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A rough path over multidimensional fractional
Brownian motion with arbitrary Hurst index by
Fourier normal ordering

Jérémie Unterberger

Fourier normal ordering [@] is a new algorithm to construct explicit rough
paths over arbitrary Hoélder-continuous multidimensional paths. We apply in
this article the Fourier normal ordering ordering algorithm to the construc-
tion of an explicit rough path over multi-dimensional fractional Brownian
motion B with arbitrary Hurst index a (in particular, for o < 1/4, which
was till now an open problem) by regularizing the iterated integrals of the
analytic approximation of B defined in [@] The regularization procedure is
applied to ’Fourier normal ordered’ iterated integrals obtained by permut-
ing the order of integration so that innermost integrals have highest Fourier
modes. The algebraic properties of this rough path are best understood us-
ing two Hopf algebras: the Hopf algebra of decorated rooted trees [H] for the
multiplicative or Chen property, and the shuffle algebra for the geometric or
shuffle property. The rough path lives in Gaussian chaos of integer orders
and is shown to have finite moments.

As well-known, the construction of a rough path is the key to defining a
stochastic calculus and solve stochastic differential equations driven by B.

The article [@] gives a quick overview of the method.

Keywords: fractional Brownian motion, stochastic integrals, rough paths,
Hopf algebra of decorated rooted trees
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0 Introduction

The (two-sided) fractional Brownian motion ¢ — By, t € R (fBm for short)
with Hurst exponent a, o € (0, 1), defined as the centered Gaussian process
with covariance

E[B,B] = 5 (5P + 1P — |t — 5), (01)
is a natural generalization in the class of Gaussian processes of the usual
Brownian motion (which is the case a = %), in the sense that it exhibits
two fundamental properties shared with Brownian motion, namely, it has
stationary increments, viz. E[(B;— Bs)(By,—By)] = E[(Bi+a— Bs+a)(Buta—
By14)] for every a, s, t,u,v € R, and it is self-similar, viz.

YA>0, (Ba.teR) " (A\°B,tcR). (0.2)

One may also define a d-dimensional vector Gaussian process (called: d-
dimensional fractional Brownian motion) by setting By = (B(1),. .., Bi(d))
where (By;(i),t € R);=1 . 4 are d independent (scalar) fractional Brownian
motions.

Its theoretical interest lies in particular in the fact that it is (up to
normalization) the only Gaussian process satisfying these two properties.

A standard application of Kolmogorov’s theorem shows that fBm has
a version with a~-Hoélder continuous (i.e. k-Holder continuous for every
k < «) paths. In particular, fBm with small Hurst parameter « is a natural,
simple model for continuous but very irregular processes.

There has been a widespread interest during the past ten years in con-
structing a stochastic integration theory with respect to fBm and solv-
ing stochastic differential equations driven by fBm, see for instance [P4,
(3, B, B4, B1]. The multi-dimensional case is very different from the one-
dimensional case. When one tries to integrate for instance a stochastic
differential equation driven by a two-dimensional fBm B = (B(1), B(2)) by
using any kind of Picard iteration scheme, one encounters very soon the
problem of defining the Lévy area of B which is the antisymmetric part of
Aps = fst dBy, (1) fstl dBy,(2). This is the simplest occurrence of iterated

integrals BY (... i) = f; dBy, (i1) ... f;k’l dBy, (ix), i1,...,9% < d for
d-dimensional fBm B = (B(1),..., B(d)) which lie at the heart of the rough
path theory due to T. Lyons, see 25, Bf]. An alternative construction has
been given by M. Gubinelli in [If] under the name of ’algebraic rough path

theory’, which we now propose to describe briefly.



Assume T'y = (T'4(1),...,T(d)) is some non-smooth d-dimensional path
which is a-Holder continuous. Integrals such as [ fi(Ty)dly(1) + ... +
fa(Ty)dly(d) do not make sense a priori because I' is not differentiable
(Young’s integral [RJ] works for a > I but not beyond). In order to de-
fine the integration of a differential form along I, it is enough to define a
geometric rough path (T'',... ,T1/e)) lying above ', |1/a]=entire part of
1/a, where I‘%S = (0)4s := I'y — T’y is the increment of T' between s and
t, and each T* = (Fk(il,---,ik))1§i1,...,ik§d, k > 2 is a substitute for the
iterated integrals fst dly, (i1) fstl dly,(i2) . .. f;k* dl'y, (ix) with the following
three properties:

(i) (Hélder continuity) each component of T* is ka~-Hélder continuous,
that is to say, kk-Holder for every k < «;

(ii) (multiplicativity) letting Tk  :=T% — Tk —Tk_ one requires

tus us?

0T} (in, . yig) = > TR,y ig )T (ks - ik); - (0.3)
k1+ko=k

(iii) (geometricity)

TP (it i TR0, dng) = Y TR (k. Ky )
keSh(i,5)
(0.4)
where Sh(i,7) is the subset of permutations of i1,..., 05y, J1y- - Jns
which do not change the orderings of (i1,...,in,) and (ji,.. -, Jny)-

The multiplicativity property implies in particular the following identity
for the (non anti-symmetrized) Lévy area:

Avs = A + Aus + (Bt(l) - Bu(l))(Bu(z) - BS(2)) (0-5)

while the geometric property implies

/:dBtl(l) /:1 dBt2(2)+/:dBt2(2) /:2 dBy, (1)

-(/ t az,0) (| t 1B,(2)) = (B() - BLO)EH(2) ~ Bu(2).
(0.6)

Then there is a standard procedure which allows to define out of these
data iterated integrals of any order and to solve differential equations driven
by I'.



The multiplicativity property (D.3) and the geometric property (0.4) are
satisfied by smooth paths, as can be checked by direct computation. So the
most natural way to construct such a multiplicative functional is to start
from some smooth approximation I'7, n 2 0 of T such that each iterated
integral I‘f;"(il,...,ik), kE < |1/a] converges in the kx-Holder norm for
every Kk < Q.

This general scheme has been applied to fBm in a paper by L. Coutin and
Z. Qian [f] and later in a paper by the author [B4], using different schemes
of approximation of B by B" with n — 0. In both cases, the variance of the
Lévy area has been proved to diverge in the limit n — 0 when o < 1/4.

The approach developed in [B4] makes use of a complex-analytic process
I' defined on the upper half-plane 11T = {z = z + iy | y > 0}, called T'-
process or better analytic fractional Brownian motion (afBm for short) [BJ].
Fractional Brownian motion B; appears as the real part of the boundary
value of I', when Im 2z 2 0. A natural approximation of B, is then obtained
by considering

B? = Ft-l-in + Ft+i77 = 2Re Ft—l—in (07)

for n 2, 0. We show in subsection 3.1 that B” may be written as a Fourier
integral,
oité

= L ag) (0.8)

Bl =ca [ &gt
R

for some constant c,, where (W (§),£ > 0) is a standard complex Brownian
motion extended to R by setting W (—¢) = —W (&), € > 0. When n — 0,
one retrieves the well-known harmonizable representation of B [BJ].

The so-called analytic iterated integrals

[ oo [7 peira@. [ e, @

(where fi,..., fy are analytic functions), defined a priori for s,¢ € II" by
integrating over complex paths wholly contained in IIT, converge to a finite
limit when Im s,Im ¢ — 0 [B4], which is the starting point for the construc-
tion of a rough path associated to I' [B3]. The main tool for proving this
kind of results is analytic continuation.

Computing iterated integrals associated to B; = 2lim, .o Re I'i1, in-
stead of I' yields analytic iterated integrals, together with mixed integrals
such as for instance f; dl'., (1) [7'dl.,(2). For these the analytic continu-
ation method may no longer be applied because Cauchy’s formula fails to
hold, and the above quantities may be shown to diverge when Re s,Re t —

0, see [B4, Bg).



Let us explain first how to define a Lévy area for B. Proofs (as well
as a sketch of the Fourier normal ordering method for general iterated in-
tegrals) may be found in [B7]. As mentioned before, the uncorrected area
Al = fst dBd, (1) [ dBil,(2) diverges when n — 0. The idea is now to
find some increment counterterm (6Z2")s = Z; — ZJ such that the regu-
larized area RA], := A}, — (0Z")s converges when n — 07. Note that
the multiplicativity property (D.§) holds for RA" as well as for A7 since
(6ZM)s = (6ZM)py + (027)ys. This counterterm Z” may be found by using
a suitable decomposition of Aj, into the sum of :

— an increment term, (0G")ys;

— a boundary term denoted by AJ. ().

