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RANDOM DATA CAUCHY PROBLEM FOR
SUPERCRITICAL SCHRODINGER EQUATIONS

by

Laurent Thomann

Abstract. — In this paper we consider the Schrédinger equation with power-
like nonlinearity and confining potential or without potential. This equation
is known to be well-posed with data in a Sobolev space H? if s is large enough
and strongly ill-posed is s is below some critical threshold s.. Here we use
the randomisation method of the inital conditions, introduced in N. Burg-N.
Tzvetkov [5), [6] and we are able to show that the equation admits strong
solutions for data in H® for some s < s..

Résumé. — Dans cet article on s’intéresse a ’équation de Schrodinger
avec non-linéarité polynémiale et potentiel confinant ou sans potentiel. Cette
équation est bien posée pour des données dans un espace de Sobolev H® si s
est assez grand, et fortement instable si s est sous un certain seuil critique
sc. Grace a une randomisation des conditions initiales, comme 'ont fait N.
Burg-N. Tzvetkov [5l, [6], on est capable de construire des solutions fortes
pour des données dans H°® avec des s < sc.

1. Introduction

In this paper we are concerned with the following nonlinear Schrédinger
equations

0o+ Au = £|u|""tu, (t,z) € R x RY,

(1) u(0,2) = £(a),
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Key words and phrases. — Nonlinear Schrédinger equation, potential, random data,
supercritical equation.
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and

(1.2) {i@tu + Au—V(z)u=+u""tu, (t,z)eR xR,

u(0,2) = f(x),

where r is an odd integer, and where V' is a confining potential which satisfies
the following assumption

Assumption 1. — We suppose that V € C°(R%,R,), and that there exists
k > 2 so that

(i) There exists C > 1 so that for |z| > 1, Z(z)* < V()
(ii) For any j € N%, there exists C; > 0 so that |03V ()|

C(x)*.

<
<C <>k il

In the following, H will stand for the operator,
H=-A+V(x).

It is well known that under Assumption [I, the operator H has a self-ajoint
extension on L?(R?) (still denoted by H) and has eigenfunctions (en),,~, Which

form an Hilbertian basis of L?(RY) and satisfy

(1.3) He, = Me,, n>1,

with A\, — +o00, when n — +4o0.

For s € R and p > 1, we define the Sobolev spaces based on the operator H
WP = WHP(RY) = {u € S'(RY) : (H)2u € LP(RY)},

and the Hilbert spaces

14) M =HRY=WRY) = {uec S'RY) : (H):ue L} (R},

where (H) = (1 +H2)%.

In our paper we either consider the case k = 2 in all dimension or the case
d =1 and any k > 2. As we will see, we crucially use the LP bounds for the
eigenfunctions e,, which are only known in these cases.

Our results for the Cauchy problem (L) will be deduced from the study of
(C2) with the harmonic oscillator, thanks to a suitable transformation.

Let’s recall some results about the Cauchy problems (L) and (T2]).
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1.1. Previous deterministic results. —

Here we mainly discuss the results concerning the problem (L2]). The nu-
merology for (L)) is the same as ([L2]) with a quadratic potential (k = 2). See
[14] for more references for the problem (LI)).

Assume here that d > 1 and k > 2.

The linear Schrodinger flow enjoys Strichartz estimates, with loss of deriva-
tives in general and without loss in the special case k = 2.

We say that the pair (p, q) is admissible, if

2 d d
(15) -—+t-=, 2§p,q§00, (d7p7Q)7é(2’2500)

poq 2
Let 0 < T' < 1 and assume that the pair (p,q) is admissible, then the solution
u of the equation

idu — Hu=0, u(0,z)=f(z), (t,z)ecR xR,
satisfies

(1.6) 1wl o o,r;pa@ayy S N ll#erays
with loss

) (0.}) 0, if k=2,
(1.7 p=ppk)=

%(% - %)%—77, for any n >0, if k> 2.
In the case k = 2, these estimates follow from the dispersion properties of the
Schrodinger-Hermite group, obtained thanks to an explicit integral formula.
Then (L8] follows from the standard 7T argument of J. Ginibre and G. Velo
[10], and the endpoint is obtained with the result of M. Keel and T. Tao [11].

In the case k > 2, the result is due to K. Yajima and G. Zhang [18].

Thanks to the estimates (LO), K. Yajima and G. Zhang [18] are able to use a
fixed point argument in a Strichartz space and show that the problem (L.2)) is
well-posed (with uniform continuity of the flow map) in H® for s > 0 so that

d 2(1+5
R S '

The next statement shows that the problem (L.2)) is ill-posed below the thresh-
old s = % — T—El In particular when k£ = 2, the well-posedness result is sharp.
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Theorem 1.1 (Ill-posedness [7, [14]). — Assume that % — 2. >0 and let

0<o< % — 2. Then there exist a sequence f, € C°(R?) of Cauchy data

r—1
and a sequence of times t, — 0 such that

| fnll7e — 0, when n — 400,

and such that the solution u, of (LI) or (L2)) satisfies

|un (tn)||e — +00, when n — 400, forall p E] ,o|.

