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A stochastic calculus for multidimensional
fractional Brownian motion with arbitrary Hurst
index

Jérémie Unterberger

We construct in this article an explicit rough path over a multi-dimensional
fractional Brownian motion B with arbitrary Hurst index H (in particular,
for H < 1/4) by regularizing an associated random Fourier series defined
in . The regularization procedure is applied to 'Fourier normal ordered’
iterated integrals obtained by permuting the order of integration so that in-
nermost integrals have highest Fourier modes. The algebraic properties of
this rough path are best understood using the Hopf algebra structure of the
algebra of decorated rooted trees. Rough path theory gives then a general
procedure to define a stochastic calculus and solve stochastic differential
equations driven by this very irregular process. A variant of our regular-
ization scheme is also expected to apply to arbitrary deterministic Holder
paths.

The last section is also dedicated to the definition of a related two-dimensional
Gaussian process, called antisymmetric two-dimensional fractional Brown-
ian motion, with the same regularity as B but with dependent components,
to which the above construction extends naturally.
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0 Introduction

The (two-sided) fractional Brownian motion ¢ — By, t € R (fBm for short)
with Hurst exponent a, o € (0, 1), defined as the centered Gaussian process
with covariance

E[B,B] = 5 (5P + 1P — |t — 5), (01)
is a natural generalization in the class of Gaussian processes of the usual
Brownian motion (which is the case a = %), in the sense that it exhibits
two fundamental properties shared with Brownian motion, namely, it has
stationary increments, viz. E[(B;— Bs)(By,—By)] = E[(Bi+a— Bs+a)(Buta—
By14)] for every a, s, t,u,v € R, and it is self-similar, viz.

YA>0, (Ba.teR) " (A\°B,tcR). (0.2)

One may also define a d-dimensional vector Gaussian process (called: d-
dimensional fractional Brownian motion) by setting By = (B(1),. .., Bi(d))
where (By;(i),t € R);=1 . 4 are d independent (scalar) fractional Brownian
motions.

Its theoretical interest lies in particular in the fact that it is (up to
normalization) the only Gaussian process satisfying these two properties.

A standard application of Kolmogorov’s theorem shows that fBm has
a version with a~-Hoélder continuous (i.e. k-Holder continuous for every
k < «) paths. In particular, fBm with small Hurst parameter « is a natural,
simple model for continuous but very irregular processes.

There has been a widespread interest during the past ten years in con-
structing a stochastic integration theory with respect to fBm and solv-
ing stochastic differential equations driven by fBm, see for instance [RJ,
3, B, Y, Y. The multi-dimensional case is very different from the one-
dimensional case. When one tries to integrate for instance a stochastic
differential equation driven by a two-dimensional fBm B = (B(1), B(2)) by
using any kind of Picard iteration scheme, one encounters very soon the
problem of defining the Lévy area of B which is the antisymmetric part of
Aps = fst dBy, (1) fstl dBy,(2). This is the simplest occurrence of iterated

integrals BY (... i) = f; dBy, (i1) ... f;k’l dBy, (ix), i1,...,9% < d for
d-dimensional fBm B = (B(1),..., B(d)) which lie at the heart of the rough
path theory due to T. Lyons, see P4, PF|. An alternative construction has
been given in [[§] under the name of 'algebraic rough path theory’, which

we now propose to describe briefly.



Assume T'y = (T'4(1),...,T(d)) is some non-smooth d-dimensional path
which is a-Holder continuous. Integrals such as [ fi(Ty)dly(1) + ... +
fa(Ty)dly(d) do not make sense a priori because I' is not differentiable
(Young’s integral [RJ] works for a > I but not beyond). In order to de-
fine the integration of a differential form along I, it is enough to define a

truncated multiplicative functional or rough path (1"1, . N O‘J) lying above
T, |1/a)=entire part of 1/a, where T}, = (0T)ss := I'y — 'y is the increment
of T between s and ¢, and each I'* = (I‘k(il, k) 1<iyin<d, K > 2 15 a

substitute for the iterated integrals fst dl'y, (i1) fstl dly, (i2) . . . f;k” dly, (ix)
with the following two properties:

(i) (Hélder continuity) each component of T* is ka~-Hélder continuous,
that is to say, kk-Holder for every k < «;

(ii) (multiplicativity) letting T% =Tk — Tk — Tk

tus us?

OTf (v, in) = > Tpi(in, .o ig T2 (k1 oik). (0.3)
k1+ko=k

one requires

If furthermore the following property holds
(i) (geometricity)

TP (i, i TR0, dn) = Y TR (R, Koy n)
keSh(i,4)
(0.4)
where Sh(, ) is the subset of permutations of i1,...,%,,, 71, -, jny
which do not change the orderings of (iy,...,in,) and (Ji1,. .., Jny)s

then I is called a geometric rough path.
The multiplicativity property implies in particular the following identity
for the (non anti-symmetrized) Lévy area:

Aps = Apy + Aus + (Bi(1) — By(1))(By(2) — Bs(2)) (0.5)

while the geometric property implies

/:dBtl(l) /:1 dBt2(2)+/:dBt2(2) /:2 dBy, (1)

-(/ t w,0) (| t 1B, (2)) = (B) - BO)B:(2) ~ Bu(2).
(0.6)



Then there is a standard procedure which allows to define out of these
data iterated integrals of any order and to solve differential equations driven
by I'.

The multiplicativity property (D.3) and the geometric property (0.4) are
satisfied by smooth paths, as can be checked by direct computation. So the
most natural way to construct such a multiplicative functional is to start
from some smooth approximation I'(n), n 2 0 of T such that each iterated
integral T'F,(n) (i1, . .. ,ix), k < [¢] converges in the kx-Holder norm for every
K < a.

This general scheme has been applied to fBm in a paper by L. Coutin and
Z. Qian [{] and later in a paper by the author [BJ, using different schemes
of approximation of B by B" with n — 0. In both cases, the variance of the
Lévy area has been proved to diverge in the limit 7 — 0 when o < 1/4.

The approach developed in [BJ] makes use of a complex-analytic process
I defined on the upper half-plane IIT = {z = z + iy | y > 0}, called T-
process or better analytic fractional Brownian motion (afBm for short) [B1]].
Fractional Brownian motion B; appears as the real part of the boundary
value of I', when Im z 2 0. A natural approximation of B; is then obtained
by considering

B? = Ft-l-in + Ft+i77 = 2Re Ft—l—in (07)

for n 0.
The so-called analytic iterated integrals

[ s, [7 peira@. [ e, @

(where f1,..., fq are analytic functions), defined a priori for s,t € IIT by
integrating over complex paths wholly contained in IIT, converge to a finite
limit when Im s,Im ¢ — 0 [BZ], which is the starting point for the construc-
tion of a rough path associated to T [Bl]. The main tool for proving this
kind of results is analytic continuation.

Computing iterated integrals associated to B; = 2lim, .o Re I'11, in-
stead of I' yields analytic iterated integrals, together with mixed integrals
such as for instance f; dl'., (1) [7'dl.,(2). For these the analytic continu-
ation method may no longer be applied because Cauchy’s formula fails to
hold, and the above quantities may be shown to diverge when Re s,Re t —

0, see [B3, B3

We shall use here instead (essentially for convenience) a series decompo-
sition of T' also introduced in [BJ]. Let D := {2z € C | |2| < 1} be the unit




disk. We denote by @ : IIT — D, 2+ ( := ®(z) = j—jri the Cayley transform
(which is a biholomorphism). Letting

[y = (1- ) T (0.8)

(essentially a trivial time-change), we obtain a new process 7, called unit-
disk T'-process or unit-disk analytic fractional Brownian motion, which lives
on the open unit disk. This process may be written as a random entire series
as follows:

N’C = Z ar+1C7 €11, (0.9)
k>0
where:
— (§k)k>1 is a sequence of independent standard complex Gaussian vari-
ables, i.e. E[§;&] =0, E[§;&k] = 5 ks

. [(2—2 . _ 1-2
— the coefficients ax11 = ¢4 ( k!a)’“ (with ¢, = 2971 é(cosw'zl)) scale

like k2~ when k — oo (by definition, (2 —2a); = (2 —2a)(3 —2a) ... (1 —
200+ k) ~p oo k1722 . k! is Pochhammer’s symbol).
Then the integrated series

~ k .
I Zak%gk, ¢ =re (0.10)

k>1

may be shown to converge in the x-Holder norm (for every x < «a) to a
k-Holder process on the unit circle C when r — 17, which is simply the
associated random Fourier series

Too=Y %eik9§k. (0.11)

k>1

Such random Fourier series have been extensively studied, see for instance
J.-P. Kahane’s book [R(], where it is shown in particular that > okez bpe*f¢,
converges a.s. to an a~-Holder continuous random function provided |bg|? =
O(k~'72%) when k — oo (which is the case here).
We then let
B = 2Re T'i0; (0.12)

this a~-Holder process is naturally approximated by B;e = 2Re freie. We
thus obtain a variant of fBm, ~B, together with a family of real-analytic
approximations B”, r — 17 of B which is very closely related to fBm B and



its family of approximations B"; note however the change of origin: By=0
but Bg gy = B-1 # 0 whereas By = 0 by definition.

Let us explain first how to define a Lévy area for B. As mentioned before,
the uncorrected area A7, = [T dBZl(l) f(fl d322(2) diverges when r — 1°.
The idea is now to find some increment counterterm (6Z")., = ZI — Z}, such
that the regularized area RAL, := A7, — (§Z7),, converges when r — 17.
Note that the multiplicativity property (D.5) holds for RA" as well as for
A" since (627)75 = (62")7u + (627 )uo. This counterterm X may be found
by using a suitable decomposition of ft:a into the sum of :

— an increment term, (0G)rq;

— a boundary term denoted by A”_(9).

The simplest idea one could think of would be to set
(6G)ro = / 4B, (1) B (2), (0.13)
and

A7) = - /T dB,(1) . By(2) = —B,(2)(B7(1) - By(1)).  (0.14)

Alternatively, rewriting A7, as [T dBZz 2) /g, ngl (1), one may equivalently
set

(6G)re = — / ' dBg,(2)BE, (1) (0.15)

and

T

AL,(9) = / dBy,(2) . Bi(1) = BI()(BL(2) - By(2).  (0.16)

Now 0G diverges when » — 17, but since it is an increment, it may be
discarded (i.e. it might be used as a counterterm). The problem is, A" ()
converges when r — 17 in the x-Holder norm for every x < «, but not in
the 2x-Holder norm (which is of course well-known and may be seen as the
starting point for rough path theory).

It turns out that a slight adaptation of this poor idea gives the solution.
Decompose A7, into a double series in ki, ko using (-9). Use the first
increment/boundary decomposition (0.13[0.14) for all indices k1 < ko, and
the second one (D.15,0.10) if k; > ky. Then A7_(9), defined as the sum as
two contributions, one coming from (D.I14) and the other from ([.I6), does
converge in the 2k-Holder norm when r — 17, for every k < a.



As for the increment term dG defined similarly as the sum of two contri-
butions coming from (0.13)) and (0.15), it diverges, but may be discarded at
will. Actually we use in this article a minimal reqularization scheme: only
the close-to-diagonal (i.e. k1/ks =~ 1) terms in the double series defining /G
make it diverge. Summing over an appropriate subset, e.g. ki & [ka2/2, 2ks]
yields an increment which converges in the 2x-Holder norm for every k < a.
More precisely still, only the mixed term coming from the iterated inte-
gral [d(1) [ d(f(2)> is problematic, the analytic integrals [ dT'(1) [ dT(2)
needing no regularization whatsoever.

Let a < 1/4. As noted in [BJ], the uncorrected Lévy area A" of the
regularized process B" converges in law to a Brownian motion when  — 07
after a rescaling by the factor 772(1 42) In the latter article, the following
question was raised: is it possible to define a counterterm X" hvmg on the
same probability space as fBm, such that (i) the rescaled process 1?2 3 (1=40)
converges in law to Brownian motion; (ii) (B", A7 — X") is a multiplicative
or almost multiplicative functional in the sense of [R3], Definition 7.1; (iii)
A" — X" converges in the 2k-Holder norm for every k < o whenn — 07 A
suitable time-change of the above defined counterterm dZ" gives a solution
to this problem.

The above ideas have a suitable generalization to integrated integrals
f dB (i1) f dB (in) of order n > 3. There is one more difficulty though:
decomposmg (BT)Cj (¢j) into 2Re ijzo aijCj &k, (i), a straightforward
extension of the first increment/boundary decomposition (0.13,p.14) yields
the correct Holder estimate provided k1 < ... < k,. What should one do
then if k ;) < ... < k() for a suitable permutation € instead ? The idea is
to permute the order of integration and write [ alBC1 i) ... [ tn—1 dBCn (in)
as some iterated integral [ alBC1 (ieq)) - dBCn (ie(n))- The integration do-
main, in the general case, becomes a httle involved, and necessitates the
introduction of combinatorial tools on graphs and trees, such as admissible
cuts, skeletons, etc. Our terminology is inspired from the renormalization
of Feynmann graphs. The underlying structure (as already noted in [17]) is
that of the Hopf algebra of decorated rooted trees, see for instance [[[J] or
[[9) or references in section 6).

We show in the last section that the above rough path construction
extends naturally to the two-dimensional process Z; = (Z;(1), Z4(2)) :=
(2Re I'y,2Im T}), t € R, where I' is a one-dimensional analytic fractional
Brownian motion of Hurst index a. Both components of Z are fBm, but



they are correlated in a non-trivial way. Since Cov(I',I') = 0, the covari-
ance matrix Cov(Z(1), Z(2)) (which is the imaginary part of the Hermitian
covariance kernel of I') is antisymmetric, hence we suggest to call Z the
antisymmetric two-dimensional fBm. This 'new’ process is, so we believe,
as fundamental as the usual two-dimensional fBm.

The main result of the paper may be stated as follows. Recall C = {¢ €
C | |¢| = 1} is the unit circle.

Theorem 0.1 Let T' = (I'(1),...,T(d)) be a d-dimensional unit-disk ana-
lytic fBm of Hurst index o, with real part B = (B(1),...,B(d)). Then there
exists a rough path (RBY = 6B", ..., RBU/"Y over B" (r < 1), living in
the chaos of order 1,...,|1/a) of I, satisfying properties (ii) (multiplicative
property) and (iii) (geometric property) of the Introduction, together with
the following estimates:

(Hélder estimate) There exists a constant C' > 0 such that, for every o,7 € C and 0 <
r <1, 3
E|RB™ (i1,...,in)|> < Cd(o,7)*™;

(rate of convergence) there exists a constant C > 0 such that, for every o,7 € C and % <
1,72 < 1}

E[RB (i1, - vin) = RBY (i1, i) |* < Clry = o>,

These results imply the existence of an explicit rough path RB over B,
obtained as the limit of RB" when r — 1.

