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A numerical analysis of negative refraction process is reported using a phononic crystal with an
elastic solid matrix. The phononic crystal considered in this study is made of a periodic arrangement
of holes in aluminum. Dispersion curves are discussed and conditions for which negative refraction
can appear are identified. These conditions are obtained for the transverse waves, whereas the
longitudinal waves are evanescent. A calculation is performed with a prism shaped phononic crystal,
and it clearly exhibits a negative refraction angle. Several analyses are provided with a view to
characterize the wave going out of the phononic crystal. Finally, improvements, with respect to the
impedance matching and index tuning, are discussed. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2978379�

I. INTRODUCTION

There is a growing interest in the study of phononic
crystals, which are composite materials made of a periodic
arrangement of several elastic materials. Their dispersion
curves may present, under certain conditions, absolute for-
bidden bands, e.g., frequency domains where the propagation
of elastic wave is prohibited whatever the direction of propa-
gation of the incident wave.1 This property confers them po-
tential applications in a wide frequency range.2–4 If the pres-
ence of a band gap opens up potentialities for filtering
applications, it is also possible to use unusual properties in
the passbands of the dispersion curves. Following recent
works on ultrarefractivity in photonic crystals,5–7 researches
are carried out on phononic crystals presenting a negative
refraction that can focus acoustic waves.8–16 These systems
use particularities of dispersion curves, which can exhibit
branches with negative slopes. Classically, when a wave
propagates from one medium to another one, both its veloc-
ity and its direction change. For specific materials, a negative
refraction can occur: the incident wave induces a wave in the
phononic crystal, whose phase velocity and group velocity
have opposite sign. Then, the Snell–Descartes relation at the
interface implies a negative refraction angle to the wave.
This latter approach relies on the Bragg scattering of the
acoustic waves by the periodic array of inclusions. The po-
tential applications of such devices are of main interest, in
particular because they can reach the diffraction limit, i.e.,
the resolution can be smaller than half-wavelength, as previ-
ously highlighted in photonic crystals.6

Recent works on negative refraction of acoustic waves
are devoted to phononic crystals made of solid inclusions in
a fluid matrix. This paper reports numerical results on nega-

tive refraction of elastic transverse waves that can occur in
simple phononic crystals with an elastic matrix �periodic ar-
rangement of holes in aluminum�. After recalling briefly the
methods of calculation in Sec. II, we present in Sec. III the
dispersion curves of aluminum phononic crystals and iden-
tify the conditions under which the negative refraction can
occur. Then, the wave propagating inside the phononic crys-
tal and inducing a negative refraction is characterized in Sec.
IV. In Sec. V, a prism shaped phononic crystal is considered
and negative refraction of the device is underlined. Finally,
limits and improvements of the device are discussed.

II. MODELS AND METHODS OF CALCULATION

A. Plane wave expansion method for bulk phononic
crystals

We briefly recall the basic principles of the plane wave
expansion �PWE� method applied for computing the band
structures of bulk two-dimensional �2D� phononic crystals.
In this paper, phononic crystals made of square lattice of
cylindrical holes drilled in a solid matrix made of cubic alu-
minum are considered. The holes of infinite depth are as-
sumed parallel to the z axis of the Cartesian coordinate sys-
tem �O ,x ,y ,z�. The intersections of the hole axes with the
�xOy� transverse plane form a 2D periodic array and the
nearest neighbor distance between holes is a. The 2D primi-
tive unit cell contains one hole. The filling factor f of each
hole is defined as the ratio between the cross-sectional area
of a hole and the surface of the primitive unit cell �Fig. 1�.

In the absence of an external force, the equation of
propagation of the elastic waves in any composite material is
given asa�Electronic mail: anne-christine.hladky@isen.fr.
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where ui�r� , t� is a component �i�x ,y ,z� of the elastic dis-
placement field u� . The elements Cijmn �i , j ,m ,n=1, . . . ,6� of
the elastic stiffness tensor and the mass density � are peri-
odic functions of the position vector r�. For bulk phononic
crystals, i.e., assumed of infinite extent along the three spa-
tial directions x, y, and z, the elastic constants and the mass
density do not depend on z. Then taking advantage of the 2D
periodicity in the �xOy� plane, the elastic constants and the
mass density as well as the displacement field can be ex-
panded in Fourier series. Inserting these Fourier transforms
into Eq. �1� leads to a standard eigenvalue equation for
which the sizes of the matrices involved depend on the num-

ber of 2D reciprocal lattice vectors G� 	 taken into account in
the Fourier series. This gives a set of eigenfrequencies � for
a given wave vector k�	. The numerical resolution of the ei-
genvalue equation is performed along the principal directions
of propagation of the 2D irreducible Brillouin zone of the
square array of inclusions. The PWE calculations reported in
this paper were performed considering 169 two-dimensional