—0)

vl Q

—1
o
Remark 1.2. — Indeed we proved this result in [14] for the laplacian without
potential. But the counterexamples constructed in the proof are functions

which concentrate exponentially at the point 0, so that a regular potential
plays no role.

This result shows that the flow map (if it exists) is not continuous at u = 0,
and that there is even a loss of regularity in the Sobolev scale. For this range
of o, we can not solve the problems (I.I) or (L2]) with a classical fixed point
argument, as the uniform continuity of the flow map is a corollary of such a
method.

d 2

The index s := § — =7 can be understood in the following way. Assume that

u is solution of the equation

(1.8) i+ Au = [u]""tu, (t,z) € R xRY,

then for all A > 0, uy : (t,z) — uy(t,x) = AT u(A%t, A\z) is also solution of
(L]). The homogenous Sobolev space which is invariant with respect to this
scaling is H*(R%).

Hence, for s < s., we say that the problems (1)) and (L.2]) are supercritical.

Now we show that we can break this threshold in some probabilistic sense.

1.2. Randomisation of the initial condition. —

Let (2, F,p) be a probability space. In the sequel we consider a sequence of
random variables (g, (w)),>1 which satisfy

Assumption 2. — The random wvariables are independent and identically
distributed and are either
(i) Bernoulli random variables : p(gn, = 1) = p(g, = —1) = 3,
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or
(ii) complex Gaussian random variables g, € Nc(0,1).

A complex Gaussian X € N¢(0,1) can be understood as

= g(Xl(w) + ng(w)),

where X7, Xo € Ng(0,1) are independent.
Each f € H?® can be written in the hilbertian basis (ey)n>1 defined in (L.3))

X(w)

flz)= Z anen(z),

n>1
and we can consider the map
(1.9) wr— fY(x) = Zangn(w)en(:c),
n>1

from (Q,F) to H® equipped with the Borel sigma algebra. The map (L9
is measurable and f* € L?(2;H?®). The random variable f“ is called the
randomisation of f.

The map (LI) was introduced by N. Burq and N. Tzvetkov [5), 6] in the
context of the wave equation. More precisely the authors study the problem

(1.10) {(8t2u—A)u+u3:0, (t,x) € R x M,
. (w(0, ), 0u(0, 2)) = (fi(2), f2(x)) € H*(M) x H (M),

where M is a three dimensional compact manifold.

This equation is H 3 x H3 critical, and known to be well-posed for s > %
and ill-posed for s < % Using that the randomised initial condition (f{’, f5)
is almost surely more regular than (fi, fo) in LP spaces, N. Burq and N.
Tzvetkov are able to show that the problem (LI0) admits a.s. strong solu-

tions for s > 1 (resp. s > &) if M = () (vresp. IM # 0).

Some authors have used random series to construct invariant Gibbs measures
for dispersive PDEs, in order to get long-time dynamic properties of the flow
map, see J. Bourgain [1, 2], P. Zhidkov [20], N. Tzvetkov [17, 16, 15], N.
Burg-N. Tzvetkov [4]. See also our forthcoming paper [3]. However, to the
best of the author’s knowledge, [5), [6] is the first work in which stochastic
methods are used in the proof of existence itself of solutions for a dispersive
PDE. But above all, it is the only well-posedness result for a supercritical
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dispersive equation.
In this paper, we adapt these ideas to the study of the problem (I.TI).
1.3. The main results. —

1.3.1. The cubic Schrodinger equation with quadratic potential. —

Our first result deals with the case V(x) ~ (x)? in all dimension, for the cubic
equation

i+ Au— V(z)u = t|ul®u, (t,2) € R x RY,
- { ()= +uPu,  (0)

u(0,2) = f(x).
Theorem 1.3. — Let V satisfy Assumption ] with k = 2.
Assume that d > 2. Let o > 4 -1 — #3 and f € H(R). Consider the
function f@ € L?(Q;H(R)) given by the randomisation (L3). Then there
erists s > %l — 1 such that : for almost all w € Q) there exist T, > 0 and a
unique solution to (LII]) with initial condition f of the form
(1.12)
u(t,) = e e e((0, T H®RY) () LP([0, TLl; WH(RY),
(p,q) admissible

More precisely : For every 0 < T <1 there exists an event Qp so that
p(Qr)>1—Ce T, Coe,6>0,

and so that for all w € Qp, there exists a unique solution to [2.12) in the class

(L.12).

In the case d = 1, the same conclusion holds for o > —i with an s > 0.

Remark 1.4. — Our method allows to treat every power-like nonlinearity.
The gauge invariance structure of the nonlinearity plays no role, as we only
work in Strichartz spaces.

Remark 1.5. — As is [5], we can replace the Assumption 2 made on (g )n>1
by any sequence of independent, centred random variables which satisfy some
integrability conditions. However the event Q in Theorem [[L3] will generally
be of the form

p(Qr) >1-CT°.

