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Boundary isolated singularities of positive solutions
of some non-monotone semilinear elliptic equations

Marie-Frangoise Bidaut-Véron, Augusto Ponce and Laurent Véron
Laboratoire de Mathématiques et Physique Théorique
Université Frangois-Rabelais, Tours, FRANCE

Résumé

Assume Q C RV is a smooth domain, zg € 9Q and ¢ > (N +1)/(N — 1). We study the
behavior near xg of any positive solution of (E) —Au = u? in £ which coincides with some
¢ € C*(09Q) on 9N\ {zo}. We prove that, if (N +1)/(N —1) < g < (N +2)/(N—-2), u
satisfies u(z) < C |z — 20| /™Y and we give the limit of |z — 20|V u(z) as  — .
In the case ¢ = (N + 1)/(N — 1) u satisfies u(z) < C |z — o/ (1n(1/|gc|))(171\[)/2 and a
corresponding precise asymptotic is obtained. We also study some existence and uniqueness
questions for related equations on spherical domains.

1 Introduction

In this article we study the isolated boundary singularities of a positive function u satisfying,
for some ¢ > 1,
— Au = u?, (1.1)

in a smooth domain Q C RY (N > 2). More precisely we assume that u is continuous in Q\ {zg}
where z is some boundary point of €2 and coincides on 92 \ {zp} with a smooth function ¢
defined on the whole boundary 9f2. This function may develop an isolated singularity at zy and
the whole question is to describe its behaviour near xzo. When ([L.1]) is replaced by the equation
with the other sign, namely

— Au+ |u|T =0, (1.2)

the problem has been adressed first by Gmira and Véron [[4]. Later on it was extended to
nonsmooth domains in [[§]. One of the key result in [[4] is the existence of a critical exponent
g=q :=(N+1)/(N —1). It is proved that if ¢ > ¢; any boundary isolated singularity for a
solution of ([[.2]) is removable. On the opposite, if 1 < ¢ < g1, there exist solutions with boudary
isolated singularity. Furthermore, such singular behaviour have been completely characterized :
either if u > 0, or if 1 +2/N < ¢ < ¢y, or if N = 2. For positive solutions, the behaviour of u
near xy can be of two types :

(i) Either

lim z — o/ Vu(z) = w(o)
T — o

T —xQ
z—zq]




locally uniformly in o where w satisfies a particular nonlinear elliptic equation on an hemisphere
S of the unit sphere SN71,

(ii) or there exists k > 0 such that
u(z) = kP(x,z9) asx — xg

where P is the Poisson kernel in Q.

Furthermore it is proved that the two types of behaviour truly exist. This result play a funda-
mental role in the theory of boundary trace of positive solutions of ([.2]) which was later on
developed by Marcus and Véron [P0], ]|, B9 using analytic tools, and Le Gall [[§] or Dynkin
and Kuznetsov [[[0],[[T] with a probabilistic approach.

For equation ([[.I]), the interior singularity problem was initiated by Lions [[9] in the subcri-
tical case 1 < ¢ < N/(N — 2) and thouroughly analyzed by Gidas and Spruck in a the seminal
article [[3 in the range N/(N —2) < g < ga := (N + 2)/(N — 2). There are several key points
in their article, in particular :

(i) Ezistence of a universal a priori estimate : any positive solution of ([[.1]) in the ball By(a)\{a}
satisfies
w(@) < Clo—a| "™V ¥z € By jy(a)\ {a}, (1.3)

for some C = C(N,q) > 0.
(i) Non-ezistence of positive smooth solution of in RV,

(iii) Uniqueness of positive solutions of a class of equations on the unit sphere S™ 1,
— Nw+tw =w? (1.4)

where A’ is the Laplace-Beltrami operator and 0 < (¢ — 1) < N — 1. In this case ¢ < q3 =
(N+1)/(N-3).
(iii) Ezistence of the limit of |x — a|* @~ Du(z) when z — a.

The boundary singularity problem associated to ([.I]) has been treated by Bidaut-Véron
and Vivier [fi] in the subcritical range 1 < ¢ < q1. Here it is proved that there exists k > 0 such

that
u(x) = kP(x,z9) asx — xo.

In this article we consider the range of exponent ¢; < g < g2 and we prove a series of results
which extend Gidas and Spruck’s work to the boundary singularity framework. Our main results
are the following.

Theorem A If 1 < q < qo, any positive solution u of (1.1]) which is continuous in Q \ {zo}
and coincide on 0N\ {zo} with some function ¢ € C(0N), satisfies
u(z) < Clz — a:o\_Q/(q_l) Vx € Bp,(zo) N1, (1.5)

for some Ry and C' = C(N, ¢, |[¢]| Lo (Bg, (z0)n00n0)) > 0.

The proof of this result is based upon a topological argument (the doubling lemma) and a
method introduced by Polacik, Quittner and Souplet [24).



Theorem B Let 1 < q < g3, ¢ # q2, ¢ € C(09) and u be as above and satisfies ({[.5]). If we
suppose that the boundary singular point xg is 0 and the outward normal unit vector to ) at 0
18 —enN, then either u extends to 0 as a continuous function, or

|72/ Dy (/|z]) +o(1)) ifg> @
u@) =93 . N (1=N)/2 : (1.6)
kylz" " In(1/]z|) (@n/lz| +0o(1)) if ¢=aq,
where k7 is some positive constant depending on N and wq is the unique positive solution of
2(N —q(N —2))
—ANw= w + w? 1.7
(¢ —1)? (L)

in SN Vi N1 {2 : zx > 0} which vanishes on the equator OSN L

Furthermore, it is proved in [fJ] that positive solutions with the two above behaviour truly
exist. Besides the classical energy approach for this problem, a key point for proving the asymp-
totic when ¢ > ¢ is a uniqueness result for positive solutions of ([.7]). This is obtained by
proving first that such solutions depend only on the angular variable cos™ (zx/|z|) [BJ] and
then that the corresponding ODE admits a unique positive solution. This last point is based on

a delicate adaptation of a series of results due to Kwong [[L§] and Kwong and Li [[L7]. The type
of equation ([l.7]) is imbedded into a more general problem, namely

Ay — q—1 :
{ ANo=lw+wl*w inS (1.8)

w=0 ondS,

where S is a smooth subdomain of S¥~1, N > 3. We prove that w satisfies a general Pohozaev
type identity

(N-3)g N+1 1wl bdo — — (4 — _ w2 do
<2(q+1) qH)/\v P = s (g = 1) + N 1)/S?¢d "

IV'w|* (V'¢,v) dr,

2 Jos
where ¢ is any spherical harmonic of degree 1. As a consequence we derive

Theorem C Assume S C Sf_l.
(i) If ¢ > N — 1 any nonnegative solution of ({[.9]) is trivial.
(i) If 1 < ¢ < q3 and £ < N — 1, there exists a positive solution to (1.9]).

(iii) Assume S is star-shaped in the sense that there exists a spherical harmonics ¢ positive on
S such that (V'¢p,v)y <0 on dS. Then, if ¢ > g3, £(q — 1) < 1 — N, with one of these two last
inequalities strict, any solution of (.9]) is trivial. If ¢ = q3, ¢ = g3, (¢ —1) =1 — N, the same
result holds provided w > 0.

