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We investigate Anderson localization in weak 1D speckle potentials. We show that long-range
correlations induce effective mobility edges corresponding to sharp crossovers between regions where
localization lengths differ by orders of magnitude. Using perturbation theory, we derive analytical
formulas up to two orders beyond Born approximation which prove in excellent agreement with exact
numerical calculations. Finally, we analyze our findings in the light of a diagrammatic approach.

PACS numbers: 03.75.-b,42.25.Dd,72.15.Rn

Multiple scattering from random impurities strongly
affects wave diffusion in imperfect media [f. For in-
stance, destructive interference of multiple scattering
waves is responsible for Anderson localization (AL), i.e.
suppression of diffusion and exponentially decaying waves
[E, ﬂ] So far, AL has been reported for classical, light
waves [, ], sound waves [[f], microwaves [J and in
photonic crystals [E, E], and very recently for quantum
matter-waves in ultracold atomic gases [@, @, . In
the latter case, controlled random potentials can be de-
signed almost at will [@, @, offering unprecedented pos-
sibilities to explore the role of finite-range correlations.

One-dimensional (1D) systems are peculiar as regards
AL compared to higher dimensions. In 3D, there is a
metal-insulator transition (mobility edge) given approx-
imately by the Ioffe-Regel criterion, kl* ~ 1 [@, ie.
only the states with a wavenumber k smaller than the
inverse transport mean-free path [* are localized. In 2D,
all states are localized but the localization length Lo
diverges exponentially with kl* for kI* > 1. In contrast,
there is no localization threshold in 1D systems and Liec
is predicted to equal [*. However, interestingly, long-
range correlations can induce anomalous diffusion effects
and result in non-standard localization properties [@}

A particularly important example is that of speckles
[[7 as used in experiments with ultracold atoms [[[]].
Indeed, the power spectrum of a speckle potential has a
finite support such that the Fourier transform of the dis-
order, V(q), vanishes for ¢ exceeding a certain threshold
k./2. Then, the Born approximation —which is expected
to be relevant for weak disorder [@]f predicts that the
random potential does not provide back-scattering and
thus no localization for k > k.. This property defines an
effective mobility edge in 1D [ at k = k. [R]], evidences
of which have been reported recently ] In this con-

text, questions have raised about the true nature of the
effective mobility edge and localization properties beyond
it. In particular, the question whether k = k. defines an
exact or approximate mobility edge for 1D speckle po-
tentials have been very debated.

In this Letter, we address these questions for speckle
potentials using perturbation theory beyond the Born
approximation and exact numerical calculations [@]
Although related questions have been addressed ear-
lier in different contexts [@], it is important to stress
that speckle potentials have non-standard properties that
make them an original class of disorder to study on their
own: (i) They are non-Gaussian disorders [R3 and (ii)
their probability distribution is not symmetric. We find
that AL occurs even beyond the effective mobility edge
at k = k.. In fact, there exist several effective mobility

Figure 1: (color online) Lyapunov exponent ~y calculated two
orders beyond Born approximation versus the particle mo-
mentum k and the parameter eg for particles in 1D speckle
potentials created with a square diffusive plate. The red lines
correspond to ex_= 0.1 and ex = 0.02 respectively (same
curves as in Fig. B).



edges located at kc(p) = pk, with p an integer such that AL
in the successive regions kP~ < k < k) is dominated
by higher and higher order scattering events. FEffective
mobility edges are thus characterized by crossovers which
are sharper for weaker disorder (see Fig. ) We prove
this property for the first two effective mobility edges by
calculating explicitely the three lowest orders in the Born
expansion. Our analytic calculations prove in excellent
agreement with numerics. Finally, we analyze our find-
ings using diagrammatic methods.