The simplest idea one could think of would be to set

(6GM)s = | dB] (1)By,(2), (0.9)
and

Afs(0) = — /t dBj, (1) . B{(2) = —=BJ(2)(B/(1) — B{(1)). ~ (0.10)

Alternatively, rewriting Aj. as fst dBd,(2) fiz dBy, (1), one may equivalently
set

(66" = — | dBIL@BLW) (0.11)
and
Al (0) = /t dB,(2) . B/(1) = B{(1)(B/(2) — BJ(2)). (0.12)

Now §G" diverges when 7 — 0T, but since it is an increment, it may be
discarded (i.e. it might be used as a counterterm). The problem is, A} (9)
converges when 7 — 07 in the x-Holder norm for every x < «, but not in
the 2x-Holder norm (which is of course well-known and may be seen as the
starting point for rough path theory).

It turns out that a slight adaptation of this poor idea gives the solution.
Decompose A/, into a double integral in the Fourier coordinates &1, & using
(D). Use the first increment/boundary decomposition (D.9,p.10) for all
indices |£1| < |€], and the second one (0.11,p.12) if |&1] > |£2]. Then A7 (D),

defined as the sum of two contributions, one coming from (P.10) and the



other from (0.1]), does converge in the 2x-Holder norm when n — 07, for
every Kk < Q.

As for the increment term 0G", defined similarly as the sum of two con-
tributions coming from (D.9) and (D.11]), it diverges as soon as o < 1/4, but
may be discarded at will. Actually we use in this article a minimal regu-
larization scheme: only the close-to-diagonal (i.e. &;/& ~ —1) terms in the
double integral defining G make it diverge. Summing over an appropriate
subset, e.g. —& & [£2/2,2&5] yields an increment which converges (for every
a € (0,3)) when 7 — 0 in the 2x-Hélder norm for every & < a.

Let o < 1/4. As noted in [BH], the uncorrected Lévy area A" of the
regularized process B converges in law to a Brownian motion when  — 07
after a rescaling by the factor n%(1_4a). In the latter article, the following
question was raised: is it possible to define a counterterm X7 living on the
same probability space as fBm, such that (i) the rescaled process n%(1_4a)X N
converges in law to Brownian motion; (ii) (B", A" — X") is a multiplicative
or almost multiplicative functional in the sense of 23], Definition 7.1; (iii)
A" — X converges in the 2k-Holder norm for every x < a when n — 0 ?
The counterterm X" := A" — RA" gives a solution to this problem.

The above ideas have a suitable generalization to iterated integrals
[ dB(i1) ... [ dB(in) of order n > 3. There is one more difficulty though:

decomposing (B"),, (i;) into ca [ dw, (ij)ei“jfje_”‘gﬂ|£j|%_°‘, an extension
of the first increment/boundary decomposition (D.9, P-10), together with a
suitable regularization scheme, yield the correct Holder estimate provided
€11 < ... < |€n]- What should one do then if |{,1)| < ... < [€5(n)| for some
permutation o instead 7 The idea is to permute the order of integration by
using Fubini’s theorem, and write fst dBd, (i1) ... [/ dBd, (in) as some it-
erated tree integral [ dBu, (iy(1)) ... [ dBil, (iy(n)). The integration domain,
in the general case, becomes a little involved, and necessitates the introduc-
tion of combinatorial tools on trees, such as admissible cuts for instance.
The underlying structures are those of the Hopf algebra of decorated rooted
trees [f, il (as already noted in [BI] or [[7]), and of the Hopf shuffle algebra
[B7, B]. The proof of the multiplicative and of the geometric properties
for the regularized rough path, as well as the Hopf algebraic reinterpreta-
tion, are to be found in [Bf]. The general idea (see subsection 2.5 for more
details) is that the fundamental objects are skeleton integrals (a particular
type of tree integrals) defined in subsection 2.1, and that any regulariza-
tion of the skeleton integrals (possibly even trivial) yielding finite quantities
with the correct Holder regularity produces a regularized rough path, which
implies a large degree of arbitrariness in the definition. The idea of can-



celling singularities by building iteratively counterterms, originated from
the Bogolioubov-Hepp-Parasiuk-Zimmermann (BPHZ) procedure for renor-
malizing Feynmann diagrams in quantum field theory [[§], mathematically
formalized in terms of Hopf algebras by A. Connes and D. Kreimer, has been
applied during the last decade in a variety of contexts ranging from numer-
ical methods to quantum chromodynamics or multi-zeta functions, see for
instance [21), B§, B§]. We plan to such a (less arbitrary) construction in the
near future (see discussion at the end of subsection 2.5).

The main result of the paper may be stated as follows.

Theorem 0.1 Let B = (B(1),...,B(d)) be a d-dimensional fBm of Hurst
index o € (0, 1), defined via the harmonizable representation, with the associ-
ated family of approximations B", n > 0 living in the same probability space,
see eq. (0-8). Then there exists a rough path (RBY" = 6B, . .. ,RBL/alm)
over B" (n > 0), living in the chaos of order 1,...,|1/a] of B, satisfying
properties (i) (multiplicative property) and (iii) (geometric property) of the
Introduction, together with the following estimates:

(uniform Hélder estimate) There exists a constant C' > 0 such that, for every s,t € R andn > 0,

E|RB} (i1, ... ,in)|* < Clt — s>,

(rate of convergence) there exists a constant C > 0 such that, for every s,t € R and ny,ny >
0,
E|RBL™ (i1, yin) — RBE™ (i1, .. ., in)[> < Cln — m2|*.

These results imply the existence of an explicit rough path RB over B,
obtained as the limit of RB" when n — 0.

Here is an outline of the article. We first recall briefly some definitions
and preliminary results on algebraic rough path theory in Section 1, which
show in particular that Theorem [.] implies the convergence of RB" to a
rough path RB over fractional Brownian motion B when n — 0. Section 2
is dedicated to tree combinatorics and to the introduction of quite general
regularization schemes for the iterated integrals of an arbitrary smooth path
I". The proof of the multiplicative and geometric properties are to be found
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in [BY and are not reproduced here. We apply a suitable regularization
scheme to the construction of the regularized rough path RB" in section 3,
and prove the Holder and rate of convergence estimates of Theorem P.1] for
the iterated integrals RB™"(iy,...,4,) with distinct indices, i1 # ... # ip.
We conclude in Section 4 by showing how to extend these results to coincid-
ing indices, and introducing a new, real-valued, two-dimensional Gaussian
process which we call two-dimensional antisymmetric fractional Brownian
motion, to which the above construction extends naturally.

Notations. The group of permutations of {1,...,n} will be denoted

by 3,. The Fourier transform is F : f — Ff(§) = \/12_7T [ f(z)e ¢dx. If

la| < C|b| for some constant C' (a and b depending on some arbitrary set of
parameters), then we shall write |a| < |b|.

1 The analysis of rough paths

The present section will be very sketchy since the objects and results needed
in this work have alread been presented in great details in [BJ]. The fun-
dational paper on the subject of algebraic rough path theory is due to M.
Gubinelli [Lf], see also [[L7] for more details in the case a < 1/3. Let us re-
call briefly the original problem motivating the introduction of rough paths.
Let I' : R — R? be some fixed irregular (i.e. not differentiable) path, say
k-Holder, and f : R — R? some function which is also irregular (mainly
because one wants to consider functions f obtained as a composition go I
where g : R? — R? is regular). Can one define the integral [ fzdl; ? The
answer depends on the Hdélder regularity of f and I'. Assuming f is -
Holder with x++ > 1, then one may define the so-called Young integral [RJ]
fst J2dl'z as the Riemann sum type limit limpy_g Z{tj}en ft;(Cey — Thy),
where IT = {s =ty < ... < t, = t} is a partition of [s,¢] with mesh |II|
going to 0. Then the resulting path Y; — Y; := fst fzdl'; has the same reg-
ularity as I'. If k + v < 1 instead, this is no more possible in general. One
way out of this problem, giving at the same time a coherent way to solve
differential equations driven by I', is to define a class of I'-controlled paths
Q, such that the above integration problem may be solved uniquely in this
class by a formula generalizing the above Riemann sums, in which formal
iterated integrals I'™(iy,...,4,) of I appear as in the Introduction.