Theorems A, B and C have been announced in []. Our paper is organised as follows. 1- Intro-
duction. 2- The a priori estimate. 3- Characterization of the isolated singularities. 4- Equation
on a spherical domain.



2 The a priori estimate

In this section © is a smooth bounded domain in RY and 0 € 99. We denote p(x) =
dist (z,09Q), @ = Q\ {0} and 99* = 90\ {0}, and define the three exponents ¢; = (N +
1)/(N—=1), g2 =(N+2)/(N —2) and ¢g3 = (N 4+ 1)/(N — 3). We consider a positive function
u € C(Q) satisfying

—Au=u? in )
{ u=_¢ in OQ*.
where ¢ € C'(99). In the sequel, C' will denote a positive constant depending upon structural

assumptions, but not on the variables, the value of which may change from line to line. We first
recall the following standard consequence of the super harmonicity

(2.1)

Theorem 2.1 For any q¢ > 0, u? € L*(Q, pdx) and the boundary trace of u is a positive Radon
with the form (dS + vy for some v > 0. Furthermore

u(z) = / G, y)ul (y)dy + / P(2,1)C(4)dS(y) +1P(z,0) Ve (2.2)
Q o0

where G (resp. P) is the Green (resp. Poisson) kernel in Q. If ¢ > q1, then v = 0.

Proof. Since u is super harmonic and positive, we can apply Doob’s theorem which asserts that
Au € LY(Q, pdx), that the boundary trace of u is a positive Radon measure and that  is the sum
of the Green potential of —A and the Poisson potential of its boundary trace. In our case the
boundary trace may have an atom only at 0 and it coincides with ¢ on 9Q*. Thus u4 € L' (2, pdx)
and we obtain (R.2]). Clearly u(z) > vP(x,0) in Q. If ¢ > ¢, P(.,0) ¢ L%(Q, pdx), therefore
v =0. O

The main result of this section is the a priori estimate.

Theorem 2.2 Assume N > 2, 1 < q < q2. There exists C = C(q,%, ||C|| ) > 0 such that for
any positive solution of (B-1]) there holds

u(z) < Clz|~2@=D v eq. (2.3)

The proof is based on a beautiful method developed by Polacik, Quittner and Souplet [R4].
We recall their doubling lemma

Lemma 2.3 Let (X,d) be a complete metric space, ¥ C X be closed, D C ¥ be non-empty and
I'=>X\D. Let M : D+ (0,00) be a function bounded on the compact subsets of D. Let k > 0
be fized. If there exists y € D such that

M (y)dist (y,T) > 2k, (2.4)
there exists x € D such that
(i) M (z)dist (z,T) > 2k
(i)  M(z) = M(y) (2.5)

(v31) 2M (z) > M(z) Vz € DN Byp)().



Lemma 2.4 Let N > 2 and 1 < q < q2 (q > 1 if N = 2). There exists Ry > 0 and C =
C(N,q,8) > 0 such that for any R < Rg, § > 0, ¢ € C% such that ||(|| ~ < § and any
nonnegative solution u of

{ —Au=u! in QN (Br\ Bp) (2.6)
u=¢ ondQN(Br\ Bry),
there holds
u(e) < O (min{R — |z, |2 — R/2)">/ T Yo € QN (Br\ Brj)- 27

Proof. We can always assume that Ry = 1 and R < 1. By setting u(z) = R~%@~Yy(z/R) and
2(z/R) = R?(@=1((x), we can suppose that R = 1. Then Q is changed into R~'Q which has a
bounded curvature since R > 1 which, for the sake of simplicity, will be still denoted by 2 . If
we assume that the result is not true, then for any & > 0 there exists a solution v, of (R.6]) with
boundary value zj,, with QN (Bgr \ Bg/2) replaced by QN (By \ By ) and y, € QN (B \ By )
such that

where we have set m(y) = min{l — |y|,1/2 — |y|} and My(y) = U]gq_l)/z(y) fory € QN (B \
Bi ;). We apply Lemma B3 with X = RN, & = QN (B1\ Byj) = QN (B1\ Byp), D =
(QN(B1\ Bi2)) U (092N (B1\ Byj)) and T' = X\ D = QN {x: |z] = 1 or 2| = 1/2}. Since
the curvature of 9 is uniformly bounded (even with respect to R), m(y) < dist (y,I") < 6m(y)
for some # > 1 and any y € D. Furthermore, by taking the initial Ry small enough, we can
assume after the scaling that < 2. By Lemma P.3 there exists x;, € D such that

(Z) Mk(xk)dist (a;k,l“) > 2k
(i1) Mp(wg) > My (yr) (2.8)
(ZZZ) 2Mk(a;k) > Mk(z) Vz € Dy,
where Dy := D ﬁEk/Mk(xk)(xk). Set Dy, = ﬁﬂ?k/Mk(mk)(a:k), then Dj, C Dy. Conversely, if
z € Dk, then

2] < lwel +

k 0
< |zp| + =(1 — |zg]) < 1. 2.9
TAE il + 5 (1~ Ja]) (2.9)

Furthermore, since |z| > |xg| — |2k — 2| > |zk| — k:Mk_l(mk), it follows also from (R.8])-(i)

dist (zg, I)
2

B Om(xy)

> |y

0 1 0 0 1

- > lapl — 2(lap] — =) =2+ (1= 2 > . (21
|2 > |z 2 [ar| =5 (k] = 5) = 7+ ( 2> 2kl = 5. (2.10)
It implies Dy, = Ek. Next we set

SN SR (RS S U SR GV |
w(§) = M,?/q_l)(iﬂk) k( kTt Mk(xk)> v (k) k< Kt Mk(%&))




The function wy, is defined for @y + M, ' (v)¢ € D, that is 1/2 < |k + Mk_l(xk)ﬁ‘ < 1. If we
notice again that, for |{| < k, we have

|loe + M ()€ < Jaw] + kM (2y) < 1

and
| + M H(an)E| > Jag] — kMt > 27!

from (E8])-([R:9]), thus xx + M, ' (2x)¢ € Dy. Furthermore wy,(€) = (1. (€) if zy, + i faz ] € 09,
k(T
where
- (s )
* MY () T M) )
Clearly wy, satisfies
— Awy, = w} (2.11)

in and wi(0) = 1, wliq_l)ﬂ(f) < 2 for any ¢ such that x + M, '(23)¢ € Dj. By the local
elliptic equations estimates, interior and up to the boundary, the set of functions {wy} is locally
compact for the uniform convergence topology of {&;|¢| < k,& € My(x) (Dr — zx)}. At end,
there exist a sub-sequence {k,} such that zy, — x¢ for some ¢ € D and wg, — w in the local
uniform topology of RY if 2y € €, or of some half-space H if zq € 9. Furthermore w(0) = 1,
0 < w < 2 and is a solution of (R.11]), either in whole RY, or in H, in which case it vanishes
on OH. In the two cases it is classical that such a solution cannot exist (see [LJ] and [§]), which
completes the proof. O

Proof of Theorem [2-3. It is an immediate consequence of Lemma P.4 in taking, for |z| < 4Ry/3,
R = 4|x|/3 in inequality (B.7]). O

3 Caracterization of the isolated singularities
Assume (2 is a smooth domain in RY and 0 € 992. We shall denote
Q =0\ {0} and 99" =0Q\ {0}.