Remark 1.6. — Let ¢ > 0 and s € R. If f € H?® is such that f & H*"¢, then
for almost all w € Q, f¥ € H® and f¥ & H*", hence the randomisation has
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no regularising effect in the L? scale. See [5, Lemma B.1.] for a proof of this
fact.

1.3.2. The cubic Schrodinger equation. —

We are also able to consider the case of the cubic Schrédinger equation without
potential

0w + Au = +|ul?u, (t,z) € R x RY,
(1.13) { s |u| (t,z)

u(0,2) = f(x).

Denote by H*(R?) the space defined in (TZ) when V(z) = |2|? (the harmonic
oscillator). Then we have

Theorem 1.7. — Letd>2. Leto > % —1— d%rf% and f € H°(R). Consider

the function f* € L*(Q; H’(R)) given by the randomisation (LI)). Then there

exists s > %l — 1 such that : for almost all w € Q there exist T,, > 0, ug €

C([0,T.,); H (R)) and a unique solution to (LI3) with initial condition f* in
a space continuously embedded in
Y, = up + C([0, T,,); H*(RY)).

In the case d = 1, the same conclusion holds for o > —% with an s > 0.

Remark 1.8. — In fact ug can be written ug(t,-) = Le 2 f* where £ is a
linear operator defined in (6.1I) and (64), and Hy = —A + |z|? is the harmonic
oscillator.

Remark 1.9. — Denote by H*(R?) the usual Sobolev space on R?. For
s > 0, we have H*(R?) ¢ H*(R?), hence our result can not be compared
to the classical deterministic well-posedness results. However, in the case of
the dimensions d = 1,2, we obtain a result for initial conditions with nega-
tive regularity. Moreover we can observe that H*(RY) c H*(R?) for s < 0,
therefore we can read the previous result in the usual setting.

1.3.8. The Schriodinger equation in dimension 1. —

Our second result concerns the case V(z) ~ (x)*, in dimension 1.
i+ Au — V(z)u = £|u|"lu, (t,z) € R xR,

{u(O,x) = f(x).

Theorem 1.10. — Let V satisfy Assumption [ with k > 2. Let r > 9 be
an odd integer. Let 0 > 3 — 25(3 + 1) — 57 and f € H(R). Consider

(1.14)
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the function f* € L*(Q; H?(R)) given by the randomisation (LI)). Then there
exists s > 3 —-—2-(3+1) such that : for almost allw € Q there exist T, > 0 and
a unique solution to (LI4) with initial condition f“ in a space continuously

embedded in
(1.15) Y, = e v 4 ([0, T,); HE (R)).

More precisely : For every 0 < e <1 and 0 <T <1 there exists an event Qp
so that

p(Qr) > 1-Ce /T Cep,6 >0,

and so that for all w € Qp, there exists a unique solution to (LI4) in the class

(inis))

Remark 1.11. — In the case r =3, r =5 or r = 7, the gain of derivative is
less that ﬁ We do not write the details.

1.4. Notations and plan of the paper. —

Notations. — In this paper ¢, C' denote constants the value of which may
change from line to line. These constants will always be universal, or uniformly
bounded with respect to the parameters p,q,k,e,w,... We use the notations
a~b a<s zf =b < a < Cb, a < Cb respectively.

The notation LY. stands for LP(0,T), whereas LY = LY(RY), and LH.LI =
LP(0,T; L9(RY)). For 1 < p < 0o, the number p' is so that % + 1% =1.
The abreviation r.v. is meant for random variable.

In this paper we follow the strategy initiated by N. Burq and N. Tzvetkov
[5), ©6].

In Section 2l we recall the LP estimates for the Hermite functions and we show
a smoothing effect in LP spaces for the linear solution of the Schrédinger equa-
tion, yield by the randomisation. We also show how some a priori deterministic
estimates imply the main results.

In Section Bl we recall some deterministic estimates in Sobolev spaces.

In Section Ml we prove the estimates of Section 2l in the case k = 2, and con-
clude the proof of Theorem [[.3l

In Section B we consider the case d = 1 with any potential under Assumption
[ and conclude the proof of Theorem [L.TI0l

In Section [l we are concerned with NLS without potential.
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Remark 1.12. — In our forthcoming paper [3], thanks to the construction
of an invariant Gibbs measure, we will show that the following Schrédinger
equations

i0u + Au — |z|?u = kolu|""tu, (t,2) e R x R,
) { : ol = molul ", (1,2)

u(0,z) = f(),
with (kg = —1 and 7 = 3) or (kg = 1 and r > 3) admit a large set of rough

(supercritical) initial conditions leading to global solutions.

Acknowledgements. — The author would like to thank N. Burg, N.
Tzvetkov and C. Zuily for many enriching discussions on the subject. He is
also indebted to D. Robert for many clarifications on eigenfunctions of the
Schréodinger operator.