Definition 1.1 (Holder spaces) Let x € (0,1) and T > 0 fized.

(i) Let Cf = C§([0,T],C) be the space of complez-valued k-Hélder func-
£ ()= f(s)]

tions f in one variable with (semi-)norm || f||x = sups sejo 11 =G

9



(11) Let C§ = C5([0,T],C) be the space of complex-valued functions f =
ft1,to of two variables vanishing on the diagonal t\ = to, such that
|| fll2,x < 00, where || . ||2,x ts the following norm:

’fh tz‘
1 fll2x = sup ’
" 5,t€[0,T] ’t_s‘n

(1.1)

(iit) Let C§ = C5([0,T],C) be the space of complex-valued functions f =
ft1 tats Of three variables vanishing on the subset {t; = to} U {to =
ts} U {t1 = t3}, such that ||f||]3, < oo for some generalized Hélder
semi-norm || . ||3 defined for instance in [1§], section 2.1.

Definition 1.2 (increments) (i) Let f be a function of one variable:
then the increment of f, denoted by 6 f, is (0f)s := f(t) — f(s).

(ii) Let f = fis be a function of two variables: then we define

(6f)tu8 = fts - ftu - fus- (12)
Note that § 0 6(f) =0 if f is a function of one variable.

Let I' = (T'(1),...,0(d)) : [0,7] — RY be a x-Holder path, and (T'}(i1) :=
To(ir) — Dy(in), T2 (i1,d2), - ., TR/ ™ (i1, i[1/s))) De a rough path lying
above T', satisfying properties (i) (Holder property), (ii) (multiplicativity
property) and (iii) (geometricity property) of the Introduction.

Definition 1.3 (controlled paths) Letz = (2(1),...,2(d)) € CY for some
k< aand N = |1/k] + 1. Then z is called a (T'-)controlled path if its in-
crements can be decomposed into

Z > T, in) i1 d) + g0(0) (1.3)

(Zlv 7Zn)
for some remainders ¢°(i) € CN*

such that

Of" (i1, ... in;i) =
N—1-n

and some paths f™(i1,...,in;0) € (CF)"

Z Z jl?""jl) fl+n(]17 “’jl7i17“'?in;i)+gn(i17"‘?in;i)7 nZ]‘?“'

=1 (j1,-01)

10
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for some remainder terms g" (i1, ..., in;1) € CéN_")R.
We denote by Q, the space of all such paths, and by Q,— the intersection
mli<0!Qf€'

We may now state the main result.

Proposition 1.4 (see [[7], Theorem 8.5, or [B3], Proposition 3.1) Let
z € Q.. Then the limit

t
n—l—l .. . .
/ zpdl'y _|r1[1\m05 E O Xty 1.t (1) 28, (1) + g g tk+1 t 21,...,zn,z)g‘gc(zl,...,zn,z)
s —>

- (117 Jn)
(1.5)
exists in the space Q- .

Assume I' is a centered Gaussian process, and ' a family of Gaus-
sian approximations of I' living in its first chaos. Then the Proposition
below gives very convenient moment conditions for a family of rough paths
(rn, 127, ... TH/5m) to converge in the right Holder norms when 1 — 0,
thereby defining a rough path above I'.

Proposition 1.5 Let I' be a d-dimensional centered Gaussian process ad-
mitting a version with a.s. a~-Hélder paths. Let N = |1/a. Assume:

1. there exists a family T, n — 07 of Gaussian processes living in the
first chaos of I' and an overall constant C such that

(i)
E|T] — T2 < C|t — s|*; (1.6)
(i)
E[TY — 51> < Cle — n**; (1.7)
(iii) Yt € [0,T], T? 22T, when n — 0;

2. there exists a truncated multiplicative functional (T)" = TP —T7 T27 .. TN
lying above I' and living in the n-th chaos of ', n = 1..., N, such
that, for every 2 <k < N,
()
E[LE2 < C|t — s|?Fe; (1.8)

11



(it)
k7 k7
Il:-1:’|]'-‘ts€ - Ftsn|2 < C’|6 - 77|2a' (19)

Then (L1, ... . TN converges in L2(Q; C5([0, T), RY) x C25([0, T, R%*) x
. X CéV“([O,T],]RdN)) for every k < « to a rough path (T',... . T'N) lying
above T'.

Short proof (see [BJ|, Lemma 5.1, Lemma 5.2 and Prop. 5.4). The
main ingredient is the Garsia-Rodemich-Rumsey (GRR for short) lemma
[[4] which states that, if f € C5([0,T],C),

2p 1/2p
[ fll2s <C (Hést,.; </ / i EfU;U‘anH dv dw> ) (1.10)

for every p > 1.

Then properties ([.G,[.§) imply by using the GRR lemma for p large
enough, Jensen’s inequality and the equivalence of LP-norms for processes
living in a fixed Gaussian chaos

E||T* |2, < EIIST*"[[3,05 + C. (1.11)

By using the multiplicative property (ii) in the Introduction and induction
on k, IEJ||6I"“7||3,;€,.C may in the same way be proved to be bounded by a
constant.

On the other hand, properties (L.G[L.4,[[.§[L.9), together with the equiv-
alence of LP-norms, imply (for every k < «)

BT} — TP S [t — sl — gl (1.12)
hence, by the same arguments,
E||T% = T%|y e S e — ] " (1.13)

which shows that T'®¢ is a Cauchy sequence in C5¥%([0, T ],de). O

2 Tree combinatorics and the Fourier normal or-
dering method

2.1 From iterated integrals to trees

It was noted already long time ago [J] that iterated integrals could be en-
coded by trees. This remark has been exploited in connection with the

12



construction of the rough path solution of (partial, stochastic) differential
equations in [[7]. The correspondence between trees and itegrated integrals
goes simply as follows.

Definition 2.1 A decorated rooted tree (to be drawn growing up) is a finite
tree with a distinguished vertex called root and edges oriented downwards
(i.e. directed towards the root), such that every vertex wears an integer
label.

If T is a decorated rooted tree, we let V(T) be the set of its vertices
(including the root), and ¢ : V(T) — N be its vertex labeling.

More generally, a decorated rooted forest is a finite set of decorated rooted
trees. If T = {Tq,...,T;} is a forest, then we shall write T as the formal
commutative product Ty ...T;.

Definition 2.2 Let T be a decorated rooted tree.

o Letting v,w € V(T), we say that v connects directly to w, and write
v — w or equivalently w = v, if (v,w) is an edge oriented downwards
from v tow. (Note that v~ exists and is unique except if v is the root).

o If v, — vym_1 — ... — vy, then we shall write v, — vy, and say that
Uy, connects to vi. By definition, all vertices (except the root) connect
to the root.

o Let (v1,...,vy(r)) be an ordering of V(T). Assume that (v; — vj) =
(¢ > 7) (in particular, vy is the root). Then we shall say that the
ordering is compatible with the tree partial ordering defined by —».

Definition 2.3 (i) Let T' = (I'(1),...,T(d)) be a d-dimensional smooth
path, and T a decorated rooted tree such that ¢ : V(T) — {1,...,d}.
Then It(T) : R?2 — R is the iterated integral defined as

()]s 1= / dr,., ((v1)) / A, (). . / eLdr, (o)

(2.1)
where (v1, ..., vy (r)) is any ordering of V(T) compatible with the tree
partial ordering.

In particular, if T is a trunk tree with n vertices (see Fig. [1) — so that
the tree ordering is total — we shall write

Iz(T) = L, (D), (2.2)

13



where
[Iﬁ(l“)]ts = / dl'z, (£(1)) /xl dl'z, (€(2)) ... /xnl dl';, (¢(n)). (2.3)

(ii) (generalization) Assume T is a subtree of T. Let pu be a Borel measure
on RT. Then

t rx _ T _
(5 (1))t ;:/ / ! / VOl p(dwy,, ..oy dwyy o)) (2.4)

is a measure on RT\T,

1

Figure 1: Trunk tree.

Assume T = T so [I5(p)]es is a number. Then case (i) may be seen
as a particular case of case (ii) with u = dI'({(v1)) ® ... ® dT'(€(vy(T))))-
Conversely, case (ii) may be seen as a multilinear extension of case (i), and
will turn out to be useful later on for the regularization procedure. Note
however that (i) uses the labels of T while (ii) doesn’t.

The above correspondence extends by (multi)linearity to the algebra of
decorated rooted trees which we shall now introduce.