We recall that ¢ = (N +1)/(N —1), g2=(N+2)/(N —2) and g3 = (N +1)/(N —3).

Since we are dealing with the local behaviour of u near 0, we can assume that €2 is bounded,
otherwile we replace it by a smooth bounded domain the boundary of which coincides with 02
in a neighborhood of 0. We denote by (z1,...zx) the coordinates of x and by B = {ey,...,ex}
the canonical orthonormal basis in RY. The preliminaries and the geometric framework of the
study are similar to the ones developed in [[[4], but, for the sake of completeness, we repeat their
presentation. Let u be a positive function satisfying

_ —
{ Au=u? in Q (3.1)

u=_C in OQ*.



Up to a rotation we can assume that the tangent plane TpQ2 to 92 at 0 is the hyperplane {x =
(x1,...,zn) : zy = 0} and the outward unit normal vector is —en. There exist a neighborhood
G of 0 and a C® real value function ¢ defined on G N Tp<2 such that

GNoN={x=(2,zn): 2" € GNTQ,xn = d(2')}.

Furthermore ¢(0) = V¢(0) = 0. Setting ®(z) = y, withy; = z; ifi=1,..,N—-land yy = 2y —
¢(2'), we can assume that ® is a C? diffeomorphism from G to G = ®(G), and ®(QNG) = GNRY.
Let z € C3(Q be the harmonic extension of ¢ in Q. We denote

u(@) = 2(x) = aly), z(z) =2(y), ((2) =), (3.2)

for z = ®~!(y) with y € Gn ]Rﬂ\r[. Notice that @ > 0 by Theorem R.1. A lengthy computation
yields to

{ A |V¢|2 Uyy yy + 2(V ), Vi) + iy Ad = (i + 2)7  in an Rf (3.3)

=0 on GNRN-1\{0}.

By scaling, we can also assume that B;(0) C Q. Let (r,0) € Ry x S¥=! be the spherical
coordinates in RV, Siv L= SN-INR,. If ¢ < ¢ < g3, we denote by w the unique positive
solution to

ANw+ Ay ow+|wltw=0 on N1
{ qw + Wl + (3.4)

w=0 on 85_1:7_1,

where

Mg = —— <2—q - N> . (35)

g—1\qg—1

Theorem 3.1 Assume q; < q < qo. Let ¢ € C3(0R) and u € C(Q°) N C%(Q) be a solution of
(B-1]). Then
(i) either

lim |x|2/(q_1) u(z) = w(o), locally uniformly on Sf_l, (3.6)

z—0
xz/|z| — o

(ii) or u can be extended to §) as a continuous function.

We recall that, in this range of exponents, there exists a positive constant ¢ = ¢(£2, ¢, ||| ;)
such that
u(z) < ela| 20, (3.7)

by Theorem P.3. Therefore Theorem is an immediate consequence of the next result, were
we prove that the convergence of \az\2 1) oceurs provided the above estimate holds and g €

(q1,93) \ g2



Proposition 3.2 Assume q1 < ¢ < q3, ¢ # q2. ¢ € C3(0Q) and u € C(Q)NC2(Q) be a solution
of (B-1]) such that 2>/~ u(x) is bounded. Then, either (B-6]) holds, or u can be extended to
Q as a continuous function.

Proof. The three first steps of the proof present some similarities with elements of the proof of
[[4, Th 4.1], so we shall just give a short view of them, adapted to the specific equation (B.3]).

Step 1- Reduction to an asymptotically autonomous equation. In spherical coordinates we denote
by V' the tangential gradient to SV~ identified to the covariant derivative via the imbedding
SN=1 < RN and by n = y/ |y| the outward normal unit vector to SV—!. Lenghty computations
show that (B.3]) reads as follows in spherical coordinates,

iy (1= 20, (n,en) + V6P (n,ex)?)

ity (N = 1= r(n,en)Aé — 2V (n,en), V') + 1 [Vo (V'(n,ex), en) )

(Vi en) (26, Vol (nen) —rAg) (38)
+7(V'iir, e} ((m,ex) [V = 26, ) — 2V, V') (n, en)

2
+ Vo2 (V' (V'i,en), en) — - (V' (V't,en), V'¢) + At +r2(i+ 2)7 = 0.

Use the transformation
t=Inr, t<0, ,a(r,o0)=r"2yt o), Z(ro)=r"2aVa(t,0),
we obtain finally that v satisfies

+1
(1 + 61) Vet + <N — 22_—1 + 62> Vs + ()\N,q + 63) v+ Alv + <VIU, ED

+ (V'ug, €5) + (V/(Vu,en), &) + (v + ) =0,

(3.9)

on (—o0,0] x Siv ~1 where the €; are functions of ¢ and o which are linear functions of ¢, V¢,
A¢ and V¢?. Furthermore v = 0 on (—o0, 0] x 855‘1.
Step 2- The a priori estimates. By the choice of ¢, we have

6(x)] < Cr2, [V6(@)| = \/I6, 2 + 12|V < Cr and |Ag| < C.

Thus
le;(t)] < Cet j=1,..,6. (3.10)

Since ¢ is positive and bounded, 0 < a(t,o) < Ce?/(@=1) Moreover v and (v + )¢ are also
bounded, thus we can use the Agmon-Douglis-Nirenberg results on (—oo,0] x Siv ~1 to derive

W?2P estimates for any p < oo in any cylinder [T — 1,7 + 1] x Siv_l (T < —2). By the Morrey
imbedding theorem, for any 0 < « < 1 there exists M > 0 such that

””HCM([T_LTH]XW) < M. (3.11)

8



Next we compute ¢;; and Ve;. Using the fact that D?¢ and D3¢ are bounded (because 952 is
C3), we derive that, for any j = 1, ..., 6, there exists C; > 0 such that

max{le;(o,t)| + |V'ej(o,t)] : 0 € SV=1 < ¢y, (3.12)

for t < 0. Furthermore, the explicit values of the ¢; given in 4] show that, for j = 1,5 and 6,
there holds

max{|ej (0, 1) + |V'eje(0, )| + [ D3ejie(0,t)] 1 0 € SV < Cyél. (3.13)

Actually, for such indices, the €; depend only on the first derivatives of ¢. Therefore, it follows
from Schauder estimates,

H,U(ty )HCQ,—Y(F) + Hvt(ta )HCL’Y(F) + ||Utt(t7 )HC'Y(F)

_ (3.14)
supy<r [P v (4 By ) = vt ll o gwery < M-
Multiplying (B.9]) by v; and integrating over Siv ~1 yields to
1 1 1
/ <N — 2i + e + —61t> vfda — —/ €1402do
sN=t q—1 2 2 )N
_1d V0> — (1 + e1)0? — (Ang + €3)0% — 2 (v+ )it ) do (3.15)
2dt Jgr— ! " g+1 :
—i—/N (v +a)lop — vy ((V'v,e1) — (V'vy, €5) — (V/(V'v,en), &) do.
Sy-

Notice that N —2(q +1)/(q — 1) # 0 since q # gq, thus, by (B.10]), (B.12]) and (B.11]), there

holds 0
2
/—oo/flvt do < oo. (3.16)