2. Stochastic estimates

In the following we will take profit on the L? bounds for the eigenfunctions
of H. This result is due to Yajima-Zhang [19] in the case (d,k) = (1,k) and
to Koch-Tataru [12] when (d, k) = (d,2)

Theorem 2.1 ([19, 12]). — Let k > 2. Then the eigenfunctions e, defined
by [L3) satisfy the bound
(2.1) lenll ogeay S An? @ Dlenl| 2 gay,

where 0 is defined by

24 -1 if 2<q<4,
1 .
o5 — 1 Jor anyn >0 if q=4,
2.2 0(q,k,1) =
(2.2) (¢:k,1) Lo2_Ly1- 1) f 4<q<oo
273 q k ’
= s
and
) , 2(d+3
- if 2<q< 2
. . _ 2(d+3)
03 ol ) BN awn>0 i a= SR,
. ) - 1 dr1 1 ) 2(d+3 2
5539 T <0<
L—d(d - 1) I #<a<eo
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Notice that # can be negative, but its maximum is always positive, attained
for
2(d + 3)
2.4 w(d) = qe = ————.
(24) () = 0. = 2

Let f € H? and consider f“ given by the randomisation (L.9]).
Observe that the linear solution to the linear Schrédinger equation with initial
condition f¢“ is
— 2
uf(t,z) =e HH o (1) = Z ngn(w)e Pote, ().
n>1

Now we state the main stochastic tool of the paper. See [5] for two different
proofs of this result, one based on explicit computations, and one based on
large deviation estimates.

Lemma 2.2 ([5]). — Let (gn(w))n>1 be a sequence of random variables which
satisfies Assumption[d. Then for all ¥ > 2 and (c,) € I*(N*) we have

1" cngn(@)] Lr() S \/F(Z \cn\Q)%.

n>1 n>1

Thanks to this result we will obtain

Proposition 2.8. — Letd>1,2<q¢<p<r<oo,c €Rand 0 <T < 1.
Let f € H? and let f“ be its randomisation given by (L9). Then

: 1
(2.5) le™™ Nl oy oo rywe+oamay S VT T? | fllre @ay,

where 6(q) = 0(q, k,d) is the function defined in (2.2)).
As a consequence, if we set

E)wf(pv q,0) ={we : HeiitwaHLP(07T)W9(q)+a,q > A},

then there exist c¢1,co > 0 such that for allp > q> 2, all A >0 and f € H?

2 02A2
(2.6) P(E1(p,q,0)) < exp (c1pT? — 5 ).
1/ 1%
Remark 2.4. — The previous estimate can be compared to the known de-
terministic estimate
0(q,k,1) .
(2.7) [(H) =2 e ZtHfHLP(}R;L2(0,T)) S HfHL%R),

which is proved by K. Yajima and G. Zhang in [19].



SUPERCRITICAL NLS 11

Proof of Proposition[Z3 — Let f = Y -, ane, € H?. Then we have the
explicit computation

9(@)+o . 2 0(q)+o
(H) =777 12 = 3" 0,0, ()e ™™ (02) 75 e,

n>1
Then by Lemma we deduce
Ya)to )+0 —1 w o
I(H) q tHf ”LT(Q <\/’(Z’a | )\Z(G(q)+ )\e ’)
n>1

Now, for 2 < ¢ < r take the LI(R?) norm of the previous estimate. By
Minkowski and by the bounds (2Z1I), we obtain

@(Q)+0

(2.8) HeiitwaHLT(Q)W9(Q)+07¢Z(R¢1) = |(H) e M Ly ey
R 10 R A T O [Ty
S V(X lan P00 e, 2,)?
n>1
S V(X lanPA2)E = Al e

n>1
For 2 < ¢ < p <r we now take the LP(0,T) norm of (2.8]), and by Minkowski
again
—itH —itH
le™ Nl r@yrromwe@son S le™ 2l Lo Lr (@wotartoa
1
S VrTe|fllwe,
which is the estimate (2.3]).
By the Bienaymé-Tchebychev inequality, there exists Cy > 0 such that

(Cov™ TijHw)T_

[ACIER
2

e M N 0y ar) = AT)

IN

P(Ex (P q,0)) = p([(H)

Either A > 0 is such that

(2.9) < Cov/pT7 e,

HfH

then inequality (2.6]) holds for ¢; > 0 large enough.
Or we define

2
A
(2.10) = (———I—————> >p
CoT? || f[1oe
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then
e\?

7B
hence the result. O

P(Exrf(p,q,0)) <e " =exp(

Recall the notation (2.4]) and define the event
(2.11) By = Exp(M, g ¢),

where M is a large positive number which will be fixed in Sections Ml and [Bl

We now show how the proof of the local existence of the Cauchy problem (I.2])
with randomised data can be reduced to a priori deterministic estimates.

In fact we want to solve the equation

i0w — Hu = |ul""tu, (t,z) € R x RY,
{“(0) = [¥ € L*( 1),
where o € R and the operator H satisfies Assumption [II

(2.12)

This problem has the integral formulation

t
u(t.) = ug(0) =i [ e M (g
0
where u% stands for e iH fw
Write u = uf +v. Therefore, v satisfies the integral equation

t .
ot ) = —i /0 e~ HTH 2 P 4 o) (r, ),

thus we are reduced to find a fixed point of the map

t
KY v —i /0 e |y oY (4 v) (7, ).

