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On the small weight codewords of the functional codes
C5(Q), Q a non-singular quadric

F. A. B. Edoukou A. Hallez* F. Rodier L. Storme
January 27, 2009

Abstract

We study the small weight codewords of the functional code C3(Q), with Q a non-
singular quadric of PG(V, q). We prove that the small weight codewords correspond
to the intersections of  with the singular quadrics of PG(NV,q) consisting of two
hyperplanes. We also calculate the number of codewords having these small weights.

1 Introduction

Consider a non-singular quadric Q of PG(N, q). Let Q = { P, ..., P, }, where we normalize
the coordinates of the points P; with respect to the leftmost non-zero coordinate. Let
F be the set of all homogeneous quadratic polynomials f(Xo, ..., Xy) defined by N + 1
variables. The functional code C3(Q) is the linear code

Co(Q) = {(f(P1),.... f(P))||f € FU{0}},

defined over F,.
- : : N +2 :

This linear code has length n = |Q| and dimension k = 9 ) — 1. The third
fundamental parameter of this linear code C(Q) is its minimum distance d.

We determine the 5 or 6 smallest weights of Cy(Q) via geometrical arguments. Ev-
ery homogeneous quadratic polynomial f in N 4+ 1 variables defines a quadric Q' :
f(Xo,...,Xn) = 0. The small weight codewords of Cy(Q) correspond to the quadrics
of PG(N, q) having the largest intersections with Q.

We prove that these small weight codewords correspond to quadrics Q' which are
the union of two hyperplanes of PG(N,q). Since there are different possibilities for the
intersection of two hyperplanes with a non-singular quadric, we determine in this way the
5 or 6 smallest weights of the functional code Cy(Q).

We also determine the exact number of codewords having the 5 or 6 smallest weights.

*The research of this author is supported by a research grant of the Research council of Ghent Uni-
versity.



2 Quadrics in PG(N,q)
The non-singular quadrics in PG(V, q) are equal to:

e the non-singular parabolic quadrics Q(2NV, q) in PG(2N, ¢) having standard equation
X2+ X1 Xo+ -+ Xony_1 Xon = 0. These quadrics contain ¢*¥ =1+ - -4 ¢+ 1 points,
and the largest dimensional spaces contained in a non-singular parabolic quadric of
PG(2N, ¢q) have dimension N — 1,

e the non-singular hyperbolic quadrics Q*(2N+1, ¢) in PG(2N+1, ¢) having standard
equation XoX; + -+ + XonyXony1 = 0. These quadrics contain (¢ + 1)(¢V ! —
1)/(qg—1) = AN+ 1+ oM+ 2¢N +¢V 714 - -+ ¢+ 1 points, and the largest
dimensional spaces contained in a non-singular hyperbolic quadric of PG(2N +1, q)
have dimension /V,

e the non-singular elliptic quadrics Q= (2N + 1,q) in PG(2N + 1, ¢) having standard
equation f(Xo, X1)+Xo X5+ -+ XonXoni1 = 0, where f(Xo, X7) is an irreducible
quadratic polynomial over F,. These quadrics contain (¢! +1)(¢" —1)/(¢—1) =
PN PN gV 4 ¢V oo 4 g+ 1 points, and the largest dimensional
spaces contained in a non-singular elliptic quadric of PG(2N + 1, ¢) have dimension
N —1.

All the quadrics of PG(N, ¢q), including the non-singular quadrics, can be described
as a quadric having an s-dimensional vertex m, of singular points, s > —1, and having
a non-singular base Qy_s_1 in an (N — s — 1)-dimensional space skew to 7, denoted by
7TSCQN—S—I-

We denote the largest dimensional spaces contained in a quadric by the generators of
this quadric.

Since we will make heavily use of the sizes of (non-)singular quadrics of PG(N, q), we
list these sizes explicitly.

e In PG(N,q), a quadric having an (N — 2d — 2)-dimensional vertex and a hyperbolic
quadric Q*(2d + 1, q) as base has size

VgV oV N2

e In PG(N,q), a quadric having an (N — 2d — 2)-dimensional vertex and an elliptic
quadric Q~(2d + 1, q) as base has size

T TP g L

e In PG(N,q), a quadric having an (N — 2d — 1)-dimensional vertex and a parabolic
quadric Q(2d, ¢) as base has size

TN TP g+ L



We note that the size of a (non-)singular quadric having a non-singular hyperbolic
quadric as base, is always larger than the size of a (non-)singular quadric having a non-
singular parabolic quadric as base, which is itself always larger than the size of a (non-
)singular quadric having a non-singular elliptic quadric as base.

The quadrics having the largest size are the union of two distinct hyperplanes of
PG(N,q), and have size 2¢" ' + ¢V 2 + -+ + ¢+ 1. The second largest quadrics in
PG(N,q) are the quadrics having an (N — 4)-dimensional vertex and a non-singular 3-
dimensional hyperbolic quadric QT (3, q) as base. These quadrics have size ¢V =1 +2¢¥ =2+
qV=3 + ...+ ¢+ 1. The third largest quadrics in PG(N, ¢) have an (N — 6)-dimensional
vertex and a non-singular hyperbolic quadric Q1 (5, ¢) as base. These quadrics have size
TN T 2N N T g+ L

As we mentioned in the introduction, the smallest weight codewords of the code C1(Q)
correspond to the largest intersections of Q with other quadrics Q' of PG(V,q). Let V
be the intersection of the quadric Q with the quadric Q. Two distinct quadrics Q and Q’
define a unique pencil of quadrics AQ + pQ', (A, ) € F2 \ {(0,0)}.