Differentiating (B.9]) with respect to ¢, multiplying by vy and using ([B.10])-(B.16]), we derive

0
/ /N ) (vft + ‘V'vtf) do < oo. (3.17)
—ooJ ST
Because t +— N 1vt2(t, )do and t — N 11)%(75, .)do are uniformly continuous on (—oc, 0], by
SN- SN
(B-14]), we obtain finally,
lim (vf +v3) (1,.)do = 0. (3.18)

T——00 N—-1
S
+

Step 3- The convergence. Let T (v) = J;<o{v(t,.)} be the negative trajectory of v. By (B14))

and Ascoli’s theorem, 7 (v) is relatively compact in in CQ(SiV ~1). By standard results, the limit
set T' = (.o U< 1v(t,.)} is a non-empty connected compact set. Let t — —oo in (B.9]), we



derive from (B.10]), (B-12]) and (B.18]), that any w € I is a positive solution of (B.4]). Therefore,
either

tlir_noov(t, ) =w(.) (3.19)
in Cz(Sf_l), or
tli{n v(t,.) =0 (3.20)

in the same topology.
Step 4- Removable singularity. Assume that (B.20]) holds. We write (B.9]) under the form

1
vy + <N—2Z——_F1> v+ AN+ A+ H+ (v+a)? =0, (3.21)
where
H = €1V + €2Vt + €3V + +<V,’U, ED + <V,’Ut, €—5>> + (V’(Vv, eN>, €—6>> (3.22)
Thus, by (B12]), BI3]),
H*(t) := max{|H (0, t)| + |H(o,t)| + |V'H(0,t)| : 0 € S} '} < Ce". (3.23)

Since the first eigenvalue of —A in Wol’z(Siv_l) is N —1,

If we set

1/2
X(t) = (/Sva2 da)

+
then

/ vwvdo = X(t)X'(t) and / vyvdo < X(8)X"(t).
GN-1 giv—1
¥ ¥

Furthermore (7+a)? < 2971 (39 4-a9) < 207199 4 Ce2e¥/(a=1) Multiplying (B-9]) by v, integrating
over Siv ~1 and using the previous estimates yields to

1
X"+ <N - 2‘“—1> X' — (N —=1-Ang—e€(t)) X +Ce?t/a=1) g% >0, (3.24)
q —_—
where €(t) = Hv(t,.)H%;l — 0 as t — —oo and C is some positive constant. By assumption

¢ =N—-1—An4>0.For 0 < e </ there exists T' < 0 such that ¢(t) < € on (—oo,T]. Because
Ce2at/(a=1) 4 g* < Cet, X satisfies

1
X" 4 (N—Z%) X —(l—e) X +Cpet >0 (3.25)
on (—o0,T]. The linear equation
1
Y” 4 <N - 23%) Y —(f—eY =0, (3.26)



has two linearly independent solutions
Yie(t) =€ and Ya(t) = ">,

where 1 . and 7o . are respectively the positive and the negative root of the algebraic equation
1
r? 4 (N—2i1>r—€+620.
q J—

Furthermore

1 2
7”1,6_>Q+1 and rg,e—’—1+1_N as € — 0.
q_

We find a particular solution Y of the non-homogeneous equation

1
Y” + <N — 2%) Y' —((—€)Y = —Cyeé
q fe—
under the form
~ 1 -1
Y(t) = Aye!  where A, = —C, <>\N,q — 231_—1 — e> .

Because X (t) = o(Y2(t)) at —oo, we can apply maximum principle to (8.25]) and get

X(T)
X(0) < Y1(T)

Yi(t) + Y (t) < CYi(t) + Ayt on (—o0,T). (3.27)

This proves that the L2(SY ™) norm of v(t, ) is exponentially decaying as ¢ — —oc. If we return

to (B:9]) and apply the L? regularity theory, we derive that the W22(SY 1) norm of v(t,.)
satisfies

o, Myze < CYa(t) +€') on (—oo,T). (3.28)
By the Sobolev imbedding theorems

[o(t, )l < C(Y1(t) +€') on (—o0,T], (3.29)
where
2(N-1)/(N —=5) if N>6
p=4( any p < o0 iftN=5
%) if N <4.
Therefore
[09(t, )l < CY{(t) on (—00,T]. (3.30)
and 2N 1)
ST ks 9 N>
. (N —5) T > i >6
any p < 0o if N <5.
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Returning to equation (B.9]) we derive from (8.29]) and (B.30]) and the Agmon-Douglis-Nirenberg
estimates that

[o(t, w2 < CY1(E) + ) on (—00,T], (3.31)

which is an improvement with respect to (B.28]). Iterating this process and using Schauder
estimates, we finally get

|v(t, Moz < C(Yi(t) +€') on (—o0,T). (3.32)

Therefore the function H* defined in (B.23]) satisfies H*(t) < C,(Y1(t) + €!)el. If we return to
(B-24]) and follows the same method as above, we derive

X(T)
X(0) < Y1(T)

Yi(t) + C(Yi(t) +et)e! on (—o0,T]. (3.33)

Iterating this process we end with
lv(t, )|z < CYi(t) on (—oo0,T] on (—oo0,T]. (3.34)

If we return to the function u, and use the fact that ¢ can be taken as small as we want, we
derive that u remains bounded in 2. This implies that u is a smooth solution in 2 by using the
representation formula (R.2]) with v = 0. O

In the critical case ¢ = ¢; it appears a superposition of the linear and nonlinear effects
since their characteristic exponents 2/(¢ — 1) and N — 1 coincide. Similar phenomena have
been observed several times in the past [RH], [, [d]. We recall that zy|¢v-1 generates the first

+

eigenspace of —A’ in WO1 ’2(Siv _1). We denote by ¢ the positive first eigenfunction normalized
by ”QﬁlHLQ(Si\Ll) =1 and

(1-N)/2

2/SN1 2N/(N=1) g,

ki = +N(N mey . (3.35)

Theorem 3.3 Assume q = q1 and ( and u are as in Theorem [3.3. Then
(i) either

lim |2V (= In |2 ) NV 2 u(a) = Kyéi(o),  locally uniformly on Syt (3.36)
z—0
x/|z] — o

(ii) or u can be extended to §) as a continuous function.

