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Using a Green’s function method, we present a comprehensive theoretical analysis of the propagation of
sagittal acoustic waves in superlattices (SLs) made of alternating elastic solid and ideal fluid layers. This
structure may exhibit very narrow pass bands separated by large stop bands. In comparison with solid-solid
SLs, we show that the band gaps originate both from the periodicity of the system (Bragg-type gaps) and the
transmission zeros induced by the presence of the solid layers immersed in the fluid. The width of the band
gaps strongly depends on the thickness and the contrast between the elastic parameters of the two constituting
layers. In addition to the usual crossing of subsequent bands, solid-fluid SLs may present a closing of the
bands, giving rise to large gaps separated by flat bands for which the group velocity vanishes. Also, we give an
analytical expression that relates the density of states and the transmission and reflection group delay times in
finite-size systems embedded between two fluids. In particular, we show that the transmission zeros may give
rise to a phase drop of 7r in the transmission phase, and therefore, a negative delta peak in the delay time when
the absorption is taken into account in the system. A rule on the confined and surface modes in a finite SL. made
of N cells with free surfaces is demonstrated, namely, there are always N-1 modes in the allowed bands,
whereas there is one and only one mode corresponding to each band gap. Finally, we present a theoretical
analysis of the occurrence of omnidirectional reflection in a layered media made of alternating solid and fluid
layers. We discuss the conditions for such a structure to exhibit total reflection of acoustic incident waves in a
given frequency range for all incident angles. Also, we show how this structure can be used as an acoustic filter
that may transmit selectively certain frequencies within the omnidirectional gaps. In particular, we show the
possibility of filtering assisted either by cavity modes (in particular sharp Fano resonances) or by interface

resonances.

DOI: 10.1103/PhysRevB.78.174306

I. INTRODUCTION

It is known that the interaction of waves with periodic
structures creates interesting interference phenomena. The
study of acoustic and electromagnetic waves in periodic lay-
ered media has received increased attention during the last
two decades due to the unusual physical properties observed
in these heterostructures in comparison with bulk
materials.'? The essential property of these structures is the
existence of forbidden frequency bands induced by the dif-
ference in acoustic and dielectric properties of the constitu-
ents and the periodicity of these systems. As concerns acous-
tic waves, different phononic gaps with appropriate defects
have been demonstrated in solid-solid>~'? layered structures,
leading to several interesting phenomena like in their two-
dimensional (2D) and three-dimensional (3D) counterpart
phononic crystals.?%?! Among these phenomena, one can
mention (i) omnidirectional band gaps,?>23 (ii) the possibility
to engineer small-size sonic crystals with locally resonant
band gaps in the audible frequency range,? (iii) hypersonic
crystals with high-frequency band gaps to enhance acousto-
optical interaction® and to realize stimulated emission of
acoustic phonons,?® and (iv) the possibility to enhance selec-
tive transmission through guided modes of a cavity layer
inserted in the periodic structure?’ or by interface resonance
modes induced by the superlattice (SL)/substrate interface.?®
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The advantage of one-dimensional (1D) systems lies in the
fact that their design is more feasible and they require only
relatively simple analytical and numerical calculations. The
analytical calculations enable us to understand deeply differ-
ent physical properties related to the band gaps in such sys-
tems.

In comparison with solid-solid layered media, the propa-
gation of acoustic waves in the solid-fluid counterpart struc-
tures has received less attention.! The first works on these
systems have been carried out by Rytov?® and summarized
by Brekhovskikh.! Rytov’s approach has been used by
Schoenberg,*® together with propagator matrix formalism, to
account for propagation through such a periodic medium in
any direction of propagation and at arbitrary frequency.
Similar results are also obtained by Rousseau.’' In the low-
frequency limit, it was shown®” that besides the existence of
small gaps, there is one wave speed for propagation perpen-
dicular to the layering and two wave speeds for propagation
parallel to the layering which are without analog in solid-
solid SLs. The two latter speeds both correspond to compres-
sional waves, and their existence is suggestive of Biot’s
theory’? of wave propagation in porous media. Alternating
solid and viscous fluid layers have been proposed recently*
as an idealized porous medium to evaluate dispersion and
attenuation of acoustic waves in porous solids saturated with
fluids. The experimental evidence®* of these waves is carried
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out using ultrasonic techniques in Al-water and Plexiglas-
water SLs. Also, it was shown theoretically and experimen-
tally that finite-size layered structures composed of a few
cells of solid-fluid layers with one®-¢ or multiple’” period-
icity may exhibit large gaps, and the presence of defect lay-
ers in these structures may give rise to well-defined defect
modes in these gaps.’® Recently,?® solid layers separated by
graded fluid layers have shown the possibility of acoustic
Bloch oscillations analogous to the Wannier-Stark ladders of
electronic states in a biased SL.> All the above works have
mainly dealt with pure longitudinal (compressional) and
shear horizontal absorbing waves propagating perpendicular
or parallel to the layers.33-38

In a recent paper,*’ we have investigated the propagation
and localization of acoustic waves polarized in the sagittal
plane, defined by the normal to the surface and the wave
vector k (parallel to the surface), in SLs made of elastic solid
and ideal fluid layers. In particular, we have shown the pos-
sibility of existence of surface acoustic waves in semi-
infinite solid-fluid SL or its interface with a semi-infinite
fluid. We have also demonstrated a rule about the existence
of surface modes in such structures, namely, by considering
together the two complementary semi-infinite SLs obtained
by the cleavage of an infinite SL along a plane lying within
the fluid layer and parallel to the interfaces, one always has
as many localized surface modes as minigaps, for any value
of the wave vector k;. However, this rule is not fulfilled when
the cleavage is carried out inside the solid layer. Indeed, in
this case, the dispersion curves may present zero, one, or two
modes inside each gap of the two complementary SLs de-
pending on the position of the plane where the cleavage is
produced. Localized and resonant modes associated with the
presence of a fluid cap layer with finite or semi-infinite
extent—on top of the above-mentioned SLs—have been
studied, and different guided modes induced by the adsorbed
fluid layer are obtained and their properties are investigated.

In this paper, we are dealing with sagittal acoustic waves
in finite-size solid-fluid SLs in contact with one or two semi-
infinite fluids on both sides. Our goal is to give closed-form
expressions of dispersion relations, densities of states, as
well as the transmission and reflection coefficients associated
to such systems. These analytical expressions enable us to
show peculiar properties related to solid-fluid SLs as com-
pared to solid-solid SLs, namely: (i) The stop bands originate
both from the periodicity of the system (Bragg-type gaps)
and the transmission zeros induced by the presence of the
solid layers immersed in the fluid. The width of the band
gaps strongly depends on the thickness and the contrast be-
tween the elastic parameters of the two constituting layers.
(ii) In addition to the usual crossing of subsequent bands, we
show that solid-fluid SLs may present a closing of the bands,
giving rise to large gaps separated by flat bands for which the
group velocity vanishes. Also, we give an analytical expres-
sion that relates the density of states (DOS) and the trans-
mission and reflection group delay times (called also phase
times in the literature) in finite-size systems embedded be-
tween two fluids. In particular, we show that the transmission
zeros may give rise to a phase drop of 7 in the transmission
phase and, therefore, a negative delta peak in the delay time
when the absorption is taken into account in the system: (iii)
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The possibility of the existence of internal resonance induced
by a fluid layer and lying at the vicinity of a transmission
zero, the so-called Fano resonance.

Finally, we show that similar to solid-solid phononic crys-
tals, layered media made of alternating solid and fluid layers
may exhibit total reflection of acoustic incident waves in a
given frequency range for all incident angles. In general, this
property cannot be fulfilled with a simple finite SL if the
incident wave is launched from an arbitrary fluid. Therefore,
we propose two solutions to obtain such an omnidirectional
band gap, namely, by cladding of the SL with a layer of high
acoustic velocities that acts like a barrier for the propagation
of phonons or by associating in tandem two different SLs in
such a way that the superposition of their band structures
exhibits an absolute acoustic band gap. We discuss the ap-
propriate choices of the material and geometrical parameters
to realize such structures. The behavior of the transmission
coefficients is discussed in relation with the dispersion
curves of the finite-size structure. Also, these structures may
be used as acoustic filters that may transmit selectively cer-
tain frequencies within the omnidirectional gaps. The trans-
mission filtering can be achieved either through the guided
modes of a defect layer inserted in the periodic structure or
through the interface modes between the SL and a homoge-
neous fluid medium when these two media are chosen appro-
priately. These investigations are done within the framework
of the Green’s function associated to such heterostructures.*!

The organization of this paper is as follows. Section II
presents the model we use for these studies, as well as the
analytical results obtained for the Green’s function, disper-
sion relations, transmission and reflection coefficients, and
densities of states associated to different solid-fluid layered
media. All these quantities represent the ingredients neces-
sary to study analytically and numerically wave propagation
in some specific systems such as symmetric and asymmetric
finite SLs (Secs. III and IV) and omnidirectional reflection
and selective transmission in such systems (Secs. V and VI).
The main conclusions are summarized in Sec. VIIL.

II. INTERFACE RESPONSE THEORY OF CONTINUOUS
MEDIA

A. Overview

In this paper, we are interested in the propagation of
acoustic waves in composite materials composed of elastic
solid and ideal fluid layers. The waves are polarized in the
sagittal plane defined by the normal to the interfaces (x5 di-
rection) and the wave vector k; (parallel to the interfaces).
We choose k; along the x; direction. It is worth noticing that
the assumption of ideal fluid behavior is valid over a very
broad frequency range for which the viscous skin depth o
=(27/pw) is much smaller than the fluid layer thickness d
(7 and p are the viscosity and the density of the fluid). This
study is performed with the help of the interface response
theory41 of continuous media, which permits us to calculate
the Green’s function of any composite material. In what fol-
lows, we present the basic concept and the fundamental
equations of this theory.*!
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Let us consider any composite material contained in its
space of definition D and formed out of N different homoge-
neous pieces located in their domains D;. Each piece is
bounded by an interface M;, adjacent in general to j (1=}
=.J) other pieces through subinterfaces domains M;. The
ensemble of all these interface spaces M; will be called the
interface space M of the composite material.