G� 	 vectors leading to a very good convergence of the PWE

code.
In this paper, the lattice parameter of the square array of

holes has been fixed to a=0.77 mm, but the radius R of the
holes is varying, leading to varying filling factors of air in
the phononic crystal. The three independent elements C11,
C44, and C12 of the elastic stiffness tensor �expressed with
the Voigt notation� and the mass density � of cubic aluminum
used for the numerical calculations are C11=10.82
�1010 N /m2, C44=2.85�1010 N /m2, C12=6.13
�1010 N /m2, and �alu=2699 kg /m3. The transverse VT-alu

and longitudinal VL-alu speeds of sound along the �100� crys-
tallographic symmetry are equal to 3249 and 6331 m/s, re-
spectively. Along the �110� crystallographic symmetry, they
are, respectively, equal to 2948 and 6477 m/s. For alleviating
numerical difficulties, the air inside the holes has been mod-
eled with a low impedance medium.17

For the evaluation of the negative refraction capability of
such solid matrix phononic crystal, the equifrequency sur-
faces �EFSs� were also drawn. They are deduced from the
PWE dispersion curves calculated for different directions of
propagation of the incident waves. Using a three-

dimensional �3D� representation of the dispersion curves
�i.e., ��kx ,ky��, the EFSs are obtained by the intersection of
the 3D dispersion curves with a horizontal plane, i.e., at fixed
frequency.

B. Finite element method for bulk phononic crystals

Negative refraction of elastic waves has been also stud-
ied with the help of the finite element method �FEM�, using
the ATILA code,18 and two different analyses have been car-
ried out. In all cases, because the structure of interest is made
of air cylinders of infinite depth drilled in a solid matrix, a
2D mesh is used, with a plane strain condition. The structure
is meshed and divided into elements connected by nodes. In
this study, isoparametric elements are used, with a quadratic

FIG. 2. PWE elastic band structures for the 2D phononic crystal made of a
square array of holes in aluminum. The filling factor is �a� 40%, �b� 52%,
and �c� 60%. The inset represents the first Brillouin zone �M�XM� of the
square array. The gray areas correspond to the frequency range where nega-
tive refraction can occur.

a

y

xz
O

FIG. 1. Transverse cross section of the square array of cylindrical holes in a
solid matrix. The holes are parallel to the z direction. The dotted lines
represent the primitive unit cell of the 2D array.
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interpolation along element sides. Moreover, due to the finite
element formulation used here, the classical � /4 criterion has
to be verified, which states that the largest length of each
element in a given mesh has to be smaller than a quarter of
the wavelength in the material for the working frequency.

For the calculation of the displacement field at each node
of the mesh at a given frequency, an harmonic analysis has
been performed on the phononic structure. To avoid parasitic
reflections on the boundaries of the mesh, a radiation condi-
tion is prescribed using a coupling between the FEM and the
boundary element method �BEM�. Thus, the medium outside
the structure is supposed to be a semi-infinite medium. This
condition, which relies on Green’s functions, is only avail-
able for given geometries of the boundaries.19

With a view to study the propagation of elastic waves
through the whole phononic crystal, a transient analysis is
performed: the structure is submitted to given displacements
on one part of the structure, with a view to excite either a
longitudinal wave or a transverse wave. Then, a Fourier
transform verifies that the given mode is well excited. For
the transient analysis, a burst of five sinusoids is used at a
given frequency. The mesh must be long enough before and
after the phononic crystal to avoid parasitic reflections on the
boundaries. Transient analysis is performed during 25 peri-
ods �T�, with a T /30 time interval. Computations provide the
displacement at each node and at each time interval. In par-
ticular, the displacements before and after the phononic crys-
tal are studied and time-space diagrams are drawn. By ap-
plying a double Fourier transform on the diagrams, the
calculations lead to a dual representation in the wave-
number/frequency space, that is of interest for a comparison
with the dispersion curves previously obtained with the PWE
method.