We consider the following representation of S f -1

S_]i_v_l = {$ = {$I7$N} = (SinHO'/,COS 9) : O'/ S SN_2,9 € [0777/2]}
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Then the SO(N)- invariant surface measure on SV~ is do = sinV =26 do’df, where do’ is the
SO(N—1)- invariant surface measure on S™~2. With this representation, ¢1(c) = ¢1(6) = cos ¥,
and the Laplace-Beltrami operator inherits the following representation,

1 1
A, _ « N—2 9 A*
v sinV =26 (sm 1/}9)9 * sin? 0 ¥
for any ¢ € C2(SN~1), where A* is the Laplace-Beltrami operator on SN2,

Lemma 3.4 Under the assumptions of Theorem [3.3 there exists C > 0 such that

/N 0(t,0)¢1(0)do < C(=t)~Y@=b v <. (3.37)
SN-
Proof. Steps 1-3 of the proof of Proposition B.J are valid in the sense that v is bounded, from
Theorem R.3, and satisfies

v — Nog+ (N — 1o+ Av+H+ (v+ o) =0, (3.38)

with H defined in (B22]). Uniform bounds and estimates (B.16])-(B-18]) hold for v. Therefore
the limit set of the trajectory of {v(t,.)}+<o is reduced to 0 since the set of positive solutions of
(B-4]) is reduced to zero. Since (v + a)? = v¥ + ¢ 0v" Lo with 0 < 0 < 1, we write (B.38]) as

vig — Nvg + (N — Do 4+ Alv + 09t = —ghv?~ta — H := H*, (3.39)

and H*(o,t) satisfies (B.23]) as H does. Set y(t) = /N 1v(t, 0)¢1(o)do, then
G-

+

y"— Ny + /5N1Uq(t’ o)¢1(0)do = /N

+ Sy

7 ¢1(0)do. (3.40)

The use of convexity and (B.16])-(B.18]) transform (B.40]) into
y' — Ny +cy? < Ce'.
Set §(t) = y(t) + Ae!, A > 0 to be fixed, then
J' = Ny +cj? < Ce' — (N = 1)Ae’ + c(§7 — y™)
< Cet — (N — 1)Aet + cqr Ayt —1et.

Since y(t) — 0 as t — —oo, the right-hand side can be made negative for t < T < 0 by takingA
large enough. Because
@) = N@G"™™) —clg=1) 20

from the last above inequality, Z = (§!~%)’ satisfies
-1
Z'—NZ>c(lq—1) = Z(t) < C(‘”T) <eN<t—T> - 1) +eNEDZ(T)y ve<T.  (3.41)

By taking ¢t < T* < T, the right-hand side of (8.41]) can be made less than —c¢/2N(q1 —1) = —B,
thus

§RITY) ~ () < B - ) = 50 < (770 (@) + B -0) T (34
which implies (B37]). O
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Lemma 3.5 Under the assumptions of Theorem [B.3, there exists C > 0 such that
lo(t, ) poe < C(=t)7H/ 2 (3.43)
Proof. We proceed by contradiction in assuming that

lim sup (—t)Y9p(t) = oo,

t——o00

where we have set p(t) = [[v(t,.)|| ;. By [[], Appendix A.2], there exists n € C*((—o0,0]) with
the following properties

n>0,n <0, tlir_noon(t) =0, (3.44)

0< 1113_82019 p(t)/n(t) < oo, (3.45)

Jim (=) (t) = oo, (3.46)

(' /n)', (0" /)" € L*(=00,0), (3.47)
Jim ' (0)/n(t) = Tim 5" (t)/n(t) = 0. (3.48)

The function w* = v/n satisfies

/ i /

H*
Wy — <N_2%> wy + <N— 1—1-% —N%) w* + A'w* 4 Bl 0 —

n

—=0.  (3.49)

Since w is uniformly bounded, we deduce from (B.44])-(B.47]), the L? and Schauder estimates,

Hw*(tv )HCQ'V(F) + Hw;(tv )ch—y(w) + Hw?t(u )HC'Y(W)

3.50
< M. (3.50)

+ supyy < [A] T [Jwi(t + by ) — wi(t, ')HC(F)

with v € (0, 1), which implies

0 * 2 1 ox]2
/—oo/Sfl (wtt + |V'wj| >da < 0. (3.51)

The negative trajectory 7 (v) = J,<o{w*(t,.)} of w* is relatively compact in CQ(SiV_l). By (B.43
[]) the limit set of the trajectory I' =, .o U,<,{w*(¢,.)} is a non-empty connected compact set
of ker(A’ + M\ I), not reduced to zero because of (B.45]). Therefore there exists {t, }nen tending
to —oo and B > 0 such that
lim v(ty, o)
n—oc 1(ty)

= 2B¢1(0)

in the C1(S iv ~1)-topology. If we return to the function « which is a super solution for the Laplace
equation with zero boundary conditions, it implies that, for n large enough,

u(z) > enn(ty)BP(x,0) Vo € Q\ Bgtn. (3.52)
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Thus, using Theorem .1,
c (n(tn))™ / P (z,0)p(z)dx < /uqlp(az)daj < 0.
O\B,1,, Q

Replacing the second integral in Q\ B.t, by an integral in a truncated cone C' = C¥N{z : ef» <
|z| <1} with vertex 0, we derive

1

/ P& (x,0)p(x)dz > c/ t7tdt = c(—t,).
O\B,t,,

etn

Thus, by (B.46]), u?* ¢ L(Q, pdx, contradiction. O

We recall the following classical result from perturbation theory of linear second order diffe-
rential equation with constant coefficients [ll, Chap 6 §13]

Lemma 3.6 Let ¢; and €3 be two continuous functions defined on (—o0,0] tending to 0 as
t — —oo and a,b > 0 such that a®> — 4b > 0. Then there exist two linearly independent solutions

y1 and yz of

v ' —(a+ea®)y#)+ b+ e(t)yt) =0 on (—o00,0) (3.53)
such that ‘) )
. Y1 . Ys
Ay T e et g = (359
where . .
VaZ—4 Y
= a—|—+b and co = %b. (3.55)

Furthermore, if f € C((—00,0]) is such that (1 —t)*f(t) is bounded for some o > 0, then there
exists a solution u of

y' —(a+ea(t)y'(t) + (b+e(t)y(t) = f(t) on (—00,0), (3.56)
such that (1 — t)*u(t) remains bounded on (—oo,0].
In the next lemma we improve (B.43]) step by step, up we reach the optimal estimate.

Lemma 3.7 Under the assumptions of Theorem [3.3, there exists C > 0 such that
(2, )l < (=)~ =0, (3.57)

Proof. Step 1- By Lemma B.j the function wy(t,0) = (—t)/%v(t, o) is uniformly bounded on
(—00,1] x Siv_l where it satisfies

2 I+ | N / “141/q1, 4 1 «
wltt_<N+ﬁ> w1t+<N_1+W+ﬁ w1 + A'wy + (—t) /q1w11_(_t) o = .
(3.58)
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Denote respectively by w; and Gy the projections of wy and (—t) =11/ aywd — (—t)'/9 H* onto
the orthogonal space to ker(A" + (N — 1)I) in W01’2(Siv_1). Then

1 N =
ta +q—> W+ A'wy +Gp =0 in (—00,0) x S—i]Y_l‘

- 2\ .
W1t — <N+—>’w1t+<N—1+
qit

Then ||G1(t,.)||pe < (=)0, Since  is uniformly bounded, the standard regularity
theory for ellipitic equation implies that w1 inherits the same properties. Therefore the function
t— Ry(t) := ||wi(t,.)||r2 satisfies

) 2\ - l+q N .
R/{_<N+ﬁ> /1+<N H q2t;h+q1t>RlZ (=9I,

It follows from the maximum principle and Lemma B.§ that R; satisfies
Ri(t) < C(=t) Vo yp< 1.
As in the proof of Lemma B.5, the L? estimate implies a C*7 one,

128, ) g sy + 1t g, e, + 28, e,

(3.59)
+ supjp<y o7 @014 (t + Ry ) — Dru(t, o < < M(—t) e,
Combining (B.59]) with (B.37]) yields to
[o(t, g < C(=t)™* V<0, (3.60)

with a; = min{1,1/(¢; — 1)} = min{1, (N —1)/2}. If 1 > (N — 1)/2 we have proved (B.57]).
Step 2-If 1 < (N — 1)/2, we iterate this procedure in setting wq(t,0) = (—t)v(t,o) and denote
by s the projection of wy onto (ker(A’ 4+ (N — 1)I))*. Mutadis mutandis, it leads to