The elements of the Green’s function g(DD) of any com-
posite material can be obtained from*!

g(DD) = G(DD) — G(DM)G™ (MM)G(MD)
+G(DM)G'(MM)g(MM)G™"(MM)G(MD),
(1)

where G(DD) is the Green’s function of a reference continu-
ous medium and g(MM) is the interface element of the
Green’s function of the composite system. Here all the
Green’s functions are those associated to the displacement
field. For instance, this means that the bulk Green’s function
G(DD) of elastic solid and viscous fluid media can be de-
rived from the equation of motion of displacement fields (the
details of the calculations for the derivation of these expres-
sions are given in Ref. 41). The inverse [g(M,M)]™" of
g(MM) is obtained for any point in the space of the interface
M=UM,; as a superposition of the different g;'(M;,M,),*!
inverse of the g,(M;,M,) for each constituent i of the com-
posite system. The latter quantities are given by the equation

g; (M. M) = A(M.M)G; ' (M. M), 2)
where
AM M) =1(M;,M;) + A(M;,M)), 3)
(I is the unit matrix) and
A(X.X") = V(X")G(X",X") |y (4)

where X, X" e D,.

In Eq. (4), the cleavage operator V, acts only in the sur-
face domain M; of D; and cuts the finite-size or semi-infinite-
size block out of the infinite homogeneous medium.*' A; is
called the surface response operator of block i.

The new interface states can be calculated from*!

det[g™'(MM)]=0 (5)
or equivalently
detA(MM)] =0, (6)

showing that if one is interested in calculating the interface
states of a composite, one only needs to know the inverse of
the Green’s function of each individual block in the space of
their respective surfaces and/or interfaces.

Moreover, if U(D) represents an eigenvector of the refer-
ence system, Eq. (1) enables one to calculate the eigenvec-
tors u(D) of the composite material*?

u(D) =U(D) - UM)G'(MM)G(MD)
+UM)G (MM)g(MM)G™ (MM)G(MD). (7)

In Eq. (7), U(D), U(M), and u(D) are row vectors. Equa-
tion (7) enables one also to calculate all the waves reflected
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and transmitted by the interfaces, as well as the reflection
and the transmission coefficients of the composite system. In
this case, U(D) must be replaced by a bulk wave launched in
one homogeneous piece of the composite material.*?

B. Inverse surface Green’s functions of the elementary
constituents

Before addressing the problem of the fluid-solid SL, it is
helpful to know the surface elements of its elementary con-
stituents, namely, the Green’s function of an ideal fluid of
thickness df, sound speed v, and mass density Jos and an
elastic isotropic solid characterized by its thickness d;, lon-
gitudinal speed vy, transverse speed v,, and mass density p;.
Let us first notice that the Green’s functions associated with
sagittal waves in an elastic solid is a 4 X4 matrix as these
waves exhibit two directions of vibrations***3 in the sagittal
plane (x;,x3). However, the ideal fluid layer is characterized
by only one degree of vibration, and its 4 X4 Green’s func-
tion matrix has only x3x3 nonzero elements. Therefore, as far
as we are interested by solid-fluid interfaces, the 4 X4
Green’s function of the solid layer can be reduced to a 2
X 2 matrix by keeping only the x;x; components (see Ref. 40
for more details). In addition, the calculations of the disper-
sion relations, reflection, and transmission coefficients (see
below) can be deduced only from the knowledge of the x;x3
components of the Green’s functions. That is why in what
follows, we shall be interested only by the calculation of the
x3x3 components of the different Green’s functions.

The inverse Green’s function of an ideal fluid layer in the
space of the two surfaces of the layer is given by*

(g, (MM)T' = ( b) ®)
&1 “\b a)’
where
C F
a=-F2L, bp==, (9a)
Sy Sy
Cy=cosh(audy), Sy=sinh(ad,), (9b)
o2 w2 12
F=-p/~— and af=j<—2—kﬁ> , (9¢)
lef Uf

and the inverse Green’s function of the elastic solid layer in
the space of the two surfaces of the layer is*

[ (MM)]‘1—<A B) (10)
g&‘ - B A )
where
C C
A=yt S g2y B (11)
S€ Sr I3 St
vt vt
y=—p—S—(ki+a)? B=4p—5ak, (12)
w ap w
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FIG. 1. (a) Schematic representation of an infinite solid-fluid superlattice (SL). dy and d are the thicknesses of the fluid and solid layers,
respectively. D=d+d, is the period of the SL. (b) Schematic representation of a finite SL composed of N cells with (solid, solid)
terminations on both sides. (c), (d) The same as (b) but for a SL with (solid, fluid) and (fluid, solid) terminations, respectively. The two
extremities are free of stress. (e) Schematic representation of a finite SL with a cavity fluid layer in the cell p+1. The whole system is

embedded between two semi-infinite fluids.

C,=cosh(ed,), Cy=cosh(aed,), S,;=sinh(ad,),
Se = Sinh(a(ds), (13)

and

(1)2 w

2 2 2 2
t €

(%)

<

The inverse Green’s function of a semi-infinite fluid and a
semi-infinite solid with free surfaces are given, respectively,
by

g7(0,0)=~F (15)
and
g.'(0,0)=-y- B, (16)

where F is defined by Eq. (9¢) and y and B are given by Eq.
(12).

C. Surface Green’s function of an infinite solid-fluid
superlattice

Let us emphasize that in the geometry of the structures
studied, all the interfaces are taken to be parallel to (x;,x,)
plane. A space position along the x5 axis in medium i belong-
ing to the unit cell n is indicated by (n,i,x3), where —d,/2
<x3<d,;/2 [i=f for the fluid and i=s for the solid, see Fig.
1(a)]. As we are interested by the propagation of sagittal
acoustic waves in such structures, the elements of the
Green’s functions take the form g(a)z,k”|n,i,x3;n’,i’,xé),
where w is the frequency of the acoustic wave and k is the
wave vector parallel to the interfaces. For the sake of sim-
plicity, we shall omit in the following the parameters w* and
k;, and we note as g(n,i,x3;n’,i’,x}) the x3x3 component of
the Green’s function.

The Green’s function of the infinite SL [Fig. 1(a)] in the
space of interfaces is obtained by a linear juxtaposition of the
2 X 2 matrices [Egs. (8) and (10)] at the different interfaces,
leading to a tridiagonal matrix.
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Taking advantage of the periodicity D in the direction x3
of the solid-fluid SL, the Fourier transformed [g(ks; M ,M)]™!
of the above infinite tridiagonal matrix within one unit cell
(1=<i=N) has the following form:3

B + be k3P

A+a

A+a
B + be/*P

[g(ks;MM)]™ =< ) (17)

The bulk bands (eigenmodes) of the infinite solid-fluid SL
are easily obtained from Egs. (5) and (17) in the following
form:

A2—32+a2—b2+2Aa_
2Bb =%

cos(ksD) = (18)
where k5 is the component perpendicular to the slabs of the
propagation vector k= (ky,k3).

It is also straightforward to Fourier analyze back into real
space all the elements of g(k;; MM) and obtain all the inter-
face elements of g in the following form:3

d d d d;
_9r e dr) a4
g(n,f, 5 S 2) g(n,f, 5 S 2)
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D. Inverse surface Green’s functions of finite solid-fluid
superlattices with free surfaces

We consider in this subsection different finite-size solid-
fluid SLs with free surfaces. The surface layers on both ends
of these systems could be (solid, solid) [Fig. 1(b)], (solid,
fluid) [Fig. 1(c)], or (fluid, solid) [Fig. 1(d)]. The knowledge
of the inverse of the Green’s functions on both ends of these
systems constitutes the necessary ingredients to deduce eas-
ily the dispersion relations, as well as the transmission and
reflection coefficients through different finite-size solid-fluid
SLs with or without defect layers. In what follows, we shall
detail the results concerning the Green’s function calculation
of the structure depicted in Fig. 1(b) with (solid, solid) ter-
minations and give briefly the results concerning the other
structures in Figs. 1(c) and 1(d) with (solid, fluid) and (fluid,
solid) terminations, respectively.

