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1. Introduction

The rapid development and wide application of computer techniques permits to collect and store a
huge amount data, where the number of measured variables is usually large. Such high dimensional
data occur in many modern scientific fields, such as micro-array data in biology, stock market
analysis in finance and wireless communication networks. Traditional estimation or test tools are
no more valid, or perform badly for such high-dimensional data, since they typically assume a large
sample size n with respect to the number of variables p. A better approach in this high-dimensional
data setting would be based on asymptotic theory which has both n and p approaching infinity.
To illustrate this purpose, let us mention the case of Hotelling’s T2-test. The failure of T2-test
for high-dimensional data has been mentioned as early as by Dempster (1958). As a remedy,
Dempster proposed a so-called non-exact test. However, the theoretical justification of Dempster’s
test arises much later in Bai and Saranadasa (1996) inspired by modern random matrix theory
(RMT). These authors have found necessary correction for the T?-test to compensate effects due
to high dimension.

In this paper, we consider two LR tests concerning covariance matrices. We first give a theoret-
ical explanation for the fail of these tests in high-dimensional data context. Next, with the aid of
random matrix theory, we provide necessary corrections to these LR tests to cope with the high
dimensional effects.

First, we consider the problem of one-sample covariance hypothesis test. Suppose that x follows

a p-dimensional Gaussian distribution N(u,,%,) and we want to test
Hy: S, =1, (1.1)

where I, denotes the p-dimensional identity matrix. Note that testing ¥, = A with an arbitrary
covariance matrix A can always be reduced to the above null hypothesis by the transformation

A~ 3x.

Let (x1,--- ,x,) be a sample from x, where we assume p < n. The sample covariance matrix is
1
PICELLEE (12)
and set
L*=trS—1log|S|—p. (1.3)

The likelihood ratio test statistic is
T,=n-L" (1.4)

Keeping p fixed while letting n — oo, then the classical theory depicts that T, converges to the

2 . . .
X1p(p+1) distribution under Hy.
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However, as it will be shown, this classical approximation leads to a test size much higher than
the nominal test level in the case of high-dimensional data, because T, approaches infinity for
large p. As seen from Table 1 in §3, for dimension and sample sizes (p,n) = (50, 500), the realized
size of the test is 22.5% instead of the nominal 5% level. The result is even worse for the case
(p,n) = (300,500), with a 100% test size.

Based on a recent CLT for linear spectral statistics (LSS) of large-dimensional sample covariance
matrices (Bai and Silverstein , 2004), we construct a corrected version of T, in §3. As shown by
the simulation results of §3.1, the corrected test performs much better in case of high dimensions.
Moreover, it also performs correctly for moderate dimensions like p = 10 or 20. For dimension
and sample sizes (p,n) cited above, the sizes of the corrected test are 5.9% and 5.2%, respectively,
both close to the 5% nominal level.

The second test problem we consider is about the equality between two high-dimensional
covariance matrices. Let x; = (214,24, ,Tpi) L0 = 1,---,n1 and y; = (Y15,¥25, » Upi) s
j =1,--+,no be observations from two p-dimensional normal populations N (ug, Xi), k = 1,2,

respectively. We wish to test the null hypothesis
HO : 21 = 22 . (15)

The related sample covariance matrices are

T . 1 12 B .
A:TL_IZ(Xi_i)(Xi_i) : B=n—22(yi—y)(yi—y) :
= P

where X , y are the respective sample means. Let

n ny
Al - |B|?
= AF - BIE (1.6)
|01A + CQB| 2
where N = ny + ny and ¢ denote %, k =1, 2. The likelihood ratio test statistic is
TN = —210g Ll,
and when ni,ny — 0o, we get
Ty =—2loglLy = X%p(p-‘rl) (1'7)

under Hy. Of cause, in this limit scheme, the data dimension p is held fixed.

However, employing this x? limit distribution for dimensions like 30 or 40, increases dramatically
the size of the test. For instance, simulations in §4.1 show that, for dimension and sample sizes
(p,n1,n2) = (40, 800,400), the test size equals 21.2% instead of the nominal 5% level. The result is
worse for the case of (p,ni,n2) = (80,1600, 800), leading to a 49.5% test size. The reason for this
fail of classical LR test is the following. Modern RMT indicates that when both dimension and

sample size are large, the likelihood ratio statistic Ty drifts to infinity almost surely. Therefore,
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the classical x? approximation leads to many false rejections of Hy in case of high-dimensional
data.

Based on recent CLT for linear spectral statistics of F-matrices from RMT, we propose a
correction to this LR test in §4. Although this corrected test is constructed under the asymptotic
scheme 11 A ng — 400, Yn, = p/n1 — y1 € (0,1), yn, = p/n2 — y2 € (0,1), simulations
demonstrate an overall correct behavior including small or moderate dimensions p. For example,
for the above cited dimension and sample sizes (p,ni,n2), the sizes of the corrected test equal
5.6% and 5.2%, respectively, both close to the nominal 5% level.

Related works include Ledoit and Wolf (2002), Srivastava (2005) and Schott (2007). These
authors propose several procedures in the high-dimensional setting for testing that i) a covariance
matrix is an identity matrix, proportional to an identity matrix (spherecity) and is a diagonal
matrix or ii) several covariance matrices are equal. These procedures have the following common
feature: their construction involves some well-chosen distance function between the null and the
alternative hypotheses and rely on the first two spectral moments, namely the statistics trS, and
trS,% from sample covariance matrices S;. Therefore, the procedures proposed by these authors
are different from the likelihood-based procedures we consider here. Another important difference
concerns the Gaussian assumption on the random variables used in all these references. Actually,
for testing the equality between two covariance matrices, the correction proposed in this paper
applies equally for non-Gaussian and high-dimensional data leading to a valid pseudo-likelihood
test.

The rest of the paper is organized as following. Preliminary and useful RMT results are recalled
in §2. In §3 and §4, we introduce our results for the two tests above. Proofs and technical derivations

are postponed to the last section.