The general idea underlying our construction could be expressed roughly
as follows: take the Fourier decomposition of T'(i1),...,T(i,) and move the
largest Fourier modes to the right, so that innermost integrals have highest
Fourier frequencies (adepts of conformal field theory may like to call this
"Fourier normal ordering’, [I0]). Hence we expect it to imply (using the
ordinary Fourier transform this time) an explicit construction of a rough
path above any a-Holder d-dimensional path. Using Fourier integrals instead
of Fourier series for fBm (and working directly with B instead of B ) involves
some (superficial) technical complications that can easily be overcome (see
subsection 7.3). A general construction in the deterministic case will be
given shortly in a forthcoming article.



Here is an outline of the article. Sections 1, 2 and 3 are preliminary;
we first recall briefly some prerequisites on algebraic rough path theory, and
also the definition of the analytic fBm process I" with its first properties.
The regularized Lévy area is constructed in section 4. Sections 5 and 6
are dedicated to the construction in the general multidimensional case; the
algebraic stuff needed to deal with the case when the above permutation &
is not trivial is introduced in section 6. We conclude the proof, show how to
work directly with the usual fBm instead of the unit-disk fBm and introduce
the antisymmetric two-dimensional fBm in section 7.

Notations. Throughout the article, we shall use the following notations:
D = {z € C| |z] < 1} will be the (open) unit disk, with closure D = {z €
C | |z2| < 1}. The unit circle {z € C | |z| = 1} will be denoted by C.
If o,7 € C, the distance d(o,7) between o and 7 will be measured along
the circle (i.e. d(o,7) is a minimal measure of the angle between its two
arguments). The group of permutations of {0,...,n — 1} is denoted by
Y. Finally, if |a| < C|b| for some constant C' (a and b depending on some
arbitrary set of parameters), then we shall write |a| < |b].

1 The analysis of rough paths

The present section will be very sketchy since the objects and results needed
in this work have alread been presented in great details in [Bl]]. The fun-
dational paper on the subject of algebraic rough path theory is due to M.
Gubinelli [If], see also [[[7] for more details in the case o < 1/3. Let us re-
call briefly the original problem motivating the introduction of rough paths.
Let T' : R — R? be some fixed irregular (i.e. not derivable) path, say
x-Holder, and f : R — R? some function which is also irregular (mainly
because one wants to consider functions f obtained as a composition go I
where g : R? — R? is regular). Can one define the integral [ fzdl; ? The
answer depends on the Holder regularity of f and I'. Assuming f is ~-
Hélder with £+ > 1, then one may define the so-called Young integral [PJ]
fst f2dl'; as the Riemann sum type limit lim_ E{tj}en ft;(Ceiy — Thy),
where Il = {s =ty < ... < t, = t} is a partition of [s,t] with mesh |II|
going to 0. Then the resulting path Y; — Y; := fst fzdl'; has the same reg-
ularity as I'. If k + v < 1 instead, this is no more possible in general. One
way out of this problem, giving at the same time a coherent way to solve
differential equations driven by I', is to define a class of I'-controlled paths
Q, such that the above integration problem may be solved uniquely in this



class by a formula generalizing the above Riemann sums, in which formal
iterated integrals I'"(iy,...,i,) of I" appear as in the Introduction.

Definition 1.1 (Holder spaces) Let k € (0,1) and T > 0 fized.

(i) Let Cf = C§([0,T],C) be the space of complez-valued k-Hélder func-

tions f in one variable with (semi-)norm || f||x = sups ejo 11 %

(ii) Let C§ = C4§(]0,T],C) be the space of complex-valued functions f =
ft1,to of two variables vanishing on the diagonal t\ = to, such that
|| fll2,x < 00, where || . ||2,x ts the following norm:

|ft1 t2|
[ fll2c = sup -
" s,t€[0,T7] |t - S|K

(1.1)

(iit) Let C§ = C5([0,T],C) be the space of complex-valued functions f =
ft1 tat5 Of three variables vanishing on the subset {t; = ta} U {to =
ts} U {t1 = t3}, such that ||f||]3, < oo for some generalized Hélder
semi-norm || . ||3 defined for instance in [1§], section 2.1.

Definition 1.2 (increments) (i) Let f be a function of one variable:
then the increment of f, denoted by 6 f, is (0f)s := f(t) — f(s).

(ii) Let f = fis be a function of two variables: then we define

(6.f)tus = (0f)ts — (0 )tu — (0 )us- (1.2)
Note that § 0 6(f) =0 if f is a function of one variable.

LetT' = (T'(1),...,T(d)) : [0,T] — R¢be a k-Holder path, and (T'}, (i) :=
Ty(i1) — Ts(i1), T (i1,d2), - .., Tr/™ (i1, .. ,i[1/x))) be a rough path lying
above T, satisfying properties (i) (Holder property), (ii) (multiplicativity
property) and (iii) (geometricity property) of the Introduction.

Definition 1.3 (controlled paths) Letz = (2(1),...,2(d)) € Cf for some
k< aand N = |1/k| + 1. Then z is called a (T'-)controlled path if its in-
crements can be decomposed into

N
62(i) = > T, yin) i i d) + g0(0) (1.3)

n=1 (ilv"'vin)

10



for some remainders g°(i) € CN* and some paths f™(iy,...,in;1) € (CF)"
such that

Of" (i1, ... in;i) =
N—-1-n
Z S TG ) G i) + g (i), m=1,.. N
=1 (j1,.01)
(1.4)

. . . N—
for some remainder terms g" (i1, ..., in;1) € Cé nk,

We denote by Q, the space of all such paths, and by Q. the intersection
nn<aQﬁ-

We may now state the main result.

Proposition 1.4 (see [[L7]], Theorem 8.5, or [B1]], Proposition 3.1) Let
z € Q,—. Then the limit

t
T n+1 . . .
/ 2dly = |11{1‘111O E E 0 Xty 1, (8)ze, (1) + E E | (i1, i, 0)CE (i1, 5 ins 1)
s —>

k=0 i=1 n=1 (i1,...,in)
(1.5)
exists in the space Q- .

The Proposition below gives very convenient moment conditions on a
family of multiplicative functionals (I'", T'>7 . .. ,rl/ “J’") to converge in the
right Holder norms when 7 — 0 and to define a rough path lying above a
centered Gaussian process I'.

Proposition 1.5 Let I' be a d-dimensional centered Gaussian process ad-
mitting a version with a.s. a~-Hélder paths. Let N = |1/a~ |. Assume:

1. there exists a family T, n — 07 of Gaussian processes living in the
first chaos of I such that

(i)
E|T] —T7? < C|t — s|*%, (1.6)

(i)
E[Ty — 512 < Cle — n**; (1.7)

2
(iii) Yt € [0,T), T7 5 Ty when n — 0;

11



2. there exists a truncated multiplicative functional ( =17 FZ, Ft;", e

lying above I' and living in the n-th chaos of ', n =1..., N, such
that, for every 2 <k < N,
(1)
BTy < Clt — s (1.8)
(i)
ETRE — TR12 < e — . (1.9)

Then (T4, ... . TN1) converges in L*(Q; C5([0, T], R%)x C2+([0, T}, R%)x

. X CéV“([O,T],]RdN)) for every k < « to a rough path (T',... . T'N) lying
above T'.

Short proof (see [BI]], Lemma 5.1, Lemma 5.2 and Prop. 5.4). The
main ingredient is the Garsia-Rodemich-Rumsey (GRR for short) lemma
[[[4] which states that, if f € C5([0,T],C),

2p 1/2p
1 £ll20 < C (Haf\m (/ / - ’fﬁlﬁm dv dw> ) (1.10)

for every p > 1.

Then properties (LGJLg) imply by using the GRR lemma for p large
enough, Jensen’s inequality and the equivalence of LP-norms for processes
living in a fixed Gaussian chaos

E[|T%7|2.5x S B0 |31 + C. (1.11)

By using the multiplicative property (ii) in the Introduction and induction
on k, E|[dT*"||3 1, may in the same way be proved to be bounded by a
constant.

On the other hand, properties (LAL7L.8[L.9), together with the equiv-
alence of LP-norms, imply (for every k < «)

ET7" T3 S Jt — s |e — ™) (1.12)
hence, by the same arguments,
E|[T% = T*[o ke S [ —n|*" (1.13)

which shows that T'®¢ is a Cauchy sequence in C¥%([0, T ],de). O

12
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Let us conclude with the following remark, which reduces the construc-
tion of a rough path for T to that of a rough path for T’ defined by eq. (p.9),
The following Proposition is intuitively true (an explicit reference is missing
for that).

Proposition 1.6 Let I’ be an o~ -Holder path such that

(1) -

(61)s = / &' (z)(f o ¢)(x)dl . (1.14)
$=1(s)

for some C™-function f and some C*-diffeomorphism ¢. Assume T is a

rough path lying above T. Then there is an explicit method to construct a

rough path T' above T derived from T'. The method is functorial and stable

under limits, so that in particular, if T = lim, o I, then T = lim,, o I'".

"Proof’. Fix s = ty. Eq. ([[.I4) writes after an integration by parts

o (t

[Ty = (¢f(¢—1(t)) FOT 10 — ¢’(¢‘1(to))f(to)f(b,l(to))— /¢ e
(1.15)

In other words, I' is essentially obtained from I' by a regular time-change
and the addition of a C’l-pa‘ch.~ Note that (formally or if I" is regular) eq.
(L.14) writes simply I'}, = f(u)F;),l(u), which is eq. (D-§) with ¢ = ®~1 and
flu) = (1= @(u) 2. O

2 Preliminary results on random Fourier series

Let f(2) = > ,c2%"Xn (z € C) be a random Fourier series constructed
out of a sequence of independent centered complex-valued random variables
(Xn)nez- The function f may be seen as the boundary value on C of the sum
of an (a priori formal) analytic series f(z) := Y, 2" X, and of an anti-
analytic series f~(2) := >, o, 2"X_p, both living on the unit disk. Under
very general growth conditions on the sequence (VarX,)necz, f+, resp. f~
may be shown to be analytic, resp. anti-analytic on the open unit disk.
Hence

fr(z) = frrz) + f7(rz) (2 €0) (2.1)
is real-analytic on C and may be considered as the extension of f to the
circle C" := {z € C | |z| = r} with radius r < 1.

A general question could be to prove Holder regularity properties of f (or,
equivalently, of f* and f~) under appropriate hypotheses on the ’growth’

13
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of the sequence (X,,), as measured for instance by their variances. ’Almost’
optimal hypotheses for symmetric variables (X,,) is given in J.-P. Kahane’s
book [0]]; roughly speaking, f is a.s. a~-Hoélder if and only if

> VarX, = 0(27%%) (2.2)

25 <|n|<27+1

(see [BQ], section 7.4 for a correct statement, and also the references at the
end of chapter 7). In particular, if VarX,, = O(n='72%), then f is a.s.
a~-Holder. The statements in [2(J] are much more refined; for instance,
the modulus of continuity of f, wy(h) := supy(, .n<p |f(2) — f(2')], may be
proved (under condition (.2)) to be a O((|log h|)Yh®) for an appropriate ,
with v = 1 if the (X,,) are (sub-)Gaussian variables.

It turns out to be much easier in our setting (where f belongs to the n-th
chaos of a fixed Gaussian process) to show L2-estimates such as E|f(z) —
f(Z))? < Clz — 2/|>™, from which f may be proved to be a.s. nx-Holder
continuous for every x < «, by using Kolmogorov’s lemma together with
the equivalence of LP-norms.

We shall prove elementary uniform L2-estimates for the function f ex-
tended continuously to the closed unit disk D as

f(z) = fT(2) + f(2), (2.3)

and also for (non necessarily converging) truncated series or the remainder
of the series (in the converging case).

In the sequel, we shall always consider random Fourier series f(z) :=
> nez 2" Xn, z € C, constructed out of a sequence (X, )nez of independent,
L?, centered random variables, together with their above extension f(z) :=
fT(2)+ f~(2) to D. For the sake of brevity, we shall simply say that f is a
centered random Fourier series.

Notation.

Let f(2) := Y.,z an2™ be a Fourier series. Then V f(z) := 2 jnj<n @n2"
is the truncation to order N of f, and (if f converges) yf(z) := Z|n‘>N anz"
is the remainder.

Lemma 2.1 (modulus of continuity for symmetric series) Let f(z) :
Y onez 2" Xy be a centered random Fourier series. Assume there is some
a € (0,1) such that

1/2
> VarX, =0(277%) (2.4)

2 <|n|<2i+1
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(This holds true in particular if VarX,, = O(|n|~172%)). Then there exists
a constant C such that

supsup E[N f(2)2 < C (2.5)
2D N=>0
and
sup sup B[N f(2) — Nf(Z)|? < Clz - 2P (2.6)
z,2/eC N2>0
Proof.

The convergence of the series E|V f(2)|?> when N — oo is obvious. Con-
cerning the second inequality, one has:

EVf(z) = VP < Elf(2) - fFEP <] 12" = ()P (VarX, + VarX )
neN

< =2 Z n?VarX,, + Z Var X,
In|<1/]z—2| In|>1/]z—2|
(2.7)

by Taylor’s formula. Now (grouping together the (VarX,) for 2/ < |n| <
27+1) one gets the result. O

Let us now consider successively estimates for truncated centered Fourier
series and for the remainder of convergent centered Fourier series.

Lemma 2.2 (estimates for truncated centered Fourier series) Let f(z) =
Y nez 2" Xy be a centered random Fourier series. Assume, as in Lemma .1,
that there is some o € (0,1) such that

1/2
> Var, =0(277%) (2.8)

21 <|n|<2i+1
(in particular if VarX,, < [n|7172%). Then
ENf(z) = VIEP S (12— 2N (2.9)

The same bound also holds true if a« < 0 (case of a divergent series)
provided N <

~ [z= Z’I

15



Proof.
Let o < 1. As in the proof of Lemma P.1],

EIVf(2) = NFEP Sz —ZP Y nPVarX, S (I2 = 2N (2.10)
In|<N

if N < L. Otherwise (by Lemma B1)), if @ > 0 (so the series converges),

|z=="]"

ENf(z) = MNP S 1z = 2P S (12 = 2 INTTY) (2.11)

~

O

Lemma 2.3 (remainder estimate for convergent Fourier series) Let
[(2) = > ez 2" Xn be a centered random Fourier series. Assume there is
some a € (0,1) such that

1/2
> VaX,| =027 (2.12)
27 <|n|<27+1
(in particular if VarX,, = O(|n|~172%)).
Then
E[nf(z)? < CN7>. (2.13)
Proof. Elementary. -

3 Series decomposition and approximation of frac-
tional Brownian motion

3.1 Series decomposition of analytic fractional Brownian mo-
tion

The easiest way to define I' = {T',; z € I} makes use of a series expansion
involving the analytic functions {fg; k > 0}, defined on II* by:

2422 [z —i]"
fu(2) = aper | = ] (3.1)
where 12
 [a = 2a)(2 - 2a),]
_ go1 | . 2
et { 2 cos(ma)k! (32)
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The Pochhammer symbol () is defined by:

k—1
(@ =t +d) = T,

i=0

where I' is the usual Gamma function.
Note that

a(1—2a)]5 1

~k—oo 2a_1 k _a' °
U "k [ 2cos o ’ (3:3)

It is shown in [BJ] that the series > k>0 k(%) fre(w) converges in absolute
value for z,w € II", and that the following identity holds true:

ol —2a)
~ 2cos(ma)

> ful2) fe(w)

k>0

(—i(z —w))** 2. (3.4)
This fact allows to define the process I' in the following way:

Proposition 3.1 (see [B3] or [BI]]) Let {&}. &% k > 1} be two families of
independent standard Gaussian random variables, defined on a complete
probability space, and for k > 0, set & = &} +1i&2. Consider the process
I’ defined for z € ITT by I, = 3", <o fu(2)&k41. Then:

1. T" is a well-defined analytic process on IIT.

2. Let T : (0,1) — IIT be any continuous path with endpoints T'(0) = 0
and (1) = z, and set T, = [T, du. Then T is an analytic process
on ITT. Furthermore, as z runs along any path in IIT going to t € R,
the random variables I', converge almost surely to a random variable
called again T'y.