Definition 2.4 (algebra of decorated rooted trees) (i) LetT be the
free commutative algebra over R generated by decorated rooted trees.
If T4, Ty, ... T; are (decorated rooted) trees, then the product Ty ...T;
is the forest with connected components T1,...,T;.

(i1) Let T' = Zlel mT; € T, where my € R and each Ty = Ty ... T 1
is a forest with labels in the set {1,...,d}, and T be a smooth d-
dimensional path as above. Then

L
[ (T)]es = Z my [ITM )es - - [ITz,L(l) (I)]es- (2.5)
=1

14



Let us now rewrite these iterated integrals by using Fourier transform.

Definition 2.5 (formal integral) Let f: R — R be a smooth, compactly
supported function such that Ff(0) = 0. Then the formal integral ftf =

T of T defined as iz [TI(FPE) G de

Formally one may write:

t t ot
/ e dy = / e dr = — (2.6)
+ioco 15

(depending on the sign of £). The condition Ff(0) = 0 prevents possible
infra-red divergence when & — 0.

The skeleton integrals defined below must be understood in a formal
sense because of the possible infra-red divergences.

Definition 2.6 (skeleton integrals) (i) Let T be a tree with £ : T —
{1,...,d} and T be a d-dimensional compactly supported, smooth path.
Let (vi,...,vy(ry) be any ordering of V(T) compatible with the tree
partial ordering. Then the skeleton integral of I' along T is by defini-
tion

[Sklp ()], = / dr,, (¢(v1)) / "2 A0y, (6w) .. / eldr, (o).
27)

(it) (multilinear extension, see Definition [2.3) Assume T is a subtree of T,
and . a compactly supported Borel measure on RT. Then

skt = [ [ [ ) 28)

is a measure on RT\T,

Formally again, [Sklt(I')]; may be seen as [IT(I')] +ioo. Note that (de-
noting by /i the partial Fourier transform of p with respect to (zy)ev (1)),
the following equation holds,

[SkIz(u)]: = (2m) VOV (i, [SkIz (@)oev iy — € e ™) ] ). (29)
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Lemma 2.7 The following formula holds:

[Toevm F(I'(€(v)))(&)
(iv/2m) -V S v & LLvev(n |
[SkIT(I)]; = (iv2n) / / H dg, . () R

(2.10)

Proof. We use induction on |V(T)|. After stripping the root of T
(denoted by 0) there remains a forest T/ = T ... T’;, whose roots are the
vertices directly connected to 0. Assume

[Skel, (T / / [T de. ™= EB((€)per).  (211)

veV(TY)

Note that

J
F (H Skly, <F>) ()
j=1

Then

J
/ I <]] Fi((§o)vev(r))-
2vev(m)\{oy &v

=Soev(T\{0} =1
(2.12)

t J
[SkIT(D)], = / dl 4 (0 HSkITr

+ J
Ly W( <o>>HSkIT;<r>) ©
j=1
+o0 .
- = [ darreo)E@e

TOOdE -
/ Eenee / dg, [T Ei((&)vevmy)
—c0 1 2vevim{oy Sv=€—¢0 Jj=1

(2.13)
hence the result. O

Skeleton integrals are the fundamental objects from which regularized
rough paths will be constructed in the next subsections.

16



2.2 Coproduct structure and increment-boundary decompo-
sition

Consider for an example the trunk tree T!" (see subsection 2.4 for an ex-

planation of the notation) with vertices n — n —1 — ... — 1 and labels

¢:{1,...,n} — {1,...,d}, and the associated iterated integral (assuming
I'=(T'(1),...,T(d)) is a smooth path)

[T (T)ss = [Epran (D)]es = / dT,, (£(1) ... / T, ). (214)

Cutting T'" at some vertex v € {2,...,n} produces two trees, L,T!»
(left or rather bottom part of T!9») and R,T'" (right or top part), with
respective vertex subsets {1,...,v—1} and {v,...,n}. One should actually
see the couple (LT R,T') as L,T9 @ R, T sitting in the tensor
product algebra 7 ®7 . Then multiplicative property (ii) in the Introduction
reads

By (Dews = Y Upyman (Dleullg,mian (D]us. (2.15)
veV/(THn)\{1}

On the other hand, one may rewrite [Iyu, (I')];s as the sum of the incre-
ment term

6G)s = [ dDu, (€(1)) [ dDuy (€(2) ... [ dT, ((n))

— [Pl (€(1)) [* dDa,y (£(2)) ... [*7" dDy, (£(n))
(2.16)

and of the boundary term

Tnq—1

t
T, OO =~ Y / dr,, (6(1)) ... / qr,, (¢(ny)) .
ni+nao=nv*s s
S Tnq+1 Tn—1
| / ALyt + 1) [ d0, ot +2) / qT, (£(n)).
(2.17)
The above decomposition is fairly obvious for n = 2 (see Introduction)

and obtained by easy induction for general n. Thus (using tree notation this
time)

Lptan (D)]es = [0SkIpian]es — Y pyman (Dles - [Sklg, pian ()]s

veV (Tn )\ {1} ( )
2.18
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The above considerations extend to arbitrary trees (or also forests) as
follows.

Definition 2.8 (admissible cuts) 1. Let T be a tree, with set of ver-
tices V(T) and root denoted by 0. If v = (vi,...,vz), J > 1 is
any totally disconnected subset of V(T) \ {0}, i.e. v; 4 v; for all
i,7=1,...,J, then we shall say that v is an admissible cut of T, and
write v = V(T). We let R,T be the sub-forest (or sub-tree if J = 1)
obtained by keeping only the vertices above v, i.e. V(R,T) =vU{w €
V(T): Jj=1,...,J,w — v}, and L, T be the sub-tree obtained by
keeping all other vertices.

2. Let T =Ty... T be a forest, together with its decomposition into trees.
Then an admissible cut of T is a disjoint union v1U...Uwv;, v; CT;,
where v; is either (), {0;} (root of T;) or an admissible cut of T;. By
definition, we let Ly T = Ly, T1... Ly, Ti, RyT = Ry, T1... Ry, T; (if
v; =0, resp. {0;}, then (Lqy, Ty, Ry, T;) := (T4, 0), resp. (0,T;)).

We exclude by convention the two trivial cuts QU ... U D and {0} U
U {01}

See Fig. P and B. Defining the co-product operation A : T — T ® T,
T—-exT+T®e+ Zv;:V(T) L,T® R,T (where e stands for the empty tree,
which is the unit of the algebra) yields a coalgebra structure on 7 which
makes it (once the antipode — which we do not need here — is defined) a Hopf
algebra (see articles by A. Connes and D. Kreimer [f, [], §). The convention
is usuall to write v = ¢ (cut), L, T = R(T) (root part), R, T = P¢(T) and
AT)=exT+T®e+ >, PYT)® RYT) (note the inversion of the order
of the factors in the tensor product).

Figure 2: Admissible cut.
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Figure 3: Non-admissible cut.

Eq. (R.13) extends to the general formula (called: tree multiplicative
property), which one can find in [BI)] or [I7],

(617 (T)}us = Z L, 1(D)]tu IRy ()] us. (2.19)
vE=V (T)

satisfied by any regular path I' for any tree T.
Letting formally s = £ico in eq. (£.19) yields

[IT(T)]t = [0SkIT]t — Z (I, 7(D)]tw - [Skir,T(T)]4- (2.20)
veV(T)\{0}

which generalizes eq. (R.1§). Conversely, eq. (R.2() implies the tree
multiplicative property eq. (R.19), as shown in Lemma below.

2.3 Regularization procedure

Definition 2.9 (regularization procedure for skeleton integrals) Let
T={n<...< U\TI} be a tree, T C T a subtree, u a compactly supported
Borel measure on RT such that suppji C {(517"'7§|V(T)|) | &) < ... <
\g‘mm}, and D,y C RT a Borel subset.