2. Useful results from the random matrix theory

We first recall several results from RMT, which will be useful for our corrections to tests. For any
p X p square matrix M with real eigenvalues (/\f‘/[ ), FM denotes the empirical spectral distribution

(ESD) of M, that is,

1 P

We will consider random matrix M whose ESD FM converges (in a sense to be precised ) to a
limiting spectral distribution (LSD) FM. To make statistical inference about a parameter § =

[ f(x)dF™ (), it is natural to use the estimator

1 p
9_/ F]\{[ _ - )\]\{[
f pg

which is a so-called linear spectral statistic (LSS) of the random matrix M.



Z. Bai, D. Jiang, J. Yao and S. Zheng/Corrected LRT on Large covariance matrices 5

2.1. CLT for LSS of a high-dimensional sample covariance matrix

Let {&k; € C,i,k =1,2,---} be a double array of i.i.d. complex variables with mean 0 and variance
1.Set & = (€14, &4, -+, &pi) T, the vectors (€1, - -+, &,) is considered as an i.i.d sample from some p-
dimensional distribution with mean 0, and covariance matrix I,,. Therefore the sample covariance

matrix is
1 n
== JEX 2.1
P 2.1)

For 0 < 6 <1, let a(f) = (1 — v6)? and b(8) = (1 + V#)?. The Marcenko-Pastur distribution
of index 6, denoted as F?, is the distribution on [a(f), b(6)] with the following density function

2739:1; V() —allz = a(®)], a(¥) <z <b().

go(x) =
Let
Yo =2 —ye(0,1)
n
and FY, F¥» be the Marcenko-Pastur law of index y and y,,, respectively. Let U be an open set of

the complex plane, including [1(¢,1)(y)a(y), b(y)], and A be the set of analytic functions f : U — C.
We consider the empirical process G,, := {G,,(f)} indexed by A ,

+oo
Gol(f) =p- / f@)[Fa— F™] (dz),  feA, (2.2)

where F), is the ESD of S,,. The following theorem will play a fundamental role in next derivations,

which is a specialization of a general theorem from Bai and Silverstein (2004) (Theorem 1.1).

Theorem 2.1. Assume that f1,- -, fx € A, and {&;} are i.i.d. random wvariables, such that
B¢, =0, Elgn|> =1, Elén|* < co. Moreover, B —ye(0,1) asn,p — oo.

Then:

(i) Real Case.  Assume {&;;} are real and E(&},) = 3. Then the random vector (G (f1), -+, Gn(fr))

weakly converges to a k-dimensional Gaussian vector with mean vector,

(= J3@@) + £ (0y) 1 o) fi(@) s
= 4 /a<y> Viy— (@ —1—y)

) jzla"'vka (23)

and covariance function

v(firf) = 53 7{7{ fﬂ Zl fé Zzi))zdm(zl)dm(zg), g ee{l, -k} (2.4)

where m(z) = mpy(2) is the Stieltjes Transform of FY = (1 —y)Ij0,00) +yFY. The contours in
(2.4) are non overlapping and both contain the support of FY.

(ii) Complex Case.  Assume {&;;} are complex and EE, = 0, E(|¢11]*) = 2. Then the
conclusion of (i) also holds, except the mean vector is zero and the covariance function is half of

the function given in (2.4).



Z. Bai, D. Jiang, J. Yao and S. Zheng/Corrected LRT on Large covariance matrices 6

It is worth noticing that Theorem 1.1 in Bai and Silverstein (2004) covers more general sam-
ple covariance matrices of form S/ = Ty QSnTﬁ/ % where (T,) is a given sequence of positive-
definite Hermitian matrices. In the “white” case T,, = I as considered here, in a recent preprint
Pastur and Lytova (2008), the authors offer a new extension of the CLT where the constraints

E|¢11)* = 3 or 2, as stated above, are removed.

2.2. CLT for LSS of high-dimensional F matrix

Let {& € C i,k = 1,2,---} and {m; € C,j,k = 1,2,---} are two independent double ar-

rays of i.i.d. complex variables with mean 0 and variance 1. Write & = (&14, &2, - ,§pi)T and
nj = (Mmj,n2j,- ,mpj)T. Also, for any positive integers nq,na, the vectors (£1,---,&,,) and
(M, ,Mny) can be thought as independent samples of size 71 and ns, respectively, from some

p-dimensional distributions. Let S; and Sy be the associated sample covariance matrices, i.e.

1 o, ., I,
Si=—) && and Sy=—3 ]
Mo "2 53

Then, the following so-called F-matrix generalizes the classical Fisher-statistics for the present

p-dimensional case,

Vi, = 5155" (2.5)

where ny > p. Here we use the notation n = (nq, na).

Let

Yni = L — € (Oa 1)7 Yny = L — Y2 € (Oa 1) (26)
n1 n2

Under suitable moment conditions, the ESD EY» of V,, has a LSD F,, ,,,, which has a density [See
P72 of Bai and Silverstein (2006)], given by

(1 —42)/(b—)(x —a)

2rx(y1 + yo)

,  a<x<b,
Uz) = (2.7)

0, otherwise.

where a = (1 —2) "2 (1 — Vo1 T 92 — y192)° and b= (1 —42) 2 (1 + 41 T ¥2 — y192)" -

Similar to previously, let U be an open set of the complex plane, including the interval

[I VY C AV TV
(0,1)\Y1 (1+\/%)2, (1_\/%)2

and A be the set of analytic functions f : ¢ — C. Define the empirical process G, := {GTn(f)}

indexed by A .
Gl =p- [ F@IFF = Fypu] o). fed 28)

Here F,

Ynqi-Yng

is the limiting distribution in (2.7) but with y,, instead of y, k = 1, 2.
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Recently, Zheng (2008) establishes a general CLT for LSS of large-dimensional F matrix. The

following theorem is a simplified one quoted from it, which will play an important role.

