holds:
§R(vn)

[on]

|70l
<1 n| - cosh(r,) > —
ol -cosh(ra) = 5

w

and

Ren)| _ 118(n)]

o 7 2 |7ol?

In order to prove the second point we start again with formula ([Hl):
cosh(|1)*"|on,) = cosh (R(Nwv, + ku,)) cosh?(r,)
— cos (C‘(an + kun)) sinh?(r,,)
cosh(R(Nv, + ku,)) — 1) cosh®(r,,)

>
> (Nv, + kuy,) ) cosh?(r,)

N_ + k—))z(\vn\ cosh(r,))?

(
1
%(
— (M 0]

and for n > n" we obtain

) > [0 R0y RO
cosh (1} " low,) > - [lE = N

Hence there exists a constant C” such that |k| > C” implies
2 lox, > C

Since there are only finitely many k € Z such that |k| < C” it follows
from the first part of the proposition that we can find n” such that for
all n >n" and all |k| < C" the equation

“kan Zc_n

}8Nn

holds. The second point follows for n’ = max(n”,n").
In order to prove (a) and (b) we shall use some results of Meyerhoff.
By [Mey87], Sec. 3&9], we know that if we choose H such that ¢ = |l|oy

is sufficiently small then the sets
Ny =N, (A,) = {p € B | das(p, 1n(p)) < €}

have the property that h,(N,) N N, =0 for all h, & (I,,).

By further reducing ¢ we can further assume that d(N,, h,N,) > C
for all h,, & (l,) as the radii 7, decrease uniformly as ¢ decreases as
follows from (). This proves (a).

We now put H = GH and N,, = G, N,, where G = p(m(M)) and
G, = pp(m(M)). It now follows from the geometric convergence of
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(G,) to G that for all ¢ > 0 and compact K C H? there exists n’
such that for all n > n/

dgy(KNH,KNN,) <e.

Here dy denotes the Hausdorft distance. Moreover for any h € G we
have dy(K NhH, K N h,N,) < e.

Let [z,y] denote the geodesic segment between H and hH and let
[, yn] denote the geodesic segment between N,, and h,N,,.

Note that there can be only finitely many translates hH , h € m (M),
h ¢ P U gP, such that the intersection of hH and the (C + 1)-
neighborhood of [z,y] is non-empty. This follows form the fact that
the (C + 1)-neighborhood of [z,y] is compact and that the translates
of H are disjoint. Thus after decreasing ¢ we can assume that the
(C' 4 1)-neighborhood of [z,y] does not intersect hH for h ¢ PUgP.

Let now K be the (C'+1)-neighborhood of [x,y]. The above remark
applies to K. Hence we know that for sufficiently large n the Hausdorff
distances between H N K and N, N K and between K N gH and
KNg,N, are arbitrarily small. This implies that the segments [z,,, y,]
converge to [z,y] thus dy([x,y], [2m, y.]) < L for large n. We also see
that the (C' + 3)-neighborhood of [z,y] does not meet any translates
of N,, besides N,, and g, N,, for large n. Thus we have shown that the
C'-neighborhood of [z, y,] does not meet any translates of N,, besides
N,, and ¢, N, . This proves (b). O

Lemma 4.3. For any § € (0,7/2) there exist k() and r(3) such
that if v is a geodesic in H®, r > r(B) and z,y € O(N,(7)) such that
d(x,y) > Kk(B) then the angles enclosed by [x,y] and O(N,.(vy)) are at
least (3.

Proof. The proof of the lemma is by calculation, we follow the setup of
[GMM], Section 2]. We perform all calculations in the Klein hyperboloid
model of H3. In this model, H? is the hypersurface

{(I‘O,$1,.§U2,.§U3) € R4 ‘ —x‘g —F,j(j‘% —i—x; —|—.§U§ — _1}

We assume that v is the intersection of H? with the plane {z; = x3 =
0}. Let g be the loxodromic motion along v with complex length
0 + i¢. The isometry g is represented by the matrix

cosh(9) 0 sinh () 0

o 0 cos(9) 0 — sin(¢)
My:=1gnn@) 0 cosh(§) 0

0 sin(¢) 0 cos(9)

We fix the point 2 = (cosh(r),sinh(r),0,0). Let m &€ T,H® be the
inward normal vector to d(N,(v)). Thus

n = (—sinh(r), — cosh(r),0,0).
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For every y € H? the unit vector n_”Zy € T,H? pointing into the direction
of y is given by
= y+(y, @)z
Yy -

Here (x,y) denotes the Minkowski inner product. Denote by A(y),
0 < B(y) < /2, the angle enclosed by [z,y] and O(N,(7)). We need
to show that 3(y) is arbitrarily close to 7/2 provided that r and d(z, y)
is sufficiently large.