The (formal) D,.q-regularized skeleton integral RSk It is the linear map-

ping (see eq. (2.9))

o= [RSKTn(o)) = (2m) VOV, 1, (6) - [8KTr (@o)uev) — € Zeevm =€) )
(2.21)
where [1 is the partial Fourier transform of p with respect to (xv)veV(T)-
By assumption we shall only allow D;.q = R if T is a tree reduced to one
vertex.
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Lemma 2.10 (regularization) LetT =T ...T; be a forest, together with
its tree decomposition. Define by induction on |V (T)| the regularized inte-
gration operator [RIt],, by

l
H [0RSkIr,],, — > [RIL,1,],, [RSkIg,T,], (2.22)
J=1 vEV(T;)
Then [RIt],, satisfies the following tree multiplicative property:

ORI = >, [RIL,tly - [RIR, T, - (2.23)
vE=V(T)
By analogy with eq. (B-18, B17, B-1§), [6RSk ITj]ts’ resp. [RIt;(0)]is =
— Zv;:V(Tj) [RILvTj]tS [RSk IRvTj]S may be called the increment, resp. bound-
ary operators associated to the tree Tj.

Remark. By Definition R.9, the condition [RIt|i;s = [It]is holds for a
tree reduced to one vertex. This implies in the end that one has constructed
a rough path over the original path I'.

Proof. If the multiplicative property (2.2d) holds for trees, then it
holds automatically for forests since [RIt,. s is the product Hg»:l [RIT,]ts-
Hence we may assume that T is a tree, say, with n vertices. Suppose (by
induction) that the above multiplicative property (R.23) holds for all trees
with <n — 1 vertices. Then

[6RIT]tus = Z (_ [6RILvT]tus [RSk IRvT]s + [RILvT]tu [5RSk IRvT]us)
v=V(T)
Z Z <— [RIL,or.m)],, [RIRwoL, ()], [RSKIR,T],

vEV(T) w=V (Lo T)
+ [RILvT]tu [5R8k IRvT]us) :

(2.24)

Let x =vlHw:=vUw\{icvUw|3JjecvUw|i— j}. Then
one easily proves that L., o Ly(T) = Lz(T), Ry(T) = Ry o Re(T) and
Ry 0 Ly(T) = Ly 0 Rz(T). Hence

ORIT)tus = Z [RIL,T)w | — Z [RIL,(reT)lus RSk IR, (r,m)]s + [(RSk IR, T]us
2=V (T) o=V (RaT)
= > [RILtIu[RIz 1lus (2.25)
2V (T)
o
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2.4 Permutation graphs

Consider now a permutation o € 3. Applying Fubini’s theorem yields

r) = / ) [ N ar., @) / " ar,, ()

= ['ar 2o (E(0(1))) 2 AUy, o) (£(0(2))) - [ dla,,, (£(a(n))),

S1 89 Sn,

with 51 = s, t1 =t and s; € {s} U{w,(;),i < j}, t; € {t}U{z0(),7 <j} (J =
2). Now decompose fsj dl's,;,(L(o(4))) into (fs —f;]> dl'z,;, ((a(j))
S # S, t; # t, and fstj dr:ca@)( (c(5))) into (f;_fssj>drxa(1)( ( ( )

sj # s. Then IY(T') has been rewritten as a sum of terms of the form

/ dT,, (¢ / dTy, (U((2)).. . /sTnden(é(a(n))), (2.27)

where 71 =t and 7; € {t} U{x;,i < j}, j = 2,...,n. Note the renaming of
variables and vertices from eq. (R.2§) to eq. (B-27). Encoding each of these
expressions by the forest T with set of vertices V(T) = {1,...,n}, label
function foo, roots {j =1,...,n | 7; = t}, and oriented edges {(4,77) | j =
2,...,n,7; = ;- }, yields

) if
) if

IL(T) = Ite(T) (2.28)

for some T? € 7 called permutation graph associated to o.
Summarizing:

Lemma 2.11 (permutation graphs) To every permutation o € 3, is
associated a permutation graph

Jo
T = g(o,j)TS €T, (2.29)

Jj=1

g(o,j) = %1, each forest T? being provided by construction with a total
ordering compatible with its tree structure, image of the ordering {vi <

. < v} of the trunk tree T4 by the permutation o. The label function of
T is ¢ o o, where £ is the original label function of T~ .
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Example 2.12 Let 0 = < ; ; ? > Then

/St dT, (£(1)) /:2 AT, (£(2)) /:3 0T (0(3)) =

- [ [ ey [, ew)

s

s [Larse) [T [ e ew). @)

Hence T? = —T] + T9 is the sum of a tree and of a forest with two compo-
nents (see Fig. [{).

2 3 2 3

/ / 1 2 3
1 1 @3 1 @2 o W

Figure 4: Example .13. From left to right: T¢, Tg; L{13 T ® R;1yT{; L{12;T{ ®
Ry 23T

2.5 Fourier normal ordering algorithm

Let ' = (I'(1),...,I'(d)) be a compactly supported, smooth path, and
I'"(i1,...,1,) some iterated integral of I'. To regularize T'"(iy,...,i,), we
shall apply the following algorithm (a priori formal, since skeleton integrals
may be infra-red divergent) :

1. (Fourier projections) Split the measure p = dI'(i1) ® ... ® dI'(4,) into

ZJEEn ‘7:_1 (]'Da(é)la(g))? where D7 = {(617' .. agn) € R" | |£o‘(1)| <
- Z&m)l}, and fi is the Fourier transform of y. We shall write

p’ = F Y(Ape.i)oo=F  (1pu,.(ioo)); (2.31)

2. Rewrite I} (F~*(1p-.f2)), where £(j) = i;, as Ito (u7) := S g(a,j)IT? (u7),

where T? is the permutation graph defined in subsection 2.4;
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3. Replace Ito (1) with some regularized integral as in Definition P.9 and

Lemma P.10,
Jo

Rira(p7) =Y g(o, j)Rlre (u7); (2.32)
j=1

4. Sum the terms corresponding to all possible permutations, yielding
ultimately
RI™(i, ... in) = Y Rlte(n°). (2.33)
TEY,

Explicit formulas for I' = B may be found in the following section.

Theorem 2.1 [34/
RT satisfies the multiplicative (ii) and geometric (iii) properties defined
in the Introduction.

The proof given in [ shows actually that any choice of linear maps
[RSkIt]; : p — [RSkIt(p)]: such that

(i) [RSklt,.1, (11 ® p2)le = [RSKIT, (p1)]e[RSkIT, (112)]¢ and

(i) [RSkIr(f)]: = [SkIr(f)]: = [* f(u) du if T is the trivial tree with
one vertex,

yields a regularized rough path over I if I' is smooth. Hence our ’cut’
Fourier domain construction is arbitrary if convenient. As already said in
the Introduction, it seems natural to look for some more restrictive rules
for the regularization; iterated renormalization schemes (such as BPHZ or
dimensional regularization) are obvious candidates (work in progress). The
question is: is such or such regularization scheme better in any sense 7 Con-
trary to the case of quantum field theory where all renormalization schemes
may be implemented by local counterterms, which amount to a change of the
value of the (finite number of) parameters in the functional integral (which
are experimentally measurable), and give ultimately after resumming the
perturbation series one and only one theory, we do not know of any prob-
abilistically motivated reason to choose a particular regularization scheme
here.

3 Rough path construction for fBm: case of dis-
tinct indices

The strategy is now to choose an appropriate regularization procedure, so
that regularized skeleton integrals of B" are finite and satisfy the uniform
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Holder and convergence rate estimates given in Theorem [.J.

3.1 Analytic approximation of fBm
Recall B may be defined via the harmonizable representation [BJ]

1, eitf -1
By =co [ [¢]2 —— W(d¢) (3.1)
R ig
where (W¢, £ > 0) is a complex Brownian motion extendeded to R by setting
Woe=-We (£20), and ca = 3, /= crratraay-

We shall use the following approximation of B by a family of centered
Gaussian processes (B",n > 0) living in the first chaos of B.

Definition 3.1 (approximation B") Let, for n >0,

Lt
Bl =co [ enigh St wiag), 52)
R

The process B" is easily seen to have a.s. smooth paths. The infinites-
imal covariance E(B")(B"); may be computed explicitly using the Fourier
transform [[1]]

/ 1 / ; yiyes
Ko~ - | K =izl g — —2m|¢lj g1 209
FRj(©) = o= [ K (@) ®6de =~ e g,
(3.3)
where K;’_(s —t) = (;(jo_siogé) (—i(s — t) + 2n)?**~2. By taking the real part

of these expressions, one finds that B"” has the same law as the analytic
approximation of B defined in [B4], namely, B" = Diyig +T—iy = 2Re Ty,
where I is the analytic fractional Brownian motion (see also [BJ)).