III. DISPERSION CURVES

In this section, the phononic crystal made of a square
array of circular holes in an aluminum matrix is considered.
Figure 2 presents the dispersion curves in the first Brillouin
zone, on the �XM path, for three different filling factors in
the phononic crystal: f =45% �R=0.29 mm�, f =52% �R

=0.313 mm�, and f =60% �R=0.336 mm�. The results are
rendered in terms of a frequency in kilohertz versus a re-

duced wave vector K� =k�a /2�. In each case, the dispersion
curve exhibits one or several branches with a negative slope,
i.e., the frequency is decreasing with increasing wave vector
modulus. Negative refraction can occur if only one branch
with a negative slope exists in a frequency range �this region
is marked by the gray rectangles in Fig. 2�. Figure 3 presents
the variations in the frequency range where negative refrac-
tion can occur, as a function of the filling factor of air in the
phononic crystal. It shows that the maximum frequency
bandwidth �2320–2685 kHz� is obtained for 52% of air in the
phononic crystal, corresponding to the dispersion curve dis-
played in Fig. 2�b�. Considering a wave propagating on the
�X path only, negative refraction can occur on a larger band-
width �1977–2685 kHz�, as observed in Fig. 2�b�.

Figure 4 presents the EFS for the phononic crystal with
52% of air for various frequencies �from 2350 to 2650 kHz
with a 50 kHz step�. They exhibit a quasicircular shape, with
a decreasing radius with increasing frequency. That means
that the wave vector of the elastic wave and the group ve-
locity are antiparallel, whatever the propagation direction.
The group velocity �d� /dk� can be determined from Fig. 4.
It slowly decreases as the frequency increases �from

2200 m /s at 2350 kHz to 
2000 m /s at 2550 kHz�. The
phase velocity in the phononic crystal Vpc, determined by the
ratio � /k, is presented in Fig. 5, on two different paths: �X
�i.e., an angle of incidence of 0°� and �M �45°�. Both paths
give close results. The variations in the phase velocity are
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FIG. 3. Localization and width of the frequency range where negative re-
fraction occurs vs the filling factor in the 2D phononic crystal.
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FIG. 4. EFS of the phononic crystal with 52% of air. Frequencies are vary-
ing from 2350 to 2650 kHz with 50 kHz step. The maximum values of kx

and ky are 1.3 mm−1.
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FIG. 5. �Color online� Variation in the phase velocity in the phononic crystal
as a function of the frequency, for the branch with a negative slope.

064906-3 Hladky-Hennion et al. J. Appl. Phys. 104, 064906 �2008�



large, in particular at high frequency: it starts around

8000 m /s at 2200 kHz and increases to 
30000 m /s at
2600 kHz. According to the Snell–Descartes law, the angle
of negative refraction at the interface between a homoge-
neous medium and the phononic crystal depends on the in-
cidence angle, on the phase velocity in the homogeneous
medium and in the phononic crystal. Consequently, an opti-
mal negative angle of refraction for a specific frequency re-
quires to choose accurately the physical characteristics of the
homogeneous medium and to know the phase velocity in the
phononic crystal. To ensure that the rays emitted by a point
source will converge to an image point, the velocities of both
media �homogeneous medium and phononic crystal� should
be equal.

IV. CHARACTERIZATION OF WAVES PROPAGATING
THROUGH THE PHONONIC CRYSTAL

In this section, the phononic crystal with 52% of air is
considered. In the frequency domain depicted with a gray
area in Fig. 2�b�, a single mode propagates through the
phononic crystal. The dispersion curve associated with this
mode exhibits a negative slope. In order to analyze the nature
of this mode, we consider �see Fig. 6�a�� a structure made of
a slab of air holes/aluminum phononic crystal �with a thick-
ness of the order of ten periods� sandwiched between two
homogeneous media constituted of bulk aluminum. A peri-
odic condition is applied on planes A and B, thus the device
is supposed to contain ten infinite rows of holes. The device
is analyzed using the FEM. An incident plane wave is im-
pinging the array at normal incidence, by prescribing a force
on plane C. Either a longitudinal or a transverse harmonic
force is applied, with a view to propagate a longitudinal or a
transverse wave in the array. To avoid parasitic reflections on

the boundaries of the mesh �planes C and D�, a radiation
condition is prescribed using a BEM representation.19 Thus,
the homogeneous media placed on both sides of the
phononic crystal slab may be assumed as semi-infinite me-
dia. The displacement inside the phononic crystal is dis-
played in Figs. 6�b� and 6�c�, when a longitudinal force and
a transverse force are, respectively, applied on plane C. For
the sake of simplicity, only the modulus of the displacement
is displayed.