3. The family {T'y; t € R} defines a Gaussian centered complex-valued
process, whose covariance function is given by:

E[l,Iy] =0, E[[D] =

e—imo sgn(s) ‘8‘204 + elma sgn(t) ‘t‘2a _ ¢ime sgn(t—s) ’S _ t’2a

4 cos(mar)

The paths of this process are almost surely k-Holder for any k < a.

4. The real part of {T'y; t € R} is a fractional Brownian motion indexed
by R.

17



Lemma 3.2 Let U :={z=t+ine C | 0<t,n<3}. Then:

1. There exists a constant C' such that:

Vz,2 € U, E[l(z) —T(¢)|* < C|z — 2| (3.5)
2. There exists a.s. a constant C > 0 such that
<1 T(z) - I'(z")] <C (3.6)
2,2€U |z — 2'|*logz (1/]z — 2/|)
Proof.
1. See BJ], Lemma 1.5.
2. Let A, := foz (“2—Jiri)_2a I, du. By the above Proposition,
Nk o\ —2
A — Ay 24/; kzmakﬂgkﬂ (Z_T_i) <u;k1> du.
Now use the Cayley transform & : IIT — D, 2z — ( := j—:, with

inverse z = ®71(¢) = i%: then

P(z) a
As =Dy =20 arpaen / ¢Fd¢ =21y ] T (R(2)F — 2(w)).
P (w)
k>0 k>1

Consider the time-changed process I := A o ®~!. Note that

[y = (1= 0)* Ty (3.7)
and conversely,

, 2 +1\%* -,

Then T lives on the unit disk D, which allows to use standard results on
random Gaussian series on the unit circle by an immediate extension
to the closed unit disk. We define the modulus of continuity of I" to
be the function

w(h) = sup T — Tl
¢.¢’€D,|C—¢'|<h

18



Recall ap, ~p_ o0 cak‘%_o‘ for some positive constant ¢,. By Theorem
7.3.2 in [R0] (see preamble to section 2) there exists a.s. a constant C
such that
Le—Tw
sup ¢ T ¢ <C. (3.9)
¢.cebj¢—¢i<i/z ¢ = ¢|* log2 (1/]¢ — ¢'])

Now

Fz’_rz = / <

!

21
U+ 1 ~ ~
= < 5 > (Ta — Tae) + la/ (21) (T — Ta(z)) du.

;1 2a . _
Since the prefactors (Z;i”) , (uz—f)m " are bounded (and bounded

away from zero) in U, and ® : U — ®(U) is a diffeomorphism, the
same bound (up to a constant) holds for T', — T',/.

O
3.2 Approximation of fractional Brownian motion
A natural way to get a regular approximation of B; is the following.
Definition 3.3 Let, for n > 0,
t+in
B/ :=2Re / I, du = 2Re (Tiyin — Liy). (3.11)
in

Note that ¢ — B} has a.s. real-analytic paths for every fixed > 0.

Proposition 3.4 (see [33/)
Let T > 0. The process B" converges in L*(Q; C£([0,T])) to B for every
K< a.

19
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3.3 A variant of fBm: the unit-disk fractional Brownian mo-
tion

We shall now introduce a process B living on the unit disk, called unit-disk
fractional Brownian motion, which is more or less equivalent (via the Cayley
transform) to fBm.

Definition 3.5 (unit-disk I-process) Let " be the random series defined
on the open unit disk by

I =) a1 P& (3.12)
k>0

Its covariance kernel writes:

ET, (%) = 21— (G)P 2. (3.13)

By standard arguments, see for instance [BJ], one may prove that the
above series defines an analytic process on the open unit disk D. Set

B _ k
T; = /rg, d¢’ = Zak%fk, (eD (3.14)
v k>1

where v : [0,1] — D is any path in D such that 7(0) = 0 and (1) = (.
Then (the proof is exactly the same as for the original I'-process) I' may be
extended into an a-Holder process on the closed unit disk D.

Definition 3.6 (unit-disk fBm) Let B = 2Re [;" I’} d¢ = 2Re ;7 (r <
1) and B; := B =2Re [, fg dc.

The Proposition below may be proved in exactly the same way as Propo-

sition B.4.

Proposition 3.7 When r — 17, the process B" converges in L*(Q; C£(C))
to B for every k < a.

The unit-disk I'-process was originally introduced in the proof of Lemma

B.J. As noted there,
I = z+1 2 i
z 2 <I>(z)
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The extra prefactor (Z2—Jgi)2a is C* (actually, analytic) for z € II*, so I is
essentially obtained from I' by a C*° time-change. Hence (see Proposition
[L.6)), the construction of a rough-path for B follows in a straightforward way
from the construction of a rough-path for B. Working with B instead of B
will make it possible to use random Fourier series techniques as in section
2.

Note once again the ’'change of origin’ (f‘ vanishes at 0 and not at
—1 = ®(0)). This is a priori not important since we shall always consider
increments of I'. However, this change of origin will prove to be essential to

get Holder regularity estimates in the sequel (see next section).

4 Definition of a Lévy area for the unit-disk fBm

4.1 Definitions and notations.

Let T := (I'(1),I'(2)) be a two-component unit-disk I'-process (with Hurst
exponent o < %) living on the closed unit disk D, with series decomposition

T:() = ar41¢"s1(j), (€D, j=1,2 (4.1)
k>0

and BT := (2Re [;” f’c(l) d¢,2Re [;” f’c(2) d¢) (r <1) be the correspond-
ing family of approximations of the unit-disk fBm. It proves convenient to

write T'¢(j) instead of (fd])) and similarly, &.(7) instead of —&.(j) (note

the coefficients (ax) are real). We shall use this notation in the whole sec-
tion. Using the real-valued angle measure —i% = df instead of d(, we shall
write

[ tac= [ Sadan) = [ [ Sracan )

g ro E>1 E>1

with complex conjugate [ (Zk>1 rkakg_kgk(j)) d—g.

We want to define a two-time process B%’J(l, 2) which is a Lévy area for
B, i.e. such that 0B%,(1,2) = B",(1)B",(2), and converges when r — 1~
in L2(Q; C?(C)) to some limiting process B2_(1,2) for every x < a, to be
interpreted as the Lévy area of B (see section 1).

The natural candidate for ]:%2”(17 2) is simply the usual, uncorrected area
process.
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Definition 4.1 (uncorrected area process) Forr <1 and o,7 € C, let
A%, denote the following second-order iterated integral of the unit-disk fBm
B:

A7, = 2Re /UT e (1)dG </UC1 [,(2) d6 + c. c> (4.3)

where c.c. stands for complex conjugate’.

It is closely related to the Lévy area defined in [BJ] and hence diverges
when r — 17. .
More precisely, decompose A~ into

A, = D22 + 2L + T2 (L) +T2(12),  (44)

where T'Z7 (1,2), resp. I”_(1,2) is the usual Lévy area of I'", resp. (f’“),
and

~ _ T . _ G - _ e N
L2 = [T [ @ da, 20,2 = (150.2).
g g
(4.5)
It is a consequence of [BY (see also [B, BJ] for more precise statements)

that T7_(1,2) converges in L?(Q; C?*(C)) while T7_(1,2) diverges; in par-

2
ticular, E I‘:U(l,2)‘ —p_1— O0.

The idea is now to substract to I'"_(1,2) some increment counterterm
6Zr (1,2) := ZI'(1,2) — Z'(1,2), so that:

— the multiplicative property (i) in the Introduction still holds, i.e.
§(T?7(1,2) — 627(1,2)) = 6T>7(1,2) since § 0 § = 0 (see section 1);

— the regularized Lévy area RI‘2 7(1,2) 1= I'27(1,2) — 6Z" converges in
L2(;C24(C)),

For that purpose, let us use the series decomposition of I':

Lemma 4.2 Let, for ki, ko > 1,
T dG (@ dGa
k 1 k 2
Fl_c1,k2(07 T) ::/ ag, G ' C_ / Ak 22 (4'6)
o 1 o C2
so that

D27(12) =Y > P E 4, (0, 7)6k (Dér (2). (4.7)

k1>1k2>1
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Fy, o(o,7) = F2 ) (0,7) + (0G5, 4,)r0 (4.8)

O,kz T B d<1 T—kl T dCQ
Fon(on) = -an T [LanGh Gt <), —on T [and T (> k)
(4.9)

ag, ¢F2 M ag, Ck2 k1
; a2 (k< k k> k

e (k= k). (4.10)

Proof. The formulas for k1 < ky are straightforward (replace f(fl d(s

with — fg d¢s + foﬁ d(s, using once again as origin 0 instead of —1 = ®(0)).

k1 d
1<I1C1

To obtain the formulas for ky < ki, rewrite Fy, ;. (0, 7) as [ ax, (5 b2 dcz f<2 o

Note that the two decompositions of F into F' 9 4 §G coincide when k:1 = ko.
Od

Definition 4.3 (regularized unit-disk Lévy area) Let

2k1

Z[(1,2) =0, Z[(1,2):=>_ >  rFtRG | (0&, (D&,(2), (4.11)

k1>1 ko=Fk /2

Z{(1,2) = Z[(1,2) =0, Z{(1,2) = Z[(1,2); (4.12)
RTZ1(i,5) :==T20(i,§) — (027 (i,5))ro (4.13)

withi=1 or1, j =2 or2, and finally,

RAL, = RTZI(1,2) + RT20(1,2) + RT20(1,2) + RTZ/(1,2).  (4.14)

Note that the geometricity property (iii) in the Introduction holds for
RA", which is equivalent to saying that

RE?7(1,2) + RE>(2,1) = T27(1,2) + T2 (2,1),  (415)
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or simply, 6Z"(1,2) + 6Z7(2,1) = 0. The last equality is an immediate
consequence of the antisymmetry property Gy, . (C) + Gp, 1, (¢) = 0.

Recall d(o,7) (0,7 € C) is the distance along the unit circle.
We shall prove in this section the following two results.

Theorem 4.1 (Ho6lder estimate) Let o < % There exists a constant C
such that, for everyr <1 and o,7 € C,

~ 2
E (RA:U < Cd(o, 7). (4.16)

Theorem 4.2 (rate of convergence) Let a < % There exists a constant
C such that, for every % <ry,ro<1lando,m€C,

~ ~ 2
E|RAL —RA2| < Clry —r)*. (4.17)

4.2 Uniform Holder estimate for the regularized unit-disk
Lévy area

We shall prove in this subsection Theorem E1.
The regularized iterated integral RT'>"(1,2) decomposes further as

RIL?>7(1,2) = 6RG>"(1,2) + RT>"(1,2)(9), (4.18)

(called respectively the increment term and the boundary term), where

RG?T(L 2) = Z Z Tk1+k2GE17k2 (C)ékl (i)ékz (2) (4'19)

ki1,k2>1:kod[k1/2,2k1]

and

REZ7(1,2)(0) =Y > MRE | (0,7)8 (1), (2). (4.20)

k1,k2>1

By the overall symmetry k; < ko, {(1) < £(2), 0 < 7, one may restrict
the study to the terms in the double series with indices (ki, k2) such that
k1 < ky. We write RG>™H(1,2), resp. RG>~ (1,2) and RT>"*(1,2)(),
resp. RI%"~(1,2)(9) for the sums over the restricted index set k; < ko,
resp. k1 > ko and study henceforth only the terms with index '+’ (note
that this corresponds to the decomposition of G*" into its analytic and its
anti-analytic part).
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4.2.1 Study of the regularized increment term

One has

RGZ(1,2) =

Z Z Tk1+k2GE1,k2 (2)Ek (1)6R, (2 Z rm RXT’ +

kl,k221:k1<k2/2 m>1
(4.21)
where (setting m = kg — k)
ag, a
RXpE = ) P (D, (2). (4.22)

m+ ky
1<ki<m T

Now (recall ar ~k—oo cak%_o‘)

2 2
VarRX:H < Z <%akl> = (a_m) Z ap, Sm'T (4.23)
m 1 m

1<ki<m 1<ki<m

Hence (by Lemma P.1))
E [|RG§%+(I, 2) - RGE (1, 2)|2] < Cd(z, 2')*. (4.24)

Remark. Suppose one removes the restriction k1 < ky/2. Then the

increment term (as expected) diverges when r — 1~ for a < %: namely, the
variance of Xp™ = > k=1 ak;:fkikl &k, (1)Emtk, (2) converges if and only if

szzl k174 < 00, i.e. if and only if a > %.

4.2.2 Study of the boundary term
Cut the boundary term RI2"™(1,2)(8) into two parts: the first part con-
sists of indices k1,ky > 1 such that 0 < k1 < ko < ﬁ the second part

consists of the remaining indices, for which by necessity ko > d(o - Then
the first part writes

=S Y RRE (608, (16,2)

1<k1<ko<1/d(o,7)
1/d(o,7)

-2 r’%kzk—s;@( ) (60 (D)) (4.25)

TO
ko=1
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where k2T7(1), Zkl 17"1‘61 25 2kt (see mnotation in section 2) is the

[-process truncated to order ks.
By Lemma P.9, there exists a constant C such that

E ( (5’f2f7”(1))

) _ 1
Since %Zk’gl @ < ky272% one gets (recall o < %)

’ <C (d(U,T)kgl_O‘)2.

TO

1/d(o,T)
EIXZ, P Sd(o,r)? Y k' Sdlo,m)t.
ko=1
The second part writes
Yo = > > mRED L (0,76 (D6, (2)

k2>d( k1<k2

= - ) a/@k—&fz()( sz’"(T))

1 TO
k2>

By Lemma P.1],
2 < 2a
~ d(07 T) 9

E ( (5’9@“(1))

and by Lemma P.3, one gets

TO

E[YZ[ < d(o,r)".

(4.26)

(4.27)

(4.28)

(4.29)

O

4.3 Rate of convergence of the regularized unit-disk Lévy

area

We shall now prove Theorem [L.2. Let & 5 < 711,72 < 1. We want to estimate

the difference RTZ1(1,2) — RTZ7>T (1 2).
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The analytic part of the regularized increment term, JRX""2T =
SRG2+(1,2) — SRG272+(1,2) writes § (z ﬁRXZ%“’*) , where

mzl m TO

Q. k -
RXpT = 37 [ ] D g (1), (2)

1<ki<m mt kl
m k kiy Am+k -
=] 1<%:< ((ri™ =13 1)mak1£k1(1)£m+k1(2)
<ki<m
m m 2k1 Om+k T
+(7‘1 — Ty )1<kzl:<m'r'2 1mak1£kl(1)£m+kl (2)
(4.30)
Hence
r1,72,+ _ mzm 1 w™ 2
RX™2H(2) =) o] (V)23 +0 > Y o (4.31)
mz1 mz1 211,272
where —_—
V()= DL Eran o (Do (2) (432)
1<ki<m
and _—
2 . 2k m—+ T
Ym = 1<kz:< Ty 1mak1§k1(1)§m+k1 (2) (4’33)
SKR1I<m

The sum with the (Y;2) is similar to that treated in subsection 4.2.1,
hence contributes a term with variance uniformly bounded by C|ry — 71 |*?.