Let V =QNQ, then V also lies in every quadric AQ + pQ’ of the pencil of quadrics
defined by Q and Q. A large intersection implies that there is a large quadric in the
pencil. The ¢+ 1 quadrics of the pencil contain altogether |[PG(N, ¢)|+ q|V| points, since
the points of V lie in all the quadrics of the pencil and the other points of PG(N,q)
lie in exactly one such quadric. So there is a quadric in the pencil containing at least
(IPG(N, )| + a|V[)/(q + 1) points.

If there is a quadric in the pencil which is equal to the union of two hyperplanes,
then we are at the desired conclusion that the largest intersections of  arise from the
intersections of Q with the quadrics which are the union of two hyperplanes. So assume
that all ¢ + 1 quadrics in this pencil defined by Q and Q' are irreducible; we try to find
a contradiction. As already mentioned above, the largest irreducible quadrics are cones
with vertex PG(IN — 4, ¢) and base Q™ (3, ¢), and the second largest irreducible quadrics
are cones with vertex PG(N — 6, ¢) and base Q™ (5, q).

Theorem 2.1 In PG(N,q), with N > 6, or N =5 and Q = Q™ (5,q), if |[V| > ¢V 2 +
3¢V 343N 4 2¢N 5 4 - 4294 1, then in the pencil of quadrics defined by Q and Q'
there is a quadric consisting of two hyperplanes.

Proof. Suppose that there is no quadric consisting of two hyperplanes in the pencil of
quadrics.

V] > ¢N 2+ 2¢N 34 2¢V 4+ ¢V P+ +¢+1, then (|IPG(N,q)|+¢|V])/(g+1) >
|mnv_6QT1 (5, q)|, so there is a singular quadric my_4Q7(3,¢) in the pencil of quadrics.

With the lines of one regulus of Q™ (3, ¢q), together with 7y _4, we form ¢ + 1 different
(N —2)-spaces my_o. We wish to have that at least one of these (N —2)-spaces intersects Q
in two (N —3)-dimensional spaces. All points of V appear in at least one of these (N —2)-
dimensional spaces IIx_, so for some space my_o, we have that |[Ty_oNV| > |V|/(¢+1).

It [V]/(¢g+1) > |[7n_6QT(3,¢)], then mx_5 N Q is the union of two (N — 3)-spaces.
When |V| > ¢V 24+ 3¢N 3 +3¢V 4 4+2¢V 5+ - +2¢+1, then this is valid. So Ty_oNQ =
TN_3 U TR _s.



These two (N — 3)-dimensional spaces are contained in V', so belong to Q3. This means
that Q must have subspaces of dimension N — 3. The next table shows that this can only
occur in small dimensions.

quadric dimension generator | property fulfilled
Q=Q"(N =2N"+1,q) N’ N' <2
Q=Q (N =2N"+1,9q) N —1 N <1
Q=Q(N =2N',q) N —1 N' <2

Except for the small cases for N’, we have a contradiction, so there is a quadric consisting
of two hyperplanes in the pencil of quadrics defined by Q and Q'. O

Remark 2.2 First of all we say something about the sharpness of the bound in Theorem
B.1. Therefore we refer to []. In a pencil of g+ 1 non-singular elliptic quadrics Q (N, q)
not containing hyperplanes, the size of the intersection of 2 quadrics is:

+1 N—-5

Q1 NQa| = qN_2+qN_3+'-~+qNT—|—q > 44 qg+1

Since the problem is now solved for dimensions N up to 4 [B, fi], there is only one case
still open. From now on, Q will be the hyperbolic quadric Q™ (5, q).

If V]| > ¢®+2¢® 4+ 2q + 1, then there is a singular quadric 7y_4Q7(3,q) = LQT(3,q)
in the pencil of quadrics, if we assume that there is no quadric in the pencil which is the
union of two hyperplanes.

We form solids wy, . ..,wy41 with L and the lines of one regulus of the base Q7 (3, q).
IV >@+3¢+3¢+ 1, |V|/(g+1) > |mnv_6Q"(3,9)], so there is a solid through L of
LQ™(3, q) intersecting @Q in two planes.

Now we have three different cases:

1. LCV,
2. [LNV|=1,
3. [LNV|=2.

Lemma 2.3 For Q7 (5,q), if |V]| > ¢ +4¢*> + 1 and L C V, then there is a quadric
consisting of two hyperplanes in the pencil of quadrics defined by Q and Q'.

Proof. Assume that no quadric in the pencil is the union of two hyperplanes. Then we

have already a singular quadric LQ™ (3, ¢) in the pencil and there is a solid w; through L

intersecting Q) in 2 planes. Now L lies in one or both of these planes, since L C V.
Every point of V' lies in at least one of the ¢ + 1 solids wy, ..., w441 through L. Now

|V| — (union of 2 planes) > ¢* +4¢* +1 — (2¢* + ¢+ 1) = ¢* +2¢* — q.
So one of the ¢ remaining solids of ws, ..., w,41 contains at least

¢ +2¢%—¢

IL| + =q¢" +3q



points.
So one solid wy contains more than |Q™(3, )| points of V', so wy intersects Q in the
union of two planes. One of these planes contains L, so L lies already in two planes of

Q"(5,9).
Now one of the ¢ — 1 remaining solids ws, ..., wy4+1 contains more than
g+1+(*+2¢"—q¢—2¢")/(q—1) =¢+2¢+1
points of V.

Again this implies that there is a solid ws intersecting Q in the union of two planes,
with at least one of them containing L. This gives us at least three planes of QT (5,q)
through L, which is impossible. We have a contradiction. So there is a quadric consisting
of 2 hyperplanes in the pencil of quadrics defined by Q and Q'. O

Lemma 2.4 For QT (5,q), if |V| > ¢® +5¢*>+1, then the case [LNV| = 1 does not occur.