Theorem 2.2. Let fi, -+, fx € .Z, and assume:
For each p, (&j,) and (n;j,) variables are i.i.d., 1 < i <p, 1 <j1 <nq, 1< js <ng. B =

Eny =0, Blgu|* = Elnul* <00, yn, =& =y €(0,1), yn, =& —y2€(0,1).

Then
(i) Real Case.  Assume (&;;) and (n;;) are real, E|¢11)? = E|mi|? = 1, then the random vector
(évn(fl), R n(fk)> weakly converges to a k-dimensional Gaussian vector with the mean vector
m(f;) = lim [(2.9) +(2.10) + (2.11)]
r—l4
1 1 1 2
— fi(z(¢ [ + — — | d¢ 2.9
I P Vo A A o 29)
6-y1(1—y2)2]{ 1
Yo (2(0) s 2.10
271 - h2 =1 i (O)(C‘F y2)3 ( )
6'y2(1_y2>% <+h .
ST — i - =1..-- .k 211
T 21t - h Ic|=1 fﬂ (Z(C)) (C + )3 Cv J ) 5 vy ( )

where z(¢) = (1 —y2) 2 [1+ 1>+ 2hR(C)], h = Vy1 T Y2 — y1y2, B = E|&u|* — 3, and the

covariance function as 1 <r; <rg |1

u(fy, fo) = 1<r11<i?;1+ [(2.12) + (2.19))]
(2(r1€1)) fe(z(raCa))rira
on? %2 1%1| 1 (raCe — r1G1)? A1z, (2.12)

fe(2(¢2))
[¢2|=1 (CQ + hrg)

2 C

By +y2)(1 - y2)? j{ Ji(2(G) et (2.13)
[Ci]= 1 (

AT2h2 G+42)
Gle {1, k)

(ii) Complex Case. Assume (&;;) and (n;5) are complex, E(£3,) = E(n?,) = 0, then the conclu-

sion of (i) also holds, except the means are liI{l [(2.10) + (2.11)] and the covariance function is
r—1l4

1
lim 3 (2.12) + (21?)] , where 3 = E|&[* —

1<ri<rp—ly
We should point out that Zheng’s CLT for F-matrices covers more general situations then those
cited in Theorem 2.2. In particular, the fourth-moments E|&;1|* and E|n1|* can be different.
The following lemma will be used in §4 for an application of Theorem 2.2 to obtain the formula

(4.5) and (4.6).

Lemma 2.1. For the function f(z) = log(a + bx), = € R, a,b > 0, let (c,d) be the unique
solution to the equations

A+ d*=a(l —y2)? +b(1+h?),

cd = bh,

0<d<e.



Z. Bai, D. Jiang, J. Yao and S. Zheng/Corrected LRT on Large covariance matrices 8

Analogously, let vy, n be the constants similar to (¢, d) but for the function g(x) = log(a+0z), « >
0, B> 0. Then, the mean and covariance functions in (2.9) and (2.12) equal to

1, (- d*)h?

m(f) = §logma

u(f,g) = 2bhd ‘¢ 'log

ey —dn’

3. Testing the hypothesis that a high-dimensional covariance matrix is equal to a

given matrix

To test the hypothesis Hy : X, = I,,, let be the sample covariance matrix S and likelihood ratio
statistic T, as defined in (1.2) and (1.4), respectively. For & = x; — up, the array {&}i=1... n

contains p-dimensional standard normal variables under Hy. Let

J
sn=5;§ia.

and

L* = t1S, — log|S,| — p.

Theorem 3.1. Assuming that the conditions of Theorem 2.1 hold, L* is defined as (1.3) and
g(x) =x —logx — 1. Then, under Hy and when n — oo
To=v(g) 2 [L" —p- F¥(9) —m(g)] = N (0,1), (3.1)

where FY is the Marcenko-Pastur law of index yy,.

Proof. Because the difference between S and S,, is a rank-1 matrix, S and S,, have the same LSD.
So, L* and L* have the same asymptotic distribution. We also have

L* = S, —log|S,| —p
P

Z (A5r —log X" —1) =p- /(x —logz — 1)dF,(x)

i=1

_— / 9(2)d (Fa(z) — F(2)) +p- F¥(g),

so that
Gulg) = L* — p- F¥(g). (3.2)

By Theorem 2.1, G,,(g) weakly converges to a Gaussian vector with the mean

m(g) = —w (3.3)

and variance

v(g) = —2log (1 —y) — 2y. (3.4)
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for the real case, which are calculated in §5. For the complex case, the mean m(g) is zero and the

variance is half of v(g). Then, by (3.2) we arrive at

Lx—p-F'(g9) = N (m(g),v(9)), (3.5)

where
Yn — 1

n

FU(g) =1~ log (1 — yn) (3.6)

can be calculated by the density of LSD of sample covariance matrix in §5. Because L* and L*

have the same asymptotic distribution and (3.5), finally we get

T, =v(g) % [L* —p- F¥(g) —m(g)] = N (0,1).

3.1. Simulation study I

For different values of (p, n), we compute the realized sizes of traditional likelihood ratio test (LRT)
and the corrected likelihood ratio test (CLRT) proposed previously. The nominal test level is set
to be a = 0.05, and for each (p,n), we run 10,000 independent replications with real Gaussian

variables. Results are given in Table 1 and Figure 1 below.

CLRT LRT
(p,m) Size  Difference with 5%  Power Size Power
(5, 500) 0.0803 0.0303 0.6013 | 0.0521  0.5233
(10, 500) 0.0690 0.0190 0.9517 | 0.0555  0.9417
(50, 500) 0.0594 0.0094 1 0.2252 1
(100, 500) | 0.0537 0.0037 1 0.9757 1
(300, 500) | 0.0515 0.0015 1 1 1
TaBLE 1

Sizes and powers of the traditional LRT and the corrected LRT, based on 10,000 independent applications with
real Gaussian variables. Powers are estimated under the alternative ¥, = diag(1,0.05,0.05,0.05,...).