3.2 Choice of the regularization procedure

Let o € X, be a permutation. Recall (see Lemma P.11)) that the permutation
graph T? may be written as a finite sum Z;-]il g(0,j)T7, where each T is
a forest which is automatically provided with a total ordering. In the two
following subsections, we shall consider regularized tree or skeleton integrals,
RIt or RSkit, for a forest T which is one of the ']I‘;-’.

Definition 3.2 Fiz Cy.y € (0,1). Let, for T with set of vertices V(T) =
{Ul <... <Uj},

RY i= {(€urs - &0y) €RY | 6] <00 <6y, 1}, (3.4)

24



R;]“Teg = {(&)17 cee 7§vj) S RE ‘VU € V(T)7 ’&)"‘Z gw‘ > Cregmax{lfwh w = U} }7

w—»v
(3.5)
and RIt, resp. RSkt be the corresponding ereg-regularized iterated, Tesp.
skeleton integrals as in subsection 2.5.

Condition (B.5) ensures that the denominators in the skeleton integrals
are not too small (see Lemma P.7).

The following Lemma (close to arguments used in the study of random
Fourier series [20]) is fundamental for the estimates of the following subsec-
tions.

Lemma 3.3 (i) Let F(u) = [p dW¢a(£)e™, where |a(§)|? < Cl¢|71720
for some 0 < B < 1: then, for every ui,us € R,

E|F(u1) — F(ug)|> < C'|uy — ug|?”. (3.6)

(ii) Let F(n) = fR dea(é)e_”‘ﬂ (n > 0), where |a(€)> < C’|£|_1_2ﬁ for
some 0 < B < 1: then, for every ni,m2 € R4,

E[F(m) = F(n2) [ < C'lm — na|*. (3.7)

Proof. Bound |e™¢ — el“2¢| by |u; — ugl|€] for |¢] < |'U41—i'u42| and by 2

otherwise, and similarly for |e_’71‘5 - e_"2|f||. Note the variance integral is

infra-red convergent near £ = 0. O

Remark: Unless |a(¢)[? is L}, near £ = 0, only the increments F(u;) —

~ ~ loc

F(ug), F(n) — F(n2) are well-defined.

3.3 Estimates for the increment term

In this paragraph, as in the next one, we consider regularized tree integrals
associated to RB™"(iy,...,i,) where iy # ... # i, are distinct indices, so
that B(i1),...,B(i,) are independent.

Lemma 3.4 (Hdlder estimate and rate of convergence) Let T = T
for some j, and oo < 1/|V (T)|.

1. The skeleton term

(GL (i1, ... ,in)]u = [RSkIT ((dB"(i1) ® ... ® dB"(iy))?)] (3.8)

u
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(see eq. ) writes
(G (i vin)u = (—ica) VD) / - / IT @WeGowy)
(6v)vev () ERT

reg vV (T)

1 o
iqueV(']I‘) & —"Zuevmr) I HveV(T) |£v|2
e e (3.9)
HUEV(T) [gv + Ew—»v gw]

2. It satisfies the uniform Holder estimate:

E|[6GE° (i1, . . in)lis|” < CJt — 5221V, (3.10)

3. (rate of convergence) : there exists a constant C > 0 such that, for
every ni,me > 0 and s,t € R,

E|[6G2 (i1, ..y in)lis — [BGE (i, .. in)is|* < Clmn — a2
(3.11)

Proof.

1. Follows from Lemma B.7 and the definitions of B" and of regularized
integrals in the previous subsections 2.3 and 3.1.

2. (Holder estimate)

One may just as well (by multiplying the integral estimates on each
tree component) assume T is a tree, i.e. T is connected.

Let V(T) = {v1 <... < vy}, so that || < ... < &y q |- Since
every vertex v € V(T) \ {v1} connects to the root v1, one has

|V(T)| . |£U\v(1r)\| 2 |£U1 +.o+ gU\v(T)\| > CT69|5U\V(T)\ |7 (312)

so that & := ZUEV(T) &, is comparable to {U‘V(T)‘, i.e. belongs to
[C_lng\/(ﬂr)\ , Cﬁv\v(m\] if C is some large enough positive constant. Write
(GE7 (i1 yin)]u = [ eea(€)de.

Vertices at which 2 or more branches join are called nodes, and vertices
to which no vertex is connected are called leaves (see Fig. [).

The set Br(v; — wvy) of vertices from a leaf or a node v; to a node
vy (or to the root) is called a branch if it does not contain any other
node. By convention, Br(v; — vy) includes v; and excludes vs.
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Figure 5: 3,4,6 are leaves; 1, 2 and 5 are nodes, 2 and 5 are uppermost; branches
are e.g. Br(2 — 1) or Br(6 — 1).

Consider an uppermost node n, i.e. a node to which no other node is
connected, together with the set of leaves {w; < ... < wy} above n.

14 2
Let p; = |V(Br(w; — n))|. Note that (% < Jew, |12

Now we proceed to estimate Var a(£). On the branch number j from
w; to n,

el g, |2

/ o /u§|§wj lveBr(w;—»n)\{w;} H ) gU + Ew—»v éw

vEBT(wj—n

< &, | 712005 (3.13)

and (summing over &, ,...,&y, , and over &)

€y 712000 / I e
16w ;1 1< [&w |

L £n|1—2o¢
A€, |Ewy |71 2‘1?1( d£n|7>> )
< </5w1§|£w2 Sl /|§n§|§w1 §o,

< |ng|—(1+2apj)+[2—2a(1+p1+...+p1,1)}—2 _ |£wJ|—1—2aW(n)

)

where W(n) =p1+...+ps+1=|{v:v—n}| +1is the weight of n.

One may then consider the reduced tree T, obtained by shrinking
all vertices above n (including n) to one vertex with weight W(n)
and perform the same operations on T,. Repeat this inductively
until T is shrunk to one point. In the end, one gets Var a(§) <
(S |71=2aVDI < |¢) =172V (DI Now apply Lemma B3 (i).

3. (rate of convergence)
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Let X" = [GI7(i1,...,in)]u — [GF(i1,... ,in)|u. Expanding
H“]‘i(fr)' e_nl‘gjl — H“]‘i(fr)‘ 6_772‘53" as

V(T
Z e—nz(lﬁvl\+~~~+|§vj,1|)(e—771|§vj| _ e—m\iuj\)e—"l“f“jﬂ|+"'+‘5vvmr)‘)
Jj=1

gives X" as a sum, Xy =37 v q) X" (v), where X" (v) =
[ dguby (&) (e mlé] — emml&el) ig obtained from [GR7 (i1, ..., in)]u by
replacing e~ | with e=mlél — e=ml&l and e=Méwl w #£ v either by
e~ Mléwl or by e~™l&wl We want to estimate Var b, (&) uniformly in w.

Fix the value of &, in the computations in the above proof for the
Holder estimate. Let w; be the maximal leaf above v, and n — v be
the node just above v if v is not a node, n = v otherwise. Summing
over all nodes above n and taking the variance leads to an expression
bounded by [&,,|7' 722" ™) where W(n) = {w : w — n}| +1is
as before the weight of n. Consider now the corresponding shrunk
tree T,. Let T,(v) be the trunk tree defined by T, (v) = {w € Ty, :
w — v or v — w}U{v}; similarly, let T(v) be the tree defined by
Tw) ={w € T: w - v or v - w}U{v}, sothat T,(v) is the
corresponding shrunk tree. Sum over all vertices w € T, (v)\ {v}. The
variance of the coefficient of e~™/¢! is

’ < d¢,, n—1—2aW(n) n—l—2a
S(6) /lwm| £altnl Gl [

€w|<|€n],wETn (v)\{n,v}

2

I dew - €702

wETy (v)\{n,v}

< / 06, |60 22T < || ~1-2alTC) .15)
€n>l60]
if v # n, and
S(&) S [&u| 7172 / [T 162 < g |12
(€| <[énlwETR (NN} et (0)\ (n}

(3.16)
ifv=mn.

Removing the vertices belonging to T(v) from T leads to a forest which
gives a finite contribution to the variance. Hence (by Lemma B.3 (ii))
E[X(0)2 S I — a7
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O
The notion of weight W (v) of a vertex v introduced in this proof will be
used again in subsections 3.4 and 4.1.

3.4 Estimates for boundary terms

Let T = T7 for some o € Xy, and i1 # ... # i, as in the previous subsection.
By multiplying the estimates on each tree component, one may just as well
assume T is a tree, i.e. is connected.
We shall now prove estimates for the boundary term R It ((dB"(i1) ® ... ® dB"(iy))7) (0)
associated to T (see Lemma P.1().