2 2 N ~
Wt — <N+;>u~)2t+ <N—1+t—2+7>’u~)g+A/’u~)g+G2=0 in (—O0,0)XS_]iY_l,

where ||Ga(t, .|| < ¢(—t)'~9" and finally,
lo(t, )|l e < C(—t)7 ¥Vt <O, (3.61)
with ap = min{q1,1/(¢1 — 1)} = min{qi, (N — 1)/2}. We continue this procedure up we reach
lo(t, Mo < C(—t)" Vt <O, (3.62)

with ap = min{¢F™1,1/(q1 — 1)} = (N — 1)/2. O

Remark. It follows from the last step in the proof of (B.57]) that the projection @ of v onto
ker(A’ 4+ (N — 1)I)* satisfies

[5(t, )| oo < C(—t)~NFD/2 wt <0, (3.63)
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Proof of Theorem [3.3. Step 1. Existence of a limit. The function w(t,.) = (—t)N=D/2y(t,.) is
bounded and satisfies

N-1 N2 -1
wtt—<N+T>wt+<N—1+?>w+A’w

— % <w‘11 — wuo — (—t)N-D/2 g =,

(3.64)

in (—o00,0) x S ™! The function w satisfies the same bounds as the ones in (B:50]). Therefore
multiplying by w; and integrating over S f ~1 yields to the identity

d w? N2 - N\ w? |[Vw? 1 /wtt N2-N
il [ (ST ) e e )|
_ <N+ N 1) / il (3.65)
+ /SJ+V1 [(—t)(N—l)/zH*wt - N24;,,Nw2 - tl? <;Ulq:r+i — N24_ Nw2>] do.
With the help of estimates (B.23]), it implies again
limy— oo ||we(t, )| 12 = limy—— oo |[Jwie (8, )| 2 = 0, (3.66)

and clearly the L? norm can be replaced by the L> one. The limit set I' = (), _,, User {w(t, )}
of the negative trajectory 7 of w(t,.) is therefore a non-empty compact connected subset of
ker(A’ + (N — 1)I) which means an interval of the form {A\¢; : @ < A < b} where a > 0. Let

2(t) = /N 1w(t,0)¢1(0’)d0 and @ be the the projection of w onto ker(A’ 4+ (N — 1)I)*. By
V-

+
(B.63]) [|w(t,.)|| 0« < —C/t. We can write the equation satisfied by z under the form

N-1 N2-1 1 N(N —1)
" / _ 7 q R S
z <N+ ; )z + = ¢ </Sfl(w + 2¢1) 1 prdo 5 z>

(3.67)
— (—t)yN-D/2 / H*érdor = 0.
syt
Set
— q1+1
d= /&wflqﬁl do,
then (B.67]) becomes
N -1 1 N(N -1
(W) g MOS0 .

where
N2 -1 1

W= ()02 [ e = et [ (o) =060 oo
n n
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Because of the estimate on ||@(t,.)|| ;- and
(@ + 21)" — 21| < quf @] (2¢1)" 7, (3.69)

it follows that ||U(¢,.)|| e < Ct~2. By a straightforward modification of the end of the proof of
[, Corollary 4.2,p 1061] we obtain that z admits a limit £ > 0 when ¢t — —oo, and

(N-1)/
dzq—N(Nf_l)ezo:m {0, <N(A277d_1)> o 2}. (3.70)

_ (N-1)/2
Tf ¢ — (M]gidl» , we have (B36)) with (B35)).

Step 2. We claim that if £ = 0, the singularity is removable. Let X (t) = ||w(t,.)| 2. As in the
proof of Proposition B.2-Step 4, we derive from (B.64]) that for any e > 0 there exists ¢ <t < 0
such that

_ _1) — 2 _

We perform the following change of unknown, X () = (—t)(N=1/2eNt/2y (t), then Y satisfies

v N? e Y 4 Ce@Nt/2 5
- T + E + Ce = 0. (372)

By [B, p126-127] there exist two fundamental solutions of the associated homogeneous linear
equation

N? €
"n - — —
Y ( 1 + 2t> Y =0. (3.73)
with the following asymptotic form
Yi(t) = e N2 (—)"/4 (1 + 0(1)) and Ya(t) = N2 (=) (1 + o(1)), (3.74)

as t — —oo, and a super solution of (B.72]) Yy = Ae=N)/2 for some A > 0. Then Y — Yj is
a subsolution of (B.73]) for ¢ < ¥ < t. < 0. Because (Y — Yy)4 = o(Y]) at —oo, it follows that
Y <Yy + CY; for some C' > 0. This implies

1/2
</N 1w2(0', t)da) = X(t) < C(—t)N=D/2et v < -1,
sN-

Furthermore the L?-norm can be replaced by a L> one. Therefore, the solution v of (B.38])-(B.39
[]) satisfies the estimate
v(t, )| e < Cet vt <0. (3.75)

Iterating this estimate as in the proof of Proposition B.2-Step 4, we finally obtain

[v(t, )] 1o < C(—t) /2Nt Wt <0 = a(z) < Cla|(In(1/]z])*. (3.76)
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This implies the claim since € is arbitrary small. O

Remark. The characterization of boundary isolated singularities we have obtained are completed
by the existence of singular solutions which have been obtained by Del Pino, Musso and Pacard
[. In particular they prove the following result :

Theorem 1.1 There ezists a number py > (N +1)/(N —1) such that if (N +1)/(N —1) < pn,
then the following holds : given points £1,&s,...,&x € 082, there exists a very weak solution u to
problem ([[.1]) such that u € C*(Q\ {&1,&, ..., &} and u(x) — oo as x — &; non-tangentially,
foralli=1,2,... k.

Furthermore the solutions they construct have the singular behaviour we have obtained therein.
They conjecture that py = (N + 2)/(N — 2).

4 Equation on a spherical domain

4.1 Existence and non-existence

We assume d > 2, denote by S? the unit sphere in R = {z = {x1,...,24:1}}. A C?
spherical domain S is said to be starshaped if there exists a spherical harmonic of degree one ¢
such that ¢ > 0 on S and (V'¢,v) < 0 on dS, where V' is the covariant gradient on S% and v is
the unit outward vector tangent to S on 0S. In practice we can assume that, up to a rotation,
S C Sﬁlr where Sﬁlr = 8N {x: 2441 > 0} and ¢ the first eigenfunction of the Laplace-Beltrami
operator on —A’ in Wol ’2(51). We recall that the corresponding eigenvalue is d. For £ € R and
q > 1, we consider the problem of finding a positive solution to

Av+Lo+w| tv=0 onS
(4.1)

v=0 on 958§,

where S C S% is some C? domain. We first prove the following spherical Pohozaev type formula.

Proposition 4.1 Any C? solution u of (f.1]) satisfies

d—2 ( d+2 Jo. . d - ,
72((]—#1) <q d_2>/S]V1)] odo 72@_’_1) (L(q 1)+d)/sv odo

) ) (4.2)
_1 / V0|2 (V') dr.