As seen from Table 1, the traditional LRT always rejects Hy when p is large, like p = 100 or 300,
while the sizes produced by the corrected LRT perfectly matches the nominal level. For moderate
dimensions like p = 50, the corrected LRT still performs correctly while the traditional LRT has
a size much higher than 5%.

4. Testing the equality of two high-dimensional covariance matrices

Let (x;), ¢ = 1,---,n1 and (y;), j = 1,---,n2 be observations from two normal populations

N(pi,3r), k = 1,2, respectively. We examine the test defined in (1.5) and (1.6). The aim is to
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find a good scaling of the LR statistic T, such that the scaled statistic weakly converges to some

limiting distribution. Let

_1 1
G=Y"2(xi —m), m=%"2(y; —p2)

where > = ¥; = Y5 denotes the common covariance matrix under Hy. Note that in a strict

sense, the vectors (x;), (y;) and the matrices X, ¥, Xs depend on p. However we do not signify

this dependence in notations for ease of statements. Due to Gaussian assumption, the arrays

(&)i=1,-- .ny and (1;);=1,... n, contain i.i.d. N(0, 1) variables, for which we can apply Theorem 2.2.
Let

1 &
S, = n_Zgig; . 10 k-
L
1 & N 11
Sy = — Y mm=X2DY,
N9 =
where
1 &
¢ o= D 0 = ) (i — )7,
=1
1 &
D = — > (yvj—n)(y; —p2)"
Nng “—
7j=1
Note that
V= 8185"

forms a random F-matrix and we have
ny no ny no
I - IS -8 _ [C]= D]
- N T N
|0151 —|—0252|T |ch+cQD|7

(4.1)

Theorem 4.1. Assuming that the conditions of Theorem 2.2 hold under Hy, L1 as defined in

(1.6) and
Y

= log(y,, + Yn —— 7" logx —log(Yn, + Yn.).
f(x) = 10g(yn, + yn, ) ot g, 087 8(Yny + Uns)
Then, under Hy and as ny A ng — o0,
—~ 1 2log L
Ty = o(f) | =28 By, () = ml)| = N 01, (1.2

Proof. As A— C and B — D are rank-1 random matrices, AB~! and CD~! have the same LSD.

Also by (4.1), Ly and L; have the same asymptotic distribution. Because

ny ng

2.~ 2 R e
__long e __log w
N N |6181 +02S2|?

= log |can_1 + o] — ¢ - log |Vn_1|

P
= Zlog(clx\ly” +¢c2) — ¢1 - log(A/™)

i=1
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= p- /[log(clx +¢o) — 1 - log(x)] dEY" ().

Define f(z) = log(ciz +c2) — ¢y -log(z), by ¢p = & = ynzhflzyw and ¢y = 22 = ynffynz , also it can
be written as
Yn
f({E) = 1Og(yn1 + yn2517) - 1ng - 1Og(yn1 + ynz)' (43)
yn1 + yng
From
2log Ly
WM [ fwart @
= b+ [ @ (B @) = Foy oy (@) 5 B, ()
we get .
— 2log Ly
Gu(f) =~ N —p'Fynlﬁynz (f)- (4.4)
By Theorem 2.2, é;( f) weakly converges to a Gaussian vector with mean
()= g [tog (LELZII ) oyt =y gty (05)
2 Y1+ Y2 Y1+ Y2 Y1+ 2
and variance
v(f) = —2721321%(1 —y1) — 27%21%(1 —ya) —2log— LT (y)
(y1 + v2) (y1 +y2) Y1+ Y2 — 1y2

for the real case, which are calculated by Lemma 2.1 in §5. For the complex case, the mean m(f)

is zero and the variance is half of v(f). In other words,

S By D) = N () 0()), (4.7)

where

_(yru + Yny — Ynmy ynz)

Fyyny, (f) = 10g (Yny + Yns — YnyYns)
ynlyn2
(ynl + Yno — Yny ynz) Yn,y (1 B yn2)
+ lo + + ———="log (1 —
Y1 Y g (Yny + Yny) Yrea (Yror - Yo g ( Yns)
Yns (1 B ynl)

log (1 = yn,),
y’ﬂl (y’ﬂl + yng) !

is derived by use of the density of F, . in §5. Because LNland Ly have the same asymptotic
distribution and by (4.7), we get by letting nq1 A ny — oo,

2log Ly

Ty =o(f) % |-

=P Fypy i, (F) =m(f)| = N(0,1).
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n=500
o _
—
o CLRT
A LRT

[ee)

® -
5 o
g S ]
T
(0]
o
>
I

o

N

S -

I T T T T T I
0 50 100 150 200 250 300
Dimension

FIGURE 1. Realized sizes of the traditional LRT and the corrected LRT for different dimensions p with real Gaussian
variables. 10 000 independent runs with 5% nominal level and sample size n = 500.

(v1, y2)=(0.05, 0.05)

CLRT LRT
(p, n1, n2 ) Size Difference with 5%  Power Size Power
(5, 100, 100) 0.0770 0.0270 1 0.0582 1
(10, 200, 200) 0.0680 0.0180 1 0.0684 1
(20, 400, 400) 0.0593 0.0093 1 0.0872 1
(40, 800, 800) 0.0526 0.0026 1 0.1339 1
(80, 1600, 1600) 0.0501 0.0001 1 0.2687 1
(160, 3200, 3200) | 0.0491 -0.0009 1 0.6488 1
(320, 6400, 6400) | 0.0447 -0.0053 0.9671 1 1

(1, y2)=(0.05, 0.1)