Proof. Assume that no quadric in the pencil of Q and Q' is the union of two hyperplanes.
Then we have already a singular quadric LQ™(3,¢) in the pencil of quadrics. In this
quadric, the line L is skew to the solid of Q™ (3, q).

But L is a tangent line to Q7 (5,¢) in a point R since L is contained in the cone
LQ™(3,q), but L shares only one point with Q*(5, q).

Using the same arguments as in the preceding lemma, we prove that at least three
solids defined by the line L and lines of one regulus of the base Q7 (3,¢) intersect Q in
two planes. These planes all pass through R, so they lie in the tangent hyperplane Tz(Q),
which intersects Q in a cone with vertex R and base Q™ (3, ¢)’. Two such planes of V' in the
same solid of LQ™ (3, ¢) through L intersect in a line, so they define lines of the opposite
reguli of the base QT (3, ¢)" of this tangent cone. This shows that the 4-space defined by R
and the base Q1(3,¢q)’ shares already six planes with Q. By Bézout’s theorem, the cone
RQ™(3,q)’ is contained in V.

Consider a hyperplane through L; this intersects LQ"(3,¢) either in a cone LQ(2,q)
or in the union of two solids. So the tangent hyperplane Tg(Q) cannot intersect LQ™ (3, q)
in a cone RQ™(3,q)".

This gives us a contradiction. O

Lemma 2.5 For QT(5,q), if |[V| > ¢ +5¢> —q+ 1 and |[LNV| = 2, then there is a
quadric consisting of two hyperplanes in the pencil of quadrics defined by Q and Q'.

Proof. Assume that no quadric in the pencil defined by Q and Q' is the union of
two hyperplanes. Then we have already a singular quadric LQ™(3,¢) in the pencil and
there is a solid w; through L intersecting Q = Q%*(5,¢) in two planes. Assume that
LNV ={R, R'}. Let QT (3, q), be the polar quadric of L w.r.t. Q(5,¢) and let Q*(3,¢),
lie in the solid 3.

By the same counting arguments as in Lemma .3, we know that if |V| > ¢* + 5¢* —
2q + 2, then there are 3 solids (L, L;), with i = 1,23, and all L; belonging to the same
regulus of Q*(3,q), intersecting Q in 2 planes. For every solid (L, L;), we denote by



L; the line that the 2 planes have in common, and 7, = (R, f/i),mg = <R’,Ei>. Then
L; = my Nmy € RY N R™* = w3, with L the polarity w.r.t. Q(5,¢). We use the same
arguments for the opposite regulus. This gives us again 3 solids (L, M;), i = 1,2,3,
intersecting Q in 2 planes. We denote by M; the line in the intersection of these 2 planes.

These lines L; and M; belong to the hyperbolic quadric Q*(3,¢), in R+ N R, which
is the basis for RQ7(3,q); as well as for R'Q(3,¢).. The quadric RQ*(3,q), shares
6 planes with LQ%(3,q). By Bézout’s theorem, if RQ*(3,¢), ¢ LQT(3,q), then the
intersection would be of degree 4, so RQ*(3,q);, C LQ*(3,¢)NQ. Similarly, RQ*(3,q); C
LQ*(3,9) N Q.

The cone LQ™ (3, q) intersects Q in 2 tangent cones RQ™1(3,¢), and R'Q*(3,¢).. We
will now look at the pencil of quadrics defined by Q and LQ™(3,q) = Q'.

Let P be a point of m3\Q™1(3,¢)r. The points of PG(5,¢)\(Q N Q') lie in exactly one
quadric of the pencil defined by Q and Q. For the point P, this must be the quadric con-
sisting of the two hyperplanes (R, 73) and (R’, 73). For (R, m3) contains a cone RQ"(3,¢)1,
and the point P of this quadric, so this is one point too much for a quadric.

So one quadric of the pencil consists of the union of 2 hyperplanes. a

Corollary 2.6 For Q*(5,q), if |V| > ¢* + 5¢* + 1, then the intersection of Q*(5,q)
with the other quadric Q' is equal to the intersection of Q¥ (5,q) with the union of two
hyperplanes.

3 Dimension 4

We consider a pencil of quadrics AQ + pQ’ in PG(4, q), with Q a non-singular parabolic
quadric Q(4,q). Let V.= QnNQ. If V]| > ¢* + ¢ + 1, then there is at least one cone
PQ*(3,q) in this pencil.

Lemma 3.1 If |[V| > ¢* + (x + 1)q + 1, then x planes through P of the same regulus of
PQ*(3,q) intersect @ in 2 lines.

Proof. Consider one regulus of PQ*(3,¢q). We wish to have that x planes PL, with
L a line of this regulus, intersect Q) in 2 lines. So for the first plane, this means that
q'% > ¢ + 1, since every point of V' lies in one of the ¢ + 1 planes PL. For the x-
th plane, we have already x — 1 planes which intersect Q in 2 lines. We impose that
W > ¢ + 1 to guarantee that the z-th plane also intersects Q) in 2 lines. This
reduces to |V| > ¢* + (z + 1)g + 1. O

Denote by L; the lines of one regulus of Q7 (3, ¢) and by M; the lines of the opposite
regulus of QT (3,¢), with i = 1,2,..., ¢+ 1. Denote by l;1, l;, resp. my1, m;2, the lines of
QN PL;, resp. QN PM,;.

We have to look at 2 cases now, whether P € V or whether P € V.

CASEI: PeV



Theorem 3.2 For Q(4,q), if |V| > ¢*+6q+1 and P € V, then V consists of the union
of a cone PQ(2,q) and another 3-dimensional quadric.