As for the sum with the Y., by Lemma P.3,

2 1
E|0Yh)as| S 0a-rPmde, mg = (434)
e T2 — 1]
on the one hand , and
2 m
E ‘(5Ynﬁ)r%7r% <A4supE|Y,L(2)]> <m~ 172 Z k{72 <mlTte (4.35)
2€D k1=0

on the other hand. We use the first bound for m < % and the second

r2—"r1
one for m > \T?lrﬂ Hence
2
Zm
B Y I 0ves] Sen)? Y ml S Ol
m<1/|ro—r1] m<1/|rg—r1]

(4.36)
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77L

Whlle E ‘Zm>l/|r2 Tll 7‘1 m (5Y1) 2 2

stant times |rg — 7y [,
All together one has proved that

is bounded (by Lemma R.3) by a con-

- _ - _ 2
E ‘RGE’;‘L*(L 2) — RG2r2+(1, 2)( < Clry — . (4.37)

_Consider now the difference of the boundary terms, X757 () == RT?01(1,2)(0)—
RI272%(1,2)(9) : one gets

Xrr) = =3 - e T 5 e ) (@)
kg 1
> o, . 6, (2) (S(2E0 (D) R F2(1))_(438)
ko=1

The variance of the first term is bounded by a constant times

szlellc) <E|f21(1)|2> B ‘ <5f(2))r10,T20

As for the second term, one rewrites §(¥2I" (1)—*2T"2(1)), as (2T, - (1)—"2
1}27(1))—(’“21“,110(7) szrw( )) and bounds it variance by 4 sup,cc [Ty 2(1)—

[ry2(1)]? < Jr1 — r2]?®. Hence the variance of the second term is bounded
by Clry —ro|?* . D ko1 k,2—1—2a = C'|ry — ra|?e. O

2
,S |7‘2 — 7‘1|2a. (4.39)

5 Iterated integrals of superior order: easy case

5.1 General outline

Consider a d-dimensional unit-disk analytic fractional Brownian motion I =
(T'(1),...,I(d)) with independent coordinates, together with its boundary
value BC = 2Re FC Our purpose is to prove the two following results (see
Theorem [.1]), which together (using the theoretical results of section 1)
entail the existence of a rough path lying above B.

Theorem 5.1 (Holder estimate) Let 1 < iy,...,i, < d (n > 3) and
a < 1/n. Then, for every o,7 € C, there exists a constant C such that

2
E |[RBY (i1,...,i,)| < Cd(o,7)>". (5.1)
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Theorem 5.2 (rate of convergence) Let 1 <iy,...,i, <d (n>3) and
a < 1/n. Then there exists a constant C such that, for every % <ry,re <1
and o,7 € C,

~ ~ 2
E|RB™™ (i1, ... i) — RB™™2(iy,...,i,)| < C|ry —rof?. (5.2)

The proof is a generalization of the estimates of the previous section.
Since it is rather long, it will be divided into several steps and take up
essentially the rest of the paper. We restrict in this section to the case
i1 # ... # ip, so that (by renumbering the components) we shall assume
1=1,...,0, =n.

Consider an iterated integral of order n,

G - Cn—1 ~
dBL,(2)... / dBL (n).  (5.3)

[ g

-

B (1,...,n) :/ ngl(l)
g

Decompose each B into series as in section 4. For brevity, we rewrite

TL(i) + TL(0) = 2Re T(1) = ) arz""'&(0) (5.4)

with (i) = & (i) (k > 1), and

a—k = apy2, (i) = —Epya(i) = Epya(@) (k> 0). (5.5)

The main problem (compared to the case of the Lévy area) is to define
properly the decomposition of B””‘(l, ...,n) into the sum of an increment
term 6G and a boundary term B(9).

As we noted in the Introduction, the 'natural’ boundary term for the
Lévy area, namely, —6B7, (1)B%(2), was not 2o -Holder, but only a -
Holder. It is only after restriction to the set of indices {k1,ko > 0 | k1 <
ks} that this boundary term becomes 2o -Hélder. The particular feature
about the two-dimensional case is that there is a simple way to rewrite the
Lévy area [T dB;gl(l) f(fl d322(2) by moving B(1) to the right of B(2) as
foT ngz(2) J CTQ dBZl(l), by using, so to speak, the time-reversal symmetry.
Then the correct definition of the boundary term requires to split the Lévy
area into a sum over each of the two sets of indices (k1 < k), (k1 > k2),
and is given by similar but different expressions on each. Note that diagonal
indices (i.e. such that k; = ko) play no particular role and may be grouped
together with either subset.
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The idea in the multi-dimensional setting is to split the set of indices
Z" into Ugexy Z7, where X, is the group of permutations of {1,...,n}, and
72 = {(k1,... kn) € Z" | [ke(y| < ... < |ke(ny|}- Then the correct definition
of the boundary term over each set of indices Z is obtained by permuting

the order of integration of the multiple integral B™"(1,...,n) according
to the permutation €. Now (except if ¢ = Id is the trivial permutation,
or corresponds to time-reversal, i.e. (i) = n—i+ 1,4 = 1,...,n) the

resulting expression is much more complicated, which requires some extra
combinatorial considerations (see section 6).

In this section, we shall present our estimates in the easier case when e
is the trivial permutation.

Definition 5.1 1. IfA(2) = Y4, i frareoen (2)k (i1) - g, (i), then
we let
PrAGR) = Y frrkn (D)8 (1) - - €, (in) (5.6)

|k1]<...<[|kn]

be the orthogonal projection of A(z) onto the subspace of the n-th Gaus-
sian chaos of I'(i1),...,I'(in) generated by {&k, (i1) ... &k, (in), k1| <

2. Let M = {(k,... kn) € Z" | k1| < ... < |kn|} and B (1. n) =
PTB™"(1,...,n) be the restriction of the sum defining B™"(1,...,n)
to the set of indices 77T .

Generally speaking, all the quantities constructed below which are sums
over some subset of Z™" bear an extra upper index '+’

Elementary computations yield an increment/boundary decomposition
of the iterated integral,

B (1. n) = (5(}%7‘*(1, . ,n)) FBY(L.L, ) @) (5.7)

TO

where G and B(8) will be defined presently.
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Define first the increment term,

GPhH(1,...,n) = Z plfaltectlbnl g ag & (1) &g, (1)

(k15 skn) EZn+

/gkldﬁ/ Ckgd@‘ /C”l ﬁnd{%: (5.8)

kn(kpn—1+kpn) ... (k14 ...+ kp) ’

(k1,...kn)€ZRNZ™+
(5.9)

where by definition [7 ¢ kd—g =if b cikd g = % (k # 0) is the usual integral
of monomials, and Z7 = {(k1,...,kn) € Z" | ky, #0,kp—1+k, #0,..., k1 +

..+kp # 0}. The term R is a sum of logarithmic terms which will not bother
us since the regularization process will remove the indices (kq, ..., k,) which
do not belong to Z}. Note also that this formal integral is self-conjugate,

—ife e M dg=— [T¢Fd¢ = (ﬂ), so G is real-valued.
Now, the boundary term B} " (1,...,n)(d) writes:

Bt (L m)@) =P | 3 BH(L. )

ni+ns=n
~ <n1+1 ~ . Cn—1 -
/O_dBC’rL1+1(n1 + 1)/ dB<n1+2 (nl + 2) e / dBCn (n):|
= —PY > BIT(A,...,m)GR (i + 1, n). (5.10)

ni+ns=n

Consider any regularization procedure Gt o RGM commuting
with the projections onto the Fourier components (ki,...,k,) such that
SRGLM = §GL™+ = 6B (so that RBry = (6B"),,, i.e. the rough path
we are constructing lies aboves B”). Then the regularization scheme for B”
is defined as follows.

Definition 5.2 (regularization for ¢ = Id) Let iy # ... # i,. We define
by induction on n

RBII iy, .., i0)(0) i= =Pt > RBIYH(in, oy iny JRG (iny 41,

ni1+ng=n

(5.11)
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and

RBSH(in, .o yin) = (SRG™ (i, yin) )+ RBEZ (i, i) (0),

TO
5 ) (5.12)
where RG™" is an arbitrary reqularization of G™" — commuting with the
projections onto the Fourier components (ky, ..., ky) — such that SRGY"T =
SGIrt =8B

Then (by a straightforward computation, see also [[f], eq. (6) with a
different sign convention for 9)

(572]3"""7*(1’1, . ,z‘n))m

—pt ¥ {(573]3"1“(@'1,...,im)>mRGZ“+(im+1,---,in)

ni+ne2=n

“RBM (g, i) (672(?"2”’*(2‘”1“, .. ,z’n)> } . (5.13)
uo
Let us prove that the multiplicative property

(57313"77”*(2'1,...,1”)) =Pt 3 RBI (i i RBEE (i, i)

TUC ny+ra=n
(5.14)
holds for every n > 1. Assuming it is true for n =1,..., N — 1, then
TN RBI (i JRBEY (i1 i)
ni+ns=N
=Pt S RBI(in,.. . in) {(5736;"2"”*(@'”1“, . ,iN)) -
ni+ne=N i

p1t+p2=n2

7T+ y ~ Tt (g y
E RBPl ZTL1+17 . 72n1+p1)RG52 (Zn1+p1+17 s aZN)}

S RBIH (i ing) (572@"2“(2'”1“, . ,z'N)>

ni+nas=N ua
Ry (5RBq1’T’+(i1,...,z’q1)) RGETH (i 1, iy
q1+q2=N e
- (5RBN7“+(¢1,...,1N)> (5.15)

hence the multiplicative property holds for every N > 1.
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5.2 Definition and estimates of the regularized increment
term

The regularized increment term (as in the case of the Lévy area) will be ob-
tained by restricting the sum defining the increment term to an appropriate
subset.

Definition 5.3 (regularized increment term for ¢ = 1) Let

Z,Tfe;' = {(k1,. . ko) €Z™T | Vi=1,...,n—1|kj + ...+ kn| > Creglnl}

(5.16)
for some constant Creq € (0,1). Then we define the regularized increment
term RG™"(1,...,n) to be

RGZ’T’JF(L o ,n) — E : |k1\+...+\kn|
(klv 7k?n EZ:‘Le;»

apy - g, &gy (1) . &, (0 / Ckldgl/ Ckzd@ ./Cn 1 jjndgi"

(5.17)

If k > 1, we denote by R *G2"(1,...,n), resp. R G277 (1,...,n)
the corresponding truncated series, resp. remainder as in section 2.

Note that the exponent of z in the series (5.17) is k1 + ... + k,, and that
condition (p.16) entails the absence of any logarithmic term in the series.

Remark. One may also set simply RG™"*(1,...,n) = 0 for every
n > 2 (or, formally, C.y = 00). Our regularization procedure is minimal in
the sense that we only discard in the sum (f.17) (as in section 4) an adequate
subset of indices Z™t \ Zreg which makes the series divergent. Note also
that (Z™+\Zreg )AN® = 0if Cyeq € (0,1), s0 no regularization is required to
define iterated integrals of the I'-process (corresponding to positive indices
k1,...,ky): hence our construction coincides with that of [B1] in the case of
the analytic fractional Brownian motion I.

Lemma 5.4 (Holder estimate for the regularized increment term)
Let a < 1/n. There exists a constant C' such that

- 2
sup E <5RG””’+) ,...,n)| <cdo, ) (5.18)

o,7eC TO
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Also, considering the series truncated to order k > 0 instead,

sup E ((5 kRG"’T’+)

o,7eC

2
a,... ,n)‘ < C'(d(o, T)E )2, (5.19)

TO

Proof. Consider the restricted sum in the above formula (.9). By
definition of Z?é'g'r, the denominator is larger than a constant times |k;,|",
while ag, ...ar, S |k, |"(1/2=)  Note also that the exponent of z, namely,

ki1+...+ky,, differs from k, by a multiplicative factor which is bounded and
bounded away from 0 (namely, Creglkn| < |k1 + ... + kn| < nlky|). Hence

RGI™H(L,...,n) =Y Cgz™, (5.20)
KezZ

where
VarCx < Card {(ky,... kn) € Zf | ki + ...+ ky = K} . K@t < jrmizana
(5.21)

Hence (by Lemma P.1] and Lemma P.J) the conclusion of the Lemma holds.
|

Lemma 5.5 (Rate of convergence for the regularized increment term)
Let o < 1/n. Then there exists a constant C' such that

~ - 2
E|RG™H(1,...,n) — RG> (1,... n)| <C|r —ry*. (5.22)

Proof. ) )
Let X" .= RGIP™H(1,...,n) — RGZ™7(1,...,n): then
|k1l4.+lki—1], [kitr1|+...4lkn] o
X rre,t = 3 "2 " Hj?éi [akjfkj ('7)]
# . (ki + D)+ + K
i=1 (k1,...,kn)EZ?{$ H];ﬁz(( J ) n)
Sk af, Eo(s { kil K, |kl kz}
At L () ey 2 — 1y .
ki+...+kn£’“() 1 2
(5.23)
|kl

The variance of the coefficient of 7' is

S Y ST RTTENS DD ke g e

Ve > kil 15 < [fon G=1,0...n— 1,5 Jen|> ki
(5.24)

34



if i #n, and

Sk S > (Fen | 717200 S | 7120 (5.25)
‘kllv---7|kn71‘§|kn|

Hence (by Lemma B.1) B[ X712 < Clryz — rg22" = Cry — ro|?.
O
5.3 Estimates for the boundary terms

Lemma 5.6 Leta < 1/n. The regularized boundary term RBIJ (1, ..., n)(d)
satisfies:

- 2
E|RB™(1,...,n)(d)| < Cd(o,T)*"™ (5.26)

for a certain constant C'.

Proof.

First step.