CLRT LRT
(p, n1, n2 ) Size Difference with 5%  Power Size Power
(5, 100, 50) 0.0781 0.0281 0.9925 | 0.0640  0.9849
(10, 200, 100) 0.0617 0.0117 0.9847 | 0.0752  0.9904
(20, 400, 200) 0.0573 0.0073 0.9775 | 0.1104  0.9938
(40, 800, 400) 0.0561 0.0061 0.9765 | 0.2115  0.9975
(80, 1600, 800) 0.0521 0.0021 0.9702 | 0.4954  0.9998
(160, 3200, 1600) | 0.0520 0.0020 0.9702 | 0.9433 1
(320, 6400, 3200) | 0.0510 0.0010 1 0.9939 1
TABLE 2
Sizes and powers of the traditional LRT and the corrected LRT based on 10,000 independent replications using
real Gaussian variables. Powers are estimated under the alternative 31 E;l = diag(3,1,1,1,---). Upper:

y1 = y2 = 0.05. Bottom: y1 = 0.05, y2 = 0.1.
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4.1. Simulation study IT

For different values of (p,n1,m2), we compute the realized sizes of the traditional LRT and the
corrected LRT with 10,000 independent replications. The nominal test level is & = 0.05 and we
use real Gaussian variables. Results are summarized in Table 2 and Figure 2.

As we can see, when the dimension p increases, the traditional LRT leads to a dramatically
high test size while the corrected LRT remains accurate. Furthermore, for moderate dimensions
like p = 20 or 40, the sizes of the traditional LRT are much higher than 5%, whereas the ones
of corrected LRT are very close. By a closer look at the column showing the difference with 5%,
we note that this difference rapidly decrease as p increases for the corrected test. Figure 2 gives a
vivid sight of these comparisons between the traditional LRT and the corrected LRT in term of

test sizes.

4.2. A pseudo-likelihood test for high-dimensional non-Gaussian data

As said in Introduction, previous related works as Ledoit and Wolf (2002), Srivastava (2005)
or Schott (2007) all assume Gaussian variables. In contrast, Theorem 4.1 applies for general
distributions having a fourth moment. For these non Gaussian data, we consider the corrected
LRT as generalized pseudo-likelihood ratio test (or Gaussian LRT).

Moreover, the methods proposed by these authors all rely on an appropriate normalization of the
trace of squared difference between two sample covariances following the idea of Bai and Saranadasa
(1996). We believe that their method would strongly depend on the normality assumption (which
was supported by simulation results below). On the other hand, based on general understanding,
the LRT contains much higher information from data and its poor performance observed up to now
is just caused by its large bias when dimension is large. Thus, from the intuitive understanding,
we are confined ourselves to modify the LRT.

Let us develop in more details an example. Assume that x follows a normalized ¢-distribution
with 5 degree of freedom, that is x = \/ét(5), x and y are i.i.d., hence Ex = EFy = 0, E|x|? =
Ely|* =1 and E|x|* = E|y|* = 9. We still employ the result in Theorem 4.1 for the test of equality

between two covariance matrices, where

1 +yy —
mi(f) = —[log(yl v2 yly2>— B log(1 — o) — —2—log(1 — 1)

Y1+ Y2 Y1+ Y2 Y1+ Y2

6y7y2 6y195
+ } 48
(1 +12)?  (y1+y2)? (4.8)
and
2y3 2y3 Y1+ 2
v =——"= log(l — ——= —Jog(1 — —2log ————— 4.9
() (Y1 +y2)? sl —u) (Y1 + y2)? 81 =v2) s Y1+ Y2 — 1y2 (4.9)
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instead of m(f) and v(f) for real case, respectively. (4.8) and (4.9) are calculated in §5.

The following Table 3 summarizes a simulation study where we compare this corrected pseudo-
LRT with the test proposed in Schott (2007). We use 1,000 independent replications with the
above t-distributed variables. Again, the nominal test level is @ = 0.05. As we can see, the corrected
pseudo-LRT performs correctly while Schott’s test is no more valid here since the variables are

not Gaussian.

(y1, y2)=(0.05, 0.1)
(p, m1, n2 ) CLRT Size | Schott’s Size
(10,100, 200) 0.067 0.517
(20, 200, 400) 0.065 0.603
(40, 400, 800) 0.054 0.703
(80, 800, 1600) 0.048 0.764
(160, 1600, 3200) 0.045 0.826
(320, 3200, 6400) 0.051 0.854
TABLE 3

Sizes of the corrected pseudo-likelthood ration test and Schott’s test for the case of y1 = 0.1, y2 = 0.05, based on
1,000 independent replications with normalized t-distributed variables with 5 degrees of freedom.

5. Proofs
Proof of (3.3)

By Theorem 2.1, for g(x) = x —logz — 1, by using the variable change x = 1 +y —2,/ycosf, 0 <

0 < m, we have

m(g) =

g@dw)+g(MyD__j_/“” g(x) "
4 21 Jo) Ay — (@ —1-y)?

—log(1 — 1 ("
= %(y)—yf 1+y—2ycost—log(l+y—2ycosb)—1]db
T Jo

y—log(l—y) 1 [*7 ;
= %—5/ [y—2\/§0059—10g|1—\/§ee|2]d9
0

_log(1 —y)
2 )

27
where / log |1 — /ye'|2df = 0 is calculated in Bai and Silverstein (2004).
0

Proof of (3.4)

For g(z) = x — logx — 1, by Theorem 2.1, we have

v0) =5z § § Gt St mleina)

o2 m(zz))>?
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and

g(21)g(22) = 2122 — z1logzz — 221log 21 + log 21 log 22

—2Z1 —l—logzl — 22 +10g22 + 1.