The structure in Fig. 1(b) is constructed from the infinite
SL of Fig. 1(a). In a first step, one suppresses the fluid layers
in the cells n=1 and n=N+1. For this new system composed
of a finite SL and two semi-infinite SLs on both sides (not
shown here), the inverse surface Green’s function,
[g,(M,M)]7", is an infinite tridiagonal matrix defined in the
interface domain of all the sites n, (- <n= +»). The ma-

(A +a) fnn'I+! trix is similar to the one associated with the infinite SL.
=- Bh -1 (19a) Only a few matrix elements differ, namely, those associated
with the interface space M ={(n=1, i=f,—d7f),(n= 1, i
dy } dy . L d
d d tln_nr‘+1 t\n—n'—lHl =f, J),(l/l:N‘l'] N l:f,—'zl),(n=N+1 N l:f’ J)}. The CleaV—
g(nsfs__z‘[;n,sf;_z[):_B(tZ 1) + b(tz 1) s (19b) age Operator
V(MM) =g (M. M1 ~[g(M.M)]"! (21)
d. d fren'+L nen 4141 is the following 4 X 4 square matrix defined in the interface
g(n,f,i;n’,f,— ‘f)=— + . (19¢)  domain M:
) 2 B(-1) b -1) ‘
) -a -b 0 O
In this expressions, ¢ represents ¢**3” and is defined by? b -4 0 0O
—_— VAMM,) = 22

t=p+\Np -1 if p<-1, (20a) ( ) 0 0 —-a -b @2

0 0 -b -a

_ N 2 .
t=p+iNl—op it g[=1, (20b) In addition, using Eq. (19) one can write the elements of
the surface Green’s function of the infinite SL in the interface
t=n—\1 - if p>-1. (20c) space M, in the form of a 4 X 4 square matrix
|
A+a b+ Bt A+a b+ Bt
- LY o
Bb Bb Bb Bb
b+ Bt A+a B+bttN—1 —A+at"’
t Bb Bb Bb Bb
gMMy)=5— (23)
-1 A+a B+bt | A+a b+ Bt
- N N1
Bb Bb Bb Bb
b"'B’tN —A+azN b+ Bt _A+a
Bb Bb Bb Bb
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FIG. 2. Schematic representation of a finite layered structure inserted between two different semi-infinite fluids labeled 1 and 2. & is the
component of the wave vector k parallel to the layers. 6 is the incident angle in fluid 1.

where a, b, A, and B are defined by Egs. (9) and (11).
Using Egs. (22) and (23), one obtains the matrix operator
AMM)=IMM,)+V MM, g(MM, in space M,. For
the calculation of the inverse Green’s function on both ends
of the structure in Fig. 1(b), we only need the matrix

AMM,), where My={(n=1, i=f,2),(n=N+1, i=f,
—f)} represents the interface space corresponding to both
extremities of the system in Fig. 1(b),

t Y Ny,
1- - =z
*—1Bb *—1Bb
A(M()M()): tN Y P Y s (24)
-2 _ i
»-1Bb - 1Bb

where Y,=b?>—a’—aA+Bbt and Y,=aB—-Abt.
The inverse of the surface Green’s function d;sl (MyM,) in
the interface space M, of the finite SL in Fig. 1(b) is given

by Eq. (2),

d; (MoMo) = A(MoM)g™ (MoMo), (25)
with
_A +a B+bt[N_1
(MoM,) = t Bb Bb (26)
SWHI=2 1 B - A+a |
Bb Bb
From Eqgs. (24)—(26), one obtains finally
A(N) B(N))
d;}(MoM :( , 27
with
Y, ) ( 1>Y1}
AN)=\——||1-Bb{t——|— |, 28
W) <A+a [ t) A 8)
1 Y, Y, 1
B(N)=Bb\t——|——— s 29
) ( t)(A+a)A (29)
and
A=y - y3PN-D, (30)

By following the same procedure and after some algebraic
calculations, one can obtain, respectively, the operator
A(M§Mg), and the inverse Green’s funcdtion d;/} (MyM|) in
the interface space M(={(n=1, i=f,7),(n=N+1, i=f,

—%‘)} of the structure depicted in Fig. 1(c) ended at the left
side by a solid layer and at the right side by a fluid layer,
namely,

A(MMy)
t Y, My,
1- 2_1ph -2 1 pn
t“—1Bb t“—1Bb

A 1 v, t 1 v,
> t+—+—| 1-7 t+—+—
-1 t Bb -1 t Bb

(31)
and
o [X(N) Y(N))
s (MOMO)_<Y(N) N ) (32)
where
_ Bb o
X(N)_[_(Am)(l—tw)]{t t Bb(l tzN)]’
Bb 1
Y(N):[_(A+a)(1—t2N)](t_;)tN’
and

~ Bb Yo
Z(N)_[—(A+a)(1_t2N)”2t+Bb(1 r%] (33)

Now, if the structure is ended by a fluid layer on the left
side and a solid layer on the right side [Fig. 1(d)], the inverse
Green’s function d/?-sl has the same form as in Eq. (32), where
we should just permute the terms X(N) and Z(N).

E. Transmission and reflection coefficients of a finite layered
media embedded between two fluids

Consider a structure made of solid-fluid layered media
and embedded between two fluids characterized by their
mass densities p; and p, and sound velocities v, and v, (see
Fig. 2). Consider now an incident longitudinal wave
launched in fluid 1 and polarized in the sagittal plane (x,x3)
(Fig. 2). This incident wave takes the following form:
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1
Ui(x3)=Aivl_k” iy e, (34)
¢ ky
where A; is the amplitude of the incident field and «;
=j Z’—;—kﬁ. This yields reflected and transmitted waves—
which can be written, respectively, as
1
ur()c3)=A,U1—kH —ia [e" (35)
¢ ky
and
1
u,()@):A,vZTk‘I ia, el (36)
ky

where A, and A, are the amplitudes of the reflected and trans-
mitted waves, respectively. a,=j \/Z’—;—kﬁ and L is the total
length of the multilayered structure.

The transmission coefficient through the finite system can

be obtained from the third term in Eq. (7), namely,
uy(x3) = G(x3,L)G; (L, L)g(L,0)G7'(0,0)U(0).  (37)
From Egs. (34), (36), and (37), one obtains

vy 2p,w°

A=A g(L,0), (38)
Uy o
where g(L,0) is the x3x; component of the Green’s function
that relates the interfaces L and O at both extremities of the
finite structure. Therefore, the amplitude of the transmission
coefficient can be derived from Eq. (41) as

A
= MM g(L,0), (39)

t=—
A; 1%512%]

w2
where F| is defined as in Eq. (9): F1=—p;—l.
By the same way, the reflection coefficient is given by the

second and third terms in Eq. (7), namely,
u,(x3) = = G(x3,0)G7 " (0,0)U;(0)
+G(x3,0)G;'(0,0)¢(0,0)G7'(0,0)U0). (40)
From Egs. (34), (35), and (40), one obtains

2p,w?
A,=A,-[1—Lg(o,0)}, (41)
@

where g(0,0) is the x;x3 component of the Green’s function

at the interface between fluid 1 and the multilayers. There-

fore, the amplitude of the reflection coefficient can be de-
rived from Eq. (41) as

A,

r= = 1+2F,g(0,0). (42)

Equations (39) and (42) show that the calculation of trans-

mission and reflection coefficients requires the knowledge of

only the x3x; component of the Green’s function in the space
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of interfaces at the extremities of the whole system.
The reflection and transmission rates are given as follows:

R=|r? (43)
and
7= |22 (44)
P12

pray . .
The term ra; is a correction term that ensures the conser-

vation of sound power through such supposed lossless sys-
tems.

F. Relation between the density of states and the group delay
times

Consider a finite layered structure inserted between two
different semi-infinite fluids labeled 1 and 2 (Fig. 2). The
inverse of the Green’s function in the interface space M is
formed here by the two planes separating these three media
(M={0,L}).

For each sagittal mode, the x;3x; component of the above-
defined [g(MM)]™' can be obtained from the surface
[g:(MM)]™" of these three media, namely,

[4:(0,0)]" =~ F; (45)
for the two semi-infinite fluids i=1 and 2 [Eq. (15)] and

wonnr=(4 B’) (46)
8L B' A,
for the layered media with free surfaces.

The detailed expressions for A, A,, and B’ are given in
Sec. II D for finite solid-fluid SLs with different termina-
tions. A; and A, are identical (different) for symmetrical
(asymmetrical) structures [see Egs. (27) and (32)]. The im-
portant point to notice is that these three quantities are purely
real functions in a finite system; however, F; and F, are pure
imaginary functions for the semi-infinite fluid media [Eq.
(9¢)]. Therefore, [g(MM)]™" of the whole composite system
can be obtained as follows:*!

A -F, B )

47
B A,-F, (“7)

[eMM)] ' = (
From Egs. (39) and (47), one obtains the transmission
coefficient as follows:
= 2508 B {de g (MM)]}, (48)
%912%)
Whel‘e det[g(MM)]=[A1A2—B’2+F1F2—F1A2—F2A1]_1.
The reflection coefficient is given by Egs. (42) and (47),

r=[AA, = B'?> = F\F, + F\A, — F,A,ldet[g(MM)].
(49)
From Egs. (48) and (49), one can obtain the phases 6, and
Or of the transmission and reflection coefficients. Of more

interest are the derivatives of these phases with respect to the
frequency that are indicative of the times needed by a wave
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packet to complete the transmission or reflection processes.
These quantities, called group delay times (also referred to as
the phase times in the literature***), are defined by

do
Tr= d—(: (503.)
and
deo
R= (50b)

From Egs. (48) and (49), one can deduce that the trans-
mission delay time can be written as

d dB’
7= —arg{deg(MM) ]} + > Sgn[ d%lw:wn} - w,).
(51)

The reflection delay time 75 can also be derived from Eqs.
(49) as

7= arg{delg(MM)])

d 12
+d—arg(A1A2—B —F1F2+F1A2—F2Al). (52)
w

Let us now recall*® that the difference of the DOS be-
tween the present composite system and a reference system
formed out of the same volumes of the semi-infinite fluids 1
and 2 and the finite structure can be obtained from

An(w) = %ﬁarg{det[g(MM)]}. (53)

From Egs. (51) and (53) one can deduce two cases:
(i) If the structure do not present transmission zeros (i.e.,
B’ #0), then arg(B')=0 and

1= mAn(w). (54)

(ii) If the transmission zeros occur at some frequencies,

then the transmission coefficient changes sign, its phase ex-
hibits a jump of 7, and

7 #+ TAn(w). (55)

Equations (52) and (53) show that 73 is in general differ-
ent from An(w). However, if medium 2 is evanescent (i.e.,
F, is real and the incident wave is totally reflected). Then

TR =27An(w). (56)

It is worth noticing that the calculation of the group delay

time enables to deduce the group velocity in such structures
using the relation®’

ve=L/T, (57)

where L represents the size of the structure.
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III. APPLICATION TO A FINITE SYMMETRIC SL
EMBEDDED IN A FLUID

A. Band-gap structure and conditions for band and gap
closing

In order to illustrate the general results given before, we
present here a simple application for sagittal acoustic waves
in the special case of periodic solid plates immersed in the
same fluid (for example, water). In this case, the transmission
and reflection coefficients are given by Egs. (48) and (49),
namely,

=2F BW) 58
In= A%(N) - BX(N) + F2 = 2FA(N) (58)
and
2 2 2
" AXN)-BXN)-F (59)

= A2(N) - BX(N) + F> = 2FA(N)”

where A(N), B(N), and F are given by Egs. (28), (29), and
(9), respectively.