Phase formalism — Consider a particle of energy E in
a 1D random potential V' (z) of statistical average zero
((V) = 0). Using a phase-density-like representation [Lg:

d(z) =r(z)sin[0(2)]; 0,0 = kr(z)cos[0(z)], (1)

with k = /2mFE/h? the particle wavenumber in the
absence of disorder, the Schrodinger equation in 1D is
equivalent to the coupled equations

0.0(2) = k1 — (V(2)/E)sin® (0(2))] @)
Ifr(2)/r(0)] = k /O d2' (V(+')/2E) sin (20(2')) .(3)

The phase formalism allows for a simple perturbation ap-
proach ]: We solve Eq. (E) perturbatively in increasing
powers of V' and we reintroduce the solutions at different
orders into Eq. () so as to calculate the corresponding
perturbation orders of the Lyapunov exponent:

y(k) = lim (In(r(2))/]2)) = Y™ (kK). (1)

|z|—o0
n>2

This approach allows one to compute the Lyapunov
exponent up to any order n in the perturbation se-
ries from the n-point correlator C,(z1,...,2n-1) =
(V(0)V(21)...V(2n—1)) of the random potential. Using
amplitude V;; and correlation length oy of the disorder
as energy and length scales, the n-point correlator reads

Cr(z1y ey 2n—1) = Viten (21/0ns ooy Zn—1/0w)  (5)

where ¢,, is the reduced correlation function which de-
pends only on the model of disorder.

Applying perturbation theory up to the second order
beyond Born approximation (n = 4), we then find

1 =t (22 fathon) ©)

kog

where €; = 2mo2Vy/h? and

1

0
fa(k) = +Z/_ du ca(u) cos(2ku) (7)

OOO u
fa(k) = —%/_ du/_ dv cz(u,w)sin(2kv)  (8)

0 u v
fa(k) = —%/ﬁ du/ﬁ dv/ﬁ dw eg(u,v,w)  (9)
x {2 cos(2kw) +cos[2k (v+w—u)]}.

2

Notice that the compact form of Eq. (E) is provided os-
cillating terms, which may appear from contributions of
c4 that can be factorized as correlators ¢, are appropri-
ately regularized at infinity. In Eq. (ﬂ), the coefficients
(ex/kog)™ diverge in the low-momentum limit & — 0
while it is known that the exact v(k) remains finite for
any finite ey @] This indicates a breakdown of the
perturbative Born expansion, which is shown to be valid
when (k) < k, that is when the localization length is
much larger than the particle wavelength, a physically
satisfactory criterion.

For zero-range correlations, i.e. for ca(u) o« d(u), the
Born term, 7 (k), does not vanish and is thus the lead-
ing order for any k > () (k). The situation happens to
be richer in random potentials with long-range correla-
tions. We now focus on the case of speckle potentials.

Speckle potentials — Speckle potentials originate from
the interference pattern of a laser beam diffracted by a
rough plate @] It follows from the diffraction process
that the light field is an uncorrelated, complex Gaussian
random variable . In practice, the random potential
is proportional to the intensity of the speckle field but
defining the zero of energies so that (V) = 0, it reads

V(2) = Va (la(z/ow)* = (Ja(z/ow)[*)) . (10)

Depending on the detuning of the laser with respect to
the atomic resonance, the sign of V}; can be either posi-
tive (‘blue detuning’) or negative (‘red detuning’). The
quantities a(u) are complex Gaussian variables, propor-
tional to the light fields. Notice that all correlators, ¢,
of the random potential are completely determined by
the sole field-field correlator ¢, (u) = (a(0)*a(u)) through
the statistical Gaussian theorem,

(@}t X pi1pip) = > (@5 appn(1) - (0papsmi(p)s

i

(11)
where a, = a(zy/ox) and II describes all p! permuta-
tions of [1...p]. For instance, Ca(u) = |c,(u)|? and defin-
ing a(u) so that (|a(u)[?) = 1, we have \/(V (2)2) = |Vxa|.
A key property of speckles is that the Fourier transform
of the field-field correlation function ¢, has always a fi-
nite support owing to diffraction and finite-size effects

3, [9:

éa(q) =0  for |q| > k.or = 1. (12)
Here oy is defined so that k.or = 1.