It is easy to see that v(1,1) = 0, where 1 means constant function equals to 1. For Stieltjes

transform of 'Y, the following equation is given in Bai and Silverstein (2004), for z € CT,

_ 1 y
z = m(z>+1+m(z). (5.1)

Let m; = m(z;), i = 1,2. For fixed ma, we have on a contour enclosed 1, (y — 1)~! and -1, but

not 0,
log (2(m1)) mr ~ Wy 1
flosteton) g i
(my —ma) s T o (m1 — mo)
1+ 2 _ym? -1 1
_ %( ml) ymy + - dm1
ymi(mi—mz) \mi+1 m— 25
1 1
= 27i- ( — T )
mo + 1 mo — ﬁ
and

L y
% mi + 1+mq dml

(m1 —ma)?
1 -y -1 -2 mi+ 1.,
= +—=)-1-04+m (me+1)"*- (1 - ———) “dm
¥ P+ )l )] e+ 1) (1= P 2,
1 l-y, « j e ol AV
- ¢! I 1 d
vl ) S0t mama )7 S
. Y
= 2mi - —0.
(mo +1)2
Then we also get v(—z1 +log z1, 1) = 0. Similarly, v(1, —z3 + log z2) = 0. Furthermore,
2 oo
Y 1 1 1—y .
= L 1 Jdmg =2
v(z,22) i j{ (ma + 1)2(1 + mo N Y )j:o( ) ”
and
Y 1 1 1 1—y 1
v(z1,log z = = — + 1= (1+m dm
o) = L g - )+ ) 1= (1 ma)) g

o0

(1 + mg)jde
=0

Y 1 1 1 1—y
= — ¢ - — + )
m ) ma+1 ma—1/(y—1)"14+m2 y

= 2.

J

By a computation in Bai and Silverstein (2004), we know that v(log z1,logz2) = —2log(1 — y).

Finally, we obtain

v(g) = wv(z1,22) +v(logz1,logze) — 2v(z1,log 22)
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+v(=z1 +1logz1,1) + v(1, —22 + log 22) + v(1,1)

= —2log(1—vy)—2y.

Proof of (3.6)

Since FY» is the Marcenko-Pastur law of index ¥,, by using the variable change x = 1 + y,, —

2,./Yncos, 0 <60 < m we have

bn) p —logz — 1
Fi(g) = / —————/(b(yn) — ) (x — alyyn))dx
W = [ e W) A a)
1 4 log(1 n — 2+/Un 0 1
_ / ) loel+y Yncost) + 11 ) in? 0o
27yn Jo 1+ vy, — 2/yn cost
1 27 2i 2 0 )
S 2sin?f — S (log [1 — \/gne™®|> — 1) | d6
2 Jo 1+ yn — 24/yn cost
Yn — 1
= 1- log(1 — yp),
" ( )
where ,
1 [ 2sin? 0 , n—1
—/ S log |1 — \/yne®|?db = L log(l —y,) —1
2 Jo 14 yn — 2/Yn cosb Un
is calculated in Bai and Silverstein (2004).

Proof of Lemma 2.1

We use the variable change z = (1 — y2)~2(1 + h? — 2hcosf), where h = \/y1 + y2 — y1y2.- When
¢, d satisfy ¢ + d? = a(1 — y2)? + b(1 + h?), c¢d = bh, 0 < d < ¢, we have

£(:(6)) = log(a + b=(£)) = log <ﬂ> |

(1 —12)?
Similarly,
+ 2
9(=(6)) = los(a + B=(€)) = log (%) .
- ( )? ( )*
- B c+d¢ . B v+ né
f(z(§)) =log (m) and  g(z(¢)) = log (m) .
Note that f(z(€)) = R(f(2(€))) and g(2(€)) = R(§(2(€))). By Theorem 2.2, we have
1 1 1 2
) = gmd SO | E T
1o ; 1 1 2 ;
= [ s Lie_; + —ei9+%]eed9
I , 1 1 2 :
= I ; f(z(e") [ei" —1 + e+ 1 = %} e 0dl
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1 1 1 2 0
= 87/, f(( )){[ew—%—’—ei"—k% eie_i_z_i}e +
1 1 2 i
Lw —1 T e—i0 f 1 =i | Z_z] }d@
1 M 1 1 2 0
_ gm{ [ Fete >>[<eie_%+ew+% - 0+h_> N
r r 2hr
. — — : do
<7°—e“9 +r+619 ygew—i—hr) }
1 ~ 1 1 2
{8m T <s>>l R
r r 2hr 1
+ + — d
(et e o) 5}
1/~ 1
= - —=))—2
(P + Fet-2) - 2 2))
1 ~
rll _ _ __2
— 2 [T + Fa(-1) - 27(:(=22))]
1 2 2
~ Lig (2 —d*)h
27 (ch—y2d)*
Let m; = —%:jfj, where |£;] =1,j=1,2,r3 | r1, and m | 1. By Theorem 2.2, we have
1 f(z(r&))
v(f,g)=——= —— . ri7od, z(r d&s.
G9=5mf { B et s o(e(rae)de
When r | 1, —% and 0 are poles. We can then choose r; so that —d—f;’l is a not a pole. Then
we get
1 b
og(a +bz(r161)) riradéy
=1 (r2ée —11&1)?
(1 b
_ f (log(a + bz(ri&1)))’ s
=1 & —r2é
o f bh?‘1§1 1
=1 | (& —ra&e)(c+ driér)e & + L =<
bhryt 1
— “ro|d
(r& —ra&)(c+dré)e (& + e 21 o
. (bhdlc1 bhd 11y )
= 2m — .
52 d+ CT2§2
So,
i bhd=tc=t  bhd"lry
v(f,9) ”ﬁ&ﬂ ) ( & d+cr2§2> og (a + Bz(r2€2)) déo

Since the function g(z)

l9(2(ré2)) — 9(2(&))| < K(r — 1),

= log(a+ Bx) is analytic, when r5 > 1 but sufficiently close to 1, we have
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for some constant K. Thus we have

bhd=tc™!  bhd~'ry )
2

Mﬂz—l[g(z(m&))_g(z(&))]( £ d+craby

— 0 as ro ] 1,

where the estimations are done according to|arg(&:)| or |arg(&2) — w| < /12 — 1 or not. Thus,

. —1,.—1 —1
o =-1f st (P - I ) i+ R

2
where R(rg) — 0, as 72 | 1. Because g(2(£2)) = log (%) , for v, n satisfying v2 +n? =
— Y2