In the particular case of one solid layer inserted in the
fluid (i.e., N=1), one can show easily that A(N)=A and
B(N)=B [Eqgs. (28) and (29)], and 7 and ry become, respec-
tively,

t=2F B (60)
L A2 B2y F2_2FA
and
A’?-B*-F?
ry= (61)

A= B>+ F>-2FA’

Also, it is worth noticing that the numerator of ry [Eq.
(59)] can be written after some algebraic calculation as

AN-1\(Yi-1
2 2 2_TA2_p2_ 12 1 2
A*(N)-B*(N)-F"=[A*-B F]( 2 )( A )

(62)

Equations (59) and (62) clearly show that the reflection
zeros associated to a finite SL made of N plates inserted
periodically in a fluid are given either by

A’-B*>-F?=0, (63)

which coincides also with the reflection zeros associated to
just one solid layer inserted in the fluid [Eq. (61)], or

sin(NkD) =0,

kD=——-,

m=1,2,... ... ,N-1. (64)
N

The third term in the right-hand side of Eq. (62) cannot van-
ishas Y| # *7,.

The transmission zeros are given by B(N)=0 [Eq. (58)] or
equivalently B=0 [see Eq. (29)]. This result shows that the
transmission zeros of the whole structure coincide exactly
with the transmission zeros of just one solid layer inserted in
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oD/v(Plexiglas)

k,D

FIG. 3. Dispersion curves for a SL made of Plexiglas and water
layers. The curves give =wD/v (piexiglas) s a function of kD,
where w is the frequency, k; is the propagation vector parallel to the
interface, v (piexiglas) 18 the transverse speed of sound in Plexiglas,
and D is the period of the SL. The widths of fluid and solid layers
are supposed equal: dy=d;=D/2. The gray areas represent the bulk
bands for an infinite SL. The thin solid lines and dotted curves show
the positions of the reflection zeros (total transmission). Whereas,
the open circles give the positions of the transmission zeros (total
reflection). The dashed straight lines represent the transverse and
longitudinal velocities of sound in Plexiglas. The dashed-dotted line
represents the longitudinal velocity of sound in water.

the fluid [Eq. (60)]. In addition, the parameter B character-
izes only the solid layer [Eq. (11)]; therefore, the transmis-
sion zeros are independent on the choice of the fluid sur-
rounding the solid layer, but depend only on the thickness
and the elastic parameters of the solid.

Figure 3 gives the dispersion curves (gray areas) for an
infinite SL made of Plexiglas and water layers. In this figure
we plotted the reduced frequency Q=wD/v,(Plexiglas) as a
function of the reduced wave vector kD. The thickness of
solid and fluid layers are assumed to be equal d,=d;=D/2 as
in Refs. 5 and 6. Table I gives the numerical values of ve-
locities of sound and mass densities of the materials used in
this work. The dashed straight lines represent the transverse
and longitudinal velocities of sound in Plexiglas, whereas the
dashed-dotted line gives the longitudinal velocity of sound in
water. The thin solid and dotted curves represent the disper-
sion curves obtained from the reflection zeros (total trans-
mission) for a finite SL composed of N=>5 Plexiglas layers
inserted in water. The thin solid curves correspond to the N
—1 branches given by Eq. (64), whereas the dotted curves are
given by Eq. (63). The open circles curves show the posi-
tions of the transmission zeros (total reflection). One can
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TABLE I. Speed velocities of sound and mass densities of Plexi-
glas, aluminum, PVC, water, and mercury.

p v, Uy¢
(g/cm?) (10° cm/s) (km/s)
Plexiglas 1200 1.38 2.7
Aluminum 2700 3.15 6.45
PVC 1200 1.03 23
Water 1000 1.49
Mercury 13500 1.45

notice a shrinking of the N—1 branches when they intercept
the transmission zero branch around =4.07, k,D=2.3 and
0=7.64, kyD=3.8. This phenomenon reproduces for other
values of the couple ({2,kD) not shown here. This property
of the shrinking of the modes is a characteristic of solid-fluid
SLs and is without analog in their counterpart solid-solid
SLs.”

Now, if we compare together the different branches asso-
ciated to reflection and transmission zeros and the band-gap
structure of the infinite Plexiglas-water SL, one can notice
(Fig. 3) the following:

(i) As predicted, the thin solid and dotted curves corre-
sponding to total transmission fall inside the allowed bands
(gray areas), in particular, the positions of the closing of the
gaps are given by the intersection of the limits of the band
gaps and the dotted curves, i.e., we should have simulta-
neously

A’- B>+ F?>+2Aa
cos(ksD) = b ==*1 (65)

and
A’-B>-F*=0. (66)

(ii) The open circle curves with total reflection (zero
transmission) fall inside the forbidden bands, and the posi-
tion of the closing of the bands should satisfy the two fol-
lowing conditions:

A?— B*>+ F?*+24a
cos(k3D) = I ==*1 (67)

and
B=0. (68)

These particular crossings of the gaps give rise to a no dis-
persive curves (flat bands) for which the group velocity van-
ishes.

It is worth noticing that the transmission zeros (open
circles) fall above a straight line, i.e., below a critical angle
0., Indeed, a simple Taylor expansion of the function B(w)
in Egs. (11) and (12) at the low-frequency limit (i.e., around
w=0 and k;=0) gives

2
9:2%\/1—<ﬂ> = Vg (69)
ki V¢
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FIG. 4. Variation in the transmission coefficients as a function of the reduced frequency () for a finite SL composed of N=1 [(a), (), and
()1, 2 [(b), (f), and (§)], and 5 [(c), (g), and (k)] Plexiglas layers immersed in water. The left, middle, and right panels correspond to incident
angles: #=0°, 25°, and 40°, respectively. (d), (h), and (1) give the dispersion curves (i.e., { versus the Bloch wave vector k3) inside the
reduced Brillouin zone 0 <k3<<a/D. Outside this zone are represented the imaginary parts of k5.

However, k; is related to the incident angle 6 by the rela-
tion kuzvﬂfsin( 0) (see Fig. 2). Thus, one obtains transmission
zeros for wave velocities v >uv,,, or equivalently

0 < 0, = arcsin =39°. (70)

However, let us mention that at normal incidence (i.e., &
=0 or 6=0°), B(w) cannot vanish, and one obtains the well-
known dispersion relation®>-37

1z, z
cos(k3D) = CoC+ —(—f + J)Sesf, (71)

Zy
where Zy=p,, and Z;=p, are the acoustic impedances of
longitudinal waves in solid and fluid layers, respectively. The
above results show that the transmission zeros occur only for

incidence angles 6 such that 0° < 6<46,.
Figure 4 gives the variation in the transmission rates T
[Figs. 4(a)-4(c), 4(e)-4(g), and 4(i)—-4(k)] as a function of
the reduced frequency () for a finite SL composed of N=1, 2,

and 5 Plexiglas layers immersed in water. The left, middle,
and right panels correspond to incident angles 6=0°, 25°,
and 40°, respectively. At the bottom of these panels we plot-
ted the corresponding dispersion curves (i.e., {} versus the
Bloch wave vector k) [Figs. 4(d), 4(h), and 4(1)]. As pre-
dicted above, for §=0° (left panel) and 6> 6,, (right panel),
the transmission exhibits dips at some frequency regions,
which transform into gaps as far as N increases. These gaps
are due to the periodicity of the system (Bragg gaps) and
coincide with the band-gap structure of the infinite SL shown
in Figs. 4(d) and 4(1). For an incident angle 0° <#<#6,,
(middle panel), one can notice the existence of a transmis-
sion zero around )=7.64 [Fig. 4(e)], which is due to the
insertion of one Plexiglas layer (N=1) in water. This trans-
mission zero transforms to a large gap when N increases.
Besides this gap there exists a dip around =5 for N=2
[Fig. 4(f)], which also transforms to a gap when N increases;
this gap is due to the periodicity of the structure. The trans-
mission gaps map the band-gap structure of the infinite SL
[Fig. 4(h)], where one can notice that the imaginary part of
the Bloch wave vector (responsible of the attenuation of the
waves associated to defect modes) is finite in the Bragg gaps
and tends to infinity inside the gaps due to the transmission
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zeros. These latter gaps can be used to localize strongly de-
fect modes within the structure (see below).

From all the above results, one can conclude that for an
incident angle 0° <6< 6, (middle panel) there exists two
types of gaps: Bragg gaps, which are due to the periodicity
of the structure, and gaps that are induced by the transmis-
sion zeros. However, at normal incidence (#=0°) (left panel)
and for 6> 6, (right panel) all the gaps are due to the peri-
odicity of the system.