2 Jas

Proof. 1f we set
P= (V¢ Vv)V'v,
then
/didea = / (P,v)dr.
S as
Thus
div P = (V'¢,V'v)A'v + D*u(V'¢p, V'v) + D?¢(V'v, V'v). (4.3)
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where D?v is the Hessian operator. Now
20(V'¢,V'v) = %<v/ IV'0|*, V' 9). (4.4)
Furthermoref], there holds classicaly
D*¢+¢g=0 (4.5)
where g = (g; ;) is the metric tensor on S?. Notice that this last relation implies

tr(D*¢) +tr(g)e =0,
with tr(g) = >, gis = d and tr( D?¢) = A, thus we recover the eigenvalue problem. Therefore

1
div P = —(V'$, V') (Ev + )7t v) +5(V IV'o|”,V'6) — ¢ |V0]”. (4.6)
Integrating, we derive

/didea:—/<V’¢,V’v> (61}4—\1}]‘1 ! > do + 1/<V’]V’ 2, Vo) da—/qﬁ]V’v\ do
S S

=A+B+C.
Then
A= —/(V’qﬁ, V'v) <€v+ |v]? v) do
S
l 5 1
/ q+1
/<V¢>V< St il ) o
¢ 02 q+1
= + ]U\ A'¢do
IS 2
:_d/s <§v + i ]v\qH)(bda
and

1
B = 5/<v'|v'u|2,v'<z>> do
:——/ Vo2 Al do + & / Vo2 (V' v) dr

/qﬁlvlv\ do + = / \V’v\ (V'¢,v)dr,

which implies

/dz’dea
s
Ed d +1 / / /
z—/ 24 ——1o)d (bda—i- /(b\V do + = / IV'0|? (V' ¢, v) dr
A2 T

!The authors are grateful to Said Ilias for pointing them this identity
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By (fL.1]),
/ (\qu“ +€112> ¢ do do = —/wAfv do
S S

— [ (¥(w0), V) do
S

= /qﬁlvlv\z da+/v(V’q§,V’v> do
S S

= /¢|V’v|2 do + £Z/u%ﬁda,
s 2)s

because v(V'¢, V'v) = 271(V'¢, V'v?) and A’'¢ = —d¢. Therefore

q+1 _ 712 g_ 2
/S\v\ ¢da—/S\Vv\ ¢da+<2 e) /Sv ¢ do.

The next formula follows

. _(d—2 /
/dePda—< q—l—l)/’vv‘ pdo

o) ) ) / / (4.7)
- <5+m>/ bdo+ 1 / V"0 (', v) dr
Because both ¢ and v vanish on 95, there holds |V'v| = [(V'v,v)| and
/as(v’qs,v’w( v,v)dr — l/ \v’u\ (V'¢,v)dr = / |V’ | (V'¢,v)dr
The previous identities imply (f.2]). O

Proposition 4.2 Assume S C Si.
I- If £ > d, any C? nonnegative solution to 18 trivial.

I-If1<q< (d+2)/(d—2) and £ < d, there exists a positive solution to ([.1]).

III- If S is starshaped, ¢ > (d+2)/(d—2), £(q— 1) < —d, with one of the two inequalities strict,
then any C? solution to ([.1]) is trivial. If ¢ = (d +2)/(d — 2), £(qg — 1) = —d the same result
holds in the class of nonnegative solutions.

Proof. We recall that ¢ is positive on Si. If we multiply by ¢ and integrate, we obtain

(—€+d)/de¢da = /deqqﬁda.

+

Therefore, a necessary condition for existence of positive solutions of (fL.1]) is ¢ < d.
If we assume 1 < g < (d+ 2)/(d —2) and ¢ < d, we obtain a positive solution by minimizing

T(w) = /quv/w\? ~ tw?)do
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over the set of

Y= {w € Wol’Z(Si) : /d

|w|i do = 1} .
S+

Clearly the methods fails if ¢ = (d + 2)/(d — 2).
If S is starshaped, the right-hand side of ({.2]) is nonpositive, non-identically zero. By Propo-
sition [L.1], if ¢ > (d +2)/(d — 2) and ¢(g — 1) > d, with one of these inequality being strict, the
left-hand side of ({£.2]) is nonnegative while the right-hand one is nonpositive. If ¢ = (d+2)/(d—2),
¢(q — 1) = d and wu is positive, then the right-hand side of ({.2]) is positive. O

4.2 Uniqueness

The next results deal with uniqueness of positive solutions to () By a standard adaptation
of Gidas-Ni-Nirenberg moving planes method to S%, any positive solution of (E1]) depends only
on the distance to the north pole. If we set § = cos™!(xx/|z|) and denote v(z) = v(#), then

v+ (d—1)cot v + v +v? =0 1in (0,7/2) 18)
4.8
v'(0) =0, wv(r/2)=0.

Proposition 4.3 Assume d > 3, ¢ is any real number and 1 < q < (d+2)/(d —2), ord = 2,
0<2(3—-q)/(q+3)(g—1) and ¢ > 1. Then problem admits at most one positive solution.

Proof. The methods consiste in adapting to our situation the proofs of Kwong and Li [I7] dealing
with positive solutions of

-1
" / p _ :
{ + — +q(r)u+u? =0 1in (0,b) (4.9)
uw'(0) =0, wu(b)=0.
Given o > 0 and w(f) = (sin#)* v(#). Then w satisfies

(a+2—d)>w wd

W'+ (d—1-2a)cot 0w + (a(d—1—a)+ 0+ +————=0 (4.10)
(sin @)(a—1)

sin? 6
in (0,7/2). Multiplying the equation by (sin #)? for some 3 to be fixed, we get

(sin ) w” 4 (d — 1 — 2a)(sin )7~ cos Bu’ + (sin )P~V + G(O)w = 0

where
G(0) = (sin0)°? ((a(d — 1 — a) + £)sin? 0 + a(a + 2 — d)) . (4.11)
If we take o =2(d —1)/(¢+3) and S =a(q —1) =2(d — 1)(g — 1)/(q + 3) we obtain
(sin 0w + g(sin 0)°~1 cos Ow' 4+ w? 4+ G(8)w = 0.
Since

2

> = <(sin 0)%w” + g(sin )%~ cos 9w'> w

d . (w)
70 <(sm 6)? 5
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and

w' 2 w' 2
d% (G(e)( 2) > = G(O)ww' +G’(0)( 2)
we derive
dE0) _ . (W)
— = G0 (4.12)
with (w’)2 it 02
E(6) = (sinf)” s torit G(0)=- (4.13)

Noticing that
GO)=[(ad-1-a)+0)p3 sin? 6 4 a(a+2 — d)(8 — 2)] (sin )73 cos b,

with 3—2 =2[(d—2)q— (d+2)]/(¢+3), a+2—d = —[q(d—2)+d—4]. If d > 3, the assumption
1<qg<(d+2)/(d—2), implies that a(a +2 — d)(8 — 2) > 0, thus G’ > 0 for # small enough.
Then we encounter the two possibilities already found in [[[7] :

(i) either G is increasing on (0,7/2),

(ii) or there exists ¢ € (0,7/2) such that G is increasing on (0, ¢) and decreasing on (¢, 7/2).
Ifd=2 ala+2—d)(3—2)=a*(3—2)=—-8a%/(g+3) <0. Thus G’ < 0 for  small enough,
and, if £ < 2(3 —¢q)/q+ 3)(q — 1), we have

(iii) G’ < 0 on [0,7/2),

which is also a situation which is treated by [[[7]. The situations where G is nondeacreasing
on [0, c] and nonincreasing on [c,7/2] for some ¢ € [0,7/2] is the analogue of the A condition

in [[7], and it implies uniqueness even if G can tend to —oo at 0, because in all the cases
limg, 0 G(0)(w'(6))% = 0. O

In the case d = 2 another change of variable leads to a new uniqueness result in the proof of
which we adapt some ideas due to Kwong [[d] in a singular case, in avoiding his misprints.