Lemma 3.5 Let T =T for some j (so that n = |V (T)|).

1. (Hélder estimate) The reqularized boundary term RIt ((dB"(i1) ® ... ® dB"(iy))?) (9)
satisfies:

E|[RIt (dB"(i1) & ... ® dB"(in))?) ()], |* < CJt — s>V DI (3.17)
for a certain constant C'.

2. (rate of convergence) There exists a positive constant C such that, for
every mi, 12 > 0,

E|[RIr ((dB™(i1) ® ... ® dB" (in))7) (9)]ts—
~[RIr (dB™(i1) ® ... ® dB™ (in))?) (9)]es|* < Clin — m2|*.
(3.18)

Proof.

1. Apply repeatedly LemmaR.I0 to T: in the end, [RIt ((dB"(i1) ® ... ® dB"(in))?) (0)]ts
appears as a sum of ’skeleton-type’ terms of the form (see Figure fj)
Ats = [5RSkIL’]I‘]ts . [RSk IvaoLvlflo---OLvl(T)]s . [RSk IRvZOLvl(T)]S[RSk Iva']r]s
((dB"(i1) ® ... ® dB"(iy))?),
(3.19)
where v; = (v11 < ... <wvy) ET, va = L, T, ..., vy = (v1 <

co. <) E Ly 0...0 Ly (T) and LT := Ly, 0...0 Ly, (T). In
eq. (B.19) the forest T has been split into a number of sub-forests,
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LTU <U5]:1']I'j); we call this splitting the splitting associated to Ay for
further reference.

First step.
Let [BY*[€]]w Hj;l dWe,, ;(ig(v, ;)) be the contribution to RSklg,, 1 of
all Fourier components such that § = (&, ,,. .. ,gvl,‘,l), |Eoa] <000 <

|€vy,5, | 1s fixed. For definiteness (see Definition B.2),

[RSkIvaT (dB"(i) ® ... ® dB"(zn))a)} ((xv)very, 1)

J1
= / tee / IRK(LvlT)le ((év)UGV(L,,I’]T)Lhn) B;“ [5] H dWﬁUlvj (io(vl’j))
j=1

[T cae ele g, |27 0aWe, (ip) | - (3.20)
UELvlT

Then

varls €l S [ [ TT deo [le 2 [ /| T e,

VEV] w|2‘5u|,’w€RvT\{U} UJERUT\{U}
(3.21)
hence
Var[BY'[€]]s < [ 1€V (Dl (3.22)

veEv]

Second step.

More generally, let Bs* " [¢] H}]l:1 dWe,, . (i5(vy ;)) be the contribution
to 7

[RSkIvaoLvl,lo...oLvl(T)]s ...[RSk IRvZOLvl(T)]S[RSkIRvIT]S ((dB"(i1) ® ... @ dB"(i,))?)
(3.23)
of all Fourier components such that £ = (&, . .. ’&’l»Jz) is fixed. Then

Var(BY=[g]) < [ feof V0Dl (3.24)

vEY]
(proof by induction on ).

Third step.
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Let V(LT) = {wy < ... < Wmnqg}. By definition, Ay = [, as(2)(e=! —
¢=)d=, with

as(E) = / de¢ / / T dWe, (o)
((€w)wev (L))

€De wev(LT)

Lo 1,
[Twevm(—ica)e nwl]e, |2

[uwevier Ew + 2w wwever &uw)

Brg]
(3.25)

where Fourier components in D¢ satisfy in particular the following
conditions:

o [&w + Xwowwevem w| > Cregmax{[§w| @ v — w,w' €

1_, 2
V(LT)}; in particular, ( [w|2 > < || 7120,

Ew—l—Zw’ﬂw,w’EV(L']I‘) St

—_
— o
—

* > wevirm fw =E;
o for every w € V(LT), [€w| < [€wna.| and [&w| < |&]| for every
v € R(w) :={v =wu1,...,u | v = w} (note that R(w) may

be empty). See Fig. .

Figure 6: Here V(LT) = {0,1,2,4}, R(0) = R(4) = 0, R(1) = {v21}, R(2) =
{’Ug)g}.

Note that 2] < [€w,ne.| S |E| since every vertex in V(LT) connects to
the root (see first lines of the proof of Lemma B4 (2)).

If w e LT, split R(w) into R(w)s U R(w)<, where R(w)> = {v €
R(w) | v 2 Wiay }- Summing over indices corresponding to vertices in
RTs :={v=w1,...,u, | V> Wnas} = UverTrR(w)>, one gets (see
again proof of Lemma B4 (2))

H / dg, |, |2V B Dl <z 720 e, VDI (3 96)
veRTs ¥ [€v[2(E]
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Let w € LT\ {winqz } such that R(w)< # 0 (note that R(winez)< = 0).
Let R(w)< = {v;; < ... < v;;}. Then (integrating over (§,),v €
R(w)<)

‘gw’—l—&x/ dé‘vil/ dfvm / dfvij
oy, 1216w ury 12160, | 6oy 2160, |
J J

‘gvil\_z‘V(Rv la—1 \&)1 | —2|V (B, T)la—1 < ’é,w’_1—2a(1+zvemw)< V(BT

(3.27)

In other words, each vertex w € LT ’behaves’ as if it had a weight
14> e rw)- |V (1 T)|. Hence (by the same method as in the proof of
Lemma 4 (2)) Var(as(€)) < ’~’—1—2a(|V(LT)|+Zvemr< V(R.T) ‘E‘_zazueRT> [V(R,T)| _
1=~ 20‘|V(T)‘ Now apply Lemma B.3 (i)

2. Similar to the proof of Lemma B4 (3). Details are left to the reader.

O
4 End of proof and final remarks
4.1 Estimates: case of coinciding indices
Our previous estimates for E[RB;." (i1, ... ,i,)|? (Holder estimate) and
EIRBY (i1, . .. ,in) — RBY™ (i1, ... ,i,)|* (rate of convergence) with iy #
. # ip rest on the independence of the Brownian motions W (iy), ..., W (iy,).
We claim that the same estimates also hold true for E[RB™" (i1, ..., i,)[?

and E|RBL™ (i1, .. . ,in)—RBYL (i1, . . ., in)|? if some of the indices (i1, . . . , i)
coincide, with the same definition of the regularization procedure R. The
key Lemma for the proof is

Lemma 4.1 (Wick’s lemma) (see [F], §5.1.2 and 9.5.4)

Let (X1,...,X,) be a centered Gaussian vector. Denote by X;, o...0X;,
(1 <iy,...,ig <n)or:X; ...X;, : the Wick product of X;,,...,X;, (also
called: normal ordering of the product X;, ... X;, ), i.e. the projection of the

product X;, ... X;, onto the k-th chaos of the Gaussian space generated by
Xi,...,X,. Then:
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X1 Xp=X10...0X,+ > E[X;X;,]X10...0X;,0...0X;,0...0X,
(i1,32)
+.. 4 > E[X:, Xi] - E[Xipe sy Xigy 1)
(41582) -, (F2k 41582k +-2)
X1<>...<>XZ-1<>...<>XZ-2<>...<>Xi2k+1<>...<>Xi2k+2<>...<>Xn
+..., (4.1)
where the sum ranges over all partial pairings of indices (i1,12), ..., (iok+1,92k+2)
I<k<|5]-1).
2. For every set of indices i1,...,i5,1y,...,1},

In our case (considering RB}." (i1, ... ,i,)) we get a decomposition of the

product dWe, (i1) ... dWg, (i) into dW¢, (i1) o ... o dWg, (iy), plus the sum

over all possible non-trivial pair contractions, schematically (Wéj (ij)Wéjl (i) =

50(6]' + gj/)éijﬂ'j/ .