Proof. If we consider one regulus of the base PQ™ (3, q), then, by the preceding lemma,
there are x > 5 planes each containing 2 lines of V', of which at least one goes through
P. This gives us at least z > 5 lines through P in Q(4,¢q) N PQ™(3,q). These z lines lie
on the tangent cone PQ(2,¢q) in Tp(Q(4, ¢)). By Bézout’s theorem, since z > 5, this cone
PQ(2, q) lies completely in Q(4, ¢) and in PQ™(3,q).

Since Q(4,q) N PQ™(3,q) is an algebraic variety of degree 4 and dimension 2, and since
V| > |PQ(2,q)|, V is the union of PQ(2,¢) and another 3-dimensional quadric. O

CASEIL: P ¢V

Theorem 3.3 For Q(4,q), if |[V| > ¢* +11¢+ 1 and P €V, then for ¢ > 7, V consists
of the union of 2 hyperbolic quadrics.

Proof. We use the notations introduced after the proof of Lemma B.1].

Without loss of generality, we can assume that the lines of PL; lying on Q) intersected
by mq; (resp. mis) are the lines l;; (resp. lip), ¢ = 1,...,2. So my; and msy are both
intersected by x lines of Q.

The line m9; will intersect at least [g} of the lines [;;. This means that ms; has these
transversals in common with my;. Assume that these lines are the lines l;q,--- 71%11-
Also mg; has at least [§] transversals in common with my;.

Assume that at least 2 of those transversals also intersect maoy, then mqy, mar, ms;
define a 3-dimensional hyperbolic quadric Q*(3, ¢) sharing 5 lines with Q(4, q).

Otherwise, at least © — 1 transversals out of the z selected transversals to mq; are
intersecting one of mo; and ms;. Suppose now that my; shares at least [%1 transversals

with mi;. One of them could be skew to mg; and mgi, but at least [§] — 1 of them

intersect mo; or ms;. At least % of them intersect, for instance, mo;. If this is at
least 2, then mqy, moj, my; define a 3-dimensional hyperbolic quadric Q¥ (3,¢q) sharing
5 lines with Q(4,¢q). Therefore, we obtain the same conclusion that V' contains a 3-
dimensional hyperbolic quadric when x > 10. Lemma [B.1 implies that we need to impose
that |V| > ¢® + 11¢ + 1. Since in both cases, there is a 3-dimensional hyperbolic quadric
Q7 (3, q) sharing 5 lines with Q(4, q), Bézout’s theorem implies that Q*(3,q) C Q(4,q).
So V' consists of QT (3,¢) and another 3-dimensional quadric. The remaining lines of V'
are 10 skew lines of planes PL; and 10 skew lines of planes PM;, and these lines of V' lying
in PL; intersect the lines of V' lying in PMj;. So these lines also form a 3-dimensional
hyperbolic quadric Q™ (3, q). O

Theorem 3.4 For Q(4,q), if |V| > ¢*> + 11q + 1, then there is a union of 2 hyperplanes
in the pencil of quadrics defined by @ and Q.

Proof. By Theorems B.9 and B.3, V consists of a 3-dimensional hyperbolic quadric
Q7 (3,¢) in a solid 73 and another 3-dimensional quadric. Let R be a point of w3\V. The
points of PG(4, ¢)\(QN Q') lie in exactly one quadric of the pencil. Let Q" be the unique
quadric in the pencil defined by Q and Q' containing R. So 73 shares with Q" a quadric

7



and an extra point R, so this is one point too much for a quadric, hence there is a quadric
in the pencil defined by Q and Q' containing a hyperplane, so a quadric in the pencil
defined by two hyperplanes. O

4 Tables

For the standard properties and notations on quadrics, we refer to [f].

4.1 The hyperbolic quadric in PG(2l + 1, q)

We know that the largest intersections of a non-singular hyperbolic quadric Q*(2[+1, ¢) in
PG(2l+1, q) with the other quadrics are the intersections of QT (2[+1, ¢) with the quadrics
which are the union of two hyperplanes II; and Il;,. We now discuss all the different
possibilities for the intersections of QT (2] + 1, ¢) with the union of two hyperplanes. This
then gives the five or six smallest weights of the functional codes C2(QT (2l + 1,¢)), and
the numbers of codewords having these weights.

We start the discussion via the (21 — 1)-dimensional space IIy_; = II; N II;. The
intersection of a (2] — 1)-dimensional space with the non-singular hyperbolic quadric
QT (21+1,q) in PG(21+1, q) is either: (1) a non-singular hyperbolic quadric Q*(21—1, q),
(2) a cone LQ™ (2] — 3, q), (3) a cone PQ(2l — 2, q), or (4) a non-singular elliptic quadric

1. Let PG(20—1, ¢) be an (2] —1)-dimensional space intersecting Q" (2041, ¢) in a non-
singular (2] — 1)-dimensional hyperbolic quadric Q" (21 — 1,¢). Then PG(2l — 1, q)
is the polar space of a bisecant line to QT (2] + 1,¢). Then PG(2] — 1,¢) lies in
two tangent hyperplanes to Qt (2] 4+ 1,¢) and in ¢ — 1 hyperplanes intersecting
Q" (20 + 1, ¢) in a non-singular parabolic quadric Q(2, ¢q).

2. Let PG(2]l — 1,¢q) be an (2] — 1)-dimensional space intersecting Q™ (20 4+ 1,¢) in a
singular quadric LQ" (2l — 3, ¢), then PG(2l — 1, ¢) lies in the tangent hyperplanes
to QT(20 + 1, ¢) in the ¢ + 1 points P of L.