B. Brewster acoustic angle

Another interesting result that may be exhibited by solid-
fluid layered media is the possibility of existence of Brewster
acoustic angles as for electromagnetic waves in dielectric
media.? The Brewster angle corresponds to an incident angle
between two homogenous media for which there is no reflec-
tion. By analogy with transverse magnetic waves in 1D pho-
tonic crystals, the existence of such angles for transverse
acoustic waves between two solids has been shown.*® This
angle leads to the shrinking of the SL gaps to zero along a
straight line whose slope is defined by the Brewster condi-
tion. The reflection zeros between solid and fluid media can
be obtained by matching the Green’s function of a semi-
infinite solid [Eq. (15)] with that of a semi-infinite fluid [Eq.
(16)], namely,

4 4 2
v v w
p 2’ (kﬁ + 0(12)2 - 4p—l2 atkﬁ =p/—. (72)
w ay w ay

In the velocity region v,<v<<vy, a, is real (evanescent
wave), whereas «, and «, are pure imaginary (propagative
waves). Therefore, Eq. (72) is satisfied if

v 2
;f = 5 (73)
! 1+ Eg
p
and
w= \*”Ek”l)t
or equivalently
v
Op= arcsin—FL, (74)
V2v,

where 6y is the Brewster angle. Through such angle, the
incident longitudinal wave in the fluid enters completely the
solid but converts to transverse wave. By using Snell’s Law,
Eq. (74) shows that the wave enters the solid at 45° to the
interface. Let us mention that a study of the Brewster acous-
tic angles at the fluid-solid interface in all the velocity re-
gions has been performed some years ago by Sotiropoulos et
al 4950

Now, if a layered structure is made from such solid-fluid
interfaces, then an incident wave will be totally transmitted,
giving rise to the closing of the gaps along a straight line
corresponding to Brewster angle. Such an angle is indepen-
dent of the thickness of the layers in the SL, as well as on the
longitudinal velocity of sound in the solid [see Eq. (74)]. In
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FIG. 5. Same as in Fig. 4 but for the Brewster angle: 6=6p
=49°.

general, Eq. (73) is not easy to be satisfied by solid and fluid
materials. However, in the case of Plexiglas-water structure
considered here, Eq. (73) is almost satisfied and Eq. (74)
gives 03=49.77°. Now, if we take an incident angle near to
0p one obtains almost total transmission as it is shown in
Figs. 5(a) and 5(b) corresponding, respectively, to N=1 and
5 Plexiglas layers immersed in water. The dispersion curves
[Fig. 5(c)] show clearly the closing of the gaps at the center
and edges of the reduced Brillouin zone for this incidence
angle.

C. Comparative study of the DOS and group delay times

A comparative analysis of the transmission delay time and
the density of states (DOS) is given in Fig. 6. The group
delay times 7(w) [Figs. 6(a)-6(c)] and the variation in the
density of states An(w) [Figs. 6(d)—6(f)] are plotted as func-
tions of the reduced frequency () for a finite SL composed of
N=5 Plexiglas layers immersed in water and for three inci-
dent angles: 6=0° [Figs. 6(a) and 6(d)], #=30° [Figs. 6(b)
and 6(e)], and #=60° [Figs. 6(c) and 6(f)]. The group delay
time gives information on the time spent by the phonon in-
side the structure before its transmission, while the DOS
gives the weight of the modes. In Fig. 6, the DOS and the
delay time are strongly reduced in the band-gap regions. As
predicted by the analytical results in Sec. II F, the delay time
may give rise to delta functions around the transmission ze-
ros as it is shown in Fig. 6(b) around =8 for 0° <46
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FIG. 6. Transmission delay time (left panel) and density of states (DOS) (right panel) [(in units of D/v,(Plexiglas))] as a function of the
reduced frequency ) for a finite SL composed of N=35 Plexiglas layers immersed in water and for three incident angles: 6=0° [(a) and (d)],

0=30° [(b) and (e)], and =60° [(c) and (f)].

< @, This delta function, which does not exist in the DOS
[Fig. 6(e)], has been enlarged by adding a small imaginary
part to the pulsation w, which plays the role of absorption in
the system. Such negative delta peaks have been shown ex-
perimentally in simple photonic’’ and phononic>? loop
waveguides, giving rise to the so-called superluminal or
negative group velocity [Eq. (57)]. Because of the nonexist-
ence of transmission zeros, solid-solid layered media do not
exhibit such negative delay times or negative group veloci-
ties. Figures 6(a)-6(f) clearly show, in accordance with Egs.
(51) and (53), that except the frequencies lying around the
transmission zeros, the DOS and the group delay time ex-
hibit exactly the same behavior.

IV. GENERAL RULE ABOUT CONFINED AND SURFACE
MODES IN A FINITE ASYMMETRIC SUPERLATTICE

Recently,40 we have demonstrated that the creation of two
semi-infinite SLs from the cleavage of an infinite solid-fluid

SL gives rise to one surface mode by gap for any value of the
wave vector k. This mode belongs to one or the other of the
two complementary SLs. In this paper, we give a generaliza-
tion of these results to a finite-size SL made of N solid-fluid
cells [Figs. 1(c) and 1(d)] with both extremities in contact
with vacuum. The expression giving the eigenmodes of such
a structure is given by Egs. (6), (32), and (33) and can be
written in the following form:

2 2 2 2
[t_a —b +Aa][l_a —b +Aa](1_t2N)=O.
Bb t Bb

(75)

This expression shows that there are two types of eigen-
modes in this kind of finite structure:

(i) If the wave vector k4 is real, which corresponds to an
allowed band, then the eigenmodes of the finite SL are given
by the third term in Eq. (75), namely,
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sin(NkD) =0, (76)
which gives

mir
kD =——-o,

m=1,2, ... ... N-1, (77)
N

whereas the first and second terms in Eq. (75) cannot vanish
in the bulk bands as r=¢/%3" is complex and a, b, A, and B
are real.

(ii) If the wave vector k3 is imaginary (modulo 7r), which
corresponds to a forbidden band, then the eigenmodes are
given by the two first terms of Eq. (75), namely,

a® - b*+ Aa
t=————— (78)
Bb
and
1 d®>-b*+Aa
—= . (79)
t Bb

These two expressions give the localized modes associ-
ated to the two surfaces surrounding the structure. The third
term in Eq. (75) cannot vanish inside the gap since ¢ should
satisfy the condition

lf] <1 (80)

to ensure the decaying of surface modes from the surface.

In addition, we remark that if N— oo the term 2V vanishes
and, therefore, the two expressions [Egs. (78) and (79)] give
the surface modes for two semi-infinite SLs obtained from
the cleavage of the infinite SL between the solid and fluid
layers.*® Equation (75) clearly shows that the surface modes
are independent of the number N of cells in the finite system.

Equations (78) and (79) can be written in a unique explicit
form by replacing them in Eq. (18) and factorizing by the
factor ﬁ, one obtains

a(B> =A%) - A(a*-b%) =0. (81)

Therefore, the surface modes associated to one surface are
given by Eq. (81), together with the condition |f‘—§| >1 [Egs.
(78) and (80)], whereas the surface modes of the other sur-
face are given by Eq. (81) but with the condition |ﬁ|<1
[Egs. (79) and (80)]. This result shows that if a surface mode
appears on one surface of the finite SL, it does not appear on
the other surface. Equation (81) with the supplementary con-
dition are similar to those given in Ref. 40 for semi-infinite
SLs. The above results clearly show that a finite SL made of
N solid-fluid layers exhibits N—1 modes in each allowed
band and one additional mode by gap induced by one of the
two surfaces surrounding the structure. These results gener-
alize our previous findings** on semi-infinite solid-fluid SLs.

An example of the dispersion curves is given in Fig. 7 for
a SL composed of N=4 Plexiglas-water cells. The other pa-
rameters are the same as in Fig. 3. One can notice the exis-
tence of N—1=3 modes in each band; these modes corre-
spond to confined modes (stationary waves) and one surface
branch in each gap induced by one or the other of the two
surfaces ending the structure. The open circles and triangles
correspond to surface modes induced by fluid and solid layer
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oD/v (Plexiglas)

FIG. 7. Dispersion curves for a finite SL made of N=4
Plexiglas-water bilayers with free surfaces. The dotted curves rep-
resent N—1=3 confined modes in the finite SL. These modes fall
inside the allowed bands of the SL. The open circles (open tri-
angles) correspond to localized modes induced by the surface of the
SL terminated by the fluid layer (solid layer). These modes fall
inside the band gaps. The gray areas represent the bulk bands for
the infinite SL.

terminations, respectively. As mentioned above, these modes
coincide exactly with the surface modes of two complemen-
tary SLs obtained from the cleavage of an infinite SL be-
tween the solid and fluid 1ayers.40 When N increases, the
number of branches in each band increases, whereas the sur-
face branches fall at the same frequencies.

The detection of such surface acoustic modes in a solid-
fluid SL with a fluid or a solid at the surface can be achieved
by means of the reflection coefficient. Indeed, an incident
wave launched from a semi-infinite fluid in contact with a
finite SL terminated by a free surface will be totally reflected
back. Therefore, the amplitude of the reflected wave is unity,
and only its phase or equivalently the delay time may give
information on the surface modes induced by the surface
layer.%” Indeed, the surface modes appear as well-defined
peaks in the delay time, which is equivalent to the density of
states, as it was demonstrated in Eq. (56). Figure 8 gives the
bulk and surface modes of a finite SL terminated by water.
These modes are obtained from the maxima of the delay
time, as it is illustrated in the inset for kD=1. One can
notice that the bulk modes (dots), as well as the surface
modes (open circles), appear as well-defined peaks in the
delay time, which represents the time needed for a phonon to
accomplish the reflection process. The modes in Fig. 8 are
resonant (or leaky) modes; the corresponding frequencies un-
derwent a small shift in comparison with those in Fig. 7
because of their coupling with water radiation modes. In par-

174306-13



EL HASSOUANI et al.

0 o
R 0 0
A0 ol ueiigenienley”
ol o I oo
) Rty Padiraits y
o o of o0
ot L5sad LellicnriiinTile?
o ot e o® Tl mT V4
CAllPOd 30’ ot
i o o RISt
8 oo o 2 Lellign il o
o o I .o’ i /
Ol .'.o'. Sl ... /
ot o e
oo Pt
i 02 0,0 o0 o o
Lorl e d"’"" TRl [t /
it et el e liicerl o9
Lierttl|ls® o ops’ a0 o0 Lo /
Ut il opelletlLetlligs
W o fleelie® .‘. /
® . bl

o

oD/v (Plexiglas)
N
2
‘ A
:o o, %o,
.Q.‘..t.'.: .
.,.\.....