Let now y = Myx € ON,(7) be the image of  under g. Elementary
calculations similar to those in [GMM] Section 2] show that

sin(5(y)) = cos(5 — Bly)) = (i, )
_ cosh(r) sinh(r)
sinh(d(z,y))

(cosh(8) — cos(e)) .

Moreover we have
cosh(d(z,y)) = cosh(d) cosh?(r) — cos(¢) sinh?(r)

and hence

For a fixed distance d = d(x,y) the angle ((y) becomes minimal if
¢ = 0. Therefore

sin(G(y)) > tanh(r)cozihn(s((g(’ﬁ);); L = tanh(r) tanh (d(xz, y)) .

Now let 3, 0 < # < m/2, be given. We choose r() > 0 such
that sin(f) < sin(f)coth(r(f)) = ¢ < 1 and k() such that ¢ =
tanh(x(3)/2). Hence for r > () and for y € ON, such that d(x,y) >
k() we obtain

sin(3(y)) > tanh(r) tanh (d(z,y)/2)
> tanh(r(3)) tanh (k(6)/2) = sin(f) .

Therefore we have for all » > () and all y € ON,. such that d(z,y) >
k() that G(y) > B. This proves the Lemma. O

5. GENERATING PAIRS OF 2-BRIDGE KNOT GROUPS

In this section we prove that hyperbolic 2-bridge knot groups have
infinitely many Nielsen classes of generating pairs. Moreover we prove
that there exist closed hyperbolic 3-manifolds that have arbitrarily
many Nielsen classes of generating pairs. Those manifolds are obtained
by Dehn surgery on S? at 2-bridge knots.

The infinity of Nielsen classes of generating pairs of fundamental
groups of Seifert fibered 2-bridge knot spaces has been known for a
long time. For the trefoil knot this is due to Dunwoody and Pietrowsky



GENERATING PAIRS OF 2-BRIDGE KNOT GROUPS 15

[DP] and the general case is due to Zieschang [Z2] who in fact gives a
complete classification of Nielsen classes of generating pairs.

Let M be the exterior of a hyperbolic 2-bridge knot €. Choose
m,l € m (M) such that m represents the meridian, that [ represents
the longitude and that (m,[) = Z?* is a maximal peripheral subgroup.
Inspecting the Wirtinger presentation shows that 2-bridge knot groups
are generated by two meridional elements, i.e. that there exists some
g such that 7 (M) = (m,gmg~!).

As (i) -m - (gIM) P =g - I mI™N . g7 = gmg~! it follows that
PY .= (m, gI™)

is a generating pair for m (M) for all N € Z. As in Section ] we put
M, := M(1/n) and denote the image of an element h € m(M) in
m1(M,) by h,. In particular PN = (m,,, g,lY) is a generating pair of
m1(M,) for all n € N,

The following theorem is the main theorem of this article.

Theorem 5.1. There exists Ny € N such that for any N,N' > Ny
there exists some ng such that for n > ng the generating pairs PN and
PN of 7 (M,) are not Nielsen equivalent.

Note that for all n, N and N’ the generating pairs PV and PN
have the same commutator as

My gl ] = - gulY -t LN g = mpgamy b gt = (M, ga)-

Thus we cannot apply Proposition [T to distinguish the Nielsen equiv-
alence classes of PN and PY'. We get the two results stated in the
introduction as immediate corollaries.

Corollary 5.2. For any n there exists a closed hyperbolic 3-manifold
M such that (M) has at least n distinct Nielsen classes of generating
PaTs.

As further Nielsen-equivalent tuples cannot become non-equivalent
when passing to a factor group we also get the following.