3. Let PG(2]l — 1,¢q) be an (2] — 1)-dimensional space intersecting Q™ (20 4+ 1,¢) in a
singular quadric PQ(2l — 2, q), then PG(2l — 1, ¢) lies in the tangent hyperplane to
QT (204 1,q9) in P, and in ¢ hyperplanes intersecting Q*(2/ + 1, ¢) in non-singular
parabolic quadrics Q(2, q).

4. Let PG(2l — 1,q) be an (2] — 1)-dimensional space intersecting Q¥ (2l + 1,¢) in a
non-singular (2] — 1)-dimensional elliptic quadric Q~ (2l — 1, ), then PG(2] — 1, q)
lies in ¢+ 1 hyperplanes intersecting Q*(20+1, ¢) in non-singular parabolic quadrics

Q(2l,q).

In the next tables, Q™ (20 — 1, ¢) and Q (2] — 1, ¢) denote non-singular hyperbolic and
elliptic quadrics in PG(2] — 1,q), PQ(2l — 2,q) denotes a singular quadric with vertex



the point P and base a non-singular parabolic quadric in PG(2l — 2,q), LQT(2] — 3,q)
denotes a singular quadric with vertex the line L and base a non-singular hyperbolic
quadric in PG(2] — 3, ¢), Q(2[, q) denotes a non-singular parabolic quadric in PG(2l, q),
and PQ* (2] — 1,¢q) denotes a singular quadric with vertex the point P and base a non-
singular hyperbolic quadric in PG(2] — 1, q).

In Table 1, we denote the different possibilities for the intersection of Q¥ (20 + 1, q)
with the union of two hyperplanes. We describe these possibilities by giving the formula
for calculating the size of the intersection. We mention the sizes of the two quadrics
which are the intersection of IT; and Iy with Q™ (20 4 1,¢), and we subtract the size of
the quadric which is the intersection of g1 = II; NIy with QT (21 + 1, q).

H21_1DQ+(2l+1,q) |Q+(21+1,Q)Q(H1UH2>|
(1) | (1.1) QT(20—1,q) 2|Q(2L,q)| = 1QF (2L = 1, q)|
(1.2) QT (20—1,q) [PQT(20 —1,)[+]Q(21, ¢)| = [QT (20 —1,9)|
(1.3) QT(20—1,q) 2|PQT (2l —1,¢)| - QT (2L = 1,9)|
(2) | (21)| LQT(21—3q) 2[PQT (2L —1,q)| = [LQT (20 = 3, q)|
(3) | (3.1) PQ(2l —2,q) 2|Q(2L, ¢)| — |PQ(2 = 2, q)|
(3.2) PQ(2l—2,q) Q2L q)| + |PQT(20 —1,9)| = [PQ(2] — 2, q)|
(4) | (4.1) Q~(21—1,9) 21Q(2, ¢)| = 1Q~(21 =1, 9)|
Table 1

We now give the sizes of these intersections of Q" (2l + 1,¢) with the union of two
hyperplanes.

[QF (20 +1,¢) N (IL UILy)]

(1) | (1.1) R R . G
(1.2) [2¢" "+ ¢+ +4¢7+2¢ +¢ 7+ - +q+1
(13) [2¢" "+ ¢+ 447 +3¢ +¢ 7+ -+q+1

@12 " +¢"?+ -+ ¢ +2¢ + ¢ g+

(3) | (3.1) 27 T+ g
B2 [ 27" +¢" 7+ +¢d 2+ + g +1
(41) 2q2l_1—l—q2l_2—l—---+ql+2ql_1+ql_2+---+q—l—1

Table 2

We now present in the next table the weights of the corresponding codewords of
C2(QT(21+1,q)), and the numbers of codewords having these weights.



Weight Number of codewords
1.3 wy = g¥ — 21 — gl 4 gt (@ +¢*) (¢ TT-1)
) — ! ! lfjl ! (T —g) (@ D (¢ +1D) ? 31—1 I—1\(1+2

(21)+(32) witd—q Toh + (@ =) —q)
(1.2) wy + ¢ @+ N = 1Dg-1)
(4.1) wy + 2¢' — 24" CIAICAAEN O
(3'1) wy + 2ql o ql—l (qrslﬂ_qu1)(gl+1_1)(q2_q)
(1.1) wy + 2¢ (+¢"D) (¢ -1)(¢* —34¢+2)
1
Table 3

Remark 4.1 In the case that ¢ = 2, we have that the third weight coincides with the
fourth. So in that special case there are only five different weights.

4.2 The elliptic quadric in PG(2] + 1, q)

We know that the largest intersections of a non-singular elliptic quadric Q~(2[ + 1,¢) in
PG(2l+1, q) with the other quadrics are the intersections of Q= (2/+1, ¢) with the quadrics
which are the union of two hyperplanes II; and II,. We now discuss all the different
possibilities for the intersections of Q™ (2[ + 1, ¢) with the union of two hyperplanes. This
then gives the five or six smallest weights of the functional codes Cy(Q™ (21 + 1,¢)), and
the numbers of codewords having these weights.

We again start the discussion via the (2[ — 1)-dimensional space Ily_; = II; N Ils.
The intersection of a (2] — 1)-dimensional space with the non-singular elliptic quadric
Q (2l +1,q9) in PG(2] + 1, q) is either: (1) a non-singular elliptic quadric Q~ (2l — 1, q),
(2) a cone PQ(2[—2,q), (3) a cone LQ~(21—3, q), or (4) a non-singular hyperbolic quadric

1. Let PG(20—1, ¢) be an (2] —1)-dimensional space intersecting Q~ (2l —1, ¢) in a non-
singular (2! — 1)-dimensional elliptic quadric Q~ (2l —1, ¢). Then PG(20—1, q) is the
polar space of a bisecant line to Q™ (20 +1, g). Then PG(2l —1, g) lies in two tangent
hyperplanes to Q~ (2l + 1,¢) and in ¢ — 1 hyperplanes intersecting Q~ (20 + 1, ¢) in
a non-singular parabolic quadric Q(2l, q).