Consider first the normal ordering of RB;."(i1,...,i,). As in the proof
of Lemma 5.10 in [BJ], let ; be the ’index-fixing’ subgroup of 3,, such that
r o' €Xy = Vj=1,...,n, iy = i;. Then (by Wick’s lemma and the
Cauchy-Schwarz inequality) :

Var : RB}. (i1, ..., in) = E|: RBE (i1, ... ,in) |2

= Z E[: RBS(1,...,n) : : RB."(d'(1),...,0'(n)) ]
o'ex;
<[54l EIRBMI(L, ), (43)

hence the Holder and rate estimates of section 3 also hold for
RB™M (i1, ... i) i

One must now prove that the estimates of section 3 hold true for all pos-
sible contractions of RB™"(i1,...,i,). Fixing some non-trivial contraction
(j1,42)s -+ (Jar—1,J21), I > 1, results in an expression X" belonging to
the chaos of order n — 2[. By necessity, i, = %j,,...,%j, , = ij,, but it

may well be that there are other index coincidences. The same reasoning
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as in the case of : RB}."(i1,...,in) : (see eq. ([J)) shows that one may
actually assume iy, # i,y if m £ m’ and {m,m'} # {j1,jo}, ..., {Joa—1, 721}
Now (as we shall presently prove) the tree integrals related to the contracted
iterated integral X$°™" may be estimated by considering the tree integrals
related to Xy, := RBZ_m’r(il, e esByy ey By ey in) (Which has same law
as RBY2(1,... ,n—2l)) and (following the idea introduced in the course
of the proof of Lemma B.4) increasing by one the weight W of some other
(possibly coinciding) indices ji,...,J% # Jji,- .-, j2 — or, in other words, ’in-
serting’ a factor [¢;; |72 ... (97 | ~2% in the variance integrals —. This amounts
in the end to increasing the Holder regularity (n—21)a~ of Xy by 2lc, which
gives the expected regularity.

Fix some permutation o € ¥, and consider the integral over the Fourier
domain [£,(1)| < ... < [§5(n| as in section 2. Change as before the order
of integration and the names of the indices so that dWe,_ . (i;) — dWe, (is(j));
for convenience, we shall still index the pairing indices as (j1, j2), - - - , (J2r—1, j21)-
We may assume that [jor—1 — jox| = 1, & = 1,...,1 (otherwise [,,| =
1o 1| = &) | fOT Jop—1 < m < jop or jor, < m < jop—1, which corresponds
to a Fourier subdomain of zero Lebesgue measure). In the sequel, we fix
o € ¥y and (j,j') = (jak—1, jox) for some k.

Let T = Ty...T, be a forest appearing in the decomposition of the
permutation graph T? as in subsection 2.4. Applying repeatedly Lemma
to T leads to a sum of terms obtained from the contraction of A, =

ag

Aus(1) - A (L), with Ay (k) = [JRSK 5, | T [RSK Iy ], ((2oev @B ),
where L']I‘k,T%yl, R ;w" ... are all subtrees appearing in the splitting as-
sociated to Ass(k) (see proof of Lemma B.5).

Let T be one of the above trees, either LTy, or T;’ j Reconsider the proof
of the Holder estimate or rate of convergence in Lemma B.4 or Lemma p.35.
The integrals [SkI ((fﬂv)vev(T) — ¢l Zvev(m xvﬁv):| appearing in the defini-

u

S Zvev(T) §v
vevmr)(ﬁerwa §w)
(see Lemma P.7). After the contractions, one must sum over Fourier in-

dices (§y)vev () such that (§)uev(m) € Rfeg and &, , = —¢&j,,, if both
Jam—1, jom € V(T).

Let T be the contracted tree obtained by ’skipping’ {j1,. .., ju} NV (T)
while going down the tree T (see Fig. [, B, ).

The denominator ‘gv"‘ZweT,w—»v &wl is larger (up to a constant) than the
denominator (€, + >, % 4y Sw| Obtained by considering the same term in

tion of the regularized skeleton integrals write i_‘V(T”H

the contracted tree integral X;, (namely, |, + Y weT o Sw| 18 of the same
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0

Figure 8: Case (i-b). T and T.

order as max{|&,[;w € T,w — v} > max{|&,;w € T,w — v}). Hence
E(A§")2 may be bounded in the same way as EA?Z, in the proof of Lemma
B.4 or Lemma B.5, except that each term in the sum over (&,,v € V(T),v #
Jiy--+,Jo1) comes with an extra multiplicative pre-factor S = S((§,),v €
V(T),v # j1,...,Ju) — due to the sum over (j,,)m=1,..21 — which may be
seen as an ’insertion’.

Let us estimate this prefactor. We shall assume for the sake of clarity
that there is a single contraction (ji1,j2) = (4,j') (otherwise the prefactor
should be evaluated by contracting each tree in several stages, ’skipping’
successively (j1,72),-- ., (j21—1, Jor) by pairs). As already mentioned before,
|7 — 7| = 1 so that j and j’ must be successive vertices if they belong to
the same branch of the same tree T. Note that, if j and j’ are on the same
tree, the Fourier index = := zch(T) & (used in the Fourier decomposition
of Lemma B4 or in the third step of Lemma B.7) is left unchanged since

£+ & =0.

Case (i): (J,7’) belong to unconnected branches of the same tree T. This
case splits into three different subcases:
(i-a) neither j nor j' is a leaf. Let w, resp. w’ be the leaf above j, resp. j’

of maximal index and assume (without loss of generality) that |£,,| <
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0

Figure 9: Case (i-c). T and T.

2 2
|§j|1_20l) </ —1—2a) —4a
</|£j<|£w 7wt &51<leul el <l

(4.4)
which has the effect of increasing the weight W (w) by 2.

(i-b) j is a leaf, 5’ is not. Let w’ be the leaf of maximal index above j'.
Then

G\ _ (1 2
S< / de; 2 S a;l&; 172 ) S Jewl
( &1<len] |5j5w’|> <|5w’| &1<lenl

(4.5)

(i-c) both j and j' are leaves. Let v, resp. v’ be the vertex below j, resp.
j' ie. j—wv, j — 1. Then

sg(/

2
d§j|fj|_l_2a) < &)™ (4.6)
&jl>max(|&u 1€, )

which has the effect of increasing W (v) by 2.

Case (ii): (j,4') are successive vertices on the same branch of the same
tree T. Assume (without loss of generality) that j — j'. Then S =0 if j is
a leaf (since §; + 3, &w = & + & = 0 and such indices fail to meet the
condition defining R7, ), otherwise S < |€,|~** if w is the leaf of maximal
index above j (by the same argument as in case (i-a)).

Case (iii): (j,j") belong to two different trees, T and T.

This case is a variant of case (i). Nothing changes compared to case (i)

unless (as in the proof of Lemma B.4 or in the 3rd step of Lemma B.5) one
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needs to compute the variance of the coefficient a(Z) or as(Z) of €= for
fixed. Assume j belongs to the tree T = LT}, while j” is on one of the cut
trees T;c,l? . ’T;f,j’ .

Assume first j is not a leaf, and let w be the leaf above j. Then the
presence of the extra vertex j modifies the Fourier index = in the Fourier
decomposition of A{™" (k), AL (k) = [; a(2)(e™=! —e!=*)dE or A" (k) =
Jg as(2) (€= —€™=%)dZ, by a factor which is bounded and bounded away from
0, hence S < |€,]71% as in case (i-a).

If j is a leaf as in case (i-b) — while w’ is as before the leaf of maximal
index over j' —, one has: |§;| < |2| < |€;|. Hence the sum over &; contributes
an extra multiplicative pre-factor S to the variance of the coefficient of a(Z)
or as(Z) of order

g2\ i
S< ( / ag; ! ) < ( / |@-|—1—2a> <[5,
El2<ig <2z 1858w 121/2<¢;1<2IE|

(4.7)

which increases the Holder index by 2« (see Lemma B.J).

The case when both j and j’ belong to left parts LTy, LTy is similar
and left to the reader. a

This concludes at last the proof of Theorem P.].

4.2 A remark: about the two-dimensional antisymmetric
fBm

Consider a one-dimensional analytic fractional Brownian motion I' as in [BJ].

Definition 4.2 Let Z, = (Z;(1),Z:(2)) = (2Re I';,2Im I'y), t € R. We
call this new centered Gaussian process indezed by R the two-dimensional
antisymmetric fBm.

Its paths are a.s. a~-Holder. The marginal processes Z(1), Z(2) are
usual fractional Brownian motions. The covariance between Z(1) and Z(2)

writes (see [B3])
Cov(Zs(1),Z:(2)) = —

tan T

5 [—sen(s)|s|* +sgn(t)[t|** — sgn(t — s)[t — s|**).

(4.8)
Note that we never used any particular linear combination of the analytic/anti-
analytic components of B in the estimates of section 3 and 4. Hence these

also hold for Z, which gives for free a rough path over Z satisfying Theorem
of the Introduction.
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