Analytic results — We now apply perturbation theory
within the phase formalism up to two orders beyond Born
approximation (n = 4) for speckle potentials. The dis-
cussion below can be generalized to any kind of 1D ran-
dom potential that fulfills the sole conditions ([L])-([1d)
with similar conclusions (only explicit formulas for the
functions f,(x) would change). However, for the sake of
clarity, we restrict our discussion to 1D speckle potentials
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Figure 2: (color online) Functions f, for n = 2, 3 and 4 for
a speckle potential created with a square diffusive plate (i.e.
cq(u) = sin(u)/u). The solid lines correspond to Egs. (E)—
(@) and the points with errorbars to numerical calculations.
The inset is a magnification of function fi around k = 2.

created by square diffusive plates as in Ref. [E] for which
¢q(u) = sin(u)/u. Notice that indeed, the Fourier trans-
form of ¢,(u) has a finite support: é,(q) o< ©(1 — |q|)
where © is the Heaviside step function. Inserting this
correlator into Egs. ([))-(f]), we find

falk) = ge(l—n)u_ﬁ) a3)

f3(k) = —%@(1—11) [(1=#) In (1—k) + 5 In (5)] (14)

Jalw) = &{6(1/2—H)ff’%(ﬂ)+6(1_,§) 0.1(,0)
(s~ 1O@-R)[*(W)}.  (19)

The functions fo and f3 are simple and vanish for k > 1

(see Fig. E) This property is responsible for the exis-

tence of the effective mobility edge at & = k. [@] such

that y(k)og ~ (ex/kog)? for k < o7t while v(k)or =

O(en/koy)* for k > o', The function f4(x) has three
1

components with three different supports: ff’i(/@) on
0,1/2], f2"' (k) on [0,1] and f,;*(x) on [1,2]. The ex-
plicit formulas for f;' & (k) being quite complicated we
do not reproduce them in this Letter [@] The behav-
ior of fy is actually clearer when plotted (see Fig. [).
The first cut-off is responsible for the discontinuity of
the derivative of the function f; at k = 1/2. At the
second cut-off, kK = 1, we find a logarithmic divergence,
fa(k) ~ —2In|1 — k| which signals a singularity of the
perturbative expansion. In addition, it is very narrow
(notice that it does not appear in Fig. EI due to the finite
grid of the 3D plot) so we disregard it in the remainder of
the Letter. The last cut-off at kK = 2 defines the edge of
the support of the fourth-order term at k = 20!, show-
ing explicitly the existence of a second effective mobility
edge at k = 20!, such that vy(k)on ~ (ex/kon)?* for
k <207t while y(k)og = O(en/koy)® for k > 20, 1. No-
tice that, although the odd-n contributions do not vanish,
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Figure 3: (color online) Lyapunov exponent «(k) versus the
particle momentum k as determined by exact numerical cal-
culations (red solid line) and comparison to perturbation the-
ory up to two orders beyond Born approximation (i.e. up to
n = 4; blue solid line). The green dashed lines are the Born
term. These results hold for a speckle potential created with
a square diffusive plate for two values of the parameter eg.

they cannot be leading terms in any range of k. Other-
wise, one would find a non-physical negative Lyapunov
exponent for either V; > 0 or V; < 0.

Numerics — We have also performed exact numerical
calculations using a transfer matrix approach. The re-
sults are plotted in Fig. E for two values of the parameter
e relevant for the data of Ref. [E] ex = 0.02 corre-
sponds to Vi/h = 27 x 16Hz in Fig. 3 of Ref. [L]] and
er = 0.1 to Vi /h = 27 x 80Hz in Fig. 3 and to Fig. 4
of Ref. [E] For e = 0.02, the agreement between per-
turbation theory and exact numerical results is excellent.
In particular, the effective mobility edge at k = o is
very clear: We find a sharp step for v(k) of about two or-
ders of magnitude. The curve corresponding to ex = 0.1
shows the same trend but with a smoother and smaller
step (about one order of magnitude). Although the Born
approximation for & < o, ! and the fourth-order term
for k > o ! provide reasonable estimates (up to a fac-
tor of about 2), higher order terms cannot be neglected.
Only near k = 0 is the perturbative expansion unusable
as expected from our discussion above.

In order to check the validity of the analytic formu-
las ([L3)-([L5), we use a series of calculations of the Lya-
pounov exponent at fixed k and various e; that we fit
in powers of e /kor. As shown in Fig. E, the agreement
with the analytic expressions is excellent. In particular,
the numerics faithfully reproduce the predicted kink at
k = 1/2. The logarithmic singularity around x = 1 is
very narrow; we did not attempt to study it in detail.