T T T T

4 6 8 10
(:)D/vt(Plcxlglas)'

.
e
N
o
N

o

6 8 10

o
n
N

k,D

FIG. 8. Dispersion curves for a finite SL made of N=4
Plexiglas-water bilayers. The Plexiglas layer at one end is in contact
with a semi-infinite fluid made of water, whereas the other surface
is kept free of stress. The open circles represent the surface modes
induced by the fluid layer at the free surface. These modes fall
inside the band gaps. The dots represent the confined modes lying
inside the allowed bands. All these modes are obtained from the
maxima of the reflection delay time as it is illustrated in the inset of
Fig. 8(a) for kyD=1. L denotes the surface modes induced by the
water layer at the surface. The dashed-dotted line indicates the wa-
ter sound line.

ticular, the surface modes in Fig. 8 (open circles) are almost
the same as those in Fig. 7. Figure 9 gives the same infor-
mation as in Fig. 8 but when the SL is terminated by the
Plexiglas layer. Here also the bulk modes (dots) underwent a
small shift in comparison with those in Fig. 7, but the surface
modes (open triangles) are very close to those in Fig. 7.

It is worth to mention that the above-mentioned rule on
confined and surface modes has been obtained recently by
Ren et al.>? for pure transverse elastic waves in solid-solid
SLs. The same rule has been confirmed theoretically and
experimentally>* by the authors for electromagnetic waves in
quasi-1D structures made of coaxial cables.

V. OMNIDIRECTIONAL ACOUSTIC BAND GAP IN
SOLID-FLUID LAYERED MEDIA

Some years ago,”? we have shown that 1D solid-solid lay-
ered structures can exhibit the property of omnidirectional
reflection for acoustic waves. In the frequency range of the
omnidirectional reflection, the structure will behave analo-
gously to the case of 2D and 3D phononic crystals, i.e., it
reflects any acoustic wave independent of its polarization
and incidence angle. These results have been confirmed ex-
perimentally some years later?® by means of ultrasonic tech-
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FIG. 9. The same as in Fig. 8, but for a SL terminated by a
Plexiglas layer at the free surface. The triangles represent the sur-
face modes induced by this layer. The inset gives an example of the
reflection delay time for kyD=5.5. § denotes the peak of the surface
mode in the delay time.

niques. The object of this section is to examine the condition
for the existence and behavior of omnidirectional band gaps
in finite solid-fluid layered media. More precisely, the trans-
mission spectra are calculated and analyzed in relation with
the dispersion curves of the modes associated with the finite
structure embedded between two semi-infinite fluids. When a
maximum threshold for transmittance is imposed, we inves-
tigate the contributions of the different modes induced by the
finite structure to the transmission spectra, thus, revealing the
limitations on the existence of an absolute band gap.

Let us first come back to the band-gap structure given in
Fig. 3. One can notice that the band-gap structure of the
infinite Plexiglas-water SL does not display any absolute
gap, this means a gap existing for every value of the wave
vector k. Figure 10(a) reproduces the results given in Fig. 3
for a finite Plexiglas-water SL made of N=8 cells. The dis-
crete modes are obtained from the maxima of the transmis-
sion rate that exceeds a threshold fixed to 1073. One can
notice that any wave launched from water will display a
partial gap for an incident angle 0° <#<35° in the fre-
quency region 4.015<()<5.105 indicated by horizontal
lines. However, waves with incident angles 35° < <<90°
will be totally transmitted through the discrete modes of the
SL as it was discussed in Sec. III A. These results remain
valid for any incident liquid medium as, in general, the ve-
locities of sound in most liquids are of the same order or less
than water. In order to overcome this limitation or at least
facilitate the existence of an omnidirectional gap, we pro-
posed, like in our previous works in solid-solid SLs,?* two
solutions. The first one consists to clad the SL on one side by
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FIG. 10. (a) Dispersion curves of a finite SL composed of N=8 Plexiglas layers immersed in water. The discrete modes correspond to the
frequencies obtained from the maxima of the transmission rate that exceeds a threshold of 1073. (b) The same as (a) but here the SL is

cladded with an Al layer of thickness dy=7D on one side.

a buffer layer of high acoustic velocities, which can act as a
barrier for the propagation of phonons. The second solution
consists to associate in tandem two SLs in such a way that
their band structures do not overlap. The calculation proce-
dure used to deduce the expressions of transmission coeffi-
cients for a SL with a defect layer, as well as for the asso-
ciation of two SLs, will be developed later in Sec. VI.

A. Cladded-superlattice structure

Figure 10(b) gives the discrete modes associated to the
cladded-SL structure, i.e., the frequency domains in which
the transmission rate exceeds a threshold of 1073, In this
example the clad layer is made of Al with transverse and
longitudinal velocities of sound (dashed and straight lines)
higher than the SL bulk modes lying in the frequency region
4.015<€Q<5.105 [Fig. 10(b)]. The thickness of the Al layer
is dy=7D and the SL contains N=8 cells of Plexiglas-water.
By combining these two systems, the allowed modes of the
SL and the guided modes induced by the Al clad layer above
its velocities of sound do not overlap over the frequency
range of the omnidirectional gap. This means that each sys-
tem acts as a barrier for phonons of the other system. In such
a way, one obtains an omnidirectional band gap indicated by
the two horizontal lines in Fig. 10(b) in the frequency region
4.015<Q<5.105. By comparing Figs. 10(a) and 10(b), one
can notice clearly that the presence of the clad layer has two
opposite effects. It decreases the transmittance in some fre-
quency domains (essentially below the sound line defined by
the transverse velocity of sound in the clad), but also intro-
duces new modes that can contribute themselves to transmis-
sion. The transmission by the latter modes is prevented by

the SL when the corresponding branches fall inside the mini-
gaps. In the allowed frequency regions belonging to both the
SL and the clad layer, one can notice an interaction and an
anticrossing of the modes associated to these two systems.

To give a better insight into the behavior of the transmis-
sion coefficient, we present in Fig. 11 the transmission rates
through the cladded-SL system for three reduced wave vec-
tors: kD=0 [Fig. 11(a)], 1 [Fig. 11(b)], and 3 [Fig. 11(c)].
One can see clearly the common forbidden region in the
transmission spectra indicated by the two vertical lines,
showing the mirror effect played by the layered structure in
the frequency region 4.015<<<5.105. For the sake of
comparison, we have also given in Figs. 11(d)-11(f) the
DOS (or equivalently the delay time). One can notice that the
Al clad layer induces guided modes which appear as peaks in
the DOS. These modes do not contribute to transmission
when they fall inside the minigap of the SL as it is clearly
shown for the modes lying in the frequency region 4.015
< <5.105 in Figs. 9(d)-9(f) in comparison to Figs.
9(a)-9(c), respectively.

The existence and behavior of the omnidirectional reflec-
tion depends on the geometrical parameters involved in the
structure, namely, the thickness d; of the Al layer and the
number N of unit cells in the SL. In Fig. 12(a), we present
the variation in the gap width as a function of d,, for a finite
SL made of N=8 cells. The omnidirectional gap widens with
increasing the thickness of Al and reaches a constant width
for dy>3D. Similarly, if the thickness of the Al layer is fixed
to dy=4D, then a finite SL made of at least N=7 cells is
required to reach a large omnidirectional gap [see Fig.
12(b)].
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FIG. 11. Transmission rate (left panel) and density of states (DOS) (right panel) as a function of the reduced frequency () for the finite
SL depicted in Fig. 10(b) and for three values of kD: kD=0 (a) and (d), kD=1 (b) and (e), and kD=2 (c) and (f).

B. Coupled multilayer structure

The second solution that enables us to perform omnidirec-
tional transmission gaps consists of considering a combina-
tion of two SLs chosen in such a way that the superposition
of their band structures displays an absolute band gap. This
means that the minibands of one SL overlap with the mini-
gaps of the other SL, and vice versa in some frequency
range. An example showing this property is given in Fig.
13(a) for a combination of the band structures of two SLs
made of Plexiglas-Hg and PVC-Hg. The periods of the two
SLs as well as the thickness of the corresponding layers are
supposed to be equal: d(Plexiglas)=d(PVC)=d(Hg)=D/2.
The band structures of Plexiglas-Hg and PVC-Hg SLs are
indicted by black and gray areas, respectively. The superpo-
sition of these two types of bands clearly displays two broad
acoustic gaps in the frequency ranges 2.72<<)<4.94 and
5.14<<<5.96. One can expect that in these frequency do-
mains, an incident wave launched from any semi-infinite
fluid will be totally reflected. In practice the two coupled SL
structure is of finite width, and one can only impose a maxi-
mum threshold on the transmission coefficient (7> 1072).

An example is sketched in Fig. 13(b), where we have
considered two finite SLs made of N,;=4 layers of Plexiglas

and N,=4 layers of PVC immersed in Hg. The two omnidi-
rectional band gaps fall in the frequency ranges 2.72<<()
<494 and 5.14<Q<5.96 and practically coincide with
acoustic band gap of Fig. 13(a). Similarly to the cladded-SL
structure discussed above, the bulk modes of each of the two
SLs may give rise to well-defined peaks in the DOS within
the omnidirectional gaps (not shown here). However, these
modes do not contribute to the transmission spectra. Obvi-
ously, the width and the position of the omnidirectional gaps
depend upon the relative widths of the layers in each SL but
also upon the numbers N; and N, of cells in each SL. Let us
mention that a partial gap obtained from the association of
two solid-fluid SLs has been shown theoretically and
experimentally’” for normal incidence.