Indeed the next proposition shows how a priori estimates on K imply the local
well-posedness results.

Proposition 2.5 ([5]). — Let 0 < T < 1 and 0 € R. Let f € H and
f¥ € L%(Q;H%) be its randomisation. Assume there exist s > o and a space
X3 C C([0,T); H*) and constants k > 0, C' > 0 so that for every v, v1,v2 € X7,
A >0 and w € EY ; we have

(2.13) K7 (0)llx5 < CT(A" + [[oll.),
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and
(2.14) [KF (v1) = K§ (v2)]lx < OT"[Jor —v2llxg (N7 + lonll';! + [lo2ll':)-
Then for every 0 < T < 1 there exists an event Qp so that
p(Qr) >1—Ce /T C 6> 0,
and so that for all w € Qr, there exists a unique solution to [2I2)) of the form
u(t, ) = e H fo 4 X5,

Proof. — Here we can follow the proof given in [5].
Let 0 < p < 1 be small. Define § = 5, where « is given by Proposition [2.3]
and let 0 < T < 1 be such that T° < . Take also w € ES s

In a first time, we will show that the application K is a contraction on the ball
B(0,2C\") in X3 for A = uT~%(> 1), if u is chosen small enough, depending
only on the absolute constant C.

By (213) and (2I4)), to have a contraction, it suffices to find x> 0 such that
the following inequalities hold

CT"(X"+ (2CA")") < 2CA" and CT*(A"'+2(2CN")" 1) <

)

DO =

which is the case for p < u(C), with our choice of the parameter A > 1.

Now define
Or=E5_pss; and ©= ] Q

n>ng

)

3=

where ng is such that ng s < . Then we deduce that
p(Qr) > 1—Ce T and p(z) =1,
which ends the proof of Theorem [L.3] O

3. Deterministic estimates in the space W*?
We will need the following technical lemmas

Lemma 3.1 (Sobolev embeddings). — Let 1 < ¢ < g2 < o0 and s € R.
The following inequalities hold
1 1

(3.1)  |vllpe S |vlwsa for s= d(q q—), when gg < 00,
1 2

d
(32)  vllze S lvlbwea for s> a
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The results [B]) and (3.2]) are classical and left here.
We will also need the following lemma. See [13] Proposition 1.1, p. 105].

Lemma 3.2 (Product rule). — Let s > 0, then the following estimates
hold

(3-3) [u vllwsa S Nlull o [0l + [0l po [ullysaz,

with 1 < ¢ <o00,1<q1,q <00 and 1 <7qr, g < oo so that

1 1 1 1 1
— =t ==—+ =
q q1 q1 q2 q2

In particular
(3.4) [u vllwsa S llullzeel[vllwsa + [[o]l oo lulwsa,

for any 1 < ¢ < 0.

4. Proof of Theorem [1.3

In this section, we consider the cubic Schrédinger equation with quadratic
potential.

In the case k = 2, there is no loss of derivative in the Strichartz estimates
(L€). Then, thanks to the Christ-Kiselev lemma, we deduce that the solution
to the problem

i — Hu=F, (t,z) € R x RY,
u(0) = f € H®,

satisfies

1) Nl oraven gay S 17+ 1F g s

where 0 < T < 1 and (p1,q1), (p2,q2) are any admissible pairs, in the sense of

(L.5).

Denote by

(4.2) X3 =C([0,T);H°) () LP ([0, T); Ww*9),

where the intersection is meant over all admissible pairs (p, q).

Recall that E) y = E) §(M, g«,0) which is defined in [2.I1]). Then for M large
enough, independent of A and T" we have the following proposition
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Proposition 4.1. — Let0<T <1,d>1 and o > g—l—d%rg. Let f € HC.

Then there exist s > %l -1, k>0 and C > 0 so that for every v,vi,vs € X7,
A>0andw € Ef\’f we have

(4.3) K% ()l < CT N + [Jo[l%s),

and

(44)  |[KF(01) = K§ (v2)] x5 < CT"[Jor = va| x5, (0% + o1z, + llv2ls)-

For the proof of Proposition [4.1], we distinguish the cases d = 1, d = 2 and
d> 3.

4.1. Cased > 3. —

Denote by g4 = d%df so that (2,¢qq) is the end point in the Strichartz esti-
mates (AI). Then the resolution space X7 defined in (£2]) reads
X3 =C([0,T);H°) () L? ([0, T); W),
Let g, be defined by (24]), then as 2 < g, < gq, the following inclusion holds
X7 C Lp*([O,T];WS’q*),
with p, > 2 so that (p«, ¢«) is an admissible pair, i.e. p, = z(dfjg).