Take distinct indices ig # ... # in and let k € Z. Let REL" (K] (ig; i1, - - - 1 in)
be the sum of the terms in the series R kG?+1’r’+(i0,i1, ...,ip) such that
ko = k. Then

Rﬁg7r7+[k](i0; ilv s azn)
= r*la,eio) Z PRl A En]

(k1 yeeeskin ) LTS 311 |2 |K |kt k1 - Ahon | > Creg [ Fon|

- N z d o d Cn—1 dé,
o Gy (i0) (i) [T [T [ e,

(5.27)

Then the variance of R HY"[k](ig; i1, ..., ipn) is bounded uniformly in
z (up to a constant) by

‘k’—1—2o¢ H Z ‘kj’—1—2o¢ 5 ’k‘—l—2a(n+1)' (528)
J=11kj|=|k|

Second step.
Apply repeatedly Definition f.3: RB?;JZ(L ...,n)(9) may be written
as a sum of terms of the form A, := PT(6RG™ " F(1,...,n1))r¢ By, where

B, :=PTRG™ ™" (g +1,... ng). .. Régp_npfl’rﬂr(np_l +1,...,np).
RGP (ny + 1, n). (5.29)
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Write Ary = 3 keq Ok (0) (75 — o%) by expanding RG™ " (1,...,n1)
into series. By definition of Zy&yt, |K| < |kn,| < |K|. Let By[k] be the
expression obtained by keeping all terms in the series decomposition of B,

such that ky,+1 = k: a simple generalization of Step 1 (by induction on p)
leads to Var By[k] < |k|7*72("="1) Then

VarCJ (o) < VarCy Z Var B, [k] (5.30)
k> | K|

where C is the coefficient of 2% in the series RG"1’7’7+(1, ...,n1). By the
proof of lemma [4, VarCx < |K|7172™M% hence VarCl; (o) < |K|~12ne
uniformly in o. This implies E|A,,|?> < d(o,7)?"* by Lemma P.1.

O

Lemma 5.7 (rate of convergence) Let o < 1/n. There exists a constant
C' such that, for every % <ry,ro<1lando,m€C,

~ ~ 2
E‘RBQ;}’l’*(@)(l,...,n)—RB’T‘f’*(@)(l,...,n)‘ < Clry — . (5.31)

Proof. The difference X7y ""? := RB?’;I&(L . ,n)(@)—RB?;ﬁQ’+(1, .
writes (see Definition [.9)

Pt > (RB?};”’*(L my) — RBMT2T(1 ,nl)) RG22 (ny +1,...,n)

ni+no2=n

—Pt S RBIE(L.. ) (Régz’”’J’(nl F1,..,n) — RG24 1, ,n)) .

ni+nos=n

The result follows now from the estimates of subsection 5.2 by induction
on n. O

6 Iterated integrals of superior order: case of dis-
tinct indices

6.1 General setting

We keep in this section (with an index shift which will prove later on to be
convenient) the hypothesis iy # ... # i,-1 and set ip =0,...,i,-1 =n — 1,
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but consider this time indices (ko, ..., k,—1) in the domain

Z? = {(k(),... Kp— 1) eZ” ’ ‘k ‘ . < ’ks(n 1)’} (61)
for some fixed (non-trivial) permutation ¢ : {0,...,n — 1} — {0,...,n —
1}. We propose to introduce an appropriate regularization of the part of
B (0,...,n — 1) = [T dB[ (0) fCI dB’" fC” ! dBT’ _,(n = 1) corre-

sponding to this subset of indices.
Permuting the order of integration according to the permutation €, an
arbitrary iterated integral

CO Cnfl
/d(o dCI / an_lf((Oa--an—l)

Cn—l
writes o g i
" dG(0) /Tn e(n—1)
oo G Jow i Cnen) FCe)s -+ Cenan)
for some intervals [og, 0] = [0, 7], [0, 71); .- ., [0n—1,Tn—1]. Whriting

gj
as the j-th row of a 2 x n-matrix, and choosing as labels of the rows the
component indices i; = j, leads more generally to the next definition.

Definition 6.1 1. Let T = (T(4,7))1<i<2,0<j<n—1 be a matriz with 2
lines and n rows, with coefficients in the set V :={0,...,n—1}U{o, T},
and L(T,j) € N, j = 0,...,n — 1 be some integer labels. It may
be seen as an oriented graph with set of vertices V and set of edges
E = {(v,w) € {0,...,n — 1} x V |v — w}, where by definition
i — w (1 €{0,...,n—1}, w € V), read: i connects directly to
w, if w = T(1,7) or T(2,i). Write T.j for the row < ¥E;7§§ > We
call T an integration graph if:

(Z) (Zaj) GE, i7j€{07"-7n_1}:>j<i;

(ii) ']1‘.0:(;) or(i).

We identify two integration graphs T and T’ if some permutation of the
vertices € : {0,...,n—1} — {0,...,n — 1} such that (i,j) € E(T) <
(e(i),e(y)) € E(T') and £(T',e(j)) = €(T,j) transforms T into T’.
This defines equivalence classes of integration graphs.
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2. Let T be an integration graph. We call T an integration tree (or simply

a tree) if
T — T 41 G2 ... dp—1 (62)
o o o ... O '
with i € {0,...,7—1}. It may be seen as a decorated rooted tree with

vertices j =0 (root), 1,...,n — 1 wearing the label {(T, 7).

More generally, if ij,,...,1;, = 7 for some j1,...,5;7 = 1,...,n —1,
then T is called an integration forest (or simply a forest) and may be
seen as a decorated forest (i.e. a disjoint union of decorated rooted
trees) with roots 0,j1,...,77.

3. Let T = (T(i,7))1<i<2,0<j<n—1 be a matriz with coefficients in the set
V UQ. Then T is called a truncated integration graph if condition (i)

is satisfied and T.j # ( g > for every j.

4. Ifiy —i9 — ... —ij_1 — w for some indices i1, ... ,i;—1 € {0,...,n—
1} and w € V, then we shall write i1 — w, and say that i1 connects
to w.

5. If a,b are some symbols (in practice, a,b € {o,7,u} only), then [Ty,
18 the graph obtained by replacing all occurrences of the symbol o, resp.
T, by a, resp. b.

Trees T grow up starting from their root, but (by convention) arrows go
down, so that v is 'below’ w if w — v (see figures in subsection 6.2 below).
The ’boundary vertices’ o, 7 and the arrows leading to them are never
considered when looking at the tree structure, which is really T\ {o,7}. By
a slight abuse of notation, we shall write T both for the underlying graph
structure and for the underlying tree structure.

Definition 6.2 (operations on integration graphs) 1. AssumeT =
(T(4,7))1<i<2,0<j<n—1 is some (possibly truncated) integration graph.
Then —T is the graph obtained from T by permuting the entries of the
row number j for some j =0,...,n—1.

2. LetTy, Ty be some (possibly truncated) integration graphs of dimension
n with the same labels, such that the rows of T1 and To are identical,
save for row number j for some j = 0,...,n — 1, and furthermore,
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Ti(1,5) = T9(2,5), resp. T1(2,7) = Ta(1,5). Then T := Ty + Ty is
the integration graph of dimension n defined by

T.k:T‘l.k:T}ky (k‘%j% |
(163)=(%ih ) = (2] ) o9

Operations 1 and 2 may be represented simply as operations on the

. a c a
rownumberj,namely,<C>—|—<b>:<b>.

3. Let Ty, resp. Tqy be a (possibly truncated) integration graph of dimen-
ston ny, resp. ny. Then T1.Ty = (']I‘l ‘ Tg) is the integration graph of
dimension nq + ne obtained by keeping the same labels and moving To
to the right of Ty, i.e. such that

(Tl.Tg).j = Tl.j (0 S] < ny — 1) (64)

and (T1.T2)(i,n1 + j) = Ta(i,7) if Ta(i,j) = o or 7, Ta(i,j) +m
otherwise (0 < j <mng—1).

Conversely, if T is some (possibly truncated) integration graph, then
‘cutting’ it along every row of the form ;: yields a decomposition

of T into a product of indecomposable graphs. In particular, if T is a
forest, then T decomposes into a product of trees.

The objects we consider live actually in the free commutative algebra
over 7Z generated by truncated integration graphs, quotiented out by the
above rules. Restricting to (non-truncated) forests, the relevant structure is
that of the Hopf algebra 7 of decorated rooted trees, generated by trees (or
rather forests) and with coproduct structure given in subsection 6.2 below.
By Lemma [.7, integration graphs may be seen as linear combinations of
forests, so we are really working in 7. The relation between labeled rooted
trees and iterated integrals has been known for a long time, see for instance
[B, @]. It has recently received some interest because of the introduction of
the Hopf algebra of decorated rooted trees by A. Connes, D. Kreimer [f, i, §],
see also the papers by C. Brouder, A. Frabetti and L. Foissy [, B, [[J] in
the context of Feynmann graphs in quantum field theory. The notion of
integration graphs and the representation by matrices is only a by-product
of this, but it is also convenient. The algebraic structure is best seen on
trees, but matrices are sometimes more visual and also useful when studying
iterated integrals with varying boundaries o, 7, u.
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Definition 6.3 (integration along a tree) LetT be a (possibly truncated)
integration graph with distinct labels {{y := ¢(T,0),...,¢p—1 := £(T,n —
D} =V, and f : CV¢ := {(¢)vev, } — C be a Laurent series, f(Crgy---,Co,_ 1) =

kalo,,mwlgfjo ...CZZI. Then we let (assuming the expression below
converges)
T(1,0) d<- T(1,1) dC T(1,n—1) ng -
Fr(Plew = [T [ T G ),
1200 S Jr21) Co T2n-1) Cln s

(6.5)
where all occurrences of T, resp. o have been replaced by z, resp. w.
If 7 does not occur in T, we shall simply write [I1f],, meaning that all
occurrences of o should be replaced by w.
This definition extends immediately by linearity to formal linear combi-
nations of graphs.

Remark. If T is a truncated graph, then [~ de—f, resp. fg Ck% (as

in subsection 5.1) is defined as % (k # 0), resp. —U—;. For general trun-

cated graphs, some extra conditions on f (which are always satisfied in our
computations) are needed to ensure that no logarithmic terms appear.

Lemma 6.4 Let T be a (possibly truncated) integration graph with distinct
labels {€g := £(T,0),..., 01 :=4(T,n—1)} := V. Assume T = T;.T,.

1. Let f = fr,®...®@ fo, :CVt — C, then
Ir(f)lro = [IT1(f|g(V(T1)))]TU[IT2 (f‘g(v(qb)))]ﬂrv (6.6)

where, given a subset W = {i1,...,i;} C £(V(T)), f‘W =fi®...Q
i

2. (multilinear extension of 1.) Let f = Efk507___,kzn71C&fO ®R...® Cz:ff;l
be a converging Laurent series, then

[IT(f)]m = [[T1]TJ : [ITz]Ta(f)a (6-7)

where by definition

U Jro - Unleo(F) =D Frogroke, [I’]Tl <®le£(v(’]1‘1))<lkl>]TU [ITQ <®le£(V(T2))Clkl)}
(6.8)

TO
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Proof. Immediate. O
Recall €: {0,...,n— 1} — {0,...,n — 1} is an arbitrary permutation.

Definition 6.5 (permutation integration graphs) Let T¢ be the inte-
gration graph given by

e(T(1,5)) = max{i’ =¢(1),...,e(j — 1) | 7 < e(4)}, (6.9)

resp. T if this set is empty, and

((T(2,5) = min{i' =(1),...,e(—1) | ¥ > ()}, (6.10)
resp. o if this set is empty, with labels £(T¢,5) = j.

Note our choice of labels, which is identical for all T¢, € € X2,.
In particular, T'" = < T Ol e >
o o o o o

It is easy to check that an integration graph T is a permutation graph (up
to the sign, see Definition f.9) if and only if, for every j, T(1,) — T(2,7)
or T(2,5) — T(1,7). For if this is the case, then € may be retrieved step
by step by inserting £(j) inside the set {7,(1),...,e(j —1),0} between the
neighbouring positions ¢(T(1, 7)) and (T(2, 5)).

The motivation for introducing these permutation graphs comes from
the following.

Lemma 6.6 Let, for any Laurent series f : C" — C such that the integrals
converge,

T ¢o Cn—2
I (f) = / deo [Fda / Yn 1 forei o). (6.11)

CO o Cl Cn—l
Then, for every permutation €,
I8,(f) = Ire(f 02) (6.12)

where by definition, fo(Co,. .., Cu1) i= F(Ce)s+ -+ Ce(nn))-

Proof. Elementary. O
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Lemma 6.7 (decomposition of an integration graph) LetT be a (non-
truncated) integration graph. Split each row of index j, j > 1, in the follow-
mg way:

()-(3)-(2) ()=(2)-(2) o

and decompose each forest thus obtained into a product of trees. Then T
writes

T = ZiTH Ty L) (6.14)
where each Ty, is an integmtzon tree.
Proof. Elementary. O

We shall be interested for application to fBm in the following function:

Definition 6.8 (defining function for iterated integrals) 1. Let, for

any multi-index © = {ig,...,in—1},
)= S0 plkesee k)
[ke(o) | < <lke(n—1)l
plholtotlbntlg, - ap & (o). Epyy (in1) . CRO L CEn

(6.15)

€

where p(ko, ..., kn—1) = ‘E | and Xy is the 'index-fizing’ subgroup of

permutations e’ : {0, .. 1} —{0,...,n—1} such that (ko, ..., kn—1) =

(ke’(O)v SRR ke’(n—l)): and
B (io, . ..y inm1) 1= I (fi). (6.16)
2. Let, for V.={vp,...,vj1} C{0,...,n—1},
fnre‘ (Cvov'--a<vj71)3: Z PV(k’vm---,k‘uj,l)

(kug wrskin, _1)ES

kg |44 v, = . = . k
rlFvol | “371|akvo "'akuj,lfkuo (ZUO)”'Skvjil(ZUj—l)  Cup?

Cvj
(6.17)

where S = {(kugs - kv,_y) € Z7 | e Hvy) < e (vy) = |k, | < ko, |}
1

and py (kugs -5 ku,_y) = S hogsernsbv;_ I
,,,,, i

If i ={0,...,n — 1} or if no confusion is possible, we shall drop the
lower index © and write simply f™"¢ or f"""ve‘v
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By definition,
B =) B~ (6.18)
€€,
Note that the coefficient p is generically 1, so that we may essentially forget
about it. Seeing B™"¢ as It (f™"% o e) will allows us to define its regular-
ization in the next subsection.

Definition 6.9 (well-labeled tree) Let T be a decorated rooted tree with
distinct labels. We shall say that T is well-labeled if £(v) < {(w) whenever
v,w €T and w — v.

Then ¢ induces a total ordering on V(T), compatible with the tree partial
ordering given by —. By a slight abuse of notation, we shall index the
vertices by their label and write v < w if £(v) < {(w).

The above definition extends naturally to forests. Those appearing in
the decomposition of T¢ (see Definition [.§ and Lemma [.7) are naturally
well-labeled. As we shall see, Holder estimates hold when one integrates an
appropriate regularization of f™"¢ o e along well-labeled trees.

6.2 Tree multiplicative property

Definition 6.10 (admissible cuts) 1. Let T be a tree, with set of ver-
tices V(T) and root denoted by 0. If v = (v1,...,vy) is any totally
disconnected subset of V(T) \ {0}, i.e. v; A vj foralli,j=1,...,J,
then we shall say that v is an admissible cut of T, and write v = V(T).
We let R,T be the sub-forest (or sub-tree if J = 1) obtained by keeping
only the vertices above v, i.e. V(R,T) = vU{w € V(T): 3Jj =
L...,J,w = v;}, and L,T be the sub-tree obtained by keeping all
other vertices.