2. Let PG(2l — 1,q) be an (2] — 1)-dimensional space intersecting Q~(2/ + 1,¢) in a
singular quadric PQ(2l — 2,¢), then PG(2] — 1,q) lies in the tangent hyperplane
to Q7 (20 + 1,q) in the point P, and in ¢ hyperplanes intersecting Q™ (2 + 1, ¢) in
non-singular parabolic quadrics Q(2l, q).

3. Let PG(2l — 1,q) be an (2] — 1)-dimensional space intersecting Q= (20 4+ 1,¢) in a
singular quadric LQ~ (2] — 3, q), then PG(2l — 1, ¢) lies in the tangent hyperplane
to Q™ (2l + 1, ¢q) in the ¢ + 1 points P of L.

4. Let PG(2l — 1,q) be an (2] — 1)-dimensional space intersecting Q~ (2l + 1,¢) in a
non-singular (2] —1)-dimensional hyperbolic quadric Q™ (21—1, ¢), then PG(21—1, q)
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lies in g+ 1 hyperplanes intersecting Q~(20+1, ¢) in non-singular parabolic quadrics

Q(2L,q).

In the next tables, Q7 (20 —1,¢) and Q~ (2] — 1, ¢) denote non-singular hyperbolic and
elliptic quadrics in PG(2] —1, q), PQ(2] — 2, q) denotes a singular quadric with vertex the
point P and base a non-singular parabolic quadric in PG(2[—2, q), LQ ™ (2]—3, q) denotes a
singular quadric with vertex the line L and base a non-singular elliptic quadric in PG(2[ —
3,q), Q(2l,q) denotes a non-singular parabolic quadric in PG(2l,¢q), and PQ~ (2l — 1, q)
denotes a singular quadric with vertex the point P and base a non-singular elliptic quadric

in PG(2l — 1, ¢).

In Table 4, we denote the different possibilities for the intersection of Q= (21 + 1,q)
with the union of two hyperplanes.

Iy 1 NQ (20 +1,q) Q™ (214 1,q) N (I1; U TIy)|
1| (A1) Q (20— 1,9) 2|Q(2l,q)| —1Q" (21 = 1,9)|
(13) Q_(2l_17Q) 2|PQ_(2l_17Q)|_|Q_(2l_1>q)|
(2) | (21) PQ(2l —-2,q) 21Q(2, ¢)| = [PQ(2l - 2, 4)|
(2.2) PQ(2l—2,q) Q2L )| +[PQ™(20 —1,9) = [PQ(2l — 2, q)|
B 61| LQ (@2=-34 21PQ (20— 1,q)[ — [LQ (21— 3,9)
(4) | (4.1) QT(2l—1,q) 2|Q(2l,¢)| = QT (21— 1,9)|
Table 4
We now give the sizes of these intersections of Q™ (2] + 1, ¢) with the union of two
hyperplanes.
Q 21+ 1,) N (I UTh)
D [ (LD D N L R S, Y B R I |
12| 2"+ + -+ +27 + P+ g+
(13) |27 "+ ¢+ -+ ¢ =+ 2"+ ¢+ gt
(2) | (2.1) R R A e R R
(2.2) i S A A R
(3) ] (31 D e R A% BVED o BT Ip SR |
(4) | (4.1) i R e e ha

Table 5

We now present in the next table the weights of the corresponding codewords of
C2(Q~(21+1,q)), and the numbers of codewords having these weights.
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Weight Number of codewords
(1.1) wy = g2 — 2l — gl — gt @) =12 =39+2)
' 1
(21) wy + ql—l (q2l+1+ql)(gzl_1)(q_1)
(4.1) wy +2¢! P ) @)= 1)
' 1
(1.2) wi + ¢ (@ +a — g —1)
- - —D(¢ -1
(22)+(3.1) wi+q 447 (¢ + ¢')(¢* — 1)g 4 D
(1.3) wy + 2¢ @+ 1)
' 2
Table 6

Remark 4.2 In the case that ¢ = 2, we have that the third weight coincides with the
fourth. So in that special case there are only five different weights.

Theorem 4.3 Let X be a non-degenerate quadric (hyperbolic or elliptic) in PG(20+ 1, q)
where | > 1. All the weights w; of the code Cy(X) defined on X are divisible by ¢! .

Proof. Let F and f be two forms of degree 2 in 2/ + 2 indeterminates with [ > 1 and N
the number of common zeros of F' and f in Fg”z. By the theorem of Ax-Katz [, p. 85],
N is divisible by ¢/~! since 2l+2+(2+2) =[-1.