Proof of Proposition [{.1], case d > 3. —
In this proof, we will write u = uf.
The term |u+v|?(u+v) is an homogenous polynomial of degree 3. We expand
it, and for sake of simplicity in the notations, we forget the complex conjugates.
Hence
(4.5) lu 4 v|*(u + v) :(’)< Z ujvg_j).

0<5<3
By (@), we only have to estimate each term of the right hand side in L1LH®+
L2W5a, with q) = 22

d+2-
Let € > 0 so that

Recall that 6(q.) = #3 —mn, for any n > 0. In the following we choose n = /2
and we set

d
(4.6) s=0(q.) +0 = 5
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With this choice of s, by ([B8.2]), the following embedding holds
1
(47) HUHLIIO S ”’LLHWS,q*, Wlth qo = gd(d =+ 3)

Moreover, as s > %, by B2), it is straightforward to check that there exists
k > 0 so that

(4.8) 0]z L0 S T 0l L2wsiaa S T (|0l x5

~ ~

Now assume that w € EY f and turn to the estimation of each term in the

r.h.s. of (L3H).
e We estimate the term v in LLH® = LLW$2. Use the inequality (3.4) with
q=2

13l S NollEoe 0l

and thus by (4.8)

(4.9) 102l ae S M0l 72 oo l0llgenes S T¥[l0ll; -

e We estimate the term wv? in LLH®. By (B.3)

[uvlwse S lullzo [0* yyear + [0 ]| zoe lullyyem
S Nullpa (ol [ollsar + 007 20, lullypoas-
Define A1 = ||u|| a1 [|v]|Loo ||v|[yys.a7-
We choose ¢1 = 2d, then ¢7 = dQle. Observe that 2 < g1 < qq and for d > 3,
@1 < qo, where qg in given by (&7). Therefore by (L8]) we infer

(4.10) ALy S TMvll Lz oo 1Vl 7ryyear S T \lol%s.»
where Py is such that (p1,q7) is admissible.

Define B = ||v||%2q2 l|lw|lyys.az -

We choose @3 = ¢«. Then g = d + 3, and by (4.8]),

(4.11) 1B1ll 1, S T™Alvll%s.
From (410) and ([&I1]), we deduce
(4.12) luv? |y wee S T Aol

e We estimate the term w?v in LLH®. By (B.3)

lu? vllwe < l[u?llza [ollysar + vllze [u?]lysm-
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Define Ay = |[u?||La||v]ysar and choose g7 = qq. Thus ¢ = d. As d > 3,
2d < q0, and by (H)

(4.13) 14z2lly. < lel7a paallvllzweea € T2 [0]lx.

Define By = ||v]| a2 [|u?|}ys.25. We choose g2 = 0o, and for all q%) + q% =1 by

B3) we obtain

By S vl peelull zas lullyys.as-
We take g5 = g«. Thus g3 = d 4+ 3. To conclude, we only have to check that
q3 < qo, which is satisfied when d > 3. Therefore

(4.14) 1Ball 1, S TN vl g poe S TN |0llx
and by (£I3) and (£14]) we have
(4.15) HUQUHLlTWS»Q S THAQ”U”X;-

e We estimate the term u? in L%Ws’qt/i. By Lemma [3.2]

[6?]], ey, S Ul allulwsa: = [l o lullws.a
WS

with

1 i 1 d+2 d+1 2d + 3

& 4 ¢ 2 2(d+3) dd+3)
Observe that 2g; < go (where g is defined in (4.71)) for d > 2. Hence by Hélder
we deduce

(4.16)

HU?’HL%W&QQ < TN,

Collect the estimates (£9), (£I12)), (AI5) and (£I6), and by the Strichartz
estimate (L) we obtain (Z.3).

The proof of the contraction estimate (4.4]) is similar and left here. O

4.2. Case d=2. —

In this case, the resolution space (£.2)) reads
X = C((0.T3: 1) [\ LP ([0, TT: w™9),

with intersection over all admissible pairs (p, q), i.e. %—}—% = % with 2 < p < 0.
In particular, for © > 0 small enough, denote by (p,,q,) the admissible pair
so that

11 1 11 1
(4.17) — =g —=pn T=5+tp —=1-pu
Pu 2 du Py 2 du
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Notice that in the case d = 2, we have ¢, = X, With the notations of (&8
and(IIﬂ),,s:%andq():%.

Proof of Proposition [{.1], case d =2. —
e The estimate

(4.18) 10*l Ly a0 < T 0l1%.-

still holds.
e We estimate the term wv? in L?“Ws’q/@. By (33)

luv?|

wede S lull g [0 [bwsar + 0| zar [full . 2
2
S lull a0 1020
where q% = % — p. By time integration we deduce

(4.19) |

uv2||

2
Lz;’uws,q;t S TH)\HUHX;-

e We estimate the term u?v in Lgi‘ W4 By B3)

1 vl ey S Mollze 2]l 10 + 162l 0 [0 wsa:
S Ml lellwes,
where q% = % — p. Again we conclude
2 2
(4.20) I UHL;;LWS,Q;L S TN vl

10

e The term u? will be estimated in L% WS (observe that the pair (10/4, 10)
is admissible). By (3.3))

HU?’IIWS,%0 S HuzllL%o\IUIIWS,% S IIUH‘O;VS%,
and
(4.21) ||U3||LZ%OWS’% < T3,

The estimates (AI8), (£19), @20) and (£2I)), and the Strichartz estimate
(A1) yield the result (£3).
The proof of (A4 is left. O
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4.3. Cased=1. —
When d =1 we work in the space

Xr = X3 =C([0,7); L%) (| L*([0,7]; L™).