2. Let T=Ty... T be a forest, together with its decomposition into trees.
Then an admissible cut of T is a disjoint union v1U...Uwv;, v; C Ty,
where v; is either 0, {0;} (root of T;) or an admissible cut of T;. By
definition, we let Ly T = Ly, Ty ... Ly, T;, RyT = Ry, Ty ... Ry, T (if
v =0, resp. {0;}, then (Ly, Ty, Ry, T;) := (T4, 0), resp. (0,T;)).

We exclude by convention the two trivial cuts QU ... U D and {01} U
..U {01}

See Fig. [l and P.
Let us give two explicit examples (the notation Sk (skeleton) is defined

in Definition below):
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Figure 2: Non-admissible cut.

Example 1. T = Tld» = T 0L n_2>.Thenthetree']T
c o o o

is simply a trunk (see Fig. f]), so admissible cuts are made of just one cut
at height n; = 1,...,n —1. Then L, T = Tldn, R, T = Tldn—n1  while

0 1 ... -2
[SkT]U:‘<S 00 0 )
n-1 ?
1
0

Figure 3: Trunk tree. Vertices are always indexed by their labels.

Example 2 (see Fig. H).
T 0 7 T 0 T
Lete:(0,1,2) — (1,2,0). ThenTg—<U ” O>_< ) . < )—
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/ 1 2
0 0 o1 oe (I

Figure 4: From left to I‘ight: T/; L{l}T/ X R{l}T/; L{LQ}T/ (24 R{l)g}T/.

,]I,,_TOO
“\No o o)

Consider T'. Then v = {1}, {2} or {1,2} and

T .0 T 0
LT’ = < o . 0 )  RyT' = ( o ) , SkRyT' = — < o > ;
(

T’ where

T T T T T
oot =(5) o= (5 0)=(2)(5)
0 0
N
senuam = (1) (1), -
Lemma 6.11 (tree multiplicative property) (see [[1]) Let T be a for-

est. Then

(0T ruo = [Thro = [Tru = [Thuo = Y [LoTlru[RoTluo- (6.22)

Proof.

Assume first that T is a tree. We shall prove this relation by induction
on the number of vertices. Let T’ be the tree obtained by adding to T a
vertex w’ such that w’' — w € T.

Let v = V(T). There are two cases (see Fig. [l)):

(i) ("down’ case) either there is some vy € v such that vy = w or w — v4. Then vy

is necessarily unique and v = {vg} U vy, vy, = {v1,...,vs} totally
disconnected, such that v; 4 vg and vg /4 v; for j =1,...,J;
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(ii) ("up’ case) or v = v, with v, = {vy,...,v;} totally disconnected such that v; #
wand w A vjfor j=1,...,J.

Note that an admissible cut of T is ipso facto also an admissible cut of
T. If v = {vg} Uwv, (down case), then v U {w'} is not an admissible cut
of T'. On the contrary (up case), v’ := v U {w'} is admissible. Finally, the
single cut {w'} is also an admissible cut of T'.

Assume property (6.23) is true for T. Then

M) = [P — e = (mﬂ ﬁ,")—(mm O) - (me )

( ~ [T | ¥ ) + ([T]Tu | >
= ( ru | > > A, (6.23)
o= (pm

vE=V(T)
where

[LoT)ru[RoTuo | > (6.24)

(i) (down case) Assume v = {v4} Uv,. Then L,T' = LT, [RyT' ]y = <R1,T ‘ ;U )
hence [LyT |7y [RoT o = Av.
(ii) (up case) Assume v = v, and let as before v’ = v, U {w'}. Then

w

[L’UT,]T’U, = <[L’UT]TU ‘ u

> . R,T' = R,T; (6.25)

[LyT] = LyT, [RyT]ue = <[Rv']1‘]ug | g > (6.26)

hence [LyT|ru[RoT o + [Lo T ru [ Ry T ue = Awp-

(iii) Assume v = {w'}. Then [Lgyny TRy T'luo = <[T]m ‘ Z ) .

Ifnow T=T;...T;, I >1is a forest, then (as a straightforward compu-
tation proves)

[5(T'Tl+1)]7u0 = ([T]'ru + [T]uo + [5T]Tu0)([Tl+1]Tu + [Tl—i-l]ua + [5Tl+1]rua)
_[T]TU[TI+1]TU - [T]ua [Tl—l-l]ua
(6.27)

46



hence (by induction on )

l l l
5T Tuo’ H ucr 5T Tucr H H[Tj]uov (628)
i=1 j=1 j=1

hence the result (the last two terms corresponding to the two forbidden
trivial cuts, see Definition [.10).
O

Definition 6.12 (skeleton of a graph) 1. Let T be a tree. Then the
skeleton of T is the truncated graph [Sk(T)], obtained by replacing all
occurrences of the vertex o in T by (), except for the first row which we

set equal to Sk(T).0 = — ( 2 )

2. If T=Ty...Ty is a forest together with its tree decomposition, then
define SKT = Sk(Ty) ... Sk(Ty).

See Examples 1 and 2 above.

Lemma 6.13 (skeleton decomposition) Let T be a tree. Then

[T]TU = [5Sk(T)]TU - Z [LvT]TU[Sk(RvT)]U (6-29)
o= V(T)

where [0(SkT)],, := [SkT]; — [SkT],.

Proof.
The proof is similar to that of the preceding lemma and we shall use the
same notations. One has by induction hypothesis:

T = (e | ) = (108KCDLe| 2 ) - Y A G

o=V (T
where
Ay = (LTS | ). (631
Note that
[6SK(T')] g ([5Sk oo | > (6.32)
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GH@mw%QTMn%T:LJJ%@ﬂWU:Q%QJMJ/g>

(ii) (up case) Then
(LT = ([L,ﬂr]m v ) SK(RuT') = Sk(R,T)
LT = LT, KR/ = - (MR | ) ) 639

(iii) Let v = {w'},

[L{w’}T,]TU = [T]+o = [6SkT];o— Z [LyT] -0 [Sk(RoT)]o, [Sk(R{w’}T/)]U ==

v=V(T)
(6.34)
Recombining all these identities gives
Mo = [0SK(T)]ro — Y [LoT)ro[Sk(RoT')],- (6.35)
vV (TY)
O

Consider now f = f™"¢ as defined in Definition [.§, and assume (as

in subsection 5.1) some regularization procedure Igyr(f™"° —

©€ ‘V(T))
RlIger(f™™F o s‘V(T)), commuting with the projection onto the Fourier com-

ponents, has been defined for any well-labeled tree T (see Definition [.9),
such that

[5RISkT(fn’T’£ o €|V(T))]Tcr = [(SISk?l‘(]m’r"E o €|V(T))]TU = 5B:J(€(U)) (6'36)
if T = {v} is the trivial tree with one vertex, v.

Lemma 6.14 (regularization) Let T = T;...T; be a well-labeled forest,

together with its tree decomposition. Define by induction the regularized
integral [RIt)., by

l

[[{0Rmel, ~ 3 Ris), Risnsl,p (690
j=1 vV (T))

where the argument f = f™"oe has been omitted (see Lemma [6.4 (2)),
and where Igyr — Rlger is any reqularization procedure commuting with
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the projections onto the Fourier components such that eq. (B-3G) is satisfied.

Then [RlIt|,, satisfies the following tree multiplicative property:
ORIT] e = Y [RIL,tlpy - [RIR,Tly - (6.38)
vE=V(T)

By analogy with section 5, [RIt;(0)]ro = [5Rlsquj]

TO

; TESD. [RIT]‘ (a)]Tcr =

— Zv;:V(Tj) [RI LvTj]m [RISk quyj]a will be called the increment, resp. bound-

ary term associated to the tree T;.

Remarks.

e If ¢ = Id,, and T = T is the trunk tree, then eq. (6.37) coincides
with eq. (F.10), and the tree multiplicative property ([.3§) is identical
to the multiplicative property (5.14).

e Mind that [RIL,T]ru[RIR,Tlus(f) is a bilinear expression, not a prod-
uct. However, projecting f = f™™° o e onto any of its Fourier com-
ponents transforms the expressions (6.37) and (6.3§) into products
and the 'projected’ multiplicative property (p.14) into the usual mul-
tiplicative property (ii) of the Introduction. Identities (5.14) and (5.39)
may be seen as 'tensorized’ (or also 'projected’) versions of the ordi-
nary /tree multiplicative property which hold for functions f which are
of the product form fo®...® f,—1 (see Lemma .4, (1) and (2)).

Proof. If the multiplicative property (p.3§) holds for trees, then it holds
automatically for forests since [RIT, T,]r» is the product Hé-:l[RITj]m.
Hence we may assume that T is a tree, say, with n vertices. Suppose (by
induction) that the above multiplicative property (6.38) holds for all trees
with <n — 1 vertices. Then

ORIty = Y (— ORIL,T] 00 [RIsk(R,T)], + [RIL,T]., [5RISk(RvT)]M>

vE=V(T)

= Z Z (— (RILyoro(m),, [RIRwoLs(m)],, [RIskR, T,
V=V (T) w=V (Lo T)

+ [RIzl,, [(RIsqr,m],, )

Let x =vlw:=vUw\{i cvUw |3Jje€vUw]|i— j}. Then
one easily proves that L., o Ly(T) = Lg(T), Ry(T) = R, o Ry(T) and
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Ry 0 Ly(T) = Ly 0 Rg(T). Hence

[(RIT]rue = Z [RIL,Tlru | — Z [RIL,(ReT)uo[RIskRr, (ReT)]o + [(RIsk(R,T) uo
2=V (T) oV (RaT)
= Z [R[LwT]Tu[RIRwT]uU' (640)
z=V(T)
o

J

We shall now prove that property (6.3§) implies (after summing over all
permutations ¢) the usual multiplicative property (ii) of the Introduction
for RB™". Since R commutes with the projections onto the Fourier compo-
nents, it is enough to prove this for any Fourier component of RB™". The
following Lemma proves that the non-tensorized versions of the usual/tree
multiplicative properties are equivalent.

Lemma 6.15 (tree versus usual multiplicative property) Lete € 3,
and Ty be the set of well-labeled forests with < N wvertices. Assume the
tree functional (XS, (T))rery satisfies the (non-tensorized) tree multiplica-
tive property, namely,

6XS, (Mlrus = > X5, (LoT) . X5, (R T), (6.41)
wEV(T)

and that XS (T) = X (Ty)... X (T) if T=Ty... Ty is a forest.

Let © = (i1,...,%) € {0,...,n — 1}, i1 # ... # i;. Denote by ¢; the
restriction of € to (i1,...,4;); one may see €; as an element of ¥; by renum-
bering (i1, ...,4;) and (e(i1),...,&(i;)) as (0,...,l—1) without changing their
ordering. Decompose the graph T% as a sum Y, £T; ;... T; 1, of well-labeled
forests as in Lemma [6.7, and define

XL (iny . oyig) =) EXE (Tug) ... X5, (T L) (6.42)
!
Then (XL_,...,XN) satisfies the usual multiplicative property (ii) of the
Introduction.
Proof. Let ¢ € ¥, and ¢ := Te(i)e(i41) © € Where 7.;) .i41) 1s the

transposition of the neighbours (i) and €(: +1). Let T® = )", +T;, T; =
Ty1...Tyz be the tree decomposition of T¢ as in Lemma [.7. Fix some
index [. Then the vertices £(i), (i + 1) may:
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(i) either belong to two unconnected branches of T; ; for some j;
(ii) or be successive vertices on the same branch of T; ; for some j;

(iii) or belong to two different tree components Ty ;, T; j» of T;.

If e(i) € Ty, welet e(i)! = {e(i)}U{v € Ty | v — (i), v #e(i+1),v /4
e(i + 1)} be the set of vertices lying ’above’ £(i) but not on or above the
branch containing both £(i) and £(i+ 1), and £(i)~ be the vertex below &(i),
i.e. £(i) — e(i)~ (unless (4) is the root of T; ;). Let also T;; = Ty ; \ £(i)!
be the tree obtained from Ty ; by ’skipping’ (i) while going down T, ;.

Now T¢" may be gotten from T¢ by transforming each T; in the following
way':

—if (i),e(i + 1) belong to different trees or to unconnected branches of
the same tree (cases (i), (iii)), do nothing;

—if (i), e(i + 1) € Ty; for some j and, say, (i + 1) — (i) (case (ii))
then split T ; into ']I‘+ ']I‘l ], Where ']I‘l , resp. T is obtained from T; j by
grafting the branch e(i)! at £(i)~, resp. (i + 1). See Fig. | and fd.

g(i+1)
e(i)
(i) s(|+1) €(i+1)
€(i)

Figure 5: T :=T;;, T+ and T~. In this case £(i)! = {e(i),v} and (i)~ = 0.

w
£(i+1) I ./ I/O/e:
£(i) g(i+1) e(i) g(i+1)

Figure 6: R,T, (R,T)* = (RyT\e(i)!) . 2(i), and (RyT)~ = GrZl it (R, T\e(i)")
with v = {e(4)}.

In the special case when ¢(i) is the root of T;;, then we set ']I‘;’rj =
T ;. e@)! (']I‘lfj is then a forest).

These transformations are simply the tree counterpart of the following
identities obtained by exchanging the integrations with respect to (.(;) and

Ce(it1):
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Sty Ce (i) Ceti)— Ceti)—
e [ = [ e [ g
o (o g e(i+1)
Cs(i)f Cs(i)f Cs(i+1)

and similarly (if (7) is a root)

T Ce(d) T T Ce(it1)
/ dCa(i)/ dCe(it1) --- = / dCe(it1) (/ de(i) —/ dCa(i))

(6.44)

Since every permutation € may be written as a product of transpositions

between neighbours, and the lemma is trivially true for € = 1, all we need
to prove is that (assuming we are in case (ii) and, say, (i + 1) — £(i))

[5X€ (Tl,j)]Tuo = [5X€, (Tl—t_j)]Tuo - [5X€/ (Tl_,j)]ﬂ'ucr- (6'45)

Consider v = V(T ;) as in the proof of Lemma 6.11. There are three
cases:

(i) e(i),e(i + 1) & v: then both (i) and (i + 1) are on the same side
of the cut, i.e. €(i),e(i + 1) € LTy or €(i),e(i + 1) € RyT; ;, hence
(applying the same rules as for the transformation T¢ — T either to
LTy j orto Ry Ty ;) X5, (Lo Ty ;) X5, (R ;) is equal to its right hand-

side counterpart {Xilu(Lv(Ter)) - XF;IU(L,,(']I‘I_J))} X, (Ry(Ty ;) or
X (Lo(T1)) { X5 (Ru(T},) — X2, (Ro(T; )}

(ii) (i) € v (hence (i + 1) & v): then the corresponding cut on the right

hand-side gives no contribution, since (Lv(']I‘f'j), R,,(’]I‘;rj)) = (Lv(’]I'l_j), Rv(’]I'l_j))

(namely, grafting £(i)! at (i)~ and then stripping it is equivalent to
grafting it at £(¢ + 1) and stripping it). As for the left hand-side, it
writes

[Xe(L le)]'ru[ 6(Rv’]rl,j)]ucr = [Xe, (Lle,j)]Tu

(X (RT3 \ =) Vo [X () iy — (X7 (GrE D (BT \ 2(6) ) |

=: A + As

where R, T, ; \ £(i)!, resp. Gregi)ﬂ)(R T;; \ €(i)") is obtained from

R, T ; by skipping the branch (i), resp. by grafting it at (i + 1).
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(ili) e(i 4+ 1) € v (hence (i) ¢ v): then the contribution to 6X°(T; ;) and
oX* (']Tf:j) are the same, while the contribution to §X¢ (T;;) is equal
to As.