On the other hand, F' and f are homogeneous polynomials, therefore N — 1 is divisible
by ¢ — 1. Let X and Q be the projective quadrics associated to F' and f, one has

_ N-1 _ N-1
XN Q| == Let M ==, one has

k' =1 g =1 k-1
M="1 i + S (1)
q—1 g—1 q-1
where k, k' € Z and k = k'(¢ — 1) + 1. By the theorem of Ax-Katz [}, p. 85] again, we
get that the number of zeros of the polynomial F' in F22 is divisible by ¢', so that

tql—l_tql—l t—1

| X| =
qg—1 g—1 qg-—1

= t'ql + Ti—1 (2)

where ¢, t' € Z and t = /(¢ — 1) + 1. The weight of a codeword associated to the quadric
X is equal to:
w=|X|-|¥NQ[=|X-M (3)

Therefore, from ([), (B), and ({), we deduce that w = t'¢" — K'¢'~* + ¢' . O

4.3 The parabolic quadric in PG(2, q)

We know that the largest intersections of a non-singular parabolic quadric Q(2[,¢) in
PG(2, q) with the other quadrics are the intersections of Q(2[, ¢) with the quadrics which
are the union of two hyperplanes Iy and II,. We now discuss all the different possibilities
for the intersections of Q(2[, ¢) with the union of two hyperplanes. This then gives the five
smallest weights of the functional codes C5(Q(2l, q)), and the numbers of these codewords.
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We proceed as follows. We start the discussion via the (2 — 2)-dimensional space
13,5 which is the intersection of these two hyperplanes II; and Il,. The intersection of a
(20 — 2)-dimensional space with the non-singular parabolic quadric Q(2l,q) in PG(2l, q)
is either: (1) a non-singular parabolic quadric Q(2] — 2, ¢q), (2) a cone PQ™ (2l — 3, q), (3)
a cone PQ~(2l — 3,q), or (4) a cone LQ(2l —4,q).

For ¢ odd, we can make the discussion via the orthogonal polarity corresponding to
the non-singular parabolic quadric Q(2,q). For g even, we need to use another approach,
since then Q(2l,¢) has a nucleus N. This implies that we need to make a distinction
between the (2] — 2)-dimensional spaces I1y_s intersecting Q(2[, ¢) in a parabolic quadric
Q20 — 2,q) or a quadric LQ(2] — 4, q), containing the nucleus N of Q(2[,¢), and those
not containing the nucleus N of Q(2l,q). In [H], these (2] — 2)-dimensional spaces are
respectively called nuclear and non-nuclear.

We first discuss the case ¢ odd.

1. Let PG(2] — 2,q) be an (2] — 2)-dimensional space intersecting Q(2[,¢) in a non-
singular (2] —2)-dimensional parabolic quadric Q(2{—2, ¢). Then PG(2[—2, q) is the
polar space of a bisecant or external line to Q(2[, ¢). In the first case, PG(21—2, ¢) lies
in two tangent hyperplanes to Q(2l,q), (¢ — 1)/2 hyperplanes intersecting Q(2[, q)
in a non-singular hyperbolic quadric Q* (2] — 1,¢), and in (¢ — 1)/2 hyperplanes
intersecting Q(2l, ¢) in a non-singular elliptic quadric Q (2] — 1,¢). In the second
case, PG(2]/—2, q) lies in (¢+1)/2 hyperplanes intersecting Q(2/, ¢) in a non-singular
hyperbolic quadric Q* (2l — 1,¢), and in (¢ + 1)/2 hyperplanes intersecting Q(2l, q)
in a non-singular elliptic quadric Q™ (2l — 1, q).

2. Let PG(2[ —2,q) be an (2] — 2)-dimensional space intersecting Q(2l, ¢) in a singular
quadric PQT (20— 3, q), then PG(2l — 2, ¢) lies in the tangent hyperplane to Q(2[, q)
in P and in ¢ hyperplanes intersecting Q(2[, ¢) in non-singular hyperbolic quadrics

3. Let PG(2] —2, q) be an (2] — 2)-dimensional space intersecting Q(2l, ¢) in a singular
quadric PQ~ (20— 3, q), then PG(2l — 2, ¢) lies in the tangent hyperplane to Q(2[, q)
in P, and in ¢ hyperplanes intersecting Q(2[,¢) in non-singular elliptic quadrics

4. Let PG(2l —2,q) be an (2] — 2)-dimensional space intersecting Q(2l, ¢) in a singular
quadric LQ(20 — 4, q), then PG(2] — 2, q) lies in the tangent hyperplanes to Q(2[, q)
in the ¢ + 1 points P of L.

In the next tables, Q(2] — 2, ¢) and Q(2[, ¢) denote non-singular parabolic quadrics in
PG(2l — 2,q) and in PG(2l,q), QT (2l — 1,q) denotes a non-singular hyperbolic quadric
in PG(2l — 1,q), Q (2l — 1,q) denotes a non-singular elliptic quadric in PG(2] — 1, q),
PQ(2] — 2, q) denotes a singular quadric with vertex the point P and base a non-singular
parabolic quadric in PG(2] — 2, q), PQ* (2] — 3, ¢) denotes a singular quadric with vertex
the point P and base a non-singular hyperbolic quadric in PG(2l — 3, q), PQ™ (2l — 3, q)
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denotes a singular quadric with vertex the point P and base a non-singular elliptic quadric
in PG(2l — 3,¢), and LQ(2l — 4, q) denotes a singular quadric with vertex the line L and
base a non-singular parabolic quadric in PG(2] — 4, q).

In Table 7, we denote the different possibilities for the intersection of Q(2l, ¢) with the
union of two hyperplanes.

H2l—2 N Q<217 Q) |Q(217 Q) N (Hl U H2)‘

()@ ] Q2—-2,9) 21QF (20 = 1,9)| — Q2] — 2, )|

(1.2) | Q2l-2,9) QF(2l - 1,¢)| + Q" (2l = 1,¢)| = |Q(2! — 2,q)|

(1.3) Q(2l—2 q) 1PQ(21 —2,9)[ +[QF (2l = 1,9)[ — |Q(2] — 2, )|

(1.4) | Q@l1—2,q) |1PQ(2L—2,9)[+[Q" (21— 1,¢)| — Q20 = 2,9)|

(1.5) | Q(2I1—2,q) 21Q (20 = 1,9)| — Q2] — 2, 9)|

(1.6) | Q2 ) 2|PQ(21 —2,q)| — Q2] —2,q)|
(2) | (2.1) PQ*(QZ . q) 2QF (20— 1,q)| — |PQ* (2l — 3,9)|

(2.2) PQ+(2Z—3 q) | 1QT (21— 1,9)|+[PQ(2l - 2,¢)| — |PQT (2l — 3, 9)|
(3) | (31) | PQ~(2l-3,q) 20Q° (2l —1,9)| - |PQ" (21 - 3,9)|

(3.2) | PQ” (2l—3 q) | 1Q°Q2I-1,9)|+[PQ(2l —2,¢)| — [PQ” (20 —3,9)|
@ (1) | IQRI—1,q) 2[PQRI —2.q) — [LQ —4,9)

Table 7

We now give the sizes of these intersections of Q(2[,¢) with the union of two hyper-
planes.