VI. SELECTIVE TRANSMISSION

In this section we shall discuss the possibility of acoustic
waves filtering through the band gap of solid-fluid layered
media. This selective transmission can be realized either by
inserting a defect layer within the finite SL or through the
modes induced by the interface between the SL and an ho-
mogeneous fluid medium.
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A. Transmission through resonant cavity modes

The cavity modes can be created in the solid-fluid SL by
replacing for example a fluid layer of width d; in the cell
(n=p) by a different fluid of width d;, and characterized by
the density p, and the sound velocity v,. Consider a solid-
fluid SL with a finite number N of cells and containing a
defect fluid in the cell p (1 <p=N), the whole structure is
inserted between two fluids characterized by their density p;
and sound velocity v, [Fig. 1(e)]. The transmission coeffi-

A(P)-F, B(P)
. | B(P)  A(P)+ag
g (MM)= 0 by

0 0

where A(P), B(P), A(N-P), and B(N-P) are defined by
Eqgs. (28)—(30) for N=P and N=N-P, a, and b, are given by
Eq. (9¢) for the fluid labeled “0,” and F is the same as in Eq.
(9¢) for the fluid labeled “s.”

From Egs. (82) and (39), one can deduce the transmission
coefficient as follows:

. 2F byB(P)B(N - P)
" W(P)W(N - P) - bJ[A(P) - FJJAIN- P)~F,]’
(83)

where
V(1) = BX(I) - [A() - FsJ[A(D) + ao) (84)

for (=P, N-P.

It is well known that the introduction of a defect layer
(cavity) in a periodic structure can give rise to defect modes
inside the band gaps.'#"'%3 These modes appear as well-
defined peaks in the DOS; however, their contribution to the
transmission rate depends strongly on the position of these
defects inside the structure. Indeed, as it was shown above, a
defect layer placed at the contact between the SL and the
substrate (clad layer) induces guided modes in the band gap
of the SL but without contributing to the transmission. How-
ever, the transmission through these modes can be signifi-
cantly enhanced if the cavity layer is placed at the middle of
the structure.'”?” In general, a periodic structure made of N
cells (N>2) is needed to create a transmission gap in which
a defect mode is then introduced for filtering. In this subsec-
tion, we are interested to show that contrary to solid-solid
SLs, it is possible to achieve large gaps, as well as sharp
resonances inside these gaps with a solid-fluid structure as
small as solid-fluid-solid sandwich triple layers. This prop-
erty is associated with the existence of zeros of transmission.

Figure 14(a) gives the transmission rate as a function of
the reduced frequency () for a finite Plexiglas-water SL com-
posed of N=2 (solid curves) and N=4 (dotted curves) cells

PHYSICAL REVIEW B 78, 174306 (2008)

cient through the system described above can be obtained in
the same way as for the structure without defect (Sec. III A).
It consists in coupling two finite SLs made of p and N—p
cells by a fluid layer and inserting the whole system between
two fluid media [Fig. 1(e)]. The inverse of the Green’s func-

tion in the space of interfaces M={(1,f, ﬂ),(P+ 1.f,
—dgf), (P+1.,f, d{) ,(N+1 ,f,—d;f)} of the whole system is given
by a superposition of the Green’s functions matrices associ-
ated to the different media constituting the system, namely,

0 0
ANN-P)+ay, B(N-P) |
B(N-P) A(N-P)-F,

and for an incidence angle #=35°. The fluid and solid layers
have the same width dy=d;=D/2. One can notice that the
transmission rate exhibits a large dip in the frequency region
4 <) <8 around the transmission zero indicated by an open
circle on the abscissa. This transmission gap maps the band
gap of the infinite system indicated by solid circles on the
abscissa. As it was discussed above, the transmission gap
becomes well defined as far as N increases. Now, if a fluid
cavity layer of thickness dy=D is inserted in the middle of
the structure, then a resonance with total transmission can be
introduced in the gap [Fig. 14(b)]. This resonance falls at
almost the same frequency and its width decreases when N
increases. Let us mention that the structure depicted in Figs.
14(a) and 14(b) with N=2 consists on a sandwich system
made of two Plexiglas layers separated by a water layer.
Therefore, such a small-size structure clearly show the pos-
sibility of obtaining a large gap and a sharp resonance inside
the gap by just tailoring the width of these three layered
media. This property is specific to solid-fluid structures and
is without analog for their counterpart solid-solid systems,
where at least a number N> 2 of layers is needed to achieve
well-defined gaps and cavity modes. In what follows, we
shall focus on the simple case of sandwich system (i.e., N
=2).

An important point to notice in Fig. 14(b) is the shape of
the resonance lying in the vicinity of the transmission zero.
Such a resonance is called Fano resonance.’ The origin and
the asymmetry Fano profile of this resonance were explained
as a result of the interference between the discrete resonance
and the smooth continuum background in which the former
is embedded. The existence of such resonances in 2D and 3D
phononic crystals, the so-called locally resonant band-gap
materials,’® has been shown recently.’” Some analytical mod-
els have been proposed to explain the origin and the behavior
of these resonances.”’ In the case of 1D model proposed
here, the Fano resonance in Fig. 14(b) is just an internal
resonance induced by the discreet modes of the fluid layer
when these modes fall at the vicinity of the transmission
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zeros induced by the surrounding solid layers. By decreasing
the width of the fluid layer from dy=1D to dy=0.6D [Fig.
14(c)], one can notice that the position of the Fano resonance
moves to higher frequencies; its width decreases and van-
ishes for a particular value of dy=0.71D before increasing
again. At exactly dy=0.71D, the transmission vanishes and
the resonance collapses, giving rise to the so-called ghost
Fano resonance.’® Around dy=0.71D, the asymmetric Fano
profile of the resonance becomes symmetric and changes the
shape.

In Fig. 14(c), the two solids surrounding the fluid layer
have the same widths d; therefore, the transmission zeros
induced by the solid layers fall at the same frequency. Now,
if the two solids have different widths (labeled for example
d,; and d,), then one can obtain two transmission zeros and
a resonance that can be squeezed between these two dips if
d, and d, are chosen appropriately. In this case a symmetric
Fano resonance can be obtained whose width can be tuned
by adjusting the frequencies of the zeros of transmission.
Such resonances have been found also for acoustic and mag-
netic circuits formed by a guide inserted between two dan-
gling resonators.>%-%0

B. Transmission enhancement assisted by surface resonance

The possibility of the enhanced transmission from a semi-
infinite solid to a semi-infinite fluid, in spite of a large mis-
match of their acoustic impedances, has been shown theoreti-
cally and experimentally.”® The transmission occurs through
the surface resonances induced by a 1D solid-solid layered
structure inserted between these two media. These reso-
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FIG. 13. Band structures for two different SLs, namely, Plexiglas-Hg (dark areas) and PVC-Hg (gray areas). The thickness of the layers
are considered to be the same: d(Plexiglas)=d(PVC)=d(Hg)=D/2. (b) Dispersion curves for two coupled finite SLs structures made of
N;=4 layers of Plexiglas and N,=4 layers of PVC immersed in Hg. The discrete modes are obtained from the maxima of the transmission
rate that exceeds a threshold of 1073. The straight line indicates the Hg sound line.
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FIG. 14. (a) Transmission rate for a finite SL composed of N
=2 (solid curves) and N=4 (dotted curves) Plexiglas layers im-
mersed in water at an incidence angle #=35°. The solid and open
circles on the abscissa indicate the positions of the band-gap edges
and transmission zeros, respectively. (b) Same as in (a) but in pres-
ence of a defect fluid layer of thickness dy=D at the middle of the
structure [see the structure in Fig. 1(e)]. (c) Same as in (b) for N
=2 and different values of the thickness d, of the cavity fluid layer
as indicated in the inset.

nances are attributed to the SL/fluid interface?® and coincide
with the surface modes of the semi-infinite SL terminated
with the layer having the lower acoustic impedance.*
Recently,®' the possibility of the so-called extraordinary
acoustic transmission assisted by surface resonances between
two fluids has been shown. The structure consists in separat-
ing the two fluids by a rigid film flanked on both sides by
finite arrays of grooves. The transmission followed by a
strong collimation of sound arises through a single hole per-
forated in the film.

By analogy with the previous works on this subject,?® we
show the possibility of enhanced transmission between two
fluids by inserting a solid-fluid layered material between
these two fluids. Besides the possibility of selective transmis-
sion, this structure enables us, from a practical point of view,
to separate the two fluids which are, in general, miscible. We
give a simple analytical expression of the effective acoustic
impedance of the finite SL that enables us to deduce easily
the optimal value N of layers in the SL to reach total trans-
mission. In addition to the amplitude analysis, we study also
the behavior of the group delay time around the surface reso-
nances as function of N. This study has not been performed
before.?®
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FIG. 15. (Color online) Transmission rate for a finite SL com-
posed of N=11 layers of Al separated by N—1=10 layers of Hg.
The structure is inserted between water (incident medium) and Hg
(detector medium). The inset shows the variation in the maxima of
the transmission as a function of the number of unit cells N for the
mode situated at #i‘l) = %T The straight horizontal line correspond to
the transmission rate between water and Hg (i.e., without the finite
SL).

As in the previous works,2® we consider a structure
formed by a finite solid-fluid SL composed of N solid layers
of impedance Z, separated by N—1 fluid layers of impedance
Z; and inserted between two fluids of impedances Z;; and
Zp,. In the particular case of normal incidence (kj=0) and
assuming quarter wavelength layers, i.e., U—“:dszv—“;df:g, the
inverse of the Green’s function of the finite SL with free
surfaces [Eq. (23)] becomes

gl
0 Z{
f

z,\N ’
Z\ 0

Zs
which is equivalent to the inverse Green’s function of a quar-
ter wavelength layer with an effective acoustic impedance

gMM)™" = (85)

Zg=Zf(%)N . Then we can use the well-known relation? that
enables us to use an intermediate layer to form an antireflec-
tion coating between two different semi-infinite media,
namely, Zleﬂ=Z§. Then we easily get

1n<§kﬁ§z>
1 Vi

N=-
2 (2g>
In| —
Z

This relation requires a suitable choice of the materials in
order to get a positive value of N greater than unity. In par-
ticular, the solid and fluid media constituting the SL should
have close impedances.