Finally, adding (i 4+ 1) to the cut v of case (ii) yields an admissible cut
of ’]I‘er and leads to a contribution in the right hand-side which is equal to
Ay

O

6.3 Definition and estimates of the regularized increment
term

Recall (see Lemma p.7) that T¢ is a finite sum Y, +T; ;... T; ). Let
T =T, ; be any of the trees appearing in this decomposition (for the sake of
brevity, we shall simply write T C T¢). The estimates of RIt we obtain in
the present and the next subsection imply in a straightforward way Theorem
in the Introduction. We shall now prove estimates for the regularized
increment term RI7(5) = dRIgkr. Recall (see Definition (.9) that the ver-
tices of T are indexed by — and totally ordered according to — their labels;
by definition also, if (ko, ..., kp—1) is a multi-index in the defining function
[ oe, then v < w = |ky| < |kyl.

Definition 6.16 Fiz C.., € (0,1). Let, for T C T° with set of vertices
V(T) ={v1 <... <wvj},
A {(koy s ko,) €70 | |kuy| < ... < |ky,| and

reg

Yo € V(T), [ky + D kul > Cregmax{|ky|; w — v} }.(6.47)

w—»v

Let RIgir(f™"¢ o g‘V(Sk’E)) = Igkr(freg© o €|V(Sk’]1‘)) where the reqularized

defining function frég® is defined as follows:

71‘167;76 © E‘v(SkT)(Cvu o JC'Uj) =

k vtk g g kv
S rhmberhlay g, G (6(00) ., ()G

(kvl 7...,]{)1}]. )ezgeg

Remark 6.17 Since T is well-labeled, by definition, |ky| < |ky| whenever
v,w € T and w — v; in other words, the multi-index (|k,|,v € V(T))
s increasing with respect to the partial ordering —». It is actually totally
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ordered with respect to the label ordering (and we shall use this fact in the
course of the proofs), but any total ordering compatible with the tree partial
ordering would give the same results. Hence the only essential property is
the fact that T is well-labeled.

Lemma 6.18 (Holder estimate and rate of convergence) LetT C T°
and o < 1/n.

1. The skeleton term RIgkr := Rilgkr(f™"™ o E‘V(T)) writes

c & kyy+...tky
[Rlsxr]: = Z rlkv1‘+---+|k‘vj|ak“1 - Wy Sy (e(v1)) - Sk, (e(vy))=™ ’
(kvly---ykvj)ezjgeg H’UEV(T) [k’l} + Ew—»v kw]
(6.49)

2. It satisfies the required Holder estimate:
E |[6RIskr] 0| < Cd(o, )%V DI, (6.50)

3. (rate of convergence) : there exists a constant C > 0 such that, for
every % <ryre<1lando,7me€C,

2
B[R Isir (/"% 0 €]y g lro = [FRIsir (f7% 0 E‘V(T))]TU‘ < Clri—ral*.
(6.51)

Proof.

1. Easy computation (generalization of eq. (.9)).

2. (Holder estimate)

Let V(T) = {v1 < ... <wj}, so that |k, | <... < |ky,| (see preceding
Remark). Since every vertex v € V(T) \ {v;} connects to the root vy,
one has j|ky;| > [k, + ...+ ky;| > Cpreglky;|, so the exponent of z in
eq. (B.49) is comparable to k,;, i.e. belongs to [C™1k,,,Cky,] if C'is
some large enough positive constant. Write RIskt = > ez Crz¥X.

Vertices at which 2 or more branches join are called nodes, and vertices
to which no vertex is connected are called leaves (see Fig. 7).

The set Br(v; — wvy) of vertices from a leaf or a node v; to a node
vy (or to the root) is called a branch if it does not contain any other
node. By convention, Br(v; — vy) includes v; and excludes vs.

o4



Figure 7: 3,4,6 are leaves; 1, 2 and 5 are nodes, 2 and 5 are uppermost; branches
are e.g. Br(2 — 1) or Br(6 — 1).

Consider an uppermost node n, i.e. a node to which no other node is

connected, together with the set of leaves {w; < ... < wy} above n.
2
Let p; = |V(Br(w; — n))|. Note that ‘mz‘“ﬂikw < kzl=%. Now

we proceed to estimate VarCi. On the branch number j,

r'k”‘aku
Z H kv + Zw—»v kw

ko] <|kw; |,v€Br(wj—»n)\{w;} | v€Br(w;j—n)

S Veu, [P77 e, | 7P 0H20) = Ry, 7120 (6.52)
and (summing over k., ..., ky, , and over k)
‘kw(]‘_l_%l Z ’ka’_1_2apJ
bw sy |< k|
PO L el IED DR s
[Buwy [<[how, | [En | <[kw, |
ol L e e | M (6.53)

where W(n) =p1+...+ps+1=[{v:v—>n}| +1is the weight of n.

One may then consider the reduced tree T, obtained by shrinking all
vertices above n (including n) to one vertex with weight W(n) and
perform the same operations on T,,. Repeat this inductively until T is
shrunk to one point. In the end, one gets VarCx < |k, |=1=2eV(DI <

K~1=22V(DI Now apply Lemma .1

3. (rate of convergence)
Let X2 = Rlger (f*"° 0 ey, gepy) — Rlskr(f™"> 0 €]y ger))-

. . . n,ri,r
Proceeding as in the proof of Lemma [.5 gives X" 2% as a sum,
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X;?,,T’l,?”2,+ _ zveV(T) X?,T’l,?”z,‘i‘(,v)’ where X;L,m,rz,-i-(v) _ Zkuez C]/gv (Z)(Tllkdzkv_

r'zk“‘zk”) is obtained from RIgxr(f™"oe |V(Sk']1‘)) by replacing r/*| with
L

k k . k k
rll ol 7“‘2 ”l, and kvl w £ v either by 7“1 vl op by 7’|2 | We want to

estimate VarCj, (2) uniformly in 2.

Fix the value of k, in the computations in the above proof for the
Holder estimate. Let w; be the maximal leaf above v, and n — v be
the node just above v. Summing over all nodes above v and taking
the variance leads to an expression bounded by |k, |=1=20W (") where
W(n) is the weight of n. Consider now the corresponding shrunk
tree T,. Sum over all vertices w € T, such that w —» v or v —»
w. These make up a trunk tree, which allows us to apply the same
arguments as in the proof of Lemma p.§ and get a variance bounded
by [ky| 172V where W(v) = {w € T : w — v or v — w} U {v}.
Removing the vertices belonging to W (v) from T leads to a forest
which gives a finite contribution to the variance. Hence (by Lemma

B BIXZ 72 (0) S — WO,

O
The notion of weight W (v) of a vertex v introduced in this proof will be
used again in subsection 7.1.

6.4 Estimates for boundary terms

Let T C T¢ as in subsection 6.3. We shall now prove estimates for the
boundary term RIt(9) associated to T (see Lemma [6.14).

Lemma 6.19 Let T C T¢.

1. (Hélder estimate) The regularized boundary term RIt(0) := RIp(f™" o
6|V(T))(8) satisfies:

E|[REx(9)],, [2 < Cd(o, )2V () (6.54)
for a certain constant C'.

2. (rate of convergence) There exists a positive constant C' such that, for
every % <ry,re < 1,

E|[RFx(f"7502] ) (@) o~ [RIT(F" 0k o)) (Ol * < Clra—ral®.
(6.55)
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Proof.

1. Apply repeatedly Lemma to T: in the end, [RIT(d)];» appears
as a sum of ’skeleton-type’ terms of the form (see Figure §)

Arg = [5RISkL']T]TU .
[RIskr,, lo[RISkR, 0L, ()0 - - - [RISkR, 0Ly, o..0Ly,()]e(f™"" 0 €|V(T)),
(6.56)

where v{ = (U171 <. < 'L)l’Jl) ): T, vo ): Ly, T, ..., v = (Ul71, R ,'l)l7jl) ):
Ly, _0...0L4,(T)and LT := Ly, 0...0 Ly, (T). Ineq. (b.50) the tree

T has been split into a number of subtrees, LT U U}-le']l‘j; we call this
splitting the splitting associated to A,, for further reference. Note
A, may also be written as [0RIskrT]ro szl[RISij]U.

First step.

Fix k = (kv 1. kv, ;) such that |ky,,| < ... < [ky, , |, and let
[RIskr, T[k]]: be the expression obtained by keeping all terms in
the series Rlskg, 1 such that k = (ky,,,... kv, ) (With [ky,,| <
o+« |ky, ;1) is fixed. (Note that the regularized integral RIskg, (k]
plays the same role as RH[k] in the proof of Lemma [.G.) Then

Var[RIskr,, tlklle S [T |1k~ > L i I
vew || >k wE€ Ry T\ {v}
(6.57)
hence
Var[RIskr, 1klle S ] ko 2V FDlet, (6.58)
VEVL

Second step.

More generally, let B,[k] be the expression obtained by keeping all
terms in the series [RIskr, 1]o[RIskR,, oL, (T))o - - - [RISkvaoLvl,lo...oLvl(11‘)]0
with fixed value of the indices k = (ky,,, ..., ky, ;). Then

Var(By[k]) $ [ k| 2V (Dot (6.59)

vEY]
(proof by induction on 7).

Third step.
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Let V(LT) = {w1 < ... < Wmqg}. By definition, A;, =Y ey O (o) (75—
o), with

ol gy
Cklo)= > 3 Mocvan ™ lon b €h) o

k:(kvl’lv"'vkﬂl,(]l) ((kw)wEV(L’]T))ESk HU}EV(LT) (kfw + Zw/_»w,w/EV(LT) kw/)

(6.60)
where indices in Sy satisfy in particular the following conditions:

o |kw + 2w wrevn kuwl > Cregmax{|ky| : v — w,w' €
V(LT)}; in particular, ‘

* ZweV(LT) ko = K

o for every w € V(LT), |kw| < |kwna.| and |ky| < |ky| for every

v € R(w) :={v=uw1,...,u, | v— w} (note that R(w) may
be empty). See Fig. .

2
Ak < —1-2a.
kw""Zw’ﬂwkw’ ~ |kw| ’

Figure 8: Here V(LT) = {0,1,2,4}, R(0) = R(4) = 0, R(1) = {v21}, R(2) =
{U272}.

Note that |K| < |kw,,..| < | K| since every vertex in V(LT) connects to
the root (see first lines of the proof of Lemma [5.1§), hence the condition
Zwev( LT) k. = K is more or less equivalent to fixing k ~ K and
letting kyy, w € V(LT) \ {Wmas } range over [—|K|, |K]].

If w € LT, split R(w) into R(w)s U R(w)<, where R(w)z = {v €
R(w) | v 2 Wmae }- Summing over indices corresponding to vertices in
RTs ={v=v1,...,0.5 | > Wnaz} = UperTR(w)>, one gets

D D e N (13
VERT |ky|>| K|

Wmazx

Let w € LT\ {wynqz } such that R(w)< # 0. Let R(w)<« = {v;; < ... <
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v;;} (note that R(wimaz)< = 0). Then

o o (o]
—1-2
|| 7172 > oo
oug, 1=l gy 1=lkog, | oy 1=lko; |
J J
—2|V(Ro,. T)|a—1 —2|V(Ry,; T)|a—1 —1-20(14 |V (R,T)|)
N | 3T S et :

(6.62)

In other words, each vertex w € LT ’behaves’ as if it had a weight
14> e pw). |V (1 T)|. Hence (by the same method as in the proof of

Lemma B.1§) Var(Cg (o)) < ‘K’—1—2a(|V(LT)|+ZvER’]T< [V(R.T)) ‘K’—2a >verrs V(R _
|K|—1—20¢\V(T)|. Now apply Lemma P.1.

2. Use the definition of RIp(d) given in Lemma (.14 and mimick the
proof of Lemma [.7. The result follows by induction on |V (T)| using
the rate of convergence estimate for increments given in Lemma [.1§.

O
Remark. Note that [RIt,,]ro ... [RIT, ) ]ro(f"" 0€) is the projection

of the product H]Lg [RIr, ,(f™"< o E)‘V(Tw)]rg onto the subspace of the n-

th chaos of I" generated by {{k,(¢(0)) ® ... ® &, ,(e(n —1)) | |ko| < ... <
|kn—1]}. The projection decreases the L?-norm, which yields the estimates
of Theorem 0.1 for RB™" (iq, ... ,4,_1) With 49 # ... # i,_1.

7 End of proof and final remarks

7.1 Case of coinciding indices

Our previous estimates for NE]RB?J (ig, ... ,in_1)|> (Holder estimate) and
E|RB? " (ig, - - - ,in—1) — RB752(ig, ... ,in—1)* (rate of convergence) with
i; = j rest on the essential independence assumption for the variables

£(0),...,&(n —1). We claim that the same estimates also hold true for
E|RB”’T(i0, ce ,in_1)|2 and E|R]§?§1 (io, ce ain—l) - RB:—ng (io, e ,in_1)|2
if some of the indices (g, ...,i,—1) coincide, with the same definition of the
regularization procedure R. The key Lemma for the proof is

Lemma 7.1 (Wick’s lemma) (see [B1], §5.1.2 and 9.5.4)
Let (X1,...,X,) be a centered Gaussian vector. Denote by X;, o...0X;,
(1 <iy,...,ig <n)or:X; ...X;, : the Wick product of X;,,...,X;, (also
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called: normal ordering of the product X;, ... X;, ), i.e. the projection of the

product X;, ... X;, onto the k-th chaos of the Gaussian space generated by
Xi,...,X,. Then:

1.
X1 Xp=X10o...0X,+ > E[X;Xp,]X10...0X;,0...0X;,0...0X,
(41,32)
o+ > E[X:, Xiy) - - E[Xig 1 Xingro)
(41,82) 5+ G2k 41 02k 42)
Xio...0Xj 0. 0X,0... 00X, 0...0X,,,0...0X,
+..., (7.1)
where the sum ranges over all partial pairings of indices (i1,12), . .., (l2k+1, i2k+2)

(L<k<[2]-1).

2. For every set of indices io, ..., ij-1,70,.-,9;_1,

j—1
E [(Xio o0 X )Xo OXi;;l)} = Z H E[XimXi’s(m)]-

eeX; m=0

(7.2)

In our case (considering RBQ&T(iO,...,QH_l)) we get a decomposition
of the product &g, (io)...&k, ,(in—1) into &k, (i) © ... ¢ &k, ,(in—1), plus
the sum over all possible non-trivial pair contractions <£kj (ij)fkj, (ij1)) =
B[k, (i5)8k,, (1)) = 1 with ij = iy, kj = —kjr.