1Q(2, Q) (I1; U Iy)]|
W) | (1) [2¢" 2 +¢" 4+ ¢ +3¢ +¢ 2+ g +1
(12) [ 2"+ ¢+ 4+ +¢d " +¢ 7+ +q+1
13) [ 27 24+ +qd +2¢ "+ ¢ 2+ +q+1
(1.4) R R . S
(15) | 2"+ ¢+ +d —¢ " +¢d 7+ +q+1
16) [ 272 +¢"* + 4+ "+ 7+ +q+1
@127 +¢" 7+ -+ ¢ +2¢" +¢ P+ g+
(22) | 2¢"*+¢" P+ 4+ g +¢ " +d P+ g+
(3) | (3.1) 27 2+ 4+ + g1
32) | 2¢" 4+ ¢ P+ +d +¢ " +q¢ P+ F gt
WD ][22+ 4+ +d +¢" + g+ gt

Table 8
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Weight Number of codewords

T2 =10, 1 (o
(1.1) wy = @21 — 22— 2gl! (¢ —1)q 16(q 1)(q—3)
(¢ 1) (g=1)?

16
(1.3)+(2.1) wy + ¢! GRIGRIEIN
¢ (¢ +1)(¢* ~1)(g=1)
(12) wy + 2ql—1 (q2l—1)q2l*1(q—1)2+

+q21*1(q82’—1)(q2—1)

8
+(16)+(22 +(q2l_12)q21—1 _l_ ql(ql—l+21)(q2l_1)
+(3.2)+(4.1) ql(q”l—;)(q”—l) + (qzl—lz)(((;zil;;—nq
-1 (¢*=1)g* (g=1) | ¢'(¢"'=1)(¢*" =1)(¢—1)
(1.4)+(3.1) wy + 3¢ AR G (il
(1.5) wy + 4¢' 1 N TV R e Ve RN

Table 9: Weights and number of codewords for ¢ odd
We now discuss the case g even. Here Q(2[, ¢) has a nucleus N.

1. Let PG(2] — 2,q) be an (2] — 2)-dimensional space intersecting Q(2[,¢) in a non-
singular (2! — 2)-dimensional parabolic quadric Q(2l — 2,q). If PG(2l — 2,q) is
non-nuclear, then PG(2] — 2,q) lies in one tangent hyperplane, the hyperplane
(PG(21 —2,q), N), in q/2 hyperplanes intersecting Q(2[, ¢) in a non-singular hyper-
bolic quadric QT (21 — 1,¢), and in ¢/2 hyperplanes intersecting Q(2[,¢) in a non-
singular elliptic quadric Q~ (21 — 1, q). If PG(2l — 2, q) is nuclear, then PG(2l — 2, q)
lies in ¢ + 1 tangent hyperplanes to Q(2l, q).

2. Let PG(2l —2,¢q) be an (2] — 2)-dimensional space intersecting Q(2[, ¢) in a singular
quadric PQ™ (20— 3, q), then PG(2] — 2, ¢) lies in the tangent hyperplane to Q(2l, q)
in P, and in ¢ hyperplanes intersecting Q(2[, ¢) in non-singular hyperbolic quadrics

QT (2l —1,q).

3. Let PG(2l —2,¢q) be an (2] — 2)-dimensional space intersecting Q(2[, ¢) in a singular
quadric PQ~ (20— 3, q), then PG(2l — 2, q) lies in the tangent hyperplane to Q(2[, q)
in P, and in ¢ hyperplanes intersecting Q(2l,¢) in non-singular elliptic quadrics

4. Let PG(2l —2, q) be an (2] — 2)-dimensional space intersecting Q(2/, ¢) in a singular
quadric LQ(20 — 4, q), then PG(2l — 2, q) lies in the tangent hyperplanes to Q(2l, q)
in the ¢ + 1 points P of L.

In Table 7, we denoted the different possibilities for the intersection of Q(2[,q) with
the union of two hyperplanes, and in Table 8, the corresponding sizes for the intersections.
We now present in Table 10 the number of codewords having the corresponding weights.
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Weight Number of codewords
(1.1) wy = @2t — 22 — 2g1 (@ =1)¢* ' (¢=2)(g=1)
: 8
(1.3)+(2.1) wy + ¢! D¢ =D | @)D=
(1.2)+(1.6) wy + 2 DD | D
+(4.1) q(q”*;(;i)l(;f’—l)_i_
+(2.2)+(3.2) (@ D@ -1 | @@ D@ -
: : 2 2
(1.4)+(3.1) wy + 3¢ ViV O SV (VI T
(1.5) wy + 4¢1 (q”—1>q%;<q—1><q—2>

Table 10: Weights and number of codewords for ¢ even

Theorem 4.4 Let X be a non-degenerate parabolic quadric in PG(2l,q) where l > 1. All
the weights w; of the code Cy(X) defined on X are divisible by ¢'~1.

Proof: It is analogous to the one of Theorem [L.3
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