An example is illustrated in Fig. 15 for a SL. composed of
Al and Hg and sandwiched between water (incident medium)
and Hg (detector medium). The thicknesses of the layers in

(86)
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the SL are chosen such that ;—e=;f One can see clearly that

selective transmission occurs around the reduced frequency
d,  wd;
Q= a;( =w7f1=(2n+1)§ for a number of cells such that N

=11 according to Eq. (86). Far from N=11, the transmission
vanishes as it is illustrated in the inset of Fig. 15. As a matter
of comparison, we have also sketched by horizontal line the
transmission rate between water and Hg in the absence of the
finite SL. The resonances in Fig. 15 are of Breit-Wigner
type®® with a Lorentzian shape because of the absence of
transmission zeros at normal incidence. Zhao et al.?® attrib-
uted the resonances lying in the middle of the gaps of the SL
to the interference effect of acoustic waves reflected from all
periodically aligned interfaces. This explanation is of course
correct but a physical interpretation is still needed. We show
that the resonances are actually surface resonances induced
by the interface between the SL and water. Indeed, after
some algebraic calculations, the dispersion relation giving
the surface modes [Eq. (81)] of a SL ended with a solid layer
in contact with vacuum becomes simply Cy=C¢=0, where C;
and C, are given by Egs. (9) and (13), respectively. There-
fore, one obtains surface modes for

d, wd
Q=252 ons )2 (87)
V¢ o 2

In addition to Eq. (87), the supplementary condition Eq.
(80) that ensures the decaying of surface modes from the
surface becomes

7,<7,. (88)

This condition is fulfilled in the case of a SL made of
Al-Hg. Now, when the Al layer of the SL is in contact with
water (instead of vacuum), this latter medium does not affect
considerably the position of the surface resonances as the
impedance of water is much smaller than Al. In order to
confirm the above analysis, we have also sketched the local
density of states (LDOS) as a function of the space position
x3 (Fig. 16) for the mode lying at Qy=7/2. This figure
clearly shows that this resonance is localized at the surface of
the SL and decreases inside its bulk. Let us notice that the
LDOS reflects the square modulus of the displacement field.
Therefore, these results show without ambiguity that the
transmission is enhanced by surface resonances.
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FIG. 17. (Color online) Same as in Fig. 15, but for the transmis-
sion delay time [in units of d,/v¢(Al)].

Besides the amplitude of the transmission, we have also
analyzed the behavior of the group delay time (Fig. 17). One
can notice a strong delay time at the frequencies correspond-
ing to surface resonances, reflecting the time spent by the
phonon at the SL/water interface before its transmission.
Contrary to the amplitude (see the inset of Fig. 15), the delay
time at the surface resonance goes asymptotically to a limit-
ing value (~110) [in units of d,/v¢(Al)] when N increases.
This result known as the Hartman effect®? arises for classical
waves tunneling through a barrier where the delay time satu-
rates to a constant value for a sufficiently barrier’s thickness.
This phenomenon has been observed experimentally®® and
explained theoretically®* in 1D photonic crystals. For a fre-
quency lying in the allowed bands, the delay time (not shown
here) increases linearly as a function of N.

The above results can be explained in terms of the DOS.
Indeed, due to the similarity between the DOS and the group
delay time (Sec. II F), Fig. 17 reflects also the DOS where
the different resonant modes are enlarged because of their
interaction with the bulk waves of the surrounding media.
When N increases, the number of oscillations in the bulk
bands (which is related to the number of cells in the system)
and the corresponding DOS increase. However, the behavior
is different for the peak associated to the surface resonance.
Indeed, for low values of N, the localization of this mode
increases as a function of N because the mode interacts less
with the second substrate. So, its width decreases and its
maximum increases to ensure an area equal to unity under
the resonance peak. However, the peak width cannot de-
crease indefinitely and reaches a threshold because of its in-
teraction with the first substrate. Therefore, the DOS (or the
delay time) saturates to a constant value. By using Eq. (57),
we have also examined the group velocity v, in such struc-
tures and found that v, oscillates around the mean velocity
v,,=D(d;/vs+ds/v,)”" inside the bands, whereas this quan-
tity is strongly reduced around the surface resonance. There-
fore, such structures can be used as a tool to reduce the speed
of wave propagation.

As a matter of completeness we have also checked two
other cases: (i) The case where there is no surface resonance
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in the gap of the SL. This can be obtained by using Hg on
both sides of the structure. In this case, even if Egs. (87) and
(88) are satisfied, Eq. (86) gives inacceptable value of N
(N<0). In spite of the absence of surface resonances, the
delay time saturates to a constant value (~17) (in units of
d,/v(Al)) at the midgap frequencies because of the Hartman
effect.5%%4 This value is much smaller than in the presence of
a surface resonance: (ii) The case where there is two surface
resonances in the gap of the SL. This can be obtained by
using water on both sides of the structure. In this case, Eqgs.
(87) and (88) are satisfied and Eq. (86) gives N=22. Be-
cause of the existence of two symmetrical surfaces that can
support surface modes, one obtains a large surface resonance
at Qo=m/2,37/2,... for N=22. For smaller values of N,
this resonance splits into two distinguished resonances
around (), because of the interaction between the two sur-
faces. A total transmission is still obtained at each resonance.
On the contrary, for higher values of N (N>22), there is a
single peak in the transmission because the two surface reso-
nances become decoupled, although being enlarged due to
their interaction with the substrates. In this case, the trans-
mission peak decreases as far as N increases.

VII. SUMMARY AND CONCLUSION

In this paper we have presented a comprehensive theoret-
ical analysis of the propagation of sagittal acoustic waves in
finite SLs made of alternating elastic solid and ideal fluid
layers. We have developed theoretically the expressions giv-
ing the Green’s functions of different solid-fluid layered me-
dia, which enables us to deduce analytically in a closed form
the expressions of the dispersion relations, the transmission
and reflection coefficients, and the density of states. We have
shown analytically and numerically particular features of
wave propagation in solid-fluid layered media in comparison
with their counterparts composed only of solid media. The
main features of solid-fluid SLs is the existence of transmis-
sion zeros that are without analog in solid-solid SLs. These
transmission zeros exist only for a range of incident angles 6
such that 0 < #< 6. The consequences of the transmission
zeros are: (i) The existence of new gaps besides the gaps
induced by the periodicity of the system (Bragg gaps). The
imaginary part of the Bloch wave vector inside the former
gaps is much higher than those in the latter ones, which
enables a strong localization of the waves when a defect is
inserted in the system; (ii) Besides the closing of the gaps,
the solid-fluid SLs present a closing of the gaps, leading to
flat bands for which the group velocity vanishes; (iii) The
phase of the transmission exhibits a phase drop of 7 and,
therefore, a negative delay time or equivalently a negative
group velocity, the so-called superluminal phenomena; (iv)
The evidence of Fano-type resonances induced by a fluid
layer at the vicinity of the transmission zeros induced by the
solid layers; and (v) the possibility of the existence of Brew-
ster acoustic angle in the velocity region between transverse
and longitudinal velocities of sound in the solid. Total trans-
mission occurs through such angles with mode conversion
from longitudinal waves in the fluid to transverse waves in
the solid and vice versa. These angles can have practical
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applications in the area of ultrasonic nondestructive evalua-
tion.

Besides these new properties specific to solid-fluid sys-
tems, we have derived exact relations between the density of
states and the group delay times in finite systems embedded
between two fluids. Also, we have presented a theoretical
evidence of the existence of two types of modes in a finite
solid-fluid SL. made of N cells with free surfaces. In particu-
lar, we have shown the existence of N—1 modes that fall
inside the bulk bands and one additional mode by gap that is
associated to one of the two surfaces surrounding the struc-
ture. These surface modes are independent of N and coincide
with the surface modes of two complementary semi-infinite
SLs obtained from the cleavage of an infinite SL between the
solid and fluid layers. We have also developed the idea that
the solid-fluid layered media exhibit an omnidirectional re-
flection band gap analogous to the case of 2D and 3D
phononic crystals. This property is not fulfilled for incident
waves launched from most fluids in contact with the SL. In
order to overcome this limitation, we proposed two solutions
to realize the omnidirectional mirror, namely, by cladding of
the SL with a homogeneous layer, characterized by high ve-
locities of sound, that acts like a barrier for the propagation
of phonons or a combination in tandem of two different SLs
in such a way that their band structures do not overlap over
a given frequency range.

Finally, we have shown two possibilities of enhanced
transmission between two fluids. (i) The first solution con-
sists to insert a cavity fluid layer inside the perfect SL. We
have evidenced that a simple structure as small as a solid-
fluid-solid sandwich can exhibit a large gap with sharp reso-
nances of Fano type. This is due to an internal resonance
induced by the fluid layer when it falls at the vicinity of the
transmission zeros induced by the solid layers. (ii) The sec-
ond solution consists to insert a finite solid-fluid SL between
the two fluids. An effective acoustic impedance of the SL has
been derived, which enables to deduce the optimal value of
the number N of cells needed to reach the antireflection coat-
ing. This occurs around some specific frequencies close to
the free surface modes lying in the midgap of the SL, the
so-called surface resonances. Contrary to the amplitude, the
delay time around these resonances increases monotonically
as function of N before saturating at a constant value for a
large value of N. This phenomenon known as the Hartman
effect arises in evanescent regions where waves are traveling
by tunneling effect.

We think that most of the analytical expressions given in
this manuscript can be used by any reader interested in the
subject without going into details of the calculations, and the
experimental verification of most of the phenomena pre-
dicted in this work can be possible with ultrasonic
experiments. 3437
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