Corollary 5.3. Let £ be a hyperbolic 2-bridge knot with knot exterior
M. Then m (M) has infinitely many Nielsen classes of generating
PAITS.

We will prove two lemmas before giving the proof of Theorem [5.11
We use the same notations as in Section @l

Lemma 5.4. There exists Ny such that for any N > Ny there exists
some ny € N such that for n > ny and e, € {—1,1} a positive word w
in m" and (g,lY)* represents an element that is in m (M,) conjugate
to mEl iff w=m?.
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Proof. Choose B > 100 and « such that the conclusion of Lemma [3.1]
is fulfilled for ¢ = 3. Furthermore choose r := k(a — 7/2) and r =
r(a—7/2) as in Lemma 13

Choose a horoball H at the fixed-point of (m,[) such that the con-
clusions (a) and (b) of Proposition @2 hold for C' = B and the sequence
(gn). Thus there exist n such that d(N,, g,N,,) > B for n > n. Denote
the geodesic segment between H and gH by [z,y] and the segment

between N,, and ¢,N,, by [, yn].

Tn Yn

In 1y w GnTn

FiGUurRE 4. The horoball approximation N, and its
translate by g,

Choose t such that d(g,x,,y,) <t for all n. Such ¢ clearly exists
as the segments [z,,y,| converge to the segment [z,y] and g, to g.
Choose further N; such that [[Nm*|gy > B+t+k+1 for all N > N;
and k € Z. Such N; clearly exists as for any constant K there only
finitely many elements h € (m,[) such that |hlsy < K.

Now fix N > N;. It now follows from Proposition (2) (by
chosing 7 sufficiently small) that there exists some 7 > n such that
INmkElon, > B+t+k forall k€Z and n > n.

Now choose ny > @ such that |m,|gs < 1 and r, > r(a — 7/2) for
all n > nq; this is clearly possible as the element m,, converges to the
parabolic element m and r, tends to infinity as n tends to infinity.
We need to show for n > ny and ¢, € {—1,1} a positive word w in
m? and (g,IY)® represents an element that is in m(M,) conjugate to
mE! if and only if w = m’.

We check the case that n = ¢ = 1, the other cases are analogous.
Thus either w is a power of m,, in which case there is nothing to show
as a hyperbolic element is never conjugate to a proper power of itself

or w is (after a cyclic permutation) of type

(gnlr]y)ml:zl et (gnlr]y)m%

with b; > 0 for 1 <i <r. Thus w can be rewritten as a product

(gnp1) - -+ (gnDr)

where p; = l,ﬁv ml,’;' for 1 <7 < r. By the above choices the translation
length of all p; on ON,, is at least B+t + k.
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We now construct a w-invariant bi-infinite (B, a)-piecewise geodesic
Yw containing x,. We first construct a (B, a)-piecewise geodesic 7
from x, to wx, and put 7; = wiy,. We then put

Tw = ---Y=2"T-1"Y " T1"72---
which clearly implies the w-invariance of ~,,. The fact that -, is also
a (B, «)-piecewise geodesic follows immediately from the construction.

For 1 <4 <7 put w; = (gup1)-- .- (gnpi), T\, = wiz, and ¥, = w;y, .

We then put

%0 1= [Tns Ynl (Y 3 [0 Y]l 0] o7 w7 [y 2, = wa).

WLy,

FIGURE 5. The piecewise geodesic 7y for w = (gn.p1)(gnp2)(gnps)

Now z! € d(w;N,) = w;ON,, and vy’ € O(w;11N,). The segments
(2!, y!] are of length at least B by assumption and are perpendicular
to the respective translates of ON,,. Note further that the segments
[yi x2it1] are of length at least B + . Indeed this follows from the
triangle inequality and the fact that

and
(™ wignwn) = d(Wig 120, WignTn) = A(WignPip1Tn, WignTn) =
= d(piy1Tn, Tn) > B+t + k.
It follows from the choice of x and Lemma that the segments
[yi xit1] enclose angles greater or equal than a — 7/2 with the re-
spective translates of ON,,. This proves that +; and therefore 7, is a
(B, a)-piecewise geodesic.