Now we have ¢, = 4.

Proof of Proposition [{.1], case d =1. —
8
We can estimate the term |u + v|?(u + v) in L}L%. Indeed, by Holder

e + v (u+ ) + 7l

Liis S Hus”L?L% IAe%
= HUII?;%MHIUH?;%M
S TV + [Pl
hence the result. U

5. Proof of Theorem [1.10]

This proof is in the same spirit as the proof of Theorem [I.3l Here we are in
dimension d = 1, with k£ > 2. However, the difference is that we have to deal
with the losses in the Strichartz estimates (L6]).

Let V satisfy Assumption [land 0 < 7" < 1. As in Yajima-Zhang [18], we
define the space X7 by

X3 =C([0,T);H°) () LP ([0, T); W),

. .. . . 2 1 1
with (p,q) admissible, i.e. p,q > 2 with tto=o and
2
(5.1) p>r—1land - —-—=-<3§<s——(z— ).

Under the conditions (5.1, for 7' > 0 small enough, it is possible to perform a
contraction argument in the space X7 in order to show that the problem (I2)
with d = 1 is well-posed in H?® for

In particular, for § > & — 2 =1 by , [[vllzee < ||v||z5.¢ and by Hélder in

time, there exists k > 0 so that

(5.2) [0l pr=1poe S T [0l x5
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Now notice that here ¢.(1) = ¢, = 4 (defined in (Z4)) and that 6(4) = 5- —1,
for any n > 0 (see (2.2))).

Again, we will show that the map

t
K¢+ v— —i /0 e I s o7 (uf + v) (7, )dr,
is a contraction in X7.

Indeed for M (independent of A and T') large enough and E) y = E) ¢(M, 4, 0)
which is defined in (2I7]) we have the following proposition

Proposition 5.1. — Let V satisfy Assumption[d, let r > 9 be an odd integer,

and 0 <T < 1. Let 0 > & — 2:(3 + 1) — 5. Let also f € H?. Then there

erist s > % — %(% + %), k > 0 and C' > 0 so that for every v,vy,ve € X5,
A>0 (mdwEEif we have

(5.3) K7 (0)|lx5 < CT*(A" + [Jo]l%s.),

and

(5.4) [[KF (v1) = K§ (v2)llx5 < CT"[or — v2lx N+ [lon |l + ozl
The first step of the proof of Proposition [5.1]is the following result

Lemma 5.2. — Under the assumptions of Proposition [5.1], there exist s >

31— -2%G+1), £>0and C > 0 so that for every v € X5, A > 0 and

wE Ei,f we have

(llu% + v|7"_1(u°]‘c’ + U)HL;HS STHA + ||v||7"X%)

Proof. — In this proof, we will write u = u‘J‘j

The term |u + v|["~!(u 4 v) is an homogenous polynomial of degree . As in
the proof of Proposition 4.1l we expand it, and forget the complex conjugates.
Hence

(5.5) lu 4 v|"u+v) = (’)( Z ujvr_j>,
0<j<r
and we have to estimate each term of the right hand side in L%HS .

Now assume that w € E £
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Recall that q. = 4, 0(q.) = ﬁ —mn, for any n > 0. Let ¢ > 0. We choose
n =¢/2 and

R T O WO
Ty Ty T ® T
Then we set
12 1 1, e 1 2 1 1 __1
= 0(q, = — — 4+ = — > - — )y > -
s=ble)to=5 TG P > Gt R 2

Therefore as s > 1, by the Sobolev injection ([B2) we have
[ulle @) S llullwsamy,

fact which will be used in the sequel to estimate all the terms containing u/.
Now we turn to the estimation of (5.5]) in LLH®.

e For j = 0, use the inequality (3.4 with ¢ = 2
[0 |2 S Mol e ([0l
and thus by (£.2)

(5.6) [0 | yaes S M0l 20 o l0llngeres S T 0l -

L'r 1Loo

e For 1 <j<r—1, by (33) in Lemma B.2] we have

I o™l S M oo 1077 flysz + 10777 [l ype.s
1
S lullgeo 0l e + loll7d ) lull7o e
1 —
(5.7) S Nulyes (I 0llwse + 1001720 ) -