Consider first the normal ordering of RBZY (ig, . . . ,in—1). As in the proof
of Lemma 5.10 in [BI]}, let ¥; be the ’index-fixing’ subgroup of 3,, such that
r e €Y= Vj=0,....,n—1, iuy) = i;. Then (by Wick’s lemma and
the Cauchy-Schwarz inequality) :

~ ~ 2
Var : ’RBQ&T(Z'(), ‘e ,in_l) =E|: RB:}(’:(Z‘O, NN ,in_l) :

- Y E [; RB™(0,...,n—1): : RBY (£(0),...,e'(n— 1)) ;]
e'ey;

< %] . E[RB™(0,...,n — 1)), (7.3)

hence the Hélder and rate estimates of sections 4, 5, 6 also hold for
: RB"’T(Z'(), e ain—l) .
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One must now prove that the estimates of sections 4, 5, 6 hold true
for all possible contractions of RB™" (ig, ... ,i,_1). Fixing some non-trivial
contraction (ji,72), ..., (J2i—1,721), I > 1, results in some expression X, =:
53 (er;z“) belonging to the chaos of order n — 2[. By necessity, i, =
Ujos-vyljy , = Uj,, but it may well be that there are other index coinci-
dences. The same reasoning as in the case of : RBY (ig,...,in_1) : (see
eq. (f.9)) shows that one may actually assume i,, # i, if m # m’ and
{m,m'} # {j1,52}, -, {Jor—1,J2r}- Now (as we shall presently prove) the
expression obtained after summing over krjl, ..., kj, is more or less equiva-
lent to considering X, := RB?, 2 T80y« ooy By sy iy -5 in—1) (Which has
same law as RBI; 2"(0,...,n— 20 — 1)) and (following the idea introduced
in Lemma p.1§) increasing by one the weight W of some other (possibly
coinciding) indices j1,...,j5 # ji,...,ju — or, in other words, 'inserting’ a
factor |k, |72 ... |kj, |72 in the variance series —. This amounts in the end
to increasing the Holder regularity (n — 2l)a™ of X, by 2o, which gives
the expected regularity.

Fix some permutation € : {0,...,n — 1} — {0,...,n — 1}, and consider
the sum over the restricted index set |k.o)| < ... < |k.(,—1)| as in section 6.
Change as before the order of integration and the names of the indices so
that éksm (1) — ékj (ic(j)); for convenience, we shall still index the pairings
as (41,72), - -+ (J2r—1, j21). If contractions operate between non-neighbouring
indices (ig(;),%c(j»y), i-e. such that |e(j') — (j)] > 2, this means that the
sequence of indices (which is increasing in absolute value) is actually constant
in absolute value in-between. By using some other equivalent choice of the
permutation €, one may then assume that these indices become neighbours,
Le. le(j') —e(j)l =1,

Let T; = Ty ... Ty, be a forest appearing in the decomposition of T¢ as
in subsection 6.3. Then (see also proof of Lemma [.17) £(j) and £(j') may

(i) either belong to two unconnected branches of T; ; for some j;
(ii) or be successive vertices on the same branch of T; ; for some j;

(ili) or belong to two different tree components T; ;, T; j» of T;.

Applying repeatedly Lemma to Ty 1 ... Ty 1, leads to a sum of product
of skeleton-type terms of the same type as A, (see eq. (5.59)). Let us denote

by Are = Ars(1) ... Ars(L) one of these terms, and by LTy 1,...,LT; 1, T}, ...

all subtrees appearing in the splittings associated to A;,(1),...,A;s(L), so
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that
J

L
H RIskrm lro 1_[[Rfsmr;]a(fn_zl’r’€ oe). (7.4)
Let T be one of the above trees, either LT; ; or T’,. Reconsider the proof
of the Holder estimate in Lemma or Lemma . The contribution to

X;o of the (e, T)-skeleton term is (some projection of) Ig.r( er;zl’r’eos‘v(m)

for some function fre that we shall not need to write down explicitly),
abbreviated as RI§.. Assume for a moment that all contractions are of
type (i) or (ii). Since kj, +kj, = ... = kj,,_, +kj,, = 0, the exponent of z in
[RI.1): is the same as in RIqs , where T is the contracted tree obtained
by ’skipping’ {j1,...,j2:} N V(T) while going down the tree T (see Fig. [,

[d, [1).

Fn— 2lra(

0

0
Figure 10: Case (i-b). T and T.

In any case (going back to arbitrary contractions) RIg s makes part of
X,o. Now

[RIgr]: = >
(kv),v€V (T),v#51,....Ja1
I riflag, &, (e(v) 2P Z I ag,,, 2
ky + zwe’ﬂ"w_»v F K + Zwe’]l‘,w—»jm K

vEV(T),0#]1,.. 521 (K )sdm €V (T) jm €V (T)

(7.5)
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0

Figure 11: Case (i-c). T and T.

The sum is over the subset of indices ereg with the supplementary re-
striction kam—l = _kj2m if J2m—1,Jom € V(T)

The denominator |k, + >_, ety kw| for m # j1,...,jo is larger (up
to a constant) than the denominator |k, + ) k.| obtained by con-
sidering the same term in the contracted tree integral X, (namely, |k, +
Y weT w—w Fuw| is of the same order as max{|ky[;w € T, w — v} > max{[ky|;w €
T,w — v}). Hence E|§RIY, 1|? may be bounded in the same way as E[0R I, 5 |*
in the proof of Lemma .18, except that each term in the sum over (ky,v €
V(T),v # j1,...,j21) comes with an extra multiplicative pre-factor S =
S((ky),v € V(T),v # kj,,...,kj,) — due to the sum over (k;,, )m — which
may be seen as an ’insertion’. The same remark also holds for the variances
considered in the proof of Lemma [.19.

Let us estimate this prefactor. We shall assume for the sake of clarity
that there is a single contraction (ji,j2) = (4,j') (otherwise the prefactor
should be evaluated by contracting each tree in several stages, ’skipping’

successively (j1,72), .-, (j2i—1,J21) by pairs).

wET,w—»v

Case (i): (4,4") belong to unconnected branches of T. This case splits
into three different subcases:

(i-a) neither j nor j' is a leaf. Let wj, resp. wsy be the leaf above j,
resp. j' of maximal index and assume (without loss of generality) that
|kw, | < |kw,|. Then

a% 2 2
S| 2 ) S 2 kel Skl
gl <lkwy | T ke | <o |

(7.6)

which has the effect of increasing the weight W (wy) by 2.
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(i-b) j is a leaf, j’ is not. Let ws be the leaf above j'. Then

9 2 2

A 1 _ _
S< Z “{:TJ’ S Toms] Z 17T I P
kil <lwg| 72 2 k1< Ry |

(7.7)

(i-c) both j and j' are leaves. Let vq, resp. ve be the vertex below j, resp.
j',ie. 7 — vy, j — vy. Then
2

2
S5 ) (%) Sl (78)

g >max((koy | ko)
which has the effect of increasing W (v1) by 2.

Case (ii): (j,4') are successive vertices on the same branch. Assume
(without loss of generality) that j — j’. Then S = 0 if j is a leaf (since
kjr + > jr kw = kj + kj = 0 and such indices fail to meet the condition
defining Z?eg), otherwise S < |k, | =4 if w is the leaf of maximal index above
j (by the same argument as in case (i-a)).

Case (iii).

This case is a variant of case (i) and splits into three subcases (iii-a),
(iii-b), (ili-c). Nothing changes compared to case (i) unless (as in the proof
of Lemma or in the 3rd step of Lemma [.19) one needs to compute the
variance of the coefficient Cx or C () of 2z for K fixed. Assume j,resp.
j" belongs to the tree T, resp. T’ and let w, resp. w’ be the leaf above j,
resp. j' if 7, resp. 7’ is not a leaf. The presence of the extra vertices j, 5’
modifies the exponent K, resp. K’ of z, resp. 2’ in [Igyr( Tegzl’r’s oE‘V(T))]Z,

Fn—2l,r.e

resp. [Iskr (freg ° €‘V(T,))] .+ by a factor which is bounded and bounded
away from 0 in case (iii-a), hence S < |k,|™* as in case (i-a). In case
(iii-b), considering for instance the proof of Lemma for simplicity, and
letting j — v, v € T, one has: |k;| < |K| < |kj|. Hence the sum over kj,
kj contributes an extra multiplicative pre-factor S to the variance of the
coefficient of 2% (2/)X" of order

2K a2 [\ LN
S < : < —L < K| 7.9
(B ) (B ) ame o
sl =11/2 Ikyl=1K1/2

Case (iii-c) is similar and left to the reader.
This concludes the proof of Theorem f.]] and Theorem [.2.
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7.2 Geometric property

We shall prove in this subsection the following Lemma:

Lemma 7.2 The rough path RB" satisfies the geometric property (i) in
the Introduction.

Proof. Let ¢ = (ig,...,in,+ny—1) be some multi-index. As we have
seen in subsection 7.1 (see Lemma [p.14), RB™ ™27 (4¢, ... ip, tn,—1) may be

written as Zeezn1+n2 RB™M T2 (40 i ny—1), and RB™M T2 (400 gy o 1)

as a sum of split terms of the form

L J
Ay = [TI0R ke o [T (RIS 1o (£ 0 6) (7.10)
=1 j=1

(see Definition [6.§) where U2,V (LT;) U UJ V(T ={0,...,n1 +ng — 1}.
There are two cases:

— (pure case) each tree T = LT; or T’ is such that either V(T) C
{0,...,n1 —1} or V(T) C {ny,...,n1 +ng — 1}

— (mixed case) some tree T contains some vertex in {0,...,n; — 1} and
some vertex in {ni,...,n; +ng — 1}.

Consider first the non-regularized iterated integrals BJA" (ig, ..., in,—1)
and BI2" (Gnyy -y ing4ng—1)- Since B is a smooth path, the geometric
property

B?clr’r(im s 7iN1—1)B¢c2r’T(iN17 s Jin1+7L2—1) -
Z B:'L}f—i_m’r(ko?”'7km+n2—1) =0

kesh((io,...,inl,1),(2',11 7~~~7in1+n271))

(7.11)

holds. Replacing B"", B"" and B™ 72" by the R-regularized quanti-
ties in eq. ([.1]) yields some extra counterterms whose sum (as we shall
presently show) vanishes.

To begin with, one easily sees that the counterterms due to the sub-
stitution B"" — RB™" and B"2" — RB"™" are equal to the pure case
counterterms obtained by replacing B™ 172" with RB™ 72" So we must
prove that the sum of the mixed case counterterms vanishes.

Let € € ¥, 4n, and A2, be a mixed term. Keeping the same notations
as above, we may choose v1,v9 € T such that v — v1 and (without loss of
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generality) v; € {0,...,n1 — 1}, vo € {ny,...,n1 + n2 — 1}. Let (as in the
proof of Lemma [.15) UI be the set of vertices lying above v1, but not on or
above the branch containing both v; and vy, and similarly, v; ={v}uU{w e
T | w — vy}. Let T be the tree obtained from T by stripping the branches
’u{ \ {v1} and ’u; \ {v2}, exchanging v; and ve and putting back the two
branches at their previous places, i.e. grafting UI \ {v1} at v; and v; \ {v2}
at ve (see Fig. [[J).

w \%
\"
2 V]_
v w
Vl V2
0 0

Figure 12: T and T.

The tree T shows up when splitting some forest appearing in the de-
composition of T™1-»2°¢ but with the opposite sign. Hence the counterterm
coming from the regularization of Ig with defining function fz" 120 o ¢

is the opposite of the counterterm coming from the regularization of Ig 5

. . . n1+n2,7,Tyy vy O
with defining function f 2

Tvy,vg (’L) o (Tvl,’vz o 6). 0

7.3 Real-line construction

It is tempting to try and work directly with B (or T') instead of B, and
use Fourier integrals on the real line instead of Fourier series on the unit
circle. This approach is equivalent to the former one, but presents (as we
shall presently show) some (minor) drawbacks.

The Fourier transform of the covariance kernel
a(l —2a)

K™ (s = 1) = Cov(Thyi Thag) = 5 ——

writes [[L]

- 1 - —izk
f&;@ﬂzvﬁ;éky(@e dr = —

(—i(s —t) +2n)**2 (7.12)

T
2 cos mal'(—2a)

6_277k]€1_2aH(k),

(7.13)
where H (k) = 1x~¢ is the Heaviside function. Hence one may realize I on
It as -

;m:%/ =k p1/2=ayy (1) (7.14)
0
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where (W), = W} +iW?)g>0 is the standard complex Brownian motion and

[e]

_1
Ca = 34/ Cos mol'(—2

- Integrating and taking the real part leads to

1 etk —q
Brasy = ca / ekl 3o =L i (7.15)
R
if W is extended to R by setting W_; = —W}, (k > 0). In the limit  — 0,
one retrieves the well-known harmonizable representation.

The problem is now to define an analogue of the formal integral [ ¢ kdc
(see subsection 5.1). The best choice is: [ e**dz = Z (with now an imagi-
nary ’origin’ at = +ico, one might say, see discussion at the very end of sec-
tion 3, or proof of Lemma [£.), but then f T vin
is ill-defined because of the infra-red singularity when k — 0. This problem
may be evacuated simply by constructing a rough path for the infra-red cut
regularized fBm process

eltk

—1
B = cq / e~ M| |z~ W (dk). (7.16)
Ik >1

The neglected part B — B“ is C°°, which allows then to deduce very eas-
ily a rough path for the original fBm process (see Proposition [[.g). Also,
Definition should be modified as follows:

Teg —{ vis oo Kuy) E]R | ko, | < .. §]kvj\and
Vo € V(T), |k, + Zk‘w|>maaz(1,0mgmax{|k‘w|; w—»v}) }

(7.17)

so that the denominator |k,+) ., _,, kw| appearing by successive integrations
is always larger than 1. Then the proof proceeds exactly in the same way.
7.4 About the two-dimensional antisymmetric fBm

Consider a one-dimensional unit-disk analytic fractional Brownian motion
r.

Definition 7.3 Let Z, = (Z.(1),Z.(2)) = (2Re I'.,2Im T,), z € D. We
call this new process living on the unit disk the two-dimensional unit-disk
antisymmetric fBm.
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Its restriction to the unit circle is an a.s. o~ -Holder Gaussian process,
whose marginal laws Z(1), Z(2) coincide with that of the unit-disk fBm B
(the same observation is true for Z, = (2Re I';, 2Im I',) constructed out of
the original afBm process T', as proved in [B1]). The covariance between
Z(1) and Z(2) writes

Cov(Z.(1), Zu(2)) = —iE[(fz + E) (rw - ﬁ)] = ot E[(F. ).

hence it is antisymmetric in (z, w).
As shown in [B], the covariance of the corresponding process Z =
(Z(1),Z(2)) on the real line writes

tan T

Cov(Z,(1), Z(2) = ——

[—sen(s)|s|** +sgn(6)[¢** —sgn(t —s)[t —s[**].
(7.19)

Note that we never used any particular linear combination of the analytic /anti-
analytic components of B in the estimates of sections 4, 5, 6. Hence these
also hold for Z, which gives for free a rough path over Z (or also Z) satisfying

Theorem P.1] of the Introduction.

Acknowledgements. We wish to thank Samy Tindel for kindly re-
reading the manuscript.
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