By Lemma [B1] 7, is a quasigeodesic that lies in the %—neighborhood
of the geodesic 3 that has the same ends. Clearly [ is invariant under
the action of w, thus we must have 3 = A,, where A, is the axis of w.

We argue that the translation length of w must be at least 198.
Recall that vy is a (B, «)-piecewise geodesic consisting of at least 2

segments of length at least B > 100. As ~q lies in the %—neighborhood
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of [ it follows that each of the geodesic segment projects under ps to
a geodesic segment of length at least 99. Thus

d(pp(wn), pa(wan)) = d(ps(rn), wps(en)) =299 = 198,

Now d(pg(x,), wpg(x,)) is the translation length of w thus the claim
follows.

It follows that w cannot be conjugate to m! as m,, is assumed to
have translation length at most 1, the lemma is proven. O

Lemma 5.5. There exists Ny such that for all N # N' > Ny there
exists ny € N such that for n > noy and k € Z the elements gnlflV and
(gulN' Ve are not conjugate in w (M,) for e € {£1}.

Proof. The proof is similar to the proof of Lemma [5.4 Choose the
constants B, «, k, t, Ny, the segments [z, y,| and the horoball H as
in the proof of Lemma 5.4 and put Ny := N;. Choose N # N’ > Ns.
Now by choosing ny > N + N’ sufficiently large it follows as before
that

IR o, | on, > B+t +

forall n > ny and £ € Z. Put w, = gnléV and we = g, , note
that wy # wy as [, is of infinite order, N # N’ and n > N+ N’. Thus
we can construct the w;-, we-, and wjwy-invariant (B, a)-piecewise
geodesics Vi, , Yw, aNd Vi, w, With the same properties as before. Note
that by Theorem (a) and (b) and as C' = B > 100 we can further
assume that the 1-neighborhoods of [z,,y,], N, and g,N, do not
intersect any translate of N,, except N, and g¢,N,,. Note that the
existence of the piecewise geodesic Yy,u, Oon which wjws acts non-
trivially implies that wywy # 1, i.e. that w; # wy*.

lN’-i—nk
n

Now the axes A,, and A,, are 3-Hausdorff-close to 7, and 7,,. As
the 1-neighborhoods of 7,, does not meet any translates of NN, except
the wFN,, this implies that the translates of N, intersected by the %-
neighborhood A, of A, are precisely the translates w¥N,, for i =1, 2.
Note that N,, and g, N, are intersected by both zzlwl and fle. Now if
wy and wj are conjugate then there must exist some h € m;(M,,) such
that w§ = hwh~' which implies that hA,, = Ay = Ay,; h must in

particular map the translates intersected by A,, to those intersected
by A, .

After replacing h by hw! for some [ € Z we can assume that h fixes
both N,, and gN,,, indeed h cannot exchange N,, and gN,, as it would
otherwise fix the midpoint of [z,,y,] and therefore be elliptic. Note
that this replacement does not alter the fact that w§ = hwh™'. As
the intersection of the stabilizers of N,, and g, N, is trivial this implies
that h =1 i.e. that w; = w5. This is clearly a contradiction, thus w;
and wj are not conjugate. U

Proof of Theorem[521. Let Ni,nq, Na,no be as Lemma [5.4] and Lem-
ma [5.5] and put Ny = max(N;, Ny) and ny = max(ny,ns). Let N #
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N’ > Ny. We show that PN and PV are not Nielsen equivalent in
m(M,) for n > ngy. This clearly proves the theorem.

Suppose that PN and PN " are Nielsen equivalent. Thus there ex-
ists a basis {by(a,b),by(a,b)} of F(a,b) such that m, = by(m,, glY")
and gnlY = by(my, gulY'). It now follows from Proposition and
Lemma [54] that b; is in F'(a,b) conjugate to a, i.e. that bi(a,b) =
u(a,b)au(a,b)™t.

It follows in particular that by(a,b) = u(a,b)a* b*a*?u(a,b)~! for
some ki, ky € Z and ¢ € {#+1}. Thus g, = hm® (g, /N )emb2h~!
which implies that g,/ is conjugate to (g,lN")*mF1+*2 which contra-
dicts Lemma B8 Thus PN and PY' are not Nielsen equivalent in
7T1<Mn). O
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