The frequency of the incident wave �2400 kHz� falls in
the frequency domain where negative refraction may occur
�see Figs. 2�b� and 3�. Figure 6�b� shows that, when a longi-
tudinal force is applied on the left side of the structure, the
displacement in the x direction of the longitudinal wave in
the phononic crystal decreases and is approximately equal to
0 after 4 rows of holes. This result illustrates the presence of
a band gap for the longitudinal wave at 2400 kHz. Stationary
waves are observed between the excitation �plane C� and the
phononic crystal. One can notice a total reflection of the
wave. The standing wave ratio �SWR� is equal to 1. The
minima are reaching zero periodically in front of the
phononic crystal, and the amplitude of the displacement be-
hind the phononic crystal is equal to 0.

When a transverse force is applied on the left side of the
structure, a transverse wave is induced in the phononic crys-
tal. The displacement in the y direction of the wave propa-
gating behind the phononic crystal remains constant and is
not equal to 0. One can notice that the displacement field
inside the phononic crystal presents large variations, which
are related to interferences. Once again, stationary waves
take place between the excitation and the phononic crystal.
In this case, the SWR is lower than 1 as the amplitude of the
minima before the phononic crystal does not reach 0.

As a conclusion, Fig. 6 shows that the branch with a
negative slope corresponds to a transverse mode, whereas the
longitudinal waves are evanescent in this frequency range.

V. DEMONSTRATION OF NEGATIVE REFRACTION
PROPERTY

The aim of this section is to demonstrate that the chosen
phononic crystal exhibits a negative refraction for transverse
waves. A calculation is then performed with a prism shaped
phononic crystal �15�15 rows�, as described in Fig. 7. The
calculations are performed with the FEM.18 The excitation is
generated by a y displacement prescribed on a vertical line
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FIG. 6. �a� Schematic description of the calculated structure made of a
phononic crystal slab sandwiched between two semi-infinite media. A peri-
odic condition is applied on planes A and B. Excitation is applied on plane
C. A FEM-BEM coupling is applied on planes C and D. �b� Variations in the
amplitude of the displacement in the x direction as a function of the position
when the excitation is a longitudinal force. �c� Variations in the amplitude of
the displacement in the y direction as a function of the position when the
excitation is a transverse force. The vertical dotted lines correspond to the
edges of the phononic crystal slab. Amplitudes are normalized.

FIG. 7. Schematic description of the calculated structure with a view to
reveal a negative refraction of transverse waves.
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on the left part of the phononic crystal. A time analysis is
carried out and the excitation corresponds to a burst made of
five sinusoids. Central frequency is 2400 kHz. It is expected
that the incident wave first impinges the phononic crystal at
normal incidence along the �X path, then propagates inside
the phononic crystal, and finally leaves the phononic crystal
with an angle that reveals a negative refraction.

To verify that the excitation produces an incident trans-
verse wave incident on the phononic crystal, the displace-
ments in the y direction are recorded along a horizontal line,
on the left part of the phononic crystal. Applying a time and
a spatial fast Fourier transform �FFT�, the signal gives the
wavenumber versus the frequency �Fig. 8�. It shows a spot
on the figure: it falls between two lines, which slopes are the
transverse wave velocities in aluminum in the �100� and
�110� directions. The amplitude of the transverse wave is
maximum at the excitation frequency. Longitudinal waves
are not generated. In this frequency range negative refraction
can occur, as previously observed in Fig. 2�b�.

Figure 9 displays the amplitude of the displacement field
at time t=5 �s. During that duration, the lateral wave propa-
gates through the phononic crystal and produces a transmit-
ted wave. It shows that mechanisms inside the phononic
crystal are more complex when it has an elastic matrix, be-
cause of the coexistence of longitudinal waves and transverse
waves in a solid.