By interpolation, and by the embedding W*? C L* (as s > i), forl <j<r-—1
we have

ol S ollalolz S lollwe2llvl7=2
Therefore (5.7) becomes

1
la? 0"l S ullyoallOll 7 o llss-

By time integration and Hélder we obtain

r—j—1

[ [P RYARS IIUHLMWHII I s o IV Lgee2
T

~

—i-1
S O i R P

with p = . Now, by (5.2)
(5-8) l? " 1 g S TN 0l

~
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e We now estimate the term «”. From (3.3]) we deduce
" e S " Hlallullwsa = lullZi—y lulwss S Tl
and thus

(5.9) [u L ges S Nlullzyyyss S TN

Collect the estimates (5.0), (5.8) and (B.9) to deduce the result of Lemma
O

Similarly we have

Lemma 5.3. — Under the assumptions of Proposition [5.1], there exist s >

3—-%(3+ %) and K > 0 so that for every vi,vy € X5, A >0 and w € ES ;

we have
-1 -1
Iluf + o1 (uf +v1) = [uf + oo (uf + v2)llprps S
-1 —1 —1
S T vr = v2lleg (N7 + ol + llvallys)-

Proof. — We have

[uf + v 4 v1) = [uf 4 o] (U ve) =
= (v1 — vo) Pr1 (U, UF, v1,01,v2,02) + (U1 — D2)Qr—1(u¥, U5, v1,01, v2,V2),

where P,_1,@Q,_1 are homogenous polynomials of degree r — 1. It is straight-
forward to check that we can perform the same computations as in the proof
of Lemma O

Proof of Proposition[51l — Firstly, as e * is unitary, we have

T
K7 (v)l[gens < /0 [ + o~ (wf + ) (7, ) les (7, -)dr
(5.10) = ol 0 e

Secondly, for every admissible pair (p,q) and § which satisfy the condition
(1)), in virtue of the Strichartz estimates (L6])-(L7), we have for all F' € H*

le™  Fllpyysr < 1F e,
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therefore we obtain
T
K ()]l 2. vs.a SLAHhmwwm@mmﬁ+mrmﬁ+mxﬂmﬂwmw
(5.11) S H|u‘]‘c’+v|”71(u°;+v)HL1THs.

Hence (510), (5.11)) together with Lemma [5.2] yield (5.3)).
The proof of the inequality (5.4]) follows from the Lemma [5.3] O

6. The nonlinear Schrodinger equation without potential

In this section, we show how (in our context) the study of the problem (1)
can be reduced to the study of the problem (L2]) with harmonic potential.

In this section, the space H* = H*(R?) is the Sobolev space defined in (L4)
when V(z) = |z|? is the harmonic oscillator. Let 0 < T' < 1 and consider the
linear applications

Lo: C([0, Arctan T]; H*(RY)) — C([0,T]; H*(RY))

u — Eou’
given by
1 T izl ¢
6.1 Lou(t,r) = ———— u(Arctant, ——=)e 2 1+2,
(6.1) oulta) = gl =)

and for § > 0 the time-dilation
Dpgu(t, z) = u(ft, x).

The operator Ly has been used in different nonlinear problems, especially for
L?—critical Schrodinger equations. See R. Carles [8],[9] and references therein.

We can check that the map £y is an isomorphism and has the following prop-
erty
Assume that v1 € C([O, Arctan T7; HS) solves the Cauchy problem

i@m+%Am—%uﬁ4:iu+ﬁwwmﬂm,(ameRxR%
01(0,2) = f(x) € H®,
where a = 4(r — 1) — 1. Then uy = Lov; € C([0,T]; H*) solves
10pu7 + %Aul = f|ut|"tuy, (t,z) €R X R?,
u1(0,x) = Lov1(0,2) = f(x) € H®.
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Thus if v € C([0, $Arctan (T'/2)]; H®) is the solution to the problem
10w + Av — |z]?v = £2(1 + 42| v, (t,z) € R x RY,
o {M&@=275ﬂ@€Hi
then the solution u € C([0,T]; H®) to the equation
O+ Au = £|u|""tu, (t,z) € R x RY,
{u(O,x) = f(x) € H?,
will be given by v = Lv with
(6.4) L =271D, Ly Dy

(6.3)

Denote by Hy = —A + |z|? the harmonic oscillator.

Proposition 6.1. — Let r = 3.
Assume that d > 2. Let o > 4 —1— Fl?) and f € H7(RY). Consider the
function f¢ € L*(Q;H°(RY)) given by the randomisation (L3). Then there
exrists s > %l — 1 such that : for almost all w € Q there exist T, > 0 and
a unique solution to (63) with initial condition f“ in a space continuously
embedded in

Y, = Le v 4 ([0, T,]; HA (RY).

In the case d = 1, the same result holds with o > —% and an s > 0.

Proof. — According to the previous remarks, it is sufficient to solve the prob-
1

lem (6.2) with initial condition 273 f“ € L?*(€2;'H°) (the randomisation of

27%]‘). Observe that for any admissible pair (p,q) and F € L%, LY we have

2
1200+ 483 Fll 1 S 1P

hence we can follow step by step the proof of Proposition [£.1] with the space
X7 defined in (@2). This completes the proof of Theorem [I7] O
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