Diagrammatic analysis — Diagrammatic methods pro-
vide simple graphical representations of the backscatter-
ing processes encoded in Egs. ([])-(f]) and allow to iden-
tify effective mobility edges quite simply. In 1D, Ljoe = I*
can be calculated from the backscattering probability of
{|1]?) using standard quantum transport theory. The
irreducible diagrams of elementary scattering events in



Figure 4: Relevant fourth-order backscattering contributions.
Contrary to the case of uncorrelated potentials [E7 @]7 the
sum of diagrams (a), (b) and (c) does not give zero for speckle
potentials; only diagrams (b) and (d) contribute for kor €
[1,2].

speckle potentials have been identified in Ref. []E]

To lowest order in e; (Born approximation), the aver-
age intensity of a plane wave with wave vector k backscat-
tered by the random potential is described by

kj.o,fk k%@%k
Us(k) = q+ kv mg—k=: v2k . (16)
ks i k<& k

The upper part of the diagram represents ¢ (particle) and
the lower part its conjugate ¥* (hole). The dotted line

S - €ra(q) Tepresents the field correlator; simple
closed loops over field correlations can be written as a
potential correlation &------- ®. Backscattering requires
the diagram ([lf]) to channel a momentum 2k, entering at
the particle, down along the potential correlations to the
hole. Therefore, the diagram vanishes for ko > 1.

At order €3, the only possible contribution is

RE N
k 4)0—)—0(7 k

. D
Us(k) = q+k;‘/“ xqg—-k +c.c. (17)
JARATINS

The straight black line stands for the particle propagator
[E)x — E, +1i0]~! at intermediate momentum p. The dia-
gram ) features two vertical field correlation lines, just
as diagram ([Ld), and thus vanishes at the same thresh-
old k = o '. Evaluating the two-loop diagram (|L7), we
recover precisely the contribution ([[4).

Many diagrams contribute to order €%. First there are
the usual backscattering contributions with pure inten-
sity correlations, shown in Fig. [{(a)-(c). Both [(a) and
(¢) have a single vertical intensity correlation and vanish
for k > o5 !. In contrast, the crossed diagram [|(b) has
two vertical intensity correlation lines and can thus ac-
commodate momenta up to k = 20, '. Performing the
integration, we find that this diagram indeed reproduces
the complicated functional dependence of those contri-
butions to f;"* in Eq. (L) that contain factorized corre-
lators.

Second, there are nine more diagrams, all with non-
factorizable field correlations [[4]. A single one has not
two, but four vertical field correlation lines, shown in
Fig. [|(d), and contributes for koy, € [1,2]. Carrying out
the three-loop integration, we recover exactly the non-
factorizable contributions to f; in Eq. (L3).

Conclusion — In conclusion, we have shown that in
speckle potentials, the k-dependence of the Lyapunov ex-
ponent exhibits sharp crossovers ( effective mobility edges)
separing regions where AL results from higher and higher
scattering processes and the Lyapunov exponent changes
abruptly. We have shown explicitly the existence of
the first two effective mobility edges at k = o' and
k = 207!, We infer that there exists a series of effec-
tive mobility edges at kgp) = po; ! with p an integer since
generically, diagrams with 2p vertical field correlations or
p intensity correlations can contribute up to k = poy *.
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AUXILIARY MATERIAL

The functions f° read

0

f4
2’1(.%) = 4 — 6K —

(g) = —4n2(1 - 2r)
1072

(1—-2k)— (4 —2k)In(k)

- (% - 3/{) In(l —x)+ (% + m) In(1+ k)
—(4 —8k)In®(r) + 22(1 — k) In*(1 — k)
+(18 4 14k) In*(1 + &)

—16(1 — k) In(1 — k) In(k)

—4(1 = k) In(1 — k) In(1 + k)

—32(1+ k) In(k) In(1 + &)

—24(1 + K)Liz(k) + 32(1 + &)Lia (1 i ,_;)

—8kLiy (135 ) — 8(1 — 2k)Liy (2 - l)
K

2
(k) = —4+2 (1 + ”—) K+ 8kLig(1 — k)

=

—(f—4+2i>1n(n—1)

KR

—4(k — 1) In*(k — 1) + 8k In(k — 1) In(k)

where Lip = [0 dt In(1 — )/t = Y332, 2% /k? is the dilog-

arithm function.