2
a(l —y2)* + B(1 + h?), yn = Bh, 0 < n < v, and if g(z(&)) = log (M> , we have

(1—y2)?
9(2(§2)) = R (9(2(&2)))- Therefore,

i ~1,-1 -1,
W =2 sl (= ) e,

m & dtenb
= % /O 2F9(2(ei9)) (bhd{;;c‘l - dbidc;zge) edo
(G-
= % OQW g(z(e) l (bhdei201 - dbidﬂ:ge) e 4+ bhd e — 7;;]3;1 J:;Z o
) %%{ /027r§(2(ei9))l(bhd;2c—1 ) db_];b_dc_;z(’)eie_’_bhd—lc—l B % de}

- 1 N bhd~lc='  bhd~lrs L bhd '\
- %{%]{52_1 9(2(&2)) l( & B d+cr2§2) + (bhd c dés +cr2> & ]d&}

= bhd ‘et {g(z(O)) —?z(z(—%))]

— bhd e [§<z<o>> —§<z<—§>>]
- ¢y

= 2bhd"'c 110g67_dn.

Proof of (4.5) and (4.6)

Because ¢ and 7 are Gaussian variables, for real case, 3 = E|¢|* — 3 = 0, then (2.10), (2.11) and
(2.13) are all 0. Consider (2.9) and (2.12), as yn, — Yk, k = 1,2,, by the computations done in
the proof of Lemma 2.1, we see that termes tending to zero could be neglected in the considered

contour integrals. Hence we can put y,, = yr, k = 1,2 and use

Y2
z) = lo + yax) —
f(z) = log(y1 + ya7) —

logz —log(y1 + ¥2)
Y2
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__Yn2 log x — log(yn, + Yn, ). Consider the variable change

y’ﬂl + yn2
x = (1—y2) " 2(14+h?—2h cos 0), where z(£) = (1—y2) 2 [1 +h%+ 2h7€(§)} . h =y +y2 — y192.

As

instead of f(z) = 1og(yn, + Yn,x)

2
log(yn, +yn,2(§)) = log <M>

(1 —y2)?
2
log(z(6) = log (%)

we have by Lemma 2.1,

1 h? —y2)h? Y 1 — h?)h?
m(f) = —{log( 5 22)2 — 2 1og( ) 2}
2 (h? —y3) Y1+ Yo (h —y2h)
1 Y1 +y2 — y1y2> Y1 Yo
= —|lo — log(1 — — log(1 — ,
2 { g( Y1+ y2 Y1+ Y2 81 =12) Y1+ 2 gl =)
and
o(f) = v(1ogYn, + Yn,)) + yigv(log x) — 252 v(log z,108(Yn, + Yn,))
(Y1 +12)? Y1+ Y2
h? Y2 1 490 1

= 2lo +2 2 lo — lo

ghz_yg (Y1 +y2)? SN Y1+ Y2 gl—yz
2y3 2y3 Y1+ Yo
= ——= —Jog(1 — ——= —log(1l — —2log ———————.
(Y1 +y2)? 81 =) (Y1 + y2)? 8l =2 s Y1+ Y2 —1y2

Proof of Fynl Y (f)

By (4.3) and the density of F), (f) (the limiting distribution in (2.7) but with y,, in place of

n1Yng

Yk k= 1,2. )7 where hy, = \/Yn, + Yny — Yn1Yny» an = (1 _ynz)_2 (1 = VYni T Yny — ynlyng)2 and
by = (1=4ny) "2 (1 + /Uy T Yrs — Ui Uns)” - Using the substitution 2 = (1—y,,) 2 (1+ A% —2h, cosb), 0<

0 < 7, we have

\/(b )@ —a) = 2h,, sin 0 dI72hnsin9d9'
" " (1_3/712)2, (1_yn2)2 7
. ‘1_hnew‘2 4 . ’hn_ynzew’Q
S TN N (A E
Therefore,
Fynl sYno (f)

b (1- ynz)\/(bn - x)(x — an)
/an /@) 272 (Y, + Yny ) o

b

" Yno (b — ) (7 — an)
11—y, / [log Yny + YnoT) — log x dx
( 2) [o 7% ( ! : ) yn1 + yn2 27T$(yn1 + ynzx)

—log (Yn, + Yn,)
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_ ,, _ 6|2 _ i0)2
i bt o]
0

1- yn2)2 Yn, =+ Yno (1 - ynz)

h? sin? 0
|1 — hn€i9|2 [P — ynzei9|2

_ 2(1—yn2) /ﬂ |:10g’hn_yn2ei9’2_
™ 0

h2 sin” 6 &0 2(1 Yo
|1 - hnei0|2 |hn - yn2€i0|2 Yn,y + Yna

= %{M /027T {log(hn — Ynye'?) — _Yna log(1 — hpe’ )]

Yn, + Yny

do — 1Og (ynl =+ yn2)

_ 0
7n1+yn2 10g’1 hpe ‘]

) log(1 — yn,) — 10g (Yn, + Yn,)

h? sin® 0 2Yn,
T ei9|2d9} ﬁlog(l ~ Yny) = 10g (Yny + Yn,)
— Nn n — Yns ni n2

_(1 - ynz) f Yno
%{ 2mi |z|=1 tog(ftn = yna2) Yny + Yny log(1 hnZ)

h2(z — z71)2 2Yn,
L dz p — ——"—log(1 — Yn,) — 10g (Yn, + Yn
21— hnz|? [hn = Yny 2| Yny + Yn, (1 2) s )

Yny — 1 1 |: Yno
S L 10g(hn — Yny2) — — "2 log(1 — hpz
{ y’ﬂg 27TZ |z|:1 ( ’ ) ni + y’ﬂg ( )
(2 - 1)?