Proposition 4.4 Assume d =2 and 2 < ¢ <5 and £ > —1/4. Then problem ([[.8]) admits at
most one positive solution.

Proof. If w(#) = v/sinv(0), then equation (.10]) becomes
1 1
w” + ()\ +ot m) w + (sin )@ V249 =0 in (0,7/2), (4.14)

with boundary value w(0) = w(7/2) = 0. Because of the singularity at 0, the problem is locally
well-posed if we look for initial conditions at 0 under the form which corresponds to v(0) = ¢ > 0
and v'(0) = 0, namely

c

2+/sin 0

w(f) = cVsinf(1 +o(1)) and w'(9) = (14 o(sinf)) as 6 — 0. (4.15)

We set )
F(0,w) = <)\ + 72> w + (sin@)_(q_l)/zwq.
4sin“ 60
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By concavity any positive solution has a unique positive maximum on (0,7/2) and is increasing
and then decreasing. If it exists two different positive solutions v; and v to problem ([8]),
they must intersect at least once in (0,7/2) because of superlinearity. The same holds for the
corresponding solutions wy and wy of (.14]). Let d € (0, 7/2) be the largest of such intersections.
It always exists otherwhile it would imply w} (7/2) = wj(7/2) and wy = we. We can assume that
wi(m/2) < wh(m/2) < 0 and wy > wy on (d,7/2], thus w)(d) > wh(d). Set v = w;(d) (i =1,2).
Step 1. We claim that wy and wy cannot be both decreasing on (d,7/2). By the inverse function
theorem, the functions 6 — w;(#) are invertible on (d,7/2), with inverse functions 0;(w) with
w € (0,7); furthermore 6 > 6. Set w}(#) = W;(w) on (0,7). Then 0 > Wi(y) > Wa(y) and
0 > W5(0) > W7(0). Thus there exists a € (0,7) where Wa(a) = Wi(«). By the chain rule

aw; o (dwi\Tt F(;(w),w) AW 2
_— = . = — o= —2F '3 5 . 41
2 —uto) (%) ) B orww). 0)
Because 01 (w) > 02(w), —F (01 (w),w) > —F(02(w),w), which implies
dW?  dW?
o > do " 0,7).

Integrating on (0,v) yields to —W2(0) > —WZ(0), equivalently (wh(7/2))? > (w)(7/2))?, a
contradiction.

The two solutions v; and vy are such that v1(0) = ¢; > v2(0) = ¢2 > 0. Thus w; > w9 near
0. If we assume that wy — we has more than one zero in (0,7/2) we denote by d’ the smallest of
these zeros and set ' = w; ().
Step 2. We claim that wy and wo cannot be both increasing on (0,d’). We use the inverse function
theorem on (0, ¢) define 61 and 6, as functions of w defined on (0,~") and set W;(w) = sin 6 w/(9)
on (0,v"). Since

0
3/200(6) + —n v
i(0) 21/sin 0
we have W (w) > Wa(w) near w = 0. The relations 0 < v}(d') < vy(d’) and vi(d') = v2(d') =+
combined with ([.17]) implies 0 < Wy (y') < Wa(v/). Using again the chain rule
d

sin 0 w'(0) = (sin ) (0), (4.17)

Vi Wy ! Sin2 W (W), w
dd?u/l = gg im0 w) (dcw) = cos(fh(w)) — 0 V%/)i(z;()e( b)) (4.18)

Because sin? 0F (0, w) = (£sin® 0 + 4~ )w + (sin §)5~9/2w9 and ¢ < 5, there holds

- L,
% < cos(01(w)) — (sin el(w))F(el(w),w),
dw Wa(w)
which implies
dW2 - dW2 ~
dwz — cos(01(w))W2 < dwl — cos(61(w))Wr. (4.19)

The fact that W;(0) = 0, yields some complications. If we introduce M(w) = Wy + W, and
X = W3 — W} it follows
X' (w) — cos b1 (w)M (w) X (w) <0,
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from which we derive
X(’LU) > ELZ cosGl(s)M(s)dsX(,y/) YVw € (0’7/]‘

Because X(7') > 0, X(w) > 0 or equivalently Wa(w) > Wi(w) which contradicts Wa(w) <
Wi (w) for w small enough. This proves the claim.

End of the proof. As a consequence of Steps 1 and 2, the two solutions v; and vy can have
only one intersection, say d, and achieve their maximum in the two separate intervals (0,d)
and (d,7/2). Assume that 0 > w](w/2) > w)(7/2). Since there exists only one intersection,
wi(0) > we(0) and w)(0) > whH(#) near 0. Let §; € (0,7/2) be the point where w; achieves its
maximum in (0,7/2) (clearly 0; < d < 63) and v; = w;(60;). If 71 > 79, it follows from ({.16]),
with the sign modification induced by the fact that 6;(w) < f(w),

dW?  dW3

<

h <SR i (0,92) = (wh(02))° — (0 (7/2))* < —(wh(m/2))*,

since w}(f2) = 0. Which is a contradiction. Thus 71 < 72. In this case we procede as in Step 2
and derive, with the same notations,

Wi (w) — WE(w) > ela! sO&OMEs 72y, vy € (0,7],

a contradiction since the left-hand side is negative near 0. g

4.3 Applications to Emden-Fowler equations

Ifd=N-1(N >3)and

we consider, for g > 1,

Av+Avgv+ 0T tov=0 on SN
{ v+ [v] + (4.20)

v=0 on 8Sf -1
Then Proposition fi.J and Proposition [l.4 imply straithforwardly the next result.

Corollary 4.5 I- If 1 < ¢ < (N +1)/(N —1), any C? nonnegative solution to is trivial.
II- If ¢ > (N +1)/(N — 3) any C? solution to is trivial.

HI-IfN >4 and (N+1)/(N—1) <g¢< (N+1)/(N—3), or N =3 and 2 < q <5, there exists
a unique positive solution to ).
Remark. In the case ¢ = (N +1)/(N —3) = (d+2)/(d — 2), (E:20]) takes the form
d(d —2
Ay — (7@ + o@Dy =0 on st
4 (4.21)
v=0 ondsy?
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The operator

UHDv:—A/zH—wv

is the conformal Laplacian on S¢ (d(d—2)/4 is the scalar curvature), the following transformation
holds,

on B,

{ A+ [P 5 = o)

0
v=0 on 0B;

where II, is the the south pole stereographic projection from S%\ {A} onto R?, and

() = (%W)va;l(x)).

Thus (.21]) admits no solution by Pohozaev’s identity.
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