In Fig. 9, the normal axis of the phononic crystal is
displayed and shows that the angle of the outgoing wave is
negative. The theoretical value of the angle of refraction �alu

can be easily deduced from the Snell–Descartes law. Consid-
ering that the wave in the phononic crystal reaches the sec-
ond interface with an angle of incidence �pc equal to 45°, the
Snell–Descartes relation gives then

sin �pc

Vpc
=

sin �alu

VT-alu
. �2�

Considering the variations in the phase velocity inside
the phononic crystal reported in Fig. 5, Fig. 10 presents the
variations in the refraction angle at the interface between the
phononic crystal slab and the homogeneous aluminum me-
dium, �alu versus frequency. It is calculated using both trans-
verse wave velocities in aluminum, in the �100� and in �110�
directions, respectively, VT1=3249 m /s and VT2

=2948 m /s. The larger difference �1°� between the refrac-
tion angles related to these two transverse waves appears in
the lower part of the frequency band �2250 kHz�. The shift
decreases as the frequency increases. One can notice that the
refraction angle is relatively small because the phase velocity
in the phononic crystal is much larger than the velocity in
bulk aluminum, as seen in Fig. 5. A more significant negative
refraction process would occur if the refraction indices of
both media �phononic crystal and bulk external elastic me-
dium� were “tuned.”16 Ideally, if the refraction angle is equal
to the incident angle, then all rays emitted by a point source
will be focused at the same point.

The angle �alu can be extracted from the numerical simu-
lation. From the displacements along the y direction where
the wave is leaving the phononic crystal �at a position x
=6.16 mm, the origin x=0 being located at the first interface
of the phononic crystal�, the identification of the propagating
modes is performed in the dual space by applying a time and
a spatial FFT �2D FFT�. Thus, the y component of the wave-
number ky versus the frequency is obtained and displayed in
Fig. 11. The main spot is located around 2325 kHz and cor-
responds to a transverse wave leaving the phononic crystal.
Thanks to the superposition of the theoretical values of the y
component of the transverse wavenumber �kTy=� cos�45
− ��alu�� /VT-alu, � being the angular frequency�, one can esti-
mate the refraction angle of the transverse wave: �alu= 


FIG. 8. �Color online� Amplitude of the y displacements of the incident
signal in the �wave number/frequency� space along the x direction. The
transverse and the longitudinal wave numbers, in the �100� and �110� direc-
tions, are plotted, respectively, in solid and dashed lines.

θalu

x = 6.16 mm

FIG. 9. Amplitude of the displacement field at t= 5�s. The dotted line is
the normal axis to the phononic crystal. The full black line shows that a
negative angle is observed when the wave is leaving the phononic crystal.
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FIG. 10. Variations in the refraction angle as a function of the frequency,
thanks to the Snell–Descartes law, using variations in the phase velocity
from Fig. 5. The angle of incidence in the phononic crystal is equal to 45°.
Two transverse wave velocities are considered in aluminum: VT2

=3249 m /s �circles� and VT1=2948 m /s �triangles�.
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−12°. This value is in good agreement with the theoretical
one �Fig. 10� deduced from the Snell–Descartes relation �be-
tween −11.2° and −12.4° at f =2325 kHz� and with the re-
sult displayed in Fig. 9. No other spot corresponding to the
longitudinal wave in aluminum in the �100� and �110� direc-
tions is observed in Fig. 11. Similar numerical results are
obtained considering the displacement in the x direction on a
vertical line.

Finally, the amplitude of the outgoing wave is very low
in comparison with the incident wave, as previously ob-
served in Fig. 6�c�: a part of the incident wave is reflected at
the interfaces between the bulk aluminum and the phononic
crystal. Therefore, the acoustic impedances of both mediums
�bulk aluminum and phononic crystal� could be adapted for a
better transmission of the waves at the interfaces between the
different media.

VI. CONCLUSION AND PERSPECTIVES

The numerical analysis of negative refraction process
has been reported using a phononic crystal with an elastic

matrix. Negative refraction is obtained for transverse waves.
Further investigations are performed by changing the sym-
metry of the phononic crystal. Future works will concern the
adaptation of impedances of both media, to ensure the trans-
mission of the waves between the phononic crystal and the
external elastic medium. Finally, the refraction indices of
these media have to be tuned. This condition is particularly
important as focusing is one of the potential applications of
the device.
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negative refraction angle �alu=−12° is plotted in dashed lines for the two
wave velocities, in the �100� and �110� directions. Longitudinal wave num-
bers, in the �100� and �110� directions, are plotted in solid lines.
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