2y,
. dz 710g — Yny) — 108 (Yny + Yn,)-
z(z—hn)(z—%)(z—%)(z—;f;) } Yna + Yna (1 2) (Yns 2)

There are three poles inside the unit circle: 0, Ay, Yn,/hn. Their corresponding residues are

ny — 1
R(0) = 2 log(hn),
Yno
(hy = 1) { Yno 2
R(hy, —n 2 MNog(hy) + log(1 — yn,) — —2—log(1 — hZ
(hn) 0z =) (hn) ( 2) T ( )| s
Yno (y121 - hi) |: 2 2 Yno
R(=—) = ——2——|log(h; —y., )—log(h,) — ————1log(l — yn,)| -
( hy, ) Yno (Yn, — h3) ( 2) () = Yni T Yny 1 )
Therefore,
FYnisYng — Ynoy 2y
(f) - R(O) + R(hn) + R(_) o log(l - ynz) log (yvu + ynz)

hn, Yny + Yny

— —+ —
_ (ynl Yns ynlynz) log (ynl + Yny, — ymynz)
ym y’ﬂQ

n + ny — Yni1Yn n 1- n
A Yy Y)Yl yZ))log(l—ym)

YniYno Yns (Yny + Un,
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ynz(l B ynl)
+—— =1 Tog (1 — Yn, )
y’ﬂl (y’ﬂl + yng) !

Proof of (4.8) and (4.9)

Because x and y are random variables from normalized ¢-distribution with 5 degree of freedom,
x and y are i.i.d., Ex = Ey = 0, E|x|*> = E|y|*> = 1 and E[x|* = Ely|* = 9. For real case,
B = El§[* —3 = 6, (2.9) and (2.12) items are the same to the Gaussian variables. Consider
the items (2.10), (2.11) and (2.13). As the same explanation in Proof of (4.5) and (4.6), we use

f(@) =log(yr + yzx) — 42— logx — log(y1 + y2) instead.
For (2.10), we have

5'91(1—242)2}{ [10 P4yl oy PR
2mi - h? 1€]=1 (1=w2)? wyi+y2  (1—y2)?

log(y1 + yz)]

1
T prt
1

B (L —y)? Y2
= o 7{5—1 2R{ log(h + y28) — —— log(1 + hﬁ)} :

dg

. — 2 _
= % j{g_l { log(h + y2&) + log(h + y2§)

1
_y1 + Y2 @dé
. _ 2
_ B -y)” j{ [log(h+y2§) - yj log(1 + h§)]
j€1=1 !

271 - h? Y2
3
hr
1 (U_z) §

2 {1og(1 + h&) + log(1 + hz)} } .

+ dé
(€+5) (b yep
ﬁyl(l _y2)2 1 Yo 7
= — 2 I% 97— |l h _ ] 1 A
2mi - h2 ™3 |loglh +yat) Y1+ Y2 og(1 + h) g—— 12
S— " hr
_ By —gp)’ [_ Y3 LY h? }
2h2 (h+y26)2 41 +ya (1 + he)2 o
— hr
_ Bytyr
2(y1 +12)?
FOI’ (211), we have
ﬁ'(l_y2)7{ [ |h+ o€ e 1+ hef? ]
o lo _ lo o n
Ami e L P = w)? it P (1 ge)? g(y1 + y2)
- s 1 . 12 "
E+87 ¢ ey B it

_ 5'(1—:92)242% {lo |h+98* o o [1+hg2
2mi-h le|=1 (1—v2)* ity ~ (1—y2)?

. 5+%]
il

log(y1 + yz)]
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_ B (- o . i}
B 2mi-h %;ﬂ2R{bgh+yﬁ) y1+yzbﬂ1+h®} h§+%ﬂ3 “
_ 5'(1—y2)y2 _

- w]ﬁl_l [log(thyzé) + log(h + y28)

Y2 (log(l + hé) +log(1 + hg)) } . {ﬁ] d¢

R €+ 72)?
B (1 —y2)ya y{ { Y2 }
27 - h l€]=1 & y2£) Y1 + Yo g 5)
2.2
[ c4 i hyg (€+hr)}d
ErEP T e mp
B-(L—ya)ya, . 1 Y2 1
= 72 * = 1 h - 1 1 h N e
(1 (osth +326) — 2 togl1 + k)] (6 + 1)
=32
_ By
2(y1 +y2)?
Therefore,
mi(f) = l[log (yl Ty y1y2> — P log(1 —ya) - —L—log(1 - )
2 Y1+ 2 Y1+ Y2 Y1+ Y2

6y7y2 6y1y3
2 + 2|
(y1 +y2) (y1 +y2)

For covariance, we have

14+h%+2hR(€)
f f(+hf$i )&

=1 E+7)
_ h+yeél? e 1+ hE2 ] .
B ﬁQJP%<1—mV bt g s )| e
J— —_ y2 . 71
_ jlgﬁl—l 2R{ log(h + y26) ~ 2~ log(1 + h§)} e
- f; {mah+m@+byh+m@

¢|=1

Y —= . 1
e [10g(1+ he) + log(1 + h)] } T Ep

- j’{ {log(h +pf) — —2 log(1 + h{)] (Z_)Q d¢

l€]=1 Y1+ Y2 E+2)2  (¢+ %)2

!
. Y2
2mi - |log(h + — log(1+ h
[ g(h + y28) o g( 5)]

. Y2
E&=—nr

- [ )
= e - +
h+y26  y1+y21+hs

= 0.

. Y2
E=—7r

22
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So, (2.13) becomes,

1+h2+2RR(€1) 1+h2+2h7z(£2))
B (it y2) (1 —y2)? f{ f( T—v>)° )d&]{ f( v ) 4o g
4m2h? a=1 (Gt )2 leaj=1 (Lot 25)?
Finally,
2y3 2y3 y1 + 2
v =——7= —Jog(l — — —=—log(1 — —2log ——"——,
1(f) (yl ¥ y2)2 g( yl) (yl + y2)2 g( y?) g v + Yo — Y1yo
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FIGURE 2. Sizes of the traditional LRT and the corrected LRT based on 10,000 independent replications using real
Gaussian variables. Left: y1 = y2 = 0.05.  Right: y1 = 0.05, y2 